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Let E be an arbitrary set of power III and suppose that with every 
element x of E there is associated a non empty subset of E. Two distinct 
eknents of E, x and y, are called indepcndenf, if x@f(y) and y$f(x). A 
subset F of E is called fr-ee if F has only one element or if F has at least 
two elements and any two of their distinct elements are independent. We 
say that the subset 1‘ of E has the groperty T(LT, v), where 11 and $1 are 
two cardinal numbers such that y 2 IU, p i 111, if 

A subset C of E is called closed, if for every element x of C. f{x)c C, 
We assume that Uf(x)- III and one of the following conditions hoid 

.f E I: 
for the sets f(x): 

(A) There is a cardinal number 11 c: 1~:~ such that, for every s c E, 
j(F) e.z Il. 

(B) There is a cardinal number 11 K III such that, for every pair of dis- 
tinct elements x and y of E, f(x) 67(y) < II. 

(C) If x, y c E and x L?y, then f(x)crf(y), and f(y) ~-f(x). 
(D) For every x E E, the power of the set of elements y, for which 

j(x) nf(y) $= 0, is smaller than III. 
We deal in this paper first with the following two questions. 

1. Whether or not these conditions imply the existence of subsets with 
the property T(q, 1)) of E. 

2. Whether or not these conditions imply the existence of free sets of 
certain cardinalities. 

If the condition (A) is satisfied, then both questions are investigated 
(iti some cases by supposing the generalised continuum hypothesis) (see 111, 
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121, [4]). For instance E has a free subset of power III and a subset with the 
property T(m, m) ( f i 111 is the sum of 11 cardinal numbers smaller than III, 
the generalised continuum hypothesis is assumed). 

In the sections I, II, III a number of results is given with respect to 
the questions 1 und 2, if one of the conditions (B). (C), (D) is satisfied. 

Our most interesting unsolved problem is the following one: Let III be 

any cardinal, f(x) -; nt,f(x) n/‘(y) < II c: nt. Does there then exist a free subset 
of power nt? We can only prove (without the generalised continuum hypo- 
thesis) that there always exists an infinite free subset (theorem 8). Perhaps 
the most striking formulation of our unsolved problem is the case itI== M,, 
11 --xl,. If 111 I--- si 3 II= k < so we can prove (without the continuum hypo- 
thesis) the existence of a free subset of power x, (theorem 6). 

Finally we deal with the following two questions: 
a) If the condition (A) is satisfied, does there exist a closed proper 

subset of E, of power In? 
b) if the condition (A) is satisfied, do there exist two almost disjoint 

closed subsets of E, of power III? 
These questions are completely solved in section IV. 
Notutiolz und definitions. Throughout this paper. the symbols F and ;: 

denote the cardinal number of the set F and the ordinal number $, respec- 
tively. For any subset /‘ of E let 

zl.- , prf(x) and m-, tJ7cfcx, nfW 
z 1, 

For any .Y < E, let f -’ (x) - (y:x CfQ)). For any cardinal number r we denote 
hy y, the initial number of I’, by r* the smallest cardinal number for which 
Y is the sum of I’+ cardinal numbers each of which is smaller than I‘, by 1 
the immediate predecessor of r provided that such a predecessor exists. We 

say that 1’ is singular if I* can be represented in the form r = xr,., where 
1.g 7,‘ 

/;’ _ I, r, i I’, and regular if no such representation exists. 

We say that the sets F, and F2 are almost disj\\int if F, P F, ,’ min (F,, E). 

We assume in this section that the condition (B) holds on the sets 
f(Y) and we give some results concerning to the questions 1 and 2. 

We begin by proving two lemmas. 

L e m m a 1. Let A be (1 set of power- xt, 111 :L no. Thrre is u seqrrem 
[A,;; ‘I,!, of tk type ‘Illi, of subs& of A snct1 f/ml 



252 P. EMis and G. Fodm 

5. if x C A, then there are ut most two ordinal numbers Y. and P, suck 
that x C A,. and x C A!,, 

6. if, vEp(Ala n .&) < 111, then I’ < III.‘) 
I* ’ f‘ fv 

Pro of. Let (BE).c..V,,, be a sequence of subsets of A such that Bc = IIt, 
A = U & and B,. n B!, = 0 for every fl, 11 with I’ < y,,, , fc < ~f,~ and v=/=,K We 

%. VJ,,, 
define the sequence !At;j~ vj,,, by transfinite induction as follows: Let A,= B(,.. 
Let now p be an ordinal number, 0 < B < v.,, and suppose that all sets AE? 
where 0 s f < $, have been already defined such that the conditions 
2, 3, 4 hold for f <- &; !I, I’ < 9; and CC < iJ, Let ,A@ = BP u (x& ::j, where 
x; C A: - U Ai- ix& <. It is easy to see that the conditions l-6 are, 

-* i&i 
satisfied. 

L e m m a 2. If A is a set of power III, 111 > &, ut has immedinte prede- 
cessor and tit- is regulnr, then there is u sequence {A:&,,,, of the type y,,,. 
of subsets of A such that 

1. A- U A:, 
2. %tr 

5. if LJ (A,. II A,,) < II& theta I’< iit. 
1’.11 E I’ 

,‘*!I 

Pro of. Let {BE& T,,, be a sequence of subsets of A, such that 
B: =~ III-, A = U B: and B,, n B,, =0 for every distinct T, ,U < ~f’,,~. We define 

2 .Ip 111 
the sequence (‘A:),-.- Pm by transfinite induction in the following manner: Let 
A,,= B,,. Let now $ be an ordinal number, 0 < ‘8 c qn,, and suppose that al! 
sets At, where 0 5 f < 13, have been ‘already defined such that 2, 3, and. 4 
are satisfied for 5 c 8; ,u, )I< $; and cr c $. 

1) It is clear that 6 follows from 3 and 5. 



If i3 5 y,&-, then we define A, in the same way as in the proof of 
lemma 1. If $> y,ll-, then let {Ckfl)); be ,a wellordering of the set v 111 
fA2); 8. For every v < $ there is a <,, < y,,(- such that A.,. == Czf:. Let 
AB -&u (x,,),. S,wherex,. C: (A,.-z U A<)- u CgB’. It is easy to see that the 

)’ :. <,. 
conditions l-5 are satisfied. 

We shall now prove some negative results concerning the question 1. 

T h e o r e m 1. If 111 is an arbitrary infilzite cardinal number, tt = 2, and, 
for every x c E, f’(i) :_~- III, theu (B) does not imply the existence of a subset 
of E with the property T(nl, 111). 

P roof. By the lemma 1 there is a sequence ‘(E:& tI,,l of subsets of 
E with the properties l-6 in the lemma 1. Let {SC): v,I, be any wellor- 
dering of E. Let now f(x:) ~= Et for every Z < (v,~,. 

T h e o r e m 2. If nt is a singular cardinal +tumber and for every 
x c E, f (x) < HI, then (B) does not imply the existence of a subset of E wi?h 
the property T(nt, nt). 

P r o o f. There exist cardinal numbers In{,, ntl,. . . , in:, . . . (? < ~1 ,,,a) such 

that q > 111~ for ,3 > (I and 111 = Tat;. Let { Et ) c v‘ ,!,* be a sequence of ; - ‘fin\’ 
mutually disjoint subsets of E such that E = U E: and E; = III;. By the lemma 

t (p,,,“. 
1 there is, for every :I, a sequence { Ef.J IS rl,llC with the properties 1-6 in 

the lemma 1. Let (xc‘ ,,, II V,,,i be any wellordkng of Et and f (xf,) = y: fog 
every 5 %C Cfa,* and I’ < CF,,,~, ‘Obviously there is no subset of E with the 
property T(N, 111). 

T h e o r e m 3. If 111 > #,, and nt has regular immediate predecessor, and 
for every x < E, f(x) y tit-, then (B) does not imply the exisience of a subset 
of E with the property T(at, 111). 

Pro of. Using the lemma 2, the proof is similar to the proof of 
theorem 1. 

We shall now prove a positive result concerning to question 1. 

T h e o r e mm 4. /f j(x) < tit, ut = K, and n < s,, or 2’p == tip., for every 

ordinal nrrntber i$, nt =-~. tic,-1 , 1’ -- s(* (U :> 1) and 11 ( Y*, then there exists a 
subset of E with the pro,oerty T (111, III). 

Proof. Suppose that the theorem is false, i. e. if M is a subset of E 

for which M < III, then,, for every subset 1’ of E for which /~[$GM, the powel 

of the set \-” i~ is smaller than iit. Define the sets Ma and f<? by transfinite 
induction as follows. Let M,, be a subset of E, of power less than nt, and 
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et K,, = 0. Let now $ be an ordinal number, 1 z $< qn,, and suppose that 
all sets M;: and Kc, where 0 s 5 < 8, have been already defined such that 
MC < nt. Let Nij =; U M;I. Obviously ZVks < in. Let Kp be a subset of E such that 

&k p 
1. f(x) n (E-N,?) =+ 0, if x c K!i) 
2. n&,~Np and 

3. for every x E E- Kp there is an element y of Kp such that f(x)rif(y) 
is not a subset of Np. 

Let 
Mp=~isrB -Np. 

Obviously Mr: + 0 and. %& < m. Let M 7 U Mt. Clearly g <: 111 and U-K i 111. 
‘P II b .VEil 

l-et F be the set of all sets which have one and only one common element 
with every Ms ($ < cp,,). If x c E-U Kz, then for every 5 there exists an 

element y c Kc such that f(x)nf&) y; 0, i. e. MC nf(x) 7 0. Thus for every 
x f E-U K: there exists a set g(x) E F such that g(x) Cf(x). Since 

i PI1 
F c: V* < tn, there exists a gc: F and two distinct elements x and y of E-U Kc 

___~ giq, 
such that ggf(x) and gs=f(y), which is impossible, since f(x) nf(y) < it. 

We prove now some results concerning to the question 2. 

Theorem 5. if there is an element xi, C E for which f (x,J = m, then, 
there exists a free subset of E, of power III. 

P r o o f. By the condition (B), for every element y E f(q), f (y) n f (x3 < It. 
Let g(x) =j(x) nf(xO) for x c f (x0). By the theorem V of [2] (with f (x0) ==S 
and f(x) =g(x) (xc S)) there exists a free subset of power M of E with 
respect to g(x). This subset is a free subset of E with respect to f(x). 

L e m m a 3. i’f the condifion (B) on the sets f(x) implies the existence 
of a subset of E wifh the property T(nt, m), then ihe same condition implies 
the existence of a free subset of E, of power tn. 

Proof. Let g(x)={x}uf(x) for every xcE. Clearly the sets g(x) 
satisfy the condition (B) for every x c E. By the hypothesis there exists a 
subset Z’ of E, of power m, for which 

Put G = Z--41& Obviously (3 = nt. G is a free set. Indeed let x and y be 
two distinct elements of G. Then x$f (y), since in the opposite case 
x E g(x) n g(y) c 17’s, which is impossible. Similarly y $ f (x). 

From lemma 3, and theorem 4 we deduce 
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Theorem 6. /ff{x)c m,m =gl and Itcl K;, or 2x@==#r,Fl for every 
ordinal number ;J’, III = N,-, , t’ = M, and n < I’*, then fhere exists a free subset 
of G, of power III. 

T, 11 e o r e m 7. If 111 is singular, f(x) c III for every x C E and 2”” == K,, I 
,for every ordinal number (I, then there exists a free subset of E, of power IL 

The proof of this theorem is analogous to the proof of the second part 
of the theorem V of [a], if we use theorem 6 of this paper instead of the 
first part of theorem V of [2]. 

Now we prove the following 

L e m ma 4. Let F be an arbifrary subset of E, of‘ power nt. The con- 
dition (B). on tie sets f(x) implies the existence qf an element x of F such 
that F-f” IX) = nt, where f-'(x) - (y : x C f (y)}. 

P r~ o f. Suppose that the lemma is false. Then there is a subset L of E, 
of power In, such that for every xc L 

F-f-'(xj < 111. 

There is no loss of generality in assuming that L =- E. We consider two 
cases. First suppose that nt is regular. Let N be an arbitrary subset of E, 
of power greater than n. Since nr is regular by the hypothesis, we have 

--- _ - z- ; 

U (E---f-l(x)) < in. 
.EiV 

Suppose now that 111. is singular. There exist regular cardinal numbers 
Htt,, lil 1 . . . , IlIE, . . 1 (k < r/;:,,,*) Such that mp > III~ > max (n;*, II) for ,d Y-- 61 and 

111 --: 2 nt; . 
t ‘Pm* 

Consider an arbitrary subset_! of E, of power ~1~. Let MC be the set of all 
elements of M for which E--f-‘(x) < IQ. Obviously 

Since nr,, is regular and ntn > m”, there exists an ordinal number Eli such 
that MC, = ntO. Obviously the power of the set 

,,$iE-f-l(x)) 
I iii 

is not greater than montc,, (< III). Let now H= N if tn is regular and H-M:,, 
if nt is singular. Put K==XvH(E-fml(x)). Clearly E-(KU H)= m and by 

the definition 
E-(NUK)Ef-l(x) 
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for every x f H. It foilows that 

Hcf(Y) 

for every y G E-(HU K) which is impossible, because f(x) nf(y) < II for 

every distinct X, y C:E and H 2 II. This contradiction proves the lemma. 
Without using the generalised continuum hypothesis we now prove 

T h e u r e m 8. /f IIT is nn tvbitrary infirzite cardinal zzunzber arzd f(x) < III 
.for every x C E, fhcn flzrre exists II free subset of E, of power #,,. 

Proof. Let x,, be an element of E for which E--f~-‘(x,,) =. nt and k a 
natural number, k > 0, and suppose that all elements A-;? where 0 s:j < k, 
have been already defined such that the power of the set 

6 ==ETi~f(?(i)-,Uf~ ‘(xi) ,, i 
is equal to tn. By the lemma 4 there is an element 4’ of E,., such that ~~, ~cfz.i(3’) = 

ut. Let x,, := 4’. The set { xj j.,;.. I.J is obviously free. 

II. 

We assume in this section that the sets f(x) satisfy condition (C). 

T h e o r e m 9. (C) &s nut inzply the existence of u subset of E with 
the psoperty T (2, III) mzd it does tzot inzply the existence of mz independent 
pair, 

Pro of. It is sufficient to consider the case where f(x)= E-{xl. 
The theorems 2 and 3 show that the additional assumption thatf(xj< 111 

for every x c E does not imply the existence of a subset of E with the 
property T(ts, 111). 

We prove now the following 

L e m m a 5. If nt is rqufar, nt 2 s,,, md f(x) < III for every x C E, then 

(C) inzplies tlze existezzce of an elemenf x C E SLKIZ that E-f l(x)==: tn. 

Pro o f _ Suppose that the lemma is false. Then for every x< E, 
-k-f.’ (x) < tn. Let A .= U (E-f-l(y)). Ob viously A -; 111, because f(x) <: in 

!! t , t /‘I 
and 111 is regular. If z c E-A, then f (z)xf(x), which contradicts the condi- 
tion (C). 

T h e o r e m 1 0. Zf 111 is rqrziar, 111 z s,,, rrnd f(x) < ltt for every x C E, 
I’hen (C) implies the existence of an independent pczir. 
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P I o of. By the lemma 5, there is an element s of E such that 
g2-f -l(x) _I 111. Let y c E-f’(x)-f(x). Obviously the set {x, y; is free, 

T h e o r e m 1 I. /f 111 is regular, nt 2 Hi, and f(x) i nt for every x C E 
the/z (C) does not imply the existence of a free subset of power greater than 2. 

Proof. Let E, and E2 two mutually disjoint subsets of E, of power in, 
such that E===E, u ES. Let (x:;)~;!. F,Inand {x;),: T,n be wellorderings of E, and 
EC, respectively. If x=x:? El, then let 

f(x) == {Xi}[ ;; u-ix; j 

and if x --==x:, c E,, then let 

f(x)= jx;j: ,,u(x$ 

It is easy. to see that the sets f(x) satisfy the condition (C) and there does 
not exist a free subset of power greater than 2. 

T h e o r e m 12. If 111 is singular and f(x) ‘: nt for every x c E ,fhen 
(C) does not imply the existence of an independent pair. 

P r o o f. Let E == 1)’ : .I’ < y,,) and for every ordinal number 1’ < yzx, 
h I’ _-- I .J(?” i I!‘; It Y,,l* a’ subset of type rp,,,* such tha:.li; *$’ .y:-~ y,,, and h!, nh, = 0 

,,I 
for /I & 1;. Let now f(p) =-I Ep' u Ey" where @') = 11,. and Ei"' ~:: {y : y 5 1'). 
Obviously the sets Ff(x) satisfy the condition (C) and does not exist an in- 
dependent pair. 

III. 

We assume in this section that on the sets f(x) the condition(D) holds. 

T h eo r e m 1 3. (D) implies the existence of a subset with the property 
T(tn*, 1) i. e, there is a subset M of power nt* such that (W) if x, y c M and 
x+y, then f(x) n&)=0. 

P r o of. Suppose the contrary. Then the power of a set with the property 
(W) is less than In*. Let N be a maximal set with respect to the property 
(W), i. e. if x 6 N, then there exists an element y c N such that f(x) n f(y) + 0. 
We define the sets N, (a c N) as follows: Let the element y of E-N be an 
element of N,, if f(y) n f(a) + 0. Since N< in* there is an element hc N for 
which N?, =-lit, which contradicts (D). 

T h e o r e m 1 4. If nt is singular and n = 3 them (D) does not imply 
thp existence of a subset with the property T(at, 1). 

A 17 



258 P. Erd6s and G. Fodor 

Proof. Let {EtJc ,Flnre be a sequence of type yRi*, of mutually disjoint 
subsets of E such that 

E=- u E,, 
< ‘p ItI* 

E: =,m; -c. nt and nt,; c.: ni,. for /; c I’. Let ix:‘-]-, I 1 dr,,,,: be any wellordering of 

the type yLlL5 , of EC. We define the sets f(x) as’ follows : if xi f EE, then 

let f(x) == {x;, x;,}. Obviously the sets f(x) satisfy the condition (D), and 
does not exist a subset of E with the property T(nt, 1). 

T h e o r em 1 5. (D) implies the existence of n free subset of E, of 
power nt*. 

Proof. We consider two cases: a) E has a subset F of power m 
such that, if x C E,, then f(x) = nt, b) there is no such a subset of power m. 

In the case a) we prove the following 

L e m m a 6. If Mr E clnd M < nt*, then E - , &f(x) e ‘11. 

Proof. Suppose the contrary, i. e. E has a subset M such that 
F.~C 

M < m” and E-oU-T(x) < m. Then there is an element y of M such that 
ZE-X 

f’(y) -nt and f(y) has a subset F(y) of power nt such that, if .z c: F(y), then 
f(z) = rtt. Since M < tn*, it follows from (I)) that the set F(y) has an element 
a;, for which f(.z,>) n f(z) = 0 for every z C M. Thus f(z,,) c E.--- FJfff(x) which 

is impossible because f(zJ = nt. 
Let El- {y:f(y) <III). Further let V-E in the case a), V-E, in the 

case b) and {G},,~~~,,, any wellordering of the type y,*, of V. We define the 
sequence {y& dz’ prrlr as follows: Put yb = xc,. Let now 8 be an ordinal number, 
1 (,,~<gp,*, and suppose that all elements ye, where 0 % E < ,8, have been 
already defined. Let F@ =: (x,.)~.~~~,, --({Y~),~ ,x:9 U (’ U f(y,,)). 

>’ ‘7. II 
We now prove fi,? = m. In case b) this is clear and in case a} it follows 

from lemma 6 (M == (y.VJ’l..rBj. 
Let &I be the set of elements 3’ C FS for which there is a 2’ < $ such that 

3rz, Cf(y). Since :F< nt*, by (D), fi> < tn. It follows that Fp - Dp = m. Let yf; 
be the first element of Fe---D,:, Thus the set {yy>,~.: Vu,e is defined. Put 
E’ = {y&:. p,llq. Clearly the set E” is free and E’= In*. 

Theorem 16. /f ni is sing&r, then the condition (D) on the sets 
f(x) does not imply the existence of n free subset o.f E, of power nt. 
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P r 0 0 f, Let {Eg}E : qn,,s be a sequence of type Y,,~*, of mutually dis- 
joint subsets of E such that 

E- U E,, 
5 .’ (P,,,* 

Ez = ttt: r: nt and ntl? < m, for q < Y. Let {xt},; ,.(p,,,E be any wellordering of 

the type 9tn,c of ES. We define the sets f(x) as follows: if x=x: E E, then 
let f(x)= {x:}ci,. It is obvious that the sets f(x) satisfy (D) and there does 
not exist a free subset of E of power m. 

IV. 

We assume in this section that the sets f(x) satisfy (A), and we give 
the solutions of questions a) and b). 

L e m m a 7. If m > No, and there is a regular cardinal number r for 
which go -C n 5 s < IIT, then to every element x of E there corresponds a closed 
subset g(x) of E such that x C g(x) and g(x) < t’. 

Pro of. Let x be a given element of E and 

{x)uf(x)=El, f(E,)=E,,.;., f(Ei.-l)=Eh-, . . . 

It is easy to see that & < I’ (k- 1,2, . . .). Put g(x) = 6 Ek. 
I;?<1 

T h e o r e m 17, If there exists a regular cardinal number u such that 
x0 < n s t‘ < m, then (A) implies the existence of a closed proper subset of E, 
of power tn. 

Proof. By lemma 7 to every x < E there corresponds a closed subset 
g(x) of E such that g(x)5 r. By a lemma of [3] (see p. 55) there is a 
subset F of E for. which F= m and 

Since lJ g(x) is obviously closed, the theorem is proved. 
2EF 

T h e ore m 1 8. /f m > &, m-. is singular and n = tn-, then (A) does 
not imply the existence of a closed proper subset of E, of power m. 

P r o of. Let {Er~)g--:~,,, be a sequence of fhe type yl,,, of mutually 
.&joint subsets of E such that E = U Ep and E,c = tn- (8~ cpm). Further let 

{x?‘)c.- a*,, 
P ( 5% 

be a wellordering of the type (E,~- of Ep. We define the sets 
f(x) as follows: Let (~t~,l\~,+(~-)~ be a set of type ‘p+,-)* of ordinal number-f 
such that lim CC+, = y,,.- . If p> 0, then let HB be a one to one mapping so 

7’ ; p;(,,,-)Q 



260 P. ErdBs and G. Fodor: Some remarks on set theory. V. 

the set (x?),. ‘F,,, onto the set ix’y’)F’:i.” In (1 ‘Fm . Since the powers of both sets are 

equal tc, m there is such a mapping. If x -- s?’ C EG, then let 

f(x) = EI”’ u &’ IJ Ek“ 

where &) -- Ix@‘1 I ?’ IV a7 E?” == {x$,. .+v(,:,-,r, further Ef’ =z 0, if $- 0 atld 

E;;’ ->e [jfB(-y)) jf /Y > 0. 

Obviously scq<: n for every x C E. If g(x) = G E,., where E, =f(x) ,;::I 
and Ei, -:f(E,-,) for k :.a 1, then by the definition of f(x), for x-XL@‘, 

g (x!) = u {xl;“‘Lz p,,,-. 
,og 

It follows that E does not have a closed proper subset of power III. 

T h e o r e 111 19. If there exists a regular cardinnl number ?’ such thut 
w,, *._ II 5 r *< UI, then (A) implies the existence of two almost disjoint closea’ 
subsets of E, of power tn. If m(f &+‘,) is the sum of II cardinal numbers; 
each of which is smlrller than n, we assume the generalised continumr 
hypothesis. 

P roof. By the lemma 7 to every xc E there corresponds a closed 

subset g(x) of E such that g(x) < r. By the theorems I, 6, and S of [4]- 
there is a subset 1’ of power III of E, for which 

~f#ij? < *,, : and x;! = ],I. 

Let I’-- I’, u I1 such that /; n r, = 0 and r; =- ki = In. Let E, :--= U g (x) and 
zqr, 

E.‘=‘- IJ g(x). Obviously E, and E, are almost disjoint closed sets of power IU. 
‘EI’, 

T h I: o r e m 20. I” III > K,), Ilt- is singular and n = III-, then (A) does 
not imply the existence of tie almost disjoint closed subsets of E, of power III. 

This follows from the proof of Theorem 18. 
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