Classical analytic number theory

Péter Maga!

T took some parts of these notes from Terry Tao’s blog (written for his class Analytic Prime Number Theory
a few years ago), and Antal Balog’s lecture notes An introduction to analytic number theory (written for his
class Analytic Number Theory at BSM). On some points, however, I might follow alternative explanation and
structure, e.g. that of Montgomery’s and Vaughan’s Multiplicative Number Theory I. Classical Theory.
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Chapter 1
Elementary theory

1.1 The Riemann ( function on s > 1

Proposition 1.1.1. Let y < x be real numbers, and f : [y,z] — R a monotone function. Then
> fln)= / f®)dt+O(|f(2)]) + O f (w)])-
neZ:y<n<x Y
Proof. We can assume that y,z € Z. Also, we can assume that f is monotone increasing. Then

/f Yt + f(y /f ydt+fly) < Y. f(n)

neZ:y<n<x

/th )t + f(x) < /f()dt+f( ).

The proof is complete. O

Proposition 1.1.2. Assume f : N - C, F: R, — C, g: Ry — R, such that g(z) = 0 as z — oo.
Then the following are equivalent.

i) For all1 <y <z, we have
(i)

> f(n)=F(z) - F(y) + O(g(z)) + O(g(y)).

y<n<e
(ii) There exists some c € C such that for all x > 1

> f(n) =c+ F(z) + Og(x)).

n<x
Proof. Assume (ii) holds. Then, for any 1 <y < z,

S fm) = Fm) = S F(n) = e+ F(2) + O(g(a)) — (c + F(y) + Olg(y)))

y<n<e n<x n<y

= F(z) — F(y) + O(g(z)) + O(g(y)),

hence (i) follows.

Now assume (i) holds. Then consider h(xz) =3 __ f(n) — F(z). Then for any 1 < y < 2, we have
h(z) — h(y) = O(g(z)) + O(g(y)), and this tends to 0, as y,z — oo, implying by Cauchy’s criterion that
lim, o h(x) = ¢ for some ¢ € C, i.e.

Zf =c+ F(z)+ o(1), T — 00.

n<x
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Now fix some y € R4, and let  — co. By (i), we obtain

Y fn) =" f(n) = F(x) + O(g(x)) +F(y) + O(g(y)) = ¢+ F(y) + Og(y)),

n<y n<x

=c+o(1)
hence (ii) follows. O

Remark 1.1.3. The quantity cin (ii) is obviously unique, and writing = = 1, we see that ¢ = —F(1)+0(g(1)).
Also, if f and F are both real-valued, then ¢ € R. We also note that if lim, ,, F(z) = 0, then
limg o0 Y, fl2) = c.

Definition 1.1.4 (Riemann ¢ for s > 1). For s > 1, we define ((s) = >~ n™*.
Proposition 1.1.5. The series defining C is convergent for any s > 1. Also

C(S):%+O() s> 1.

Proof. First, by Proposition 1.1.1, we have, for 1 <y < z,

1—s 1—s

’ 1= —s € —s
Zns:/ ‘dt—l—O(y'):Syil— 71+O(y‘).

S
y<n<e

Then Proposition 1.1.2 applies with F(z) = 2'7%/(s — 1), which tends to 0 as z — oo, giving a certain
c € R satisfying >, . n7° = c+ O(27°). As x tends to infinity, this gives ¢ = ((s), and that the series
in question is convergent.
The second statement follows from
1-s 1-s
—s Yy x —s
= - o
oo pym| +0(y™)

s—1
ysn<z

by setting y = 1, and z — oo. O

Remark 1.1.6. The same argument gives, for s > 0, that there exists some ¢ € C such that

1—5

Zn = 1+O( ).

n<e

In fact, this ¢ equals ((s) for s > 0.
Proposition 1.1.7. For any x > 1, we have
1 —1
Z —=logz+~v+0(z7")
nérn
for some constant .
Proof. We combine again Proposition 1.1.1 and Proposition 1.1.2. First, for any 1 < y < =,
Z / f+O =logz —logy + O(y™1).
y<n<z
Then Proposition 1.1.2 applies and gives that
1 -1
Zf =v+logz+O(z")
ngwn
for some constant ~. O

Remark 1.1.8. We have that v ~ 0.577.
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Interlude on infinite products

Let a1, as9,... be an inifinite sequence of complex numbers, and we assume that none of them is —1.

Definition 1.1.9 (convergence and absolute convergence of infinite products). We say that the infinite
product

8

(1+ay)

n=1

is convergent and its value is ¢, if
N
lim (1+ay,) =c,
N —o00
n=1

and ¢ € C is nonzero. We say that it is absolutely convergent, if []>~ (1 + |a,|) is convergent.

Remark 1.1.10. One can easily see that when a,, > —1 for alln € N, then HZ:]:1 (1+ay,) converges to c if and
only if 22[:1 log(1+ay,) converges to logc, i.e. [[,~(1+ay,) = cis equivalent to > > log(1+a,) = logec.
Proposition 1.1.11. Assume a, > 0. Then [[,_ (1 + ay) is convergent if and only if > o—, an is
convergent. (Note that in this case, convergence and absolute convergence are the same.)

Proof. Clearly the sequence Hf:lzl

from zero. Then the inequalities

(14 a,) is monotone increasing in N, in particular, it is separated

N N .
S an < JJ(1+an) < eZnmran
n=1 n=1

show that as N — oo, Zﬁ[:l a, — oo if and only if Hﬁle(l + ap) — oo. ]

Proposition 1.1.12. If[]>" (1 + a,) is absolutely convergent, then it is also convergent.

Proof. Assume [[ 7 ;(1+ ay) is absolutely convergent. Then clearly only finitely many of the a,’s can
be —1/2, and dropping the first few terms of the sequence ay, as, ... does not affect the convergence or
absolute convergence. Therefore, we may assume that a,, # —1/2 for all n € N.

First we show that [[°°,(1 + a,) tends to a finite limit. Let Py = [[2_,(1 + a,) and Qy =
IT,=; (1 +|an|). Then

Prsr = Pul = [(1+a) .. (4 an)ansa] < L+ lar) - - (14 Jan])ansi] = Qs — Q.

The series > x_,(Qn+1 — Qn) is convergent by assumption, so is Y n_; |Pv+1 — Pn|, and this means
that Py tends to a finite limit.
We still have to show that this finite limit cannot be 0. To this aim, observe that 1+ a,, — 1, implying

o0
>

1+ a,
n=1

is absolutely convergent: indeed, dropping the first few terms,

|an| Qn
— < < 2|ay|.
> S |Tra,| S 2ol
Then the product
n=1 1+ n

is absolutely convergent by Proposition 1.1.11, that is,

N a
1—-—"—) =Py
()=

also tends to a finite limit. O




4 1. ELEMENTARY THEORY

Proposition 1.1.13. Let D C C be a domain, and a,(z) : D — C a sequence of functions such that
Yoo 1 lan(2)] converges uniformly to a bounded function on D — C. Then [~ (14+an(2)) also converges
uniformly to a bounded function on D — C.

Proof. Let M be an upper bound of > | |a,(2)| on D. Then

N
[T +lan(2)]) < eXnmrlanGll < M,

Setting Qn(2) = [T_, (1 + |an(2)]), this means that
Qn+1(2) = Qn(2) = (L +ar(2)]) - .- (1 Jan(2)D]ans1(2)] < eMansa(2)].

If Py(z) = Hgil(l + |an(2)]), then, as in the proof of Proposition 1.1.12, >%_, [Pn+1(2) — Pn(2)]
converges uniformly, since its dominating series > x_, (Q@n+1(2) — Qn(z)) converges uniformly (vanishing
limit is excluded pointwise by Proposition 1.1.12). O

End of interlude
Proposition 1.1.14. We have, for s > 1,
-1
c(s)_l;[<1+pls+p§s+pl3s+...> _1;[(1—;5) ,
and the infinite product is absolutely convergent. This is known as the Fuler product of the { function.
Proof. First we prove that the infinite product is absolutely convergent for any s > 1. Clearly,
P E A =p (-T2

and Zp p~5 <> 02 n~ % < oco. This gives absolute convergence of the infinite product.
Also, for any s > 1,

1 . 1 . 1 1 1
) =D o = Jim_ ) v A (”ps*pzﬁpas*-")v
n=1 neN p
the largest prime divisor of n is at most N
by the fundamental theorem of arithmetic. The proof is complete. O

Definition 1.1.15 (von Mangoldt function). Let

An) logp, if n is a positive power of a prime p,
n)=
0, otherwise.

Proposition 1.1.16. For s > 1, we have

i Aln) =log((s) =log 11+O(871).

“n° logn s —

n=

Proof. Combining Proposition 1.1.5 and Proposition 1.1.14, we obtain

[T0-») " =)= — +00).

s—1
P
Taking logarithms, we obtain (since ((s) > 1)

- Zlog (1—p°) =log((s) =log

11+O(s—1).

s —

Applying the Taylor expansion of log(1 — x), we obtain

ZZ% =logC(8):10gs_1 +0(s — 1),

p k=1

and the leftmost expression is clearly Y 7 | A(n)/(n®logn). O
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1.2 Mertens’ theorems

Theorem 1.2.1 (Chebyshev’s theorem, upper bound). We have, for any x > 2,

Z A(n) € 2.

n<e

Proof. First of all, instead of summing over prime powers, we can restrict to primes, since the number of
other powers is O(y/x log z), and each of them contributes O(log z).
By dyadic decomposition, it suffices to show that

Z logp < .

z/2<p<z
We can clearly assume that z is an even number. Then observe that
x
II »l ( ) <2,
x/2
z/2<p<z
Taking the logarithm of both sides, we obtain the statement. O

Proposition 1.2.2. We have L = A x 1, where * is the convolution of number-theoretic functions, L is
the logarithm function n v+ logn, and 1 is the constant 1 function.

Proof. Straight-forward calculation. O
Theorem 1.2.3 (Mertens’ first theorem). We have, for any x > 2,

Z # =logz + O(1).

n<e

Proof. We have

Slogn=3" "A@)= Y A@) (g + 0(1)) .

n<z n<z dn d<z

Then applying Proposition 1.1.1 and Theorem 1.2.1, we obtain

A(d)
x —— =zxlogx + O(x),
d% y gz + O(x)

and the proof is complete. O

Corollary 1.2.4. We have, for any x > 2,

Proof. 1t is easy to see that

PIDIE- I SRR
n=1

p k=2

and then Theorem 1.2.3 gives immediately the statement. O

Theorem 1.2.5 (Mertens’ second theorem). There exists a constant ¢ € R such that for any x > 2,

1
Z — =loglogx + ¢+ o(1).

p<T



1. ELEMENTARY THEORY

6

Proof. Let 2 < y < . Then for any y < p < z, we have
1 lo 1 r dt
- 6P ( + / 1p<t2) ,
P p \logz J, tlog”t

since < (log t)~! = —(tlog®t)~'. Then summing this over all the primes between y and z, we obtain
Z 1 1 log D / log p dt
- = eI
y<p<z p  logz y<p<L Y y<p<t P tlog™t

Applying Corollary 1.2.4, we see
1
Z % =logt —logy + O(1).

1
> %P _loga —logy + O(1),

y<psz y<p<t
Then using again %(log t) —(tlog?t)~! and also % loglogt = (tlogt)~!, we obtain
lo dt v dt
y y<p<t p tlog“t y tlog™t
1 1 1
= loglogx — loglogy + logy (0] .
log x log y logy
Then altogether
1
Z loglogx—loglogy+0< )
= logy
yPxT
and Proposition 1.1.2 completes the proof O
Corollary 1.2.6. There exists a constant ¢ € R such that for any x > 2
A
Z Aln). = loglogx + ¢+ o(1).
nlogn
nLx
O

Proof. The same way as Theorem 1.2.3 implies Corollary 1.2.4

Proposition 1.2.7. Let 0 < a < b < oco. Then

1
Y -= 1ogé +o(1),
P a

zr<p<al

T — OQ.

Let f be a fized compactly supported function from Ry to C. Then
1 dt
ng) / ft) o(1), T — o0.

- <logx
The same holds for A(n)/(nlogn) in place of 1/p.

Proof. The first statement follows from Theorem 1.2
—log(alogz) — c— o(1)

1
Z — =log(blogx) + ¢+ o(1) =logb —loga + o(1).

zoLpLab
The second statement follows by observing that it simplifies to the first one for f = 1(,), and that every
O

compactly supported function is approximated by characteristic ones (in L°°-norm)

The proof is the same for A(n)/(nlogn)
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Proposition 1.2.8. We have
1 t)—et
- :/ 0,1](t) dt.
0

t

Also, for e > 0 small enough and N large enough, we have

N 1 t) — —t
/ %dt =~+0(e) + O(1/N).
Proof. We have, by definition,

1 1
v = lim <<1++...+)—1ogn).
n—o0 2 n

Here,

0

t

As n — oo, the integrand tends pointwise to (1o.1(¢) —e™")/t, and it is dominated in absolute value by
O(e™*). Then the first statement follows by dominated convergence. The second statement follows by
noting that the integral from 0 to ¢ is O(g), and from N to oo it is O(1/N). O

Theorem 1.2.9 (Mertens’ third theorem). We have
1 -7 1
11 (1_) :%‘)()7 .
o D ogx

Proof. Recall that for any s > 1, we have

Z ni'\l(()?n = —log(s—1)+O(s —1).

Writing s = 1 4 1/log x, we obtain, as  — oo,

o0
A
Z (n) e~ logn/logz _ loglog = + 0(1)'
— nlogn
Then
> Aln Cloen/ lona logn
Z nlc(>g)n (6 logn/logx _ 115 1) <logx>> - el

n=1
where c is the same constant as in Corollary 1.2.6.
On the other hand, consider the quantity, for any small € > 0 fixed,

Z A(’I’L) e—log n/logx 1 logn
nlogn OU\logz ) )

n<xe

which is, combining Proposition 1.2.7 and Proposition 1.2.8 (see also its proof),
flemt -1 t
/ 7 = Loy®) t[o’”( D it & o(1) = O(e) + o(1),
0

and similarly, for any large N fixed,

> A (610“/10“ — 1y <logn>) = O(1/N) + o(1).

e nlogn log x
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Then for some small € > 0 and large N, we see

> ek (s <1 (TR )) = —e+ 0(0) + O0/N) + o).

nlogn logx
ze<n<aN & 8

By Proposition 1.2.7, this is the same as

N _—t _ 1
/ %dtﬂ)(l),

which is —y + O(e) + O(1/N) + o(1), therefore letting ¢ — 0, N — oo, we see ¢ = 7.
Then Theorem 1.2.6 gives

A
Z (n) = loglogx 4+ v+ o(1).
n<xnlogn

The left-hand side can be rewritten to give
3 i 1 ioglogz 47+ o1).
kpk
p<x k=1
By the Taylor expansion of log(1l — ), we obtain
1
— Z (1 — > =loglogx 4+ v + o(1).
p<zT p

Taking exponentials, the proof is complete. O

1.3 Dirichlet characters

Definition 1.3.1 (Dirichlet character). Given a modulus ¢ € N, we say a function y : Z — C is a
Dirichlet character, if

(a) for any n € Z, x(n + q) = x(n);
(b) for any n € Z, x(n) # 0 if and only if ged(n, q) = 1;
(c) for any m,n € Z, x(mn) = x(m)x(n).

Proposition 1.3.2 (properties of Dirichlet character). Dirichlet characters of modulo q have the following
properties.

(a) The function x can be considered as a function Z,; — C.

(b) The function x is a group homomorphism from Z; to the multiplicative group of p(q)th roots of
unity.

Proof. (a) This is obvious from the fact that x has period g.
(b) By multiplicativity x(1) = x(1-1) = x(1)x(1), which implies x(1) = 1, since x(1) = 0 is excluded

by ged(1,¢) = 1. The fact that x is a group homomorphism is a simple consequence of multiplicativity.
Assume a € Z;. Then by Euler-Fermat theorem, and by iterating the multiplicativity of x,

(x(@)?'? = x(a?@) = x(1) = 1,

which means that y(a) is indeed a ¢(q)th root of unity. O
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Proposition 1.3.3 (the group of Dirichlet characters). The Dirichlet characters of modulo q form a
group under pointwise multiplication. The unit element is the principal character

~J1 ifged(a,q) =1,
xola) = {o if ged(a.q) = 0;

and the inverse ™! of x is the complex conjugate character

X" '(a) = x(a).
The group = of characters has ¢(q) elements, and it is isomorphic to the group Zy.

Proof. The group properties (multiplication, unit element, inverse) follow easily. As for the structure of
=, recall that
Z;=0Cy x...xC,,

for some cyclic groups Cy,,...,C,, of order q1, ..., ¢, respectively, satisfying ¢; - ... ¢, = ¢(q). Take
some generators cy,...,c, of Cg,...,Cq. . Then a x € = is determined by its values on ¢y, ..., c,, which
must be gith, ..., ¢.th roots of unity, respectively. From this, both the order and the structure of = are
clear. O

Remark 1.3.4. More generally, for any finite abelian group G, its dual group G is isomorphic to G. Note
on the other hand that this isomorphism is not canonical (in the sense of universal algebra), since it
depends on the generators of the cyclic parts. The proof of the general statement is the same, starting
out from the fundamental theorem of finite abelian groups.

Proposition 1.3.5. For anyn € Z,

1 _J1 difn=1mod g;
ZX(n)_{O if n % 1 mod q.

Proof. If n =1 mod q or if ged(n, q) # 1, then the statement trivially holds. Assume that ged(n,q) =1
and n Z 1 mod ¢q. When writing
Z;=0Cy x...xCy,

and taking the generators ci,...,c., we have n = ¢f* - ... - ¢!" mod ¢, where for each 1 < j < r,
0 < n; < ¢j, and for some 1 < ¢ < 7 strictly 0 < n; < ¢;. Then in that particular factor ¢, map ¢; to
a primitive g;th root of unity, while at other factors j # 4, map ¢;’s to 1. Obviously the resulting x’

satisfies x'(n) # 1. Then
D xm) =Y (0m) =x(n) > x(n).

XEE XEE XEE
Here, since x'(n) # 1, ZxEE x(n) = 0, and the proof is complete. O

Corollary 1.3.6. If gcd(a,q) = 1, then for any n € Z,

1 — 1 ifn=amodgq,
@E:EX(G)X(”) - {0 z?n;é a mod Z
Proof. Apply Proposition 1.3.5 to the residue class a~'n. O
Proposition 1.3.7. We have
S (i
n mod ¢ ‘

Proof. If X = X0, the statement is obvious. If x # xo, then take a € Z; such that x(a) # 1. When n
runs through the residue classes modulo g, so does an, which implies

Yo xtm)= Y xlan)=x(a) Y x(n).

n mod ¢ n mod ¢q n mod g

Here, since x(a) # 1, >°, 11oa . x(n) =0, and the proof is complete. O
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1.4 The function L(s,x) for s > 0 and the value L(1, x)

Proposition 1.4.1. Let x # xo be a character modulo q, and s > 0. Then

Z XT(:) =0, <1> :

S
y<n<z y

There ezists a complex number L(1,x) satisfying

ZXS?)L(LX)+0<;), i%:ul,x)

n<x

Also,

Proof. Let X(x) =5 . x(n). Then clearly | X (z)| < ¢, and by partial summation,

n<x

£ s 3 () (2) o (3)

ysSnsz ysnsz ysSnsz

and the first statement is established. The second one then follows from Proposition 1.1.2 and setting

s = 1. The third statement is proven along the same calculation by writing y = 1 and log n/n in place of
1/n®. O

Remark 1.4.2. Instead of weights 1/n, logn/n, one can use other sequences which are monotone decreasing
from a certain point on. Of course, the resulting implied constant in O4(1) depends not only on ¢, but
also on the sequence we have chosen.

Definition 1.4.3 (Dirichlet L-functions for s > 0). For a character xy modulo ¢, and s > 0, we define
L(s,x) = 202 x(n)n ™.

Then Proposition 1.1.5 easily gives that the series defining L(s, x) is absolutely convergent for s > 1
and conditionally convergent for s > 0. Also, we have, similarly to the ¢ function that

Lis, ) = [T (0 =xtp™) logL(s,x):—Zlog<1—>if)):ZW, s> 1,

5]
. — n°logn

where in the logarithm, we mean the principal branch (which is real for nonnegative numbers). We also

note L(s, xo0) = ¢(s) H <1 B 11)> '

plg

Proposition 1.4.4. We have, for x # xo,

Proof. First, L(s,x) can be differentiated in s for s > 0, and we see that
ZOO x(n)logn
L/ = — _—
(S) X) n:1 ns )

since the partial sums converge locally uniformly on (0, 00) by applying Remark 1.4.2 to the sequence
logn/n® (which, for any s in a compact subset of (0,00), is a monotone decreasing sequence from a
certain point on), and the partial sums >, x(n)/n® converge on (0, c0).

Now consider the function L(u, x) on the interval [1, s]. By Newton-Leibniz,

< (s —1) max [L'(u, x)|-

L(s,x) — L(1,x) = /15 L' (u, x)du,

| P
1

Since L'(u, x) = Oq4(1), the proof is complete. O
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Theorem 1.4.5. If x # xo, then L(1,x) # 0.

Proof. First we prove that L(1,x) can be zero for only at most one character y modulo ¢. To this aim,
let = be the set of all modulo ¢ characters. Then Proposition 1.3.5 gives

(oo}

A n 171,5 m
> log L(s,x) = ¢(q) W-
XEE n=1

Here, the right-hand side is nonnegative, therefore [] .= L(s, x) > 1. We know that

L(s,x0) = Oq (511> ;

L(S’X):L(17X)+Oq(8_1)7 X # Xo-
These would immediately contradict, if there were two x’s with L(1, x) = 0.

Therefore, at most one L(1, x) vanishes, in particular, it can only correspond to a real character x
(obviously L(1,%) = L(1,x)).

Let then x be real, then its nonzero values are +1 (and not always +1, since x # xo). Then, in
particaular, x is quadratic, i.e. if gecd(n,q) = 1, then x(n?) = x(n)x(n) = 1. We claim further that 1 % y
is a nonnegative number-theoretic function. Indeed, it is multiplicative (since it is the convolution of
multiplicative functions), therefore, it suffices to prove this for powers of primes. And indeed, if n = p¥,
then

and

(L*x)(n) =1+ x(p) +-..+x(»)",
which is obviously nonnegative, since x(p°), x(p?), ... are all 1 for p{ ¢, while if p | ¢, the nonnegativity
statement is obvious. It is also easy to check that (1 * x)(n) is at least 1 for all squares.

Consider then, for some x > 2,
3 (1xx)(n)
Vi

n<x

First, each square n contributes at least 1/v/n, giving
1
5 200 gy
Vn
ne
On the other hand,

G v Vi

nLx d<v/z m<z/d m<\/x

3

In the second term, applying Proposition 1.4.1,

d 1
Z\ﬁ > X\(fd)ZOq ZW = O4(1).

m<\/T Vz<d<z/m m<y/T
In the first term, for some ¢ € C, by Remark 1.1.6,

m<z/d
Hence
x(d Z 1_2X(d)<\f <\/g>>_
— == |2-=+c+0 =2vzL(1,x) + O4(1),
d</z f m<x/d \/ﬁ d<v/T f \f ﬁ
by applying again Proposition 1.4.1.
Altogether,

logz < zL(1,x) 4+ O4(1),
which, by choosing z large enough, guarantees L(1, x) # 0. O
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1.5 Dirichlet’s theorem

Theorem 1.5.1. Let x # xo be a character modulo q. Then, for any © > 2,
A(n)x(n)
Z n = O4(1).
n<x

Proof. Using Proposition 1.2.2; one can easily see that

x(n)logn x(n )Zd| x(d) X(n/d)

n B % n/d ’
. () (Oxd) ~ x(m)
x(n)logn _ A(d)x(d x(m)
Z;c n Z;c d e

The inner sum is, by Proposition 1.4.1, L(1, x) + O4(d/x), therefore, applying also
x(n logn
Z = 0,4(1)
n<e
from Propostion 1.4.1, we obtain
A(d)x(d) A(d)
L) S 2D )0, (S AD) o)

d<z d<z
by Theorem 1.2.1. Now the proof is complete by Theorem 1.4.5. O
Now this immediately gives rise to the following.

Theorem 1.5.2. Let ged(a,q) = 1. Then, for any x > 2,

Z A(’I’I,)lnza modg __ 10g$ + Oq(l)

1
n ~ wlq)

n<x

Proof. Denote by = the set of modulo ¢ characters. By Corollary 1.3.6,

Anlnzamoq v(a)
I = DI) Dt

n<x XE n<x

The terms on the right-hand side are evaluated via Theorem 1.2.3 (by noting that only finitely many
primes divide ¢) and Theorem 1.5.1. O

Now the same way as Theorem 1.2.3 implies Theorem 1.2.5, we have the analogue for arithmetic
progressions.

Theorem 1.5.3. Let ged(a,q) = 1. Then, for any x > 2,

lpEa mod ¢ 1
= loglog z + ¢4,q + 0(1).
2 ¢(q) !

psT p

Proof. The proof of Theorem 1.2.5 can be essentially repeated. This time we refer to Theorem 1.5.2 in
place of Theorem 1.2.3. O

Finally we obtain what originally motivated Dirichlet.
Theorem 1.5.4. Let ged(a,q) = 1. Then there are infinitely many prime numbers p = a mod q.
Proof. Immediate from Theorem 1.5.3. O



Chapter 2

The prime number theorem

2.1 Dirichlet series
Definition 2.1.1 (Dirichlet series). Let f: N — C be a number-theoretic function. Then the associated

Dirichlet series is
f(n)
C.
) Z ns ) s €

n=1

All our functions below satisfy
f(n) = 0(n°W),

hence we assume this from now on.

Proposition 2.1.2. If
f(n) = 0(n°W),
then the series defining Df(s) is absolutely convergent for s > 1.

Proof. Let Rs = o > 1. Clearly

()] -~ )] o~
Y = e € mmar =S+ 0)/2) < oo,
n=1 n=1 n=1
and the proof is complete. O

It is easy to see that the partial sums

e—slogn

Il
M=
=

converge locally uniformly to Df(s). Then the derivative can be computed termwise to obtain
—Df Z (logn)f ¥ =D(—Lf)(s), Rs > 1.

Another simple observation is that if f,g: N — C are two such functions, then

Df(s)-Dg(s) =D(f xg)(s),  Rs>1,
where * is the convolution of number-theoretic function. Indeed,
oo oo
= flm)ym™ Y g(k)k™ ZZf g(n/d)n
m=1 k=1 n=1 d|n

and rearranging the terms is verified by absolute convergence, recalling the elementary fact that o(n) =
n°M) | where 7 stands for the divisor counting function.

13
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Proposition 2.1.3. Let y < x be real numbers, and f : [y, x] = C a continuously differentiable function.

Then S :/j F(B)dt+0 (/j|f’(t)|dt) +O(f(y)).

neZ:y<n<e

Proof. First observe that, by Newton-Leibniz,
[y]
s 1) [ swar, [ swae=o ([11rwi) +odsw.
y [z]

hence we can assume that z,y € Z, and on the left-hand side of the statement, we take the summation
ony <n <z Nowlet y <n < x be arbitrary. Then, again by Newton-Leibniz,

If(/nmf() ) - Z/ dt<<Z/ @l =0 ( [“1rwia).

n=y

and the proof is complete. O

2.2 Versions of Perron’s and Jensen’s formulae

Let
0, if0<y <1
d(y) = %, ify = 1.
1, ify > 1.
Proposition 2.2.1. Let o,T,y > 0. Then
Lo ds () + | O min(1, T logy| ™)), ifO<y+#0,
omi f, g s O(oT™), ify=1.

Proof. Let first 0 < y < 1. Then we close the contour two different ways. One is 0 —iT, S—iT, S+iT, c+iT
with some very large S. On the horizontal segments, the integral is absolutely bounded by

S u u S o
/ ydu:[y] < v
o T Tllogy|],—, T|logyl

On the vertical segment, the integral is absolutely bounded by

/S+1'T £|d | TyS
S—iT S S ’

which is smaller than the previous, if S is large enough. The other one is the arc centered at the origin of
passing through o — T and o + 4T, on the right of 8s = ¢. On the arc of this, we see that |y*| < y“, and
the measure |ds|/|s| cancels the length O(T'). This gives the statement when y < 1. When y > 1, the
argument is similar, but we choose S to be a negative number of large absolute value and use the left arc.
Note that in this case, we have the pole at s = 0 of the integrand, where we apply the residue theorem,

noting that
ys e logy 1
= = — + holomorphic in s € C.
s s s

When y = 1, then one can easily see that the integral in question is /27, where 0 is the angle between
o —iT and o + 4T. This angle differs from 7 by O(cT~1). O

Corollary 2.2.2. Let f: N — C satisfy f(n) = O(n°M). Then, for any x >2 and 1 < o < 3,

o0 1 [oHT .d i f) . ) i)
S smstafn) =g [ 2it0ars 0 (o S Rmin (1. 70 ) +

o—iT nta
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Further, if o = 14+ 1/logx, then, denoting by ||z|| the distance of x and the set Z\ {«}, the error term is

z o~ | f(n)] . T xlogx
O<Tn§_:1 i+ (s, 19001 ) (i (1) + 7 >>

Proof. Note that the sum on the left-hand side is actually a finite sum. Write each f(n)d(n/x), for n € N,
by Proposition 2.2.1, as

L7 E s JOUF)|(/n)7 min(L, T log(a/n)| 7)), ifn#a,
27rz/ Uk s T {O(f(n)|aT‘1), ifn=uz.

iT n

f(n)d(n/z) =

Summing this over n € N, we clearly get the first statement by the absolute convergence of Df(s) on
Rs =o.

As for the estimate of the error, note that setting o =1+ 1/logx, we have 2% = ex = O(x). In the
sum over n, first consider the n’s satisfying |x —n| > /2. Then |log(z/n)| > log(3/2), hence

Y |f7§2)|min(1 Flog? )<Z|f

In—z|2z/2

When |n — x| < x/2, then we see from Taylor expansion that

1 1 T
= :O .
log 7| [log (14 5% ("—I)

In this case, 7/n? = O(1), therefore
PACOI 1 . x x 1
4 EASLAL 1 L, -r )+2 -
z Z ne Tlog % < x/zgi)éx/z Pl ) | i { 1, ||| T k;ﬂ:ﬂ k

In—z|<z/2,n#x
. x zlogz
1 .
< (s, o br01) (e (1 757) + )

The term |f(x)|/T is clearly dominated by this, and the proof is complete. O

Proposition 2.2.3. Let f be a not identically zero meromorphic function (with all removable singularities
removed) on a neighborhood of the closed disc D = {z € C : |z — z9| < r} with no zeros or poles on the
boundary and at the center of D. Then

1
1 _ 1 2mit dt 1 |p - Z0| _ 1 |< B Z0|
og | f(20)| /0 og|f(zo +re*™dt+ Yy logt——— logm——,
p:lp—zo|<T G:l¢—=o0|<r
where p, ¢ Tun through the zeros and poles of f in D, respectively, with multiplicity.

Proof. We may obviously take zyp = 0 and r = 1. First we consider the special case when f has no zero or
pole on D. Then, since D is simply connected, there is a holomorphic logarithm g = log f of f on D.
Then Cauchy’s integral formula shows (where 9D stands for the unit circle, oriented counter-clockwise)

90 =5 [ Pae— [ g@iar

Then taking the real part, we see

1
o8 10 = Ro(0) = [ Rt )at = [ og ).
0

Now take the general case, that is, f may have zeros and poles inside D. For any p € D, consider the
Blaschke factor
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One can easily see that B,,(z) is holomorphic on a neighborhood of D, its only (simple) zero is p, and for
|Z‘ =1,

z—p
I-n
(In fact, one can prove that {B,, : |¢| < 1} is the conformal automorphism group of D).

Then dividing f by B, for a zero p of f satisfying |p| < 1 subtracts log |p| from log|f(0)|, and cancels a
zero p of f. Similarly multiplying f by B, for a pole ¢ of f satisfying |¢| < 1 adds log|p| to log]|f(0)|, and
cancels a pole ¢ of f. Cancelling all the zeroes and poles, we arrive at the previously considered special
case (which is already proven), then adding back the zeros and the poles, the statement is proven. [

Bu)
B2 = |22 -

-1

Proposition 2.2.4. Let f be a not identically zero meromorphic function (with all removable singularities
removed) on a neighborhood of the closed disc D = {z € C: |z — z9| < r} with no zeros or poles on the
boundary of D and at a certain point p in the interior of D. Then

TeQﬂ'it + (,U/ _ zo)
re2mit _ (,LL — 20

+ Z log |P—Zo|

dt

1 .
log £ ()| = / log | (20 + re* )| R

pilp—pl<r ‘7“ - (p_ZO):M_ZO)
- Y g ¢ — 2ol
¢:[¢—zo|<r ’7‘ - (47ZO)T(M7ZO)

where p, ¢ Tun through the zeros and poles of f in D, respectively, with multiplicity.

Proof. The proof is similar to that of Proposition 2.2.3. After normalizing to zg = 0, r = 1, and taking
the special case of no zeros and poles in D, instead of Cauchy’s integral formula, we apply Poisson’s

formula, which states that for a harmonic function u on a neighborhood of D, we have
2mit

e +

e2mit _ Zdt

u(p) = / u(emitn

When eliminating the zeros and the poles, we use the same Blaschke factors as in the proof of Proposi-
tion 2.2.3. 0

Proposition 2.2.5. Assume that 0 < ¢y < ¢1 < 1 are fized numbers. Let f be a not identically zero
holomorphic function on a neighborhood of the closed disc D = {z € C : |z — z| < r}, satisfying that for
2€ 0D, 0# |f(2)] < M2 f(20)| for some M > 1. We have then

o= X o (long)

zZ=p
pilp—zo|<crr

for every z which is not a zero of f, and satisfies |z — zp| < cor. The p in the sum runs through the zeros
of f with multiplicity. Further, the number of such zeros satisfying |p — zo| < c17 s Og, ¢, (log M).

Proof. We normalize such that zyp = 0, r = 1. In the proof, all implied constants are allowed to depend
on ¢y, cy. First observe that f(0) # 0, since f(0) = 0 would imply that f vanishes on 9D, and then that
f is identically zero by the maximum modulus principle.

First we apply Proposition 2.2.3 as follows. First, since each zero p with |p| < 1 contributes negatively
in Proposition 2.2.3, and we have no poles, we can record

1
log (0)] < [ g (e ar
0
Also, by the assumption 0 # |f(2)] < MPM|f(z)|, we have

1
log | f(e*™)] < log | £(0)| + O(log M), /0 log | f(e*™)|dt < log]|f(0)] + O(log M).
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These together give

1
log (0)] = [ log £(c2)dt + O(log ),
0
which, compared with Proposition 2.2.3, gives
1
Z logﬂ = O(log M).
pilpl<l P

This clearly implies that the number of zeros p with |p| < ¢1 is O(log M).
Also, if p is a zero, we may factor f as gB,, where

is again a Blaschke factor. Then
1) _ge) B g, 11

fz)  g(z) B,(2) g(z) z—p z—p Y

For zeros satisfying ¢1 < |p| < 1, and for |z| < ¢z, we use that

1 1 1
-——=0 <log >,
z=p z—p ||

and recalling

we see that these contribute only the admissible O(log M). For zeros p with |p| < ¢1, the contribution of
each —1/(z —p~ ') is O(1), and their number is O(log M), while the contribution of each 1/(z — p) is the
same as in the claim. Therefore, to complete the proof, it suffices to show that if f has no zeros in D,

then
f'(z)
f(z)
for all z satisfying |z| < c2. Normalize f such that f(0) = 1, and note that there exists a holomorphic
log f in a neighborhood of D (we choose the branch satisfying log f(0) = 0). Then by Proposition 2.2.3,
we see that

= O(log M)

1
/ log | £(e2™i%)|dt = 0,
0

and by assumption, log | f(e?™®)| < O(log M), implying

log | f(e*™™)|dt = O(log M), log | f(e*™™)|dt = O(log M).

/tE[O,l]:log | f(e2™it)| >0 /tE[O,l]:log | f(e2™it)|<0

The difference of these two is .
[ 1os (e 1de = (1o A1)
Then from Proposition 2.2.4, we see E;hat
e2mit |,

1 .
oz 7)) = [ SR

for |z| < ¢o. This implies, in particular, that log |f(z)| = O(log M), and further that its real and imaginary
partial derivatives (i.e. (9/0x)log|f(x +iy)| and (9/0y)log|f(x +iy)|) are also O(log M). Now recalling

Rlog f(z) = log|f(=)],

we see that the (real and imaginary) partial derivatives of the real part of log f(z) are O(log M). Then by
the Cauchy-Riemann partial differential equations, the same holds also for the imaginary part of log f(z),
therefore,

f'(z)

Foj = (o f2)) = Ollog 1),

and the proof is complete. O
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2.3 Analytic properties of the ( function

Definition 2.3.1 (Riemann ¢ for Rs > 1). We define ((s) to be D1(s) for Rs > 1, where 1 stands for
the identically 1 number-theoretic function.

Proposition 2.3.2. Let s € C such that ®s > 1, s = O(1). Then

1 1

(s)=——=+0(1), {(s)=~-

— S +0(1).

(s—1)
Proof. To see the first statement, we apply Proposition 2.1.3 with the function n — n~* to obtain, with
o=RNs>1,

Yo ont= /jt‘sdt—i— 0 (/j |s|t“’_1dt) +0(1) = 5(1 — 2%+ 0(1),

1<n<Lx

and letting x — oo, we obtain the statement.
The proof of the second statement is similar by noting the following. The primitive function of
(logt)t—* is
t1=s((s —1)logt +1)
(s—1)2 ’

and substituting ¢ = 1, we obtain the main term —(s — 1)~2. The derivative of (logt)t* is

t7571(1 — slogt),
and the absolute integral on [1, 00) of this is unformly bounded on Rs > 1. O

Corollary 2.3.3. We have, on s > 1, s = O(1), that

0L on

Proposition 2.3.4 (Euler product). On the domain £s > 1, we have
1\ !
o =TI(1- %)
P
where the product on the right-hand side is a locally uniformly convergent product.

Proof. We have, by fundamental theorem of arithmetic and the summation of geometric series,

(oo}

()= 3 0 = Jim, > =

n=1 n has no prime divisor bigger than N
—1
. 1 1 . 1
= lim 1+ —+——+...) = lim 1—-— .
N—oo ps  p3s N—oo s
p<N p

Noting that for any o > 1, if s > o,

00 oo
1 1 1
S - 3 —l< Y =01, N-ooo
ns ns no ’ ?
n=1 n has no prime divisor bigger than N n=N+1
the proof is complete. O

Proposition 2.3.5. The function ¢ extends to {s: s > 0} as a meromorphic function with a unique,
simple pole at 1. More specifically, ((s) — 1/(s — 1) is holomorphic on {s: Rs > 0} after its removable
singularity at 1 is removed.

Also, for anye >0, if Rs > ¢ and |s — 1| > ¢, then

log [¢(s)] < Oc(log(2 + |s])).
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Proof. Let first s # 1 from the half-plane {s : ®s > 0}. By Proposition 2.1.3 again with the function
n +— n~% we obtain, for any 1 < y < x that

1-s _ ,.1—s
o=t 10 <|S|y"> -
s—1 o
ys<n<z
Then by Proposition 1.1.2, we obtain that there exists some ((s) € C such that

—s _ L lsl o
Zn —((8)—8_1—|—O<O_m )

nx

When Rs > 1, this ((s) must coincide with the earlier defined D1(s), since both 2*~* /(s —1) and the error
term tend to 0 as x — oco. Therefore, we really have the extension, our goal is to prove its meromorphic
nature and what we claimed about the pole.

Rearranging, we obtain

ot =1 1 ls| _,

n<x

Here, the left-hand side is holomorphic on {s: s > 0} \ {1} for any fixed z > 1, and converges there
locally uniformly to the function {(s)—1/(s—1) as x — oo, which is therefore holomorphic there, implying
in particular the holomorphy of ¢ on the domain {s: Rs > 0} \ {1}. Applying again Proposition 2.1.3,

we see that )
1—a2 % s
> o=t o (),
s—1 o
1<nLx

therefore,

is locally uniformly bounded on the indicated domain, so is its limit {(s) — 1/(s — 1). Therefore, the
isolated singularity of {(s) —1/(s — 1) at 1 is removable, which completes the proof of the first statement.
As for the second one, observe that our calculations also give

-2 =0(1).

from which the claim follows immediately. O

In fact, ¢ can be meromorphically continued to the whole complex plane with the only pole at 1
(where we have already analyzed it). Since we do not need it for our number-theoretic investigations, we
assume all along that $&s > 0 whenever ( is evaluated. Note also that

¢(5) =¢(s),
which follows immediately from the uniqueness principle of complex analysis.
Proposition 2.3.6. If Rs > 1, then ((s) # 0.

Proof. Since the convolution 1 * y is the characteristic function of 1, we see that

N AW

from which the statement is obvious. O

Proposition 2.3.7. For any € > 0 and tg € R, the number of zeros of  (counted with multiplicity) in
the domain {o +it: o > €, |t —to| < 1} is O (log(2 + |to]))-
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Proof. By Proposition 2.3.6, each zero we have to count belongs in fact to the rectangle {c +it:e < o <
1,]t — tg] < 1}. We can clearly assume that ¢ > 0 by conjugation, and also that ¢ > 10 (say), since there
is only a concrete number of zeros of ( up to height 10.

For any t; € [to — 1,to + 1], consider the disc D of radius 2 — £/2 centered at 2 + it;, and assume 0D
contains no zero of ¢. Set further D’ for the smaller disc of the same center and radius 2 — 3e/4. Clearly,

log |¢(2 +it1)| < log[¢(2)] = O(1),

and similarly,
1
log |€(2 4 it1)| > log <1 - - = —.. ) =0(1),

therefore, log |((2 +it1)| = O(1). Also, s € 9D, log |¢(s)| < Oc(log(2 + |to|)) by Proposition 2.3.5. Now
we apply Proposition 2.2.3, noting that no poles contribute, and we obtain

lp— (2 +ity)]

O(1) = O (log(2 + |to])) + > log 2—¢/2

pilp—(2+it1)|<2—€/2

The contribution of each zero is negative, and for each zero p satisfying |p — (2 + it1)| < 2 — 3e/4, the
contribution is negative and 2.(1). This means that the number of zeros p with |p — (2 +it1)| < 2 —3¢/4
is O, (log(2 + [to|)). Clearly, we can cover our rectangle in question with O.(1) such discs D’, and this
completes the proof. O

Proposition 2.3.8. For any 0 < e < C, we have

’ 1 1
_Cg((j; S prrh + Oc,(log(2 + [t]))
lp—s|<e/2

fors=o0+it, e <o < C, where p runs through the zeros of ¢ with multiplicity.

Proof. First assume that C' < 4—e. Let f(s) = (s—1)((s). Then f is holomorphic on $s > 0, and we may
apply Proposition 2.2.5 with discs of center 2+t and radii 2—¢/4,2—¢/2, 2—¢, and M = 2+ |t| (for this
M, we need log |¢(2 +it)| = O(1), which follows immediately from [((2 +it)| > 1—1/22 —1/3% —... >0,
and on the boundary of the outermost disc, we use Proposition 2.3.5). Bounding the number of zeros
away from s by at least £/2 by Proposition 2.3.7, we obtain

f'(s) 1 o
o)~ lp;m p— + O (log(2 + [t])).

Writing this back to ¢, we obtain the statement for any s being in the (2 — &)-neighborhood of 2 + it. For
C > 4 — ¢, we can do the same, using (C +¢)/2 + it as a center instead of 2 + it. O
Corollary 2.3.9. For any C,e > 0, ty € R, we have
C  pto+l
s
Proof. This follows immediately from Proposition 2.3.8, by noting that the error term there is obviously

admissible here, also that 1/s is locally integrable in a small neighborhood of 0, implying that 1/(s — p),
1/(s — 1) are locally integrable, and finally bounding the number of zeros by Proposition 2.3.7. O

{'(o+it)

C(o + it)

‘ dtdo <c - log(2 + |to]).

2.4 Zero-free regions

We have already seen that there are no zeros of ¢ in the domain Rs > 1. In this section, we are going to
prove stronger results on zero-free regions.

Proposition 2.4.1. For any 0 € R,

3+ 4cosf + cos(20) > 0.
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Proof. One can readily check the identity

1 — cos(26) = 4(1 + cos #) — 2(1 + cos 6)?,

which implies
1 —cos(260) < 4(1 + cosb),

which is clearly equivalent to the statement. O
Proposition 2.4.2. If Rs > 1, then ((s) # 0.

Proof. In view of Proposition 2.3.6 and the fact that ¢ has a pole at 1, it suffices to show that ¢(1+1it) # 0
for any 0 # ¢t € R. Fix such a t.

Assume, by contradiction, that 1 + it is a zero of order k > 1. At 1 + 2it, we may have a zero or not,
let the order be [ there, the only thing we are going to use about it is [ > 0. Then, for 1 < o < 2, we
have, from the Laurent expansion of ¢’/ about 1, 1+ it, 1 + 2it,

o Lson, -SrDoEoiom LM Lion.

¢(o +1it) oc—1 C(o + 2it) o—1
This means that for o close enough to 1,

_3%0(0) 43%g’(a + it) gceg’(a + 2it)

¢(o) C(o +1it) ¢(o + 2it)

On the other hand, if we apply Proposition 2.4.1 with 6 being the angle of n =%,
34+ 4R~ + R~ > 0.

Multiplying this inequality by A(n)/n?, then summing it over n € N, we obtain
Co+it) .o+ 2it)

<0 4 R >0,

e e Yoo

a contradiction. O
Proposition 2.4.3. There ezxists a constant ¢ > 0 such that if o > 1 — ¢/ log(2 + [t]), then ((o +it) # 0.

Proof. Let ¢ > 0 be chosen later, and assume that
C(B+it) =0,

for some 5 > 1 — ¢/ log(2+ |t|). Since at 1, ¢ has a pole, we clearly have ¢ > 1 (if ¢ is chosen sufficiently
small).
We apply Proposition 2.3.8 with e = 1/2 to see that

) o
4(8) - Ip§1/4 s5—p + s—1 +O(1 g(2+ |t|))

on 1/2 < Rs < 2. Then, for 1 < o < 2,

('(o +1it) 1
—R CET) N 5 + O(log(2 + [t]))-

Since at 1+ 2it, ¢ has no pole,

¢’ (o + 2it)
——— < O(log(2 + |t])),
i < Ollog(2+ 1)

and recall also (o) .
o
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In the proof of Proposition 2.4.2, we proved

¢'(0) (o +it) o+ 2it)
—3R (o) R Clo+it) R (o + 2it) >0,
which implies
3 4
- = O(log(2 + [t]))-
c—1 o-p

Take 0 = 1+ 4(1 — f3), say. Then

(0-8) oo

This is a contradiction for some small enough c. O

2.5 The prime number theorem

Proposition 2.5.1. For any 0 <e <1 and any 2 < T < z, we have

P log?
ZA(n):m— Z x—&—OE(xslogQT—kxoﬁx),

n<e p:Rp>e,|Sp|<T

where p runs through the zeros of ¢ with multiplicity.

Proof. First we pick some T” € [T, T + 1] such that

2

5

The existence of such a T” is guaranteed by Corollary 2.3.9.
We apply Corollary 2.2.2 to see that, with o =1+ 1/log =z,

1 ot ¢'(s) af zlog® z
Soam=—gz [, G Tero (TR,

¢'(o +iT)

SO« 1ogT.
Clo i) |0 =08

where in the estimate of the error term, we use T' < z, and also

nit+1/logz = ((141/logx)

A darylogn)

Now we shift the contour to [0 — iT",&" —iT"],[¢' —iT", &' +4T"],[e +4T",0 4+ iT"] in such a way that
Rs = &’ avoids the poles of ¢’/ and also to satisfy

e +iT’
/e’—iT’ C(s) s

The existence of such an ¢’ € [¢/2,¢] is again guaranteed by Corollary 2.3.9. The contribution of zeros of
¢ with T" < |Sp| < T+ 1 is O(xlog T/T), and for zeros £’ < Rp < ¢ is O(x° log® T'), borh follow from
Proposition 2.3.7. Collecting all the error terms, and noting that passing through the pole of ( gives the
term z, while zeros p give the terms —x”/p, the proof is complete. O

! S
Cls) = ds <. z°log? T.

Theorem 2.5.2. For some ¢ > 0, we have, for any x > 2,

Z A(n) = z + O(zecVI8T),

n<x



2.5. THE PRIME NUMBER THEOREM 23

Proof. If we apply Proposition 2.5.1 in such a way that ¢ = 1 — ¢/log T is chosen with an appropriate
c > 0, Proposition 2.4.3 excludes zeros, that is,

1 2
Z An)=z+0 (ml_c/ g T 1og? T - W) .

n<e

Taking now T = e~ °V1°8%  we obtain the statement with an adjusted c. O
Theorem 2.5.3. For some ¢ > 0, we have, for any > 2,

m(x) = . + O(xe=cVie™)

5 logt ’

where 7(x) is the number of primes up to x.

Proof. Introduce 6(n) = A(n) - 1primes(n). Then one can easily see that

Z ZA + O(z'/?log x) = & + O(zecVioeT),

n<x nr

by Theorem 2.5.2. Then, with the notation >, . 60(n) =z + E(x),

n<e

Todt ¥ dE(t
7T(x):/ Zg :/ +/ (1)
3/2 logt 3/2 logt 3/2 logt

:/ dt JrE(:v)i E(3/2) +/ E(tQ) i@t
3/2 logt  logz  log(3/2) 3/2 tlog™t

In the last integral, F(t) < re~ V18 uniformly for 3/2 < t < x by Theorem 2.5.2, and f;/Q (tlog*t)~ldt =
O(1). Switching 3/2 to 2 is admissible. O

Corollary 2.5.4. We have, for x > 2,

T T
m(x) = Tog 2 +0 <log2x> .

Proof. Assume that x > 4, say. The error term of Theorem 2.5.2 is clearly admissible, so we are left with
the integral there. Integrating by parts,

/mdt_ r 2 +/r dt
5 logt logz log?2 2 log?t’

T odt Ve dt T dt
Lo et Lm0 ().
o log“t o log“t vz log™t log” x

and the proof is complete. O

Here,

Remark 2.5.5. With further integrations by parts, we get similarly that for any K € N,

L (k—1)! x
() = a3 (o + O (s )







Chapter 3

Primes in arithmetic progressions

3.1 Primitive characters

Definition 3.1.1 (quasiperiod of Dirichlet characters). Given a Dirichlet character xy modulo ¢, we say
it has quasiperiod d, if x(m) = x(n) for any integers m,n satisfying m = n mod d and ged(mn, q) = 1.

Proposition 3.1.2. Assume x is a Dirichlet character modulo q. If d is a quasiperiod of x, then ged(d, q)
18 also a quasiperiod of x.

Proof. Let m,n be integers coprime to ¢ which satisfy that ged(d, q) | (m — n). Fix some integers u,v
such that m —n = du 4+ qv. Then

x(m) = x(m — qu) = x(n + du) = x(n),

and only the last equality requires explanation: we have to show that n 4+ du is coprime to ¢g. And this
indeed holds, since n + du = m — qu, and m — quv is coprime to q. O

Proposition 3.1.3. Assume x is a Dirichlet character modulo q. If di,ds are quasiperiods of x, then so
isd= ng(dl, dg)

Proof. Given integers m,n which are both coprime to ¢ and congruent to each other modulo d, our
strategy is to construct a certain k such that m = k mod di, n = k mod ds and ged(k,q) = 1. This
suffices, since

x(m) = x(k) = x(n).
To this aim, seek for k in the form k& = m + dyw; = n + daws, that is, we have to solve the diophantine
equation

m—n = dgwg — d1w1

for wy, we. Clearly there are solutions, since ged(dy, ds) | (m—n), and focusing on, say, ws, it is determined
modulo dy/ ged(dy, dz). Now choose an integer wy such that it is from the prescribed residue class modulo
dy/ ged(dy, da), and that for any prime divisor p of ¢ not dividing dyds, w1 Z —m/d; mod p. The existence
of such integers is guaranteed by the Chinese Remainder Theorem. Then let k£ = m + dyw; = n + dows
(with we accompanying w1 ), and we claim this does the job. The only thing we have to check is that no
prime divisor of ¢ divides k. And indeed, if a prime divisor p of ¢ is coprime to d;ds, then k£ Z 0 mod p,
since wy # —m/d; mod p; while if p | dids, then p | di implies k¥ = m mod p, and p | dy implies
k =n mod p, any of these excludes p | k by the assumption ged(mn, q) = 1. O

Definition 3.1.4 (induction of characters). Let x* be a Dirichlet character modulo d. Then for a
multiple g of d, we can consider the Dirichlet character x defined as

~Jx*(n) if ged(n,q) =1,
x(n) = {O if ged(n, q) > 1.

Then y is the character induced by x*.

25
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Proposition 3.1.5. Let x be a Dirichlet character modulo q, and assume d is the smallest quasiperiod
of q. Then there is a unique Dirichlet character x* modulo d which induces x.

Proof. For any n coprime to d, choose k € Z such that n + kd is coprime to ¢, and let x*(n) = x(n + kd)
(the d-quasiperiodicity cancels the ambiguity in the choice of k, hence this is well-defined). For n not
coprime to d, let x*(n) = 0. Clearly x* induces x. Uniqueness follows from that y determines x* on
residue classes coprime to d. O

Definition 3.1.6 (conductor, primitive character). Given a Dirichlet character xy modulo g, its smallest
quasiperiod d is called its conductor. We say that x is primitive, if d = q.

Proposition 3.1.7. Assume x is a Dirichlet character modulo q. Then the following are equivalent:
(i) x is primitive;
(ii) for any d|q, d < q, there exists c =1 mod d, ged(e,q) = 1 such that x(c) # 1;

(iii) for any d | q, d < q, and any residue class a mod d,

Z x(z) =0.

1<2<q
z=a mod d

Proof. Assume first that (i) holds. Then for any d | ¢, d < ¢, since d is not a quasiperiod, there exist
m,n coprime to ¢, congruent modulo d such that y(m) # x(n). Clearly ¢ = mn~! = 1 mod d, and
x(c) = x(m)/x(n) # 1, so (ii) holds.

Assume now that (ii) holds. Given the input as in (iii), take ¢ guaranteed by (ii). Then

Yooxr) = > xler)=x() > x),

1<z<q 1<z<q 1<z<q
r=a mod d r=a mod d z=a mod d

so the sum must vanish, as x(c¢) # 1, that is, (iii) holds.
Assume finally that (iii) holds. By contradiction, assume that d | ¢, d < g is a quasiperiod. Then
setting a = 1 mod d,

Z x(z) =#{l <z <q:gced(x,q) = 1,2 =1 mod d},
1<z<q
z=1 mod d
which is strictly positive, since = 1 is an element of the set on the right-hand side. This is a contradiction,
so (i) holds. O

Proposition 3.1.8. Let q1,q2 be coprime integers, and x1, x2 Dirichlet characters modulo q1,qs2, respec-
tively. Then the character x modulo ¢ = q1q2 defined via x(n) = x1(n)x2(n) is primitive if and only if
X1, X2 are both primitive.

Proof. Tt is easy to see that if x1, x2 have quasiperiods dy, ds, respectively, then y has quasiperiod d;ds,
which shows that primitivity of y implies that of x1, x2.

As for the converse, assume X1, x2 are primitive, and that d is a quasiperiod of x. Set d; = ged(qq, d)
and d2 = ged(qa,d). Now take any integers m,n coprime to ¢; and congruent modulo d;. Choose
m’ = mmod g1, m’ =1 mod g2, n’ =nmod ¢;, n’ =1 mod ga. Then m’ =n’ mod d, ged(m’n’,q) = 1,
hence x(m’) = x(n'). Then the calculation

x1(m) = xa(m') = xa(m')xa2(m’) = x(m') = x(n) = xa(n')x2(n) = x1(n") = x1(n)
shows that x; has quasiperiod dy. By primitivity of x1, this implies d; = g;. Similarly, dy = ¢5. O

Therefore, to describe the primitive characters, it suffices to describe them for prime power moduli.
This is not hard, using the explicit description of the multiplicative group of residue classes modulo prime
power moduli (using their cyclic or “almost” cyclic structure).
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3.2 Analytic properties of Dirichlet L-functions

For any Dirichlet character y modulo ¢ € N, we may define, for s > 1,

Lis,x) = Dx(s) = 3 X

n

since the Dirichlet series on the right-hand side is absolutely convergent in the indicated domain. Then,
analogously to the ¢ function, we have

L(s,x) =[] <1— X(p)>_1, Rs > 1.

s
» p

Proposition 3.2.1. Let y < x be real numbers, and assume f : R — C is continuously differentiable.
Then, for x # xo, we have

3 xmse) <a [ 17 @l +al )

y<n<e Y

If X = xo, then

(]
=
z
~
z
\
‘ﬁ
iy

/ " f(t)dt < q / 1Ol + gl f @),

Proof. First we consider the case when x # xo. Write, for n € N, X(n) = > ., x(j), then x(n) =
X(n) —X(n—1). Then

Y oxmfn)= Y (X()-Xn-1))f(n)= > X(n)(f(n)—f(n—1)+qO0(|f(y))+¢O(|f(z)]),

ys<nsz ysSn<z y+isnse

using that | X (n)| < ¢. Here, by Newton-Leibniz, f(n) — f(n — 1) = f:—1 f'(¢t)dt, that is, applying again
| X (n)] < ¢, the above is at most

«f 1@l + q0f )]) + a0 F(@)))-

Clearly |f(y) — f(x)] < f: | f'(t)|dt, hence we can drop the term qO(|f(y)]).

When y = xo, we can repeat the above argument with the function x(n) = x(n) — ¢(¢)/g, which sums
to 0 over a period of length ¢, and over all intervals, its sum in absolute value is at most g. We evaluate

> 2

ysn<z

via Proposition 2.1.3. O

Proposition 3.2.2. For any Dirichlet character x # xo modulo q, L(s,x) extends to ®s > 0 as a
holomorphic function.
Also, for any e > 0, if Rs > €, then

log | L(s, x)| < Oc(log(q(2 +[s])))-

If x = xo0, then L(s,x0) = ¢(s) Hp‘q(l —p~%). In particular, L(s, xo) extends meromorphically to
Rs > 0 with a unique, simple pole at s = 1, where the residue is p(q)/q. Also, for anye >0, if Rs > ¢
and |s — 1| > ¢,

log |L(s, x0)| < Oc(log(q(2 + [s])))-
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Proof. Let first x # xo. By Proposition 3.2.1 with the function n — n~°, we obtain, for any 1 <y < x

that
Z n~° = q0O (|S|y”> .
o

ysn<z

Then by Proposition 1.1.2, we obtain that there exists some L(s, x) € C such that

When Rs > 1, this L(s, x) must coincide with the earlier defined Dx(s). Therefore, we really have the
extension, and its holomorphic nature follows from the local uniform convergence of n=* to L(s, x).
To see the estimate, write x = 1, and then

L(s,x) —q0(| |>

from which estimate claim follows immediately.

If x = xo, for Rs > 1, we obtain the relation to {(s) from the Euler products, and then we apply
Proposition 2.3.5 to extend ((s). As for the estimate, observe that each factor 1 — p~* is at most 2 in
absolute value, and the number of such factors (i.e. the number of prime divisors of ¢) is at most log, g,
which together give the claim. O

n<x

One can easily check that

n
n=1

which in particular implies that L(s, x) does not vanish on $s > 1 (recall Proposition 2.3.6).
For convenience, introduce

E()* 13 1fX:XOa
"0, i x £ xo.

Proposition 3.2.3. Let x be a Dirichlet character modulo q. Then for any € > 0,tg € R, the number of
zeros of L(s,x) (counted with multiplicity) in {s: Rs > €,|Ss — to] < 1} is O (log(q(2 + |to])))-

Proof. This follows the same way as Proposition 2.3.7. O

Proposition 3.2.4. Let x be a Dirichlet character modulo q. For any 0 < e < C, we have

~L'(s,x)
L(s, x)

-y LB o (oga2+ 1))

|pfs|<s/287p s—1
for s=o+it, e <o < C, where p runs through the zeros of L(s,x) with multiplicity.

Proof. This follows the same way as Proposition 2.3.8. O

Corollary 3.2.5. Let x be a Dirichlet character modulo q. For any C,e > 0, tg € R, we have

[

Proof. This follows the same way as Corollary 2.3.9. O

L'(o +it, x)
L(o +it, x)

' dtdo <c. log(q(2 + [to])).
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3.3 Convolutions with quadratic characters

Proposition 3.3.1. Let x be a real nonprincipal character of modulus q. Then, for any 1/2 < s < 1 and
T =2,

ng; (l*nﬂ = ((s)L(s,x) + f:ZL(l,X) +0 <1383:1/25> .

Proof. We start by Dirichlet’s hyperbola method to see that the quantity in question is

x(d) 1 1 x(d)

d<v/z m<x/d m<y/x Vz<d<z/m

In the proof of Proposition 2.3.5 and that of Proposition 3.2.2, we proved that

1 B xl—s e X(n> B .
;E_C(S)_s—l—’_O(x )s n<x?—L(5aX)+qO($ )

Then on the one hand,

s Loy {ﬁ)(q$——wf?zﬂ-%0((2)ﬂ)>

d</x m<z/d d<yz
rl=s q$1—33/2
=M&Mdﬂ+0@f”%+15MLW+O(1:;)+O®”%ﬂ
rl—s qxl/z—s
=1L L(1 )
(5,X)¢(s) + T— L ,x)+0< T )

On the other hand,

1 d 1 —s/2 wt/27s
>~ > Xés): >, Ol /)=O(q1_S )

m<y/T Vr<d<z/m m<y/T

and the proof is complete. O

Proposition 3.3.2. There exists some ¢ > 0 with the following property. If x,x' are distinct real
primitive characters of moduli q,q' > 1, respectively, then for any 1 —c< s <1 and x > 2,

3 (1 x*x *xx')(n)
n<x ne

= C(8)L (s, )L (s, X)L, xx) + gL(ly X)L(1, X)L, xx) + O (%) .

Proof. Record first that the distinct and primitive being of x, ¥’ guarantees that none of x, x’, xx’ is
principal. Then we have to evaluate

DD x(di) x'(d2) (xx')(ds) 1

i d3 g me

n<z didedsm=n

The evaluation of this sum is based on a higher-dimensional version of Dirichlet’s hyperbola method.
Namely, we separate the part when dy, do, dg < '/

3 x(di) x'(d2) (xx')(ds) 3 1

dy,do,ds <z1/4 di d3 d; m<x/(d1dads)
From ) n)
1 x° s x(n s
Z;:C(S)—S_l‘f‘O(x )s FZL(&X)‘HIO(QC ),
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one can easily check that

x(d1) x'(d2)  (xx')(d3) 1
2 & dy dy 2w

S
dy,da,dz<zl/4

= C(S)L(57X)L(87 XI)L(Sv XX/) + f— S

mé;r/(dldgdd)

/ 2{,61_0_8
L1 ) L(LX)L(L xx') + O ((q‘”) ,

1—s

1—s

if ¢ > 0 is a sufficiently small fixed constant.
In the remaining part, we crudely apply dyadic decomposition as follows. For any 0 < A, B,C < 1,

> M o,y M o, 3 WO om0,

dS
zALdy <2z4 1 B Ldoa <228 2 0 <d3 <22 3

and since in the remaining part, max(A, B,C) > 1/4, the proof is complete by the trivial bound
Yom<ai-(arnrey m”* = 0@ /(1 — 5)). O

3.4 Zero-free regions and zero repulsions

Proposition 3.4.1. There exists a constant ¢ > 0 such that for any Dirichlet character x modulo q,
L(s,x) has no zeros in the region

{“”:5 “ 1 a2+ |t|>>}’

with the possible exception of a single real zero 1 — ¢/ log(2q) < § < 1. If this exceptional real zero exists,
it necessarily belongs to a real character.

Proof. We may freely assume that y is nonprincipal, in particular, ¢ > 2. All along, when we evaluate
L(s, x) or its logarithmic derivative, etc., we will assume that Rs < 2.
First consider the case when x is complex, i.e. x? is nontrivial. Assume, by contradiction, that
L(B +it,x) = 0 for some 8 > 1 —c¢/log(¢q(2 + |t|)). Then by Proposition 3.2.4, we have, for o > 1
L' (o +1it, x) 1

o < L Ollos(al2 + )

Also, since x? is nonprincipal,

L' (o + 2it, x?)
R A

and clearly o ) )
g, X0
- <
L(G7 XO) o—1

+0(1).

Applying Proposition 2.4.1 to 6 equaling the angle of x(n)n =%, then summing it up over n € N coprime
to ¢ with weights A(n), we obtain

73%L’(0,X0) 74%L’(0+?t,x) B §RL/(0'+2-Z'ZL,X2) S
L(o, X0) L(o +it, x) L(o + 2it, x?)
This means that 3 4
- > O(log(q(2 :
- > Olloslat2 + 1)

Setting o = 1+ 4(1 — j3), this is a contradiction, if ¢ > 0 is small enough (just like in the proof of
Proposition 2.4.3). To sum up this part: if x is nonreal, then there is no zero in the domain in question.
Assume now x? = xo. Then, for ¢ > 1

_%LI(J + 2.z't,x2) _ ¢'(o+ 2.it) B %Z logp ’
L(o + 2it, x?) ¢(o + 2it) p potZit — 1
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and here,

log p
) pras T > _logp | = O(loga),

plq pla
hence, by Proposition 2.3.8,
L'(o + 2it, x?) < 1
Lo +2it,x2) = o+2it—1

+ O(log(q(2 + [¢])))-

Now take some ¢ > 0, and assume that there are two zeros of L(s, x) in the region

. C1 C
B+it: |t < :,@>1—},
{ ~ logg log(q(2 + [1]))
where the only assumption on ¢ is 0 < ¢ < ¢;. Letting these zeros be 1 + ity, B2 + it2, we have, by

Proposition 3.2.4,
L'(o,x) < 1 1

— < - — — — + O(logq).
Lo, x) o—p1— it o — Ba —its (log¢)
We also have, in the indicated domain,
L' (o, x 1
: < 0(1),
‘L(o,x)’ 0’—1+ (1)
therefore,
1 1
R R < O(l .
O'*ﬂlfitl—i_ O'*ﬂz*itg 0'71—"_ (qu)

Here, |1 — (81,2 + it1,2)| < 2¢1/logg, hence if we take, say, 0 = 1 + 10¢1/log ¢, the left-hand side is at
least log q/c; - 20/122, while the right-hand side is log q/c; - 1/10 4+ O(log q), which is a contradiction, if ¢;
is small enough. To sum up this part: if x is real, there might be at most one zero up to height ¢;/loggq,
this potential zero will be referred as the exceptional zero.

Fix such a ¢;, and now consider the domain

P N
{B—Ht. | > log q B>1 log(q(2+|t))}7

and assume there is a zero 8 + it of L(s, x) here. Recalling the above-proven

/ / ) ' it x*
L(o, x0) L(o +it, x) L{o +2it, x?)
and L/ 2 2 1
it
L (o + 2it, x?) <R + O(log(q(2 + [t]))),

Lo +2it,x2) = o +2it—1
this means, by Proposition 3.2.4,

3 4 1
_ + R >0 + .
c—1 o-0 c+2it—17 (log(q(2 +[¢])))

Setting here ¢ = 1 4+ 4(1 — (8), this gives

1 1
"0 =5 " aa =g 2 > Olesla@+ID).

This can be easily seen to give a contradiction, if we make ¢ > 0 small enough. To sum up this part: even
if x is real, the indicated domain is zero-free above height ¢;/logq.

To complete the proof we still have to see that the exceptional zero (if exists) is necessarily real. But
this is clear from the fact that for real characters x, L(S, x) = L(s, x), hence zeros come in conjugate
pairs. O
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Proposition 3.4.2. There is an absolute constant ¢ > 0 such that the following holds. For any two
distinct, primitive characters x,x' of moduli q,q’, respectively, there is at most one real zero of L(s,x)
and L(s,x’) on the segment [1 — ¢/log(qq’), 1].

Proof. First observe that for any n € N,

1+ x(n) +x'(n) + xx'(n) = (14 x(n))(1 +X(n)) > 0.
Multiplying this by A(n)/n? for any 1 < o < 2, and summing up over n € N, we see that
(o) Lo,x) LoX)  L'oyxx) o
((o)  Lo.x) Llo,x) L{oxx) ~

On the other hand, assuming that L(s, ) has a zero 8, and that L(s,x’) has a zero 8’ on the segment
[1 —¢/log(qq’), 1], we obtain, via Proposition 2.3.8 and Proposition 3.2.4,

o)1 V(o) _ 1 LX) 1

(o) —o-1 W oo S Temg TOUED Ty S o P Oled)
Also, since x and X’ are distinct and primitive, xx’ is nonprincipal, therefore
L'(0, xx')
———==2 < O(log(qq')).
L(o, xx")
Summing up, we see that
1 1 1
- - > O(1 ).
o 1 o3 o 7 (log(qq"))
If, say, o = 1+ 10¢/ log(qq’), this is a contradiction, if ¢ is small enough. O

Proposition 3.4.3. For any ¢ > 0, the following holds. If for a real character x modulo q, L(s,x) has a
zero B on the segment [1 — ¢/logq, 1], then L(1,x) <. (1 — 3)log? q.

There exists an absolute ¢ > 0 with the following property. If L(1,x) < ¢/logq for a real character x
modulo q, then there is a real zero § of L(s,x) with § > 1 — O(L(1,x)).

Proof. We start with the proof of the first statement. Fix ¢ > 0, and all the implied constants in O(...)
below depend only on ¢. Recall from the proof of Proposition 3.2.2 that

Writing = ¢, and n=° = O(n~!) for Rs > 1 — ¢/ log q, we see that

Lis) =0 32| +001) = 0flogq)

n
n<q

for |s — 1| < 2¢/log q. Then by Cauchy’s integral formula, we have
L'(s,x) = O(log® q)

for |s — 1] < ¢/loggq. Then if L(B,x) = 0 for some 8 € [1 — ¢/log g, 1], the proof is completed by

1
L(1,x) = /ﬂ L' (s, x)ds.

Now we prove the second statement. Take some large C' > 0 (to be specified later) and some ¢ > 0
small (to be specified later). Let s =1 — CL(1, x), then 3/4 < s < 1, if ¢ is small enough (in terms of C').
It is easy to check that (1% x)(n) > 0, and (1 * x)(1) = 1, therefore,

> 00w
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Also, from Proposition 3.3.1, we see that the left-hand side here is

xCL(laX)

o +O0(z*q/L(1, x)).

C(s)L(s,x) +
Now if L(1,x) < ¢/logq, then by choosing C' > 0 large, ¢ > 0 small, this gives, for z = ¢'°/L(1,x)'°,
that

¢(s)L(s,x) = 1/2.

It is easy to see that ((s) < 0 on a segment [1 — a, 1] for some a > 0 (in fact, it it not hard to prove that
this holds even for a = 1), hence L(s, x) < 0 either, if s > a (forced by choosing ¢ small enough after
choosing C). Then the proof is complete by recalling L(1,x) > 0 and the fact that L(s, x) is real-valued
and continuous for s > 0. O

Proposition 3.4.4. There exists some ¢ > 0 with the following property. Let x be a primitive real
character of modulus q. Suppose that L(S,x) =0 for some 1 —c¢ < 8 < 1. Then for any primitive real
character X' of modulus q', we have

1-8

L(1,x)L(1, X’ .
(LX) > (ot Tog(aq)

Proof. First, observe that

(Lrxsx"=xx)(n) 20, (Lxxx *xx)(1) = 1.
Let ¢ > 0 be small enough such that from Proposition 3.3.2, we obtain, if y in the statement exists,
z1=h
1-p

aq')? oo Ly * x" * xx'
L1 X)L(1L,X)L(1,xx") + O ((1—)6561 ? ") => (71—5) > 1

n<
Writing = = (qq’/(1 — B))¢ for some C > 0, the error term is
O((qq)*T(1=e=P(1 — p)(etA=DO=T),
which is less than 1/2, if C is large enough. Also, '~ < (q¢')°"~#) with the implied constants
depending only on C. Then the statement follows from L(1, xx') = O(log(qq’)), which follows from

+qq'O(z™ 1),

ZW

n<a
by setting = = ¢¢’. O
Theorem 3.4.5 (Siegel). For any € > 0, there exists a constant c. > 0 such that
L(1,x) > ceq".

For any € > 0, there exists a constant c. > 0 such that L(s,x) has no zero on the segment [1 — c.q~¢,1]
for any primitive real character of modulus q.

Proof. By Proposition 3.4.3, it suffices to prove the first statement. Let first ¢, > 0 effectively computable
(to be chosen later). If there is no primitive real character x with a zero of L(s,x) on the segment
[1 — cLg™®,1], then Proposition 3.4.3 gives the statement immediately.

Assume hence that there is a primitive real character x with a zero 5 of L(s,x) on the segment
[1 —cLg¢,1]. Choose x among such characters in such a way that ¢ is minimal. Then for ¢’ < ¢, x’
primitive real character of modulus ¢, we see that L(s, x’) has no zero on [1 — ¢L¢'~¢,1]. Let then ¢’ > ¢
be arbitrary, x’ primitive real character of modulus ¢'.

By Proposition 3.4.3, we see that

L(1,x) < (1 - B)log”q.
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Then by Proposition 3.4.4, we obtain that

1

L 01 g3
01~ log*(¢') o

L(1,X') > =q ),
and here, the exponent of ¢’ can be made arbitrarily close to 0, by choosing ¢, sufficiently small, since
0>p8-1>—c..

We finally adjust ¢. to make the statement true for L(1,x). Indeed, we know it is nonzero from
Theorem 1.4.5, and then its positive being follows from the following facts: L(s,x) € R for s > 1,

limgrss—too L(s,x) =1, L(s,x) # 0 for s > 1, and L(s, x) is continuous. O

3.5 Prime number theorem for arithmetic progressions

Theorem 3.5.1. There exists an absolute constant ¢ > 0 with the following property. For any x > 2, if
Xo is the principal Dirichlet character modulo ¢ = O(e“V!°8%)  then

Z An)xo(n) =z + O(xe*c‘/m).

n<

Proof. The proof is the same as that of Theorem 2.5.2 (see also Proposition 2.5.1, the only difference is
that we refer to Propisition 3.2.3 and Corollary 3.2.5). O

Theorem 3.5.2. There exists an absolute constant ¢ > 0 with the following property. For any x > 2, if x
18 a nonprincipal Dirichlet character modulo ¢ = O(ec‘/@) with no zero on the segment [1 — ¢/ logq, 1],
then

> A(n)x(n) = O(zeVIoET),

ne
Proof. The same as that of Theorem 3.5.1, this time with no pole at 1. O
Theorem 3.5.3. There exists an absolute constant ¢ > 0 with the following property. For any x > 2, if x

is a nonprincipal Dirichlet character modulo ¢ = O(eV°8®) with a zero 3 on the segment [1 — ¢/ log q, 1],
then

B
Z A(n)x(n) = A O(ze~cVics®),
n<x ﬂ
Proof. The same as that of Theorem 3.5.2, this time with a pole at 3. O

Corollary 3.5.4. There exists an absolute constant ¢ > 0 with the following property. For any x > 2,
q < eVIeT gnd any a coprime to q,

Z A(n):i)—

n=a mod ¢q w(q

B
()27 | o (pe-evioma)

(q) B

=

)

BS)

where B is the exceptional zero of L(s,x) on the segment [1 — ¢/logq,1] (if ¢ is small enough, x is
well-defined by Proposition 3.4.2). If there is no such character, then

n) = —2_ zecViog Ty,
2 A ©(q) O )

n=a mod ¢q
Theorem 3.5.5. Let ¢ > 0 be the minimum of the constants from Theorems 3.5.1-3.5.53. Then for any
A > 0, there exists a constant xo(A) such that if x > xo(A), and x is a nonprincipal character modulo q,
then
Z A(n)x(n) = O(ze=cVIoe),

n<x
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Proof. We use the notation of Theorem 3.5.3, assuming that y has a Siegel zero 8. Then for any ¢ > 0,
by Theorem 3.4.5,

xﬁ = xef(lfﬁ) log = g xefcsqislogx
for some c. > 0. Since ¢ < (logx)?, if we choose £ < 1/(2A), then the above is

. 1—Ae
re—Ced logz < .’EG_CE(Ing) < xe—c\/logw

)

if « is large enough. Then the claim follows from Theorem 3.5.3. O

Corollary 3.5.6 (Siegel-Walfisz). For any A > 0, there exists a constant ca > 0, such that for any
r>2, q< (logz)? and any a coprime to q,

n) = —— 4 O(ze—cAVIBT),
2 A ¢(q) + O )

n=a mod q
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