ON THE NUMBER OF COMPLETE SUBGRAPHS
CONTAINED IN CERTAIN GRAPHS

by
P. ERDOS

G will denote a graph of n vertices, G, a graph of I edges and G{®
a graph of n vertices and / edges. Loops will not be permitted and two vertices
can be connected by at most one edge. In the complete graph G( of n vertices,

every two vertices are connected by an edge. A complete ?aph G of three
vertices is called a triangle. The complementary graph G{™ of G} m'; is defined
as follows: The two graphs have the same vertices and two' vertlces are connec-
ted by an edge in G{™ if and only if they are not connected by an edge in
@M. In other words a graph G{™ and 1ts complementary G{™ gives a splitting

of the edges of the complete graph G¢7 () into two disjoint classes. G can be

written as G’(z _,, but of course thisin general does not determine its structure

uniquely since the number of vertices and edges does not determine the
structure of the graph.

The vertices of ¢ will be denoted by z, 2, ...,%,, .... The graph
(@ — 2, — ... — z,) will denote the graph from’ which the vertices o, ..., z,
and all the edges incident to them have been omitted. G(ay, ..., 2;) will
denote the subgraph of G spanned by the vertices z;, ..., ;. The valency
v(z) of x is the number of edges incident to it. »(@) will denote the number
of edges of &, and w(¢) the number of its vertices.

(k)

C (@) will denote the number of complete subgraphs G@ of G. Recently
A. GoopMmax [1] proved that

2[“] if n=2u

3

(1) min (C4(G™) 4+ C,(@™)) = % Wi Baut1) § n=de41
2 (au—1) ¥ n—4iutd

where the minimum is to be taken over all graphs G™ having n vertices.

A simpler proof of (1) was later given by A. SauvE [2].

GoopMaN asked if the sign of equality in (1) can hold if Cy(G™) — 0, i.e.
if G contains no triangle. His answer was affirmative for even n. For odd
n I showed [2] that the answer is negative for » > 7 and it is easily seen to be
affirmative for n < 7.
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G. LorpEN [3] proved the following stronger result:
Assume that Co(G™) = 0. Then for all even n and odd n > 9

(2) min C,(G™) = (E]) + ([% j 1]) ,

.3 3

(i.e. @™ runs through all graphs whose complement contains no triangle).
LorpEN further determined all cases where there is equality in (2).
GoopMaN also raised the problem of determining

min {Cy(G™) + Ck(éﬁ))),
but this seems difficult even for k = 4.
I will prove by probabilistic arguments the following
Theorem 1. For every k = 3 and every n
)
5 {k]

min (C4(G™) + C{E™)) < — .

5ls)

It is surprising that a crude probabilistic argument gives a result which
for k = 3 is so close the correet one. This phenomenon can often be observed
in this subject [4]. Theorem 1 seems to show that Goodman’s problem will
be much more difficult for £ > 3 then for £ = 3, since it does not seem easy to
find graphs which give values of C,(G™) 4 C,(G‘) which are as small as

n
: 5
1 J / 32. The construction analogous to the one of Goopmax gives only 3( i )

which is much bigger. It seems likely that
() i)
3) g OHE L TG | 1

e [:l ola)-1

(3) follows from (1) for & = 3. I can not prove it for & > 3. I will only
2k — 2 )
): t

outline the proof of the crude estimate (

E—1
(m) Ai(n) !
(4) lmin HEN T GE@E™) R
= [n] ft—1)...(t—k+1)
k

The following further problems might be of interest. Determine
min C(G) = f(n, k, 1)
where G runs through all graphs of # vertices for which G does not contain

a complete graph of [ vertices.
The result of LoRDEN gives that for all even » and for odd » > 9
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I can not at present determine f(n, k, I) for any other values of k and 7. Perhaps
for n> ny(k, 1)

+i]
(5) fnby = S (F;; ‘]) -

i=0

The simplest special case which I can not do is f(3n, 3,4) = 3[“} .
Hawaxnt and I proved the following 3

Theorem 2. Lel [ = ; + 7,0 <r =t Then (the maximum is to be

taken over all graphs having / edges)

7 (= gt
6 cie)=(°+ — 4(0).
(©) max 06 = [ +(, 7 | =00
Finally we prove
Theorem 3. Let 1> k. We have )
1) maxC6m) = S [ [f_t‘_] =hnLE)

0=i<<...<ix=[-2 r=1 z —1
where the maximum is taken over all graphs having n vertices which do not contain

a complete l-gon (ie. a G&))).

Theorem 3 is probably connected with the conjecture (5). (See [8].)
Proof of Theorem 1. The number of graphs G having the labelled

n
vertices ay, ..., x, clearly equals 2(2). A simple argument shows that the
number of graphs G for which either G® or G®™ contains the complete

n K
subgraph having the vertices x;, ..., x,1s 2- 2(2) - (2) Thus summing over

all the {:J k-tuples

(8) 3(CHE®) + C(Gm)) = ™ 2‘:2) ~()+1

%
where the summation is extended over all the 2(2) graphs G®. (8) immedia-
tely implies
n
:

of2)

2

(9) min (C,(G™) -+ C(Gm) <

The sign of inequality in (9) follows if we observe that if G™ is the
complete graph of n vertices, then
n
2
p

(@E%)] is the graph without edges). Thus for at least one of the 2(2) summands

o= (z)>

(8) we have the inequality sign in (9), which completes the proof of Theorem 1.
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Now we prove (4). A well known theorem of RaMSEY [5] asserts that
2k—2
for t = [ ]

(10) OK(GD) + Cu(G@D) = 1.
(10) implies that if x;, ..., 2, are any ¢ vertices of G then
(11) Ok(G xh, ...,xf, +O’k(§(xﬁ, "'sxfr))zl'

From (11) we have by a simple argument (every i-tuple gives at least
one complete k-gon of G™ or G™ and the same k-tuple occurs in exactly

n—k
t-tuples
t_k} ples)

n

[t] _nr—1)...(n—k+1)
n—ky tt—1)...0¢ —k+1)
N

Ci(G™) 4 C(Gm) =

which easily implies (4).
It would not be difficult to show that

lim min 0"(0———_——~(n)) + C{E)
l=roo ln
i
exists, but I can not determine it (its value was conjectured in (3)).

Now we outline the proof of Theorem 2. max C,(G,) = g(I) is trivial.
It suffices to consider the complete graph G(é)) and an extra vertex connected

with » vertices of Gﬁg). The Theorem is trivial for I < [:) . For l < [':] both

sides of (6) are 0, and for I = [: both sides are 1. We shall now use induction

and assume that Theorem 2 holds for all I’ < [ and then proveitforl = !;} +r,

; t
0<r <t k<t We clearly must have n(G,) =t + 1 |since / > (2] . Assume

first that G; has a vertex a, of valency < {. Clearly &, contains at most
v(x,)

] complete k-graphs one vertex of which is 2,. Thus clearly

Cl@) < (z(fi} + C(6, — ,) and (G, — z,) = L — v(m,) .

Hence by our induction hypothesis and a simple computation (v(x;) <¢)

v(z,)

o <[

+ g(l — v(z,)) = 9(7).




ON THE NUMBER OF COMPLETE SUBGRAPHS CONTAINED IN CERTAIN GRAPHS 463

If all vertices of &, have valency = ¢, then from ! < (H; 1] y (@) =

=1t -+ 1 we easily obtain

z=[“;1 -

But then Ci (&) = lt—; 1] = g(I), which completes the proof of Theorem 2.

We prove Theorem 3 by induction with respect to n. (7) holds for all
k if n < k (for n < k both sides of (7) are 0 and for n = k they are both 1).
Assume that (7) holds for every m < n and every k. Since G™ does not contain

a Gf)\ by a theorem of ZARANKIEWICZ [6] it must contain a vertex z of
() >
valency not greater than
- [n +1— 2] N
1—1
By our induction hypothesis
(12) C(G™ —z) < h(n—1,Lk).

Denote by ¥, ...,¥,;t= v(x) £ N the vertices of G connected to
z by an edge. Clearly the graph G(y,, ...,¥,) contains no G(‘%i}), thus by our

induction hypothesis it contains at most k(t,7 — 1, k — 1) subgraphs G{ffg{i ;

Hence the number of subgraphs G of G® one vertex of which is  is at most
Erapas 2

(13) Rt 1—1,k—1)<AhN,1—-1,k—1).
From (12 and (13) we easily obtain by a simple argument
(14) max C(G™) < h(n — 1, L k) + A(N,l — L,k — 1) =h(n, L k).

To show that in (14) the sign of equality holds it suffices to eonsider
the graph of TURAN [7] where the vertices are split into I — 1 classes, the i-th
n—+12—1

class has vertices and no two vertices of the same class are

connected, but every two vertices of different class are connected by an edge.
Thus the proof of (7) and Theorem 3 is completed.
Finally I would like to state the following conjecture which is a sharpen-

ing of (7): Put
+ 4 7[n -+
= ]
0;:'.%2‘,-51—2 I—1 I—1

F(n,l) is the number of edges of Turén’s graph, by his theorem [7] for every
G 41 contains a G((I’;) I believe that

(15) max Cy(G () = h(n, 1, k)

15%
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where the maximum is taken over all G, which do not contain a ¢ g’

(15) would imply (7) since by the theorem of TuRAN just stated a graph G(m
which contains no GE;) has < F(n, 1) edges.

(Received October 8, 1962)
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0 YMCJIE NOJIHBIX I'PA®O0B HAXOOAIUXCS
B HEKOTOPBIX I'PA®AX

P. ERDOS
Pe3ome

Just rpados, He cogepKawmx pébep-meTens W MHOTOKpaTHBIX pEdep,
HMEKT CUIlY CIe[yHolie TeOpeMbl:

Teopema 1. [laa ecaxull n u k=3 cyweemsyem markod 2pagf G ¢ n
GepuIuHaMI, WII0 CYMMA 4LCen NOAHbX 2pados ¢ k 6epULLIHAMLL, naxoosuyuxes 8

G u 6 Oonoanumensnom 2page om G merblie ‘?[ I 2(*
Teopema 2. ITycme | = [o] +r, O<r<t. Toe0a epagp, umewwuir l

[ £ _',_( 7
il
seprnHamu.

Teopema 3. ITycmos k < 1. Toeda epad ¢ n eepuunamu, He codeprcayudl
noaxo20 2paga ¢ 1 eepuiinamil, Modcem cofepicamb MAKCUMAALHO

pédep Modicem MArcuUMatbHo codepycamo noansix  epagios ¢ k

. ; lﬂ' + i I
0<i<. o=tz =1 L1 —1
noaHbix epagos ¢ k eepuiunamil.
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