SELFDUALITIES OF SERIAL RINGS, REVISITED

PHAM NGOC ANH

ABSTRACT. A description is given of serial rings whose maximal quotient rings
are quasi-Frobenius (QF). Every serial ring is a factor of a serial ring whose
maximal quotient ring is a QF-ring. This result is used to give a new, con-
ceptual proof for the selfduality of serial rings emphasising the importance of

weakly symmetric rings.

1. INTRODUCTION

The question as to whether serial rings are selfdual was put by Haack [5], and was
answered in positive by Dischinger and Miiller [4]. Waschbiisch [16] noticed that the
result had been claimed (without proof) earlier by Amdal and Ringdal ([2] Remark
5(c)). In [16] he presents a proof which uses Kupisch’s classification of serial rings
described in [1], [2], [10]. All these proofs, however, are of highly technical nature;
furthermore, using the Kupisch classification for this purpose seems to us like using
a sledge hammer to crack an almond. It is therefore quite reasonable to look for a
conceptual proof, and it is not surprising that several authors (see e.g. [6], [7], [3],

[9], [13], [14]') are still working on this fascinating topic.
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In this paper we present such a conceptual proof. We describe serial rings as
factors of serial rings whose maximal quotient rings are quasi-Frobenius (QF), and
then show that the latter rings admit weakly symmetric selfduality. By an obser-

vation of Haack, however, such selfdualities carry over to factor rings.

2. BASIC FACTS, NOTATIONS

For the benefit of the reader we present some easy, but basic results and notation
from [3], [10] in such an order that their proofs can be easily deduced.

The radical, the length and the injective hull of a module M is denoted by J(M),
¢(M) and I(M), respectively, and module homomorphisms will be written opposite
the scalars. J will be the radical of a ring R. An artinian ring R is called selfdual if
there is a ring isomorphism ¢ : R — End(F) for some injective cogenerator pE.
Note that E is in general not I(R/J). The question of selfduality is probably the
most intriguing puzzle in the theory of Morita duality. It turns out that even for
the class of serial rings — the best—understood class of non-semisimple rings — it
is not simple to check a selfduality. Since minimal injective cogenerators are quite
complicated, with a few exceptions when a ring is commutative or hereditary with
some additional properties, it is not an easy job to find out a way of embedding
a ring into the endomorphism ring of an appropriate injective cogenerator. The
isomorphism ¢ induces a weakly symmetric selfduality if Ep(e) = I(Re/Je) for
all €2 = e € R. In particular, a QF-ring R is called weakly symmetric if Re =
I(Re/Je) for every e = e € R. A selfduality ¢ is called a good duality if p(K) =
rrre(K) for every ideal K of R where rx(Y') denotes the right annihilator of Y in
X with respect to the multiplication under consideration. A good duality obviously
induces selfdualities for factor rings. A serial ring is an artinian ring over which
each module is a direct sum of uniserial modules (that is, modules with chain for
subomdule lattices). Avoiding triviality we will consider only serial rings which are
not uniserial: that is not local ones.

In what follows, with one exception in Proposition 4.1, R is an indecomposable,

basic, serial ring with a basic set {e; | ¢ = 1,...,n} of idempotents such that there
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are projective covers Re;_1 — Je; for i = 2,...,n and Re, — Je; for the case
Jey # 0. This means that the associated quiver of R is A,, for the case Je; =0 or
A, _; for Je; # 0. Let [k] be the least positive integer congruent to k € Z modulo
n and

Si = Rei/Jei, R = Rei, Rz = eiRei, C; = C(RPZ').

Fix a; € e;Repiyq) \ J? (i=1,...,n) with a,, = 0 in case Je; = 0 and for k € N let

k 1
a; = A[j_j41] - - - A[;—1]%- Lhen we have a; = a; and

8[i—1] €Ri, a; € Rt 3[1'—1](11' = ntJlrli = a;a;, RZz‘ = Jke[i-H] (1)
and
k ko k
eli—k) S eip1] = ei—gRai = Rji—yai = a;iRjiy1). (2)

If, starting from the top, N1, Na, ..., N. (¢ = ¢(M)) are the composition factors of

a uniserial module M, then
N2 N [l =[]l (3)
Since a simple R-module S is isomorphic to Sy iff exS # 0, we obtain
exJie; #exJ ey = [i—jl=Fk, ¢ >3] (4)

Observing that the proof of implication (d) = (a) in Theorem 32.2 in [3] works

also for semiprimary rings, we get
Proposition 2.1. A semiprimary ring R is serial iff R/J? is serial.

Proposition 2.2. FEvery serial QF-ring R admits a weakly symmetric selfduality
®: R — R such that ®(e;) = efj11—] where c=c(P;) (i=1,..,n).

Proof. By assumption all ¢; are equal, say, to ¢. Then [¢] = 1 if and only if R
is weakly symmetric by (3). Therefore it is sufficient to prove the case [¢] > 2.
This implies 1 < [c] =1 = [c — 1]. The length of the module g,e;Rej;;1 is the
number of the simple factors of grFj;;1) isomorphic to S; which is precisely [ + 1

if [ is the greatest positive integer satisfying In < ¢ — 1 by (3). Therefore, as
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1 <[] = 1= [c—1] and again in view of (3), [ + 1 is also the length of g, R}
which is the number of simple factors of P; 1} isomorphic to S};yq). Similarly, one
obtains that the length of the right R[;yi-module e;Ref; 1) is equal to the length
of g, R;. Since the lengths of the uniserial right R[;;,-module e;Re[; ;1) and the
left R;-module e; Re(; ;1) are equal, we see that e; Re[; ;1) is cyclic and free both as a

left R;- and a right R[;, )-module. Consequently the a; induce ring isomorphisms
g; - R[i+1] — R;:x € R[i+1] —y € R; ya; = a;x.

and

k
9i = Gli—k+1) " 9ii-19i * Bligy) — Rii—ryy), k€N

Thus él = ¢; and in view of (1) we have

W) ="ty (i=1,.., n; keN) (5)

n

gi(a;) = 3[1'—1], gi(
We construct an automorphism ¢ of R satisfying ¢(e;) = efj_1) as follows. If

r € Ry, put p(z) = gri—11(x) € R—q). For z € e JPe; one can assume in view of

(2) and (4) that
[i 7p] =k, z= l'g[i—l]; T € Ry = R[i_p]

and put

p(z) = @(Ig[i—l]) = 9[k—1] (x)g[i—z] € epp—1Rep—1)-
© is well-defined on exRe;. For if z € epJYe;, [i —q]| =k, z = ygz[i_l] and ¢ is the
smallest positive integer with

t+1

Jt_lai/Jtai = RZLZ/R a 4 = Sk,

then p —t = nny, ¢ —t = nny for some nonnegative integers ni, no and

nna t

O=z—2z=aa_y —Ya_1 = (@0 [i—g — Y Q" [i—q)ai—1)-

This implies together with (5)

nn nn t nn t
0=gp-1)(® a [i—g —y @ [i—q)aji—2) = gpp—11(2) @ [i—4—17Q[i—2—
nno t

91" it i) = gy (@) A9 — g1 (V) Az = @(@ay_1)) — @ (yap_1))-
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Since c(r;,_, ep-11Re—1)) = c(r.,eiRej) by (3), ¢ is an additive isomorphism
between e;_jjRe[j_1) and e;Re; for all 4,5 = 1,...,n. Therefore ¢ can be ex-
tended to an additive automorphism of R. In this case ¢ is also multiplicative, by
which we mean p(uw) = ¢(u)p(w) for any u,v € R. It obviously suffices to see

p(uw) = p(u)p(w) for any u = equer and w = eywe;(q, k,i = 1,...n). Write
U= Z‘(jl[k_l], w = yg[i_l}; r€Rq, yeE Ry, [k—jl=gq, [i—p|l =k,

then

J P J J D J Jj+p
UW = Ta[p—-11YA[i—1] = LG[k—1] (y)a[kfl]a[ifl] = TY[k-1] (y) a [j-1]-

Thus we have

) o ) o
p(uw) = 9lq—-1] (xé[kfl] (y))Jap[ifz] = 9lq—1] (x)g[q—l] (é[kq] (y))J ap[if2] =

= ) )
9lq—1] (95)]9 [k—1] (y)‘]l[k—Q]g[i—Q] = 9[q—1] (z)&[k—Q]g[k—l] (y)g[i—z] = p(u)p(w).

Let I =[c—1] = [ — 1 and @ = ¢'. If we defines an R-R-bimodule Rg by
Rg =R, rxxzxt=rxd(t) (r, z, t € R) , then Rg induces a weakly symmetric
selfduality for R because the socle of Rg * e; = R®P(e;) = Refjy1-|) is exactly
Sjise_tg = Siforall i =1,...,n. 0

Remark 2.0.1. This result was proved by Haack (cf. Theorem 3.3 [5]) though it
is also observed earlier by Kupisch (cf. footnote 4 [10]) as a consequence of his
classification. The above proof is a simplified version of the much easier proof to
Satz 2.1 [10]. Indeed, both proofs are based implicitly on the fact that the g,z- to-
gether with the idempotents 1,0, e, ..., e, form a semigroup under multiplication.
Roughly speaking, this semigroup can be considered as a “multiplicative base” or
in the other words, a “Cartan basis”, of a serial ring in a generalized sense that the
corresponding images yield a basis of the graded ring associated to the filtration
given by powers of the radical. Moreover, in the case of a not weakly symmetric
serial QF-ring the permutation sending i to [: — 1] induces an automorphism of this

multiplicative semigroup which can be extended to a ring automorphism. We do
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not know about the existence of such a “multiplicative basis” for locally distribu-
tive rings and this lack of knowledge of existence is probably also a reason why a
corresponding question on selfduality for such rings or even for a narrower class
of regular representation-finite rings seems to be more difficult. The advantage of
Haack’s proof is a quite natural, easily understandable definition of the map ¢.
This map ¢ in Haack’s proof is immediately multiplicative by observing the obvi-
ous equality a;x = p(r)a; for all x € e Refj41). Furthermore, Proposition 2.2
is equivalent to the statement that the automorphism group of a serial, not weakly

symmetric QF-ring contains a cyclic subgroup of order n.

3. STRUCTURE OF SERIAL RINGS

Let Py,..., P, (1<li<ly<--<ly <n)be the injective indecomposable
projectives. Let I = 0 and {k} be the least positive integer congruent to k modulo
m for each 0 # k € Z. Moreover, define {0} = 0 if Je; = 0, otherwise {0} = m. P,
has exactly d, nonzero projective submodules where 07 is [; if Je; = 0or n—1,, +11

if Je; #0, and 0 = lj, — l{k—l} (k =2,..., m) Let

m

e=e, +---+e,, L =I(F), I:I(RR):@L%@PZ‘Z“, T = End(gI).
=1 k=1

Here, pRe is a minimal faithful left ideal (that is, a direct sum of isomorphism
types of indecomposable injective projectives in the case of serial rings), and T is a
serial ring as it is Morita equivalent to eRe. Let €; be the projection of I onto I;

and T; =Te; (i=1,...,n). Put
B={teT | Rt=0}, A={teT | RtCR}.
Proposition 3.1. If B =0, then T is a QF-ring.

Proof. Having B = 0 implies that R can be identified as a subring of T in the
usual way. Since ag, i (1 <4 <dgp41y —1; k=1,...,m) induces an isomorphism
between 7 Te(, i and vTey, yit1), all vTep, 41y, ..., 7T€1,,,, are isomorphic and
7T'ay, is the radical of rTeq, 11- Observing that the kernel of q;, is not zero, we

obtain that rT¢;, is injective for all k =1,...,m, i.e. T is a QF-ring. O
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Remark 3.0.2. It is obvious that B = 0 if and only if the socle of gR is a sum
of simple modules S;(i € {[lx +1] | ¥ = 1,...,m}) or equivalently if the e;Rpg
(¢ € {[lg+1] | k = 1,...,m}) are the indecomposable projective injectives. Moreover,
B =0 implies t € e;Re; if t € e;Te; and P;t C P;. Consequently, e;Re; = e;Te;
if P; is not isomorphic to a submodule of F;. If P; is isomorphic to a submodule
of P;, then Pt C P; for all ¢t € e;Te; which are not isomorphisms between I; and
1;, i.e., e;Re; is precisely the radical of RieiTejRj. Therefore for the sum f; of
idempotents e; such that P; is isomorphic to submodule of P;,, frxRfir = End(Rfx)

is a 0 X 0 matrix ring of the form

S

M

M M . S S
M M

where S = R;, and M is its radical. Thus serial rings with B = 0 are a common
generalization of both serial QF-rings and the so-called (S : M)-upper triangular
matrix rings that appear in the characterization of semiperfect HNP rings. More-
over, B = 0 implies also Re;, = Te;, (k=1,...,m). For if t = te;,, then It C R

and thus its restriction to R is some r € Re;,, hence t = r € Re;, .

Theorem 3.2. B =0 if and only if the maximal quotient ring of R is a QF-ring.

Proof. If B = 0, then R is a subring of T and rT = I = I(gR) by the previous
remark. Hence T is the biendomorphism ring of I, i.e., the maximal quotient ring of
R by its definition given in [12]. Thus the maximal quotient ring of R is a QF-ring
by Proposition 3.1.

Conversely, if the maximal quotient ring of R is a QF-ring, then 7" must be the
maximal quotient ring of R and hence B = 0 in view of [12] Propositions 4.3.2,

4.3.3 and 4.3.6. |
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Remark 3.0.3. For an arbitrary ring R the equality B = 0 holds if an only if the
maximal left quotient ring is left selfinjective. For, B = 0 means that Iy = 1T
is a free right T-module and hence I = T = End(IT). If the maximal quotient
ring of R is QF, then the endomorphism ring of a minimal faithful R-module is
obviously also QF, but the converse is not true. For example, if R has a strictly
increasing admissible sequence {c, ..., ¢y} (n > 1) such that [¢1] # 1, then rRe, is
the minimal faithful module and R,, = e, Re,, is trivially QF, but B # 0, i.e., the

maximal quotient ring of R cannot be QF.

We can characterize serial rings R with B = 0 as follows

Theorem 3.3. For each k =1,....,m andi=1,..., 0, let

. Uy . ' (lip—1y+i—1]
Wi= P T W=W, Wi=wie H JuD).
1=l {k—1y+1] I=[l{x—1}+1]

If B =0, then R is the ring of all endomorphisms of vT satisfying Wir C W,@ for
all i € {1,..., 6} provided r induces an endomorphism of Wi(k =1,...,m).
Conversely, let T be a serial QF-ring with a basic set {e; | i = 1,...,n} of
idempotents and e = e, +---+e, (1 <3 <ly < -+ <lp <n) be such that
for k = 1,..m ¢T; Z¢ Ty, (i = [lgp—1y +1],....1x). Let R be the ring of all
endomorphisms r of vT satisfying Wir C le if v induces an endomorphism of

Wi. Then R is a serial ring with T = End(I(rR)) and B = 0.

Proof. The first statement of this theorem is already proved in Remark 3.0.2.

For the second statement it is clear that e;Re; = e;Te; if vTe; and 7Te; are
nonisomorphic. Moreover, both rRe; and e;Rr (i = lj{x—1}+1]; -, [x) are isomor-
phic to submodules of gRe;, and ej(r_1}41]RR, respectively. Therefore simple
T-modules Te;, /J(T)e;, and e;, T/e;, J(T) (k =1,...,m) are uniserial R-modules
with socles Re[l{kfl}ﬂ]/Je[l{kfl}ﬂ] and e;, R/e;, J, respectively. These facts alto-
gether imply that gpRe; and e;Rg (i = 1,...,n) are uniserial and hence R is a serial

ring. It is now routine to check that B =0 and T'= End(I(rR)). O
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Remark 3.0.4. Theorem 3.3 shows that in the case B = 0 there is a one-to-one
correspondence between R and its QF-subring eRe which is the endomorphism ring
of a minimal faithful R-module, and R is uniquely determined up to isomorphism
by eRe and the numerical invariants §; (k = 1,...,m). For example, using the
notation of Theorem 3.3 let n =5, m = 2, [ = 2, I = 3 and T is Morita
equivalent to an indecomposable, basic serial QF-ring S = S+ .55+ 512+ 521 where
S1 = e1Ser, So = eaSeq, Sio = e1Seq, 591 = e2Sey, 1 = eq + ex with primitive
orthogonal idempotents e, es and the radicals My, Ms of S1, So, respectively,

then R is isomorphic to the generalized matrix ring

S1 81 Sz Sz Sie
M; S1 Si2 Sz Si2
Sor S21 S22 S22
Sor So1 My Sy S

So1 Sa1 My My Sy

and the QF-subring eRe which is the endomorphism ring of the minimal faithful

R-module, is isomorphic to S.
In the general case when B is not necessarily zero, we have
Proposition 3.4. A is a serial ring.

Proof. If t = ¢;te; € B (i, j=1,...,n), then ¢t maps I; in I; and It cannot contain
P; because P;t = 0 by assumption. Hence I;t C P; C R. Therefore It C R for
every t € Bast = (Y., e)t(> 1, &). Consequently, B> = 0. Since B < A and
A/B = R, A is a semiprimary ring. In view of Proposition 2.1 it is enough to see
eite; € J(A)? for each t € B. Let b = g;te; and assume b # 0, then P; # I,
i.e., P; is not injective. Since I; is also projective, every submodule between P;
and I; is projective. Thus without loss of generality one can assume P; = Ker(t).
Hence the socle of P; is contained in J and isomorphic to Sj;q). Consequently

there is a nonzero element r = ef;;qj7e; in the socle of P; satisfying ef; 7 = r.
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Let u = gjuepyq) and v = €31 qyve; in T extend a; and r, respectively. Then we

have Ker(t) = Ker(uv), i.e., b € J(A)?. O

Since endomorphisms of I; send P; into itself, €; Ag; is a factor ring of £;,T¢; for i =
1,2,...,n. The equalities £;, Te;, = End(P,) = ¢, Ae;, (k = 1,...,m) imply that
the maximums of the lengths c¢(g, R;) and c(c, ac,€i4¢;) (i = 1,...,n), respectively,
are equal, say, to a constant d. Therefore both the lengths of Rk R and 4A are
at most dn?. Moreover, being a factor ring of A, one obtains ¢(rR) < c(44).
Let R = Ag. For i > 0 let T; be the endomorphism ring of the injective module
I(a,_,Ai—1), and B;, A; the subsets of endomorphisms in T; sending A;_; into 0
and itself, respectively. Then B; is an ideal in A; and the factor ring A;/B; = A;_1.

Since (a4, , Ai—1) < ¢(a,4;) < dn? by the previous observation, after finitely many

steps, say, IV we obtain a QF-ring Ty which is the maximal quotien ring of Ay and
R is a factor ring of Ayx. One can now contruct Ay from the serial QF-ring T in

the way suggested in Theorem 3.3. Thus we obtain as a final result

Theorem 3.5. Fvery basic indecomposable serial ring R is a factor ring of an

indecomposable basic serial ring whose mazximal quotient ring is a QF-ring.

Ezample 3.0.1. If Q is the factor of the path algebra of the quiver A, with arrows
a; from ¢ to [i +1] (i = 1,2,3;n = 3) by the ideal generated by all paths of length
4, then @ is a weakly symmetric serial QF-ring. Let R be the factor of @) by the
ideal generated by asasa; and P; = Re; where e; is the idempotent associated
to the vertex i. Then Soc(P;) = Ss and Soc(P;) = S; for i = 2,3 where §; is
the simple module associated to i. Moreover, I = I(R) = I(P;) @ P> ® P53 and
I(Py) = P3;. Therefore, B is generated by any v = e1ve; : I — I satisfying

Kery =P, @ P, ® Ps, and A is a subring of T = End(g[) isomorphic to Q.

Example 3.0.2. If @ is the factor of the path algebra of A, by the ideal generated
by all paths of length 6, then although @ is a serial QF-ring, @ is not weakly

symmetric. Let R be the factor of @) by the ideal generated by asaiasasa;, and
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put P; = Re;. Then Soc(P;) 2 Soc(Ps) = Sy and Soc(P;) = S;. Furthermore,
I=I(R)=I(P)® Py & P; with I(P1) = P; and B = 0 hold.

Remark 3.0.5. Kupisch (cf. Folgerung 3.9 [11]) showed that every indecomposable
(basic) serial ring R satisfying ¢; # 1 (mod n) (i = 1,...,n) is a factor of a QF-
ring. The ring in Example 3.0.1 satisfies c; = ¢3 = 1 (mod n) and is a factor of a
weakly symmetric serial QF-ring. However, by Example 3.0.2 there exists a factor
of a serial QF-ring with B = 0. Haack (cf. Example 4.7 in [5]) gave an example of

a serial ring which is not a factor of any serial QF-ring.

As an application of Theorem 3.5 assume that ¢; = 1, ie., Je; = 0 and R
is a serial ring with a simple projective module. Note that this condition is also
satisfied by the rings A; constructed above as it is easy to check. Let now R be
a serial such that P, is simple and the maximal quotient ring of R is a QF-ring,
i.e., B=0. If P, is an indecomposable injective projective module with the socle
isomorphic to P1, then a;, induces a projective cover P;, — J(Re,41)) with the
kernel, say, P;, i # [y if [1 # n. Since all nonzero submodules of Pj, are projective,
the condition I3 # m implies that there exists a nonzero homomorphism from I;
into Ijj, 4q) sending P; to 0, i.e., B # 0. This contradiction show that [; = n and
hence the maximal quotient ring of R is a matrix ring over a division ring, say F
and R is an upper triangular matrix ring over F'. Thus we reobtain the well-known

result (cf. Theorem 32.7 [3])

Corollary 3.6. A basic indecomposable serial ring is a factor ring of a serial ring
with projective socle if and only if it has a simple projective module. A basic inde-
composable serial ring with projective socle is an upper triangular matriz ring over

a division ring.
4. WEAKLY SYMMETRIC SELFDUALITY OF SERIAL RINGS

Recall that an artinian ring is locally distributive if the lattices of submodules of
indecomposable projective left or right modules are distributive. We begin with a

basic observation of Haack (cf. Proposition 4.1 [5])



12 PHAM NGOC ANH

Proposition 4.1. FEvery weakly symmetric selfduality of a locally distributive ring

s a good duality.

Proof. Assume that pER induces a weakly symmetric selfduality for a basic inde-
composable locally distributive ring R. We have to show K = rrrg(K) for every
ideal K of R. Let 1 = e; + --- + e, be a decomposition of 1 as a sum of pairwise
orthogonal primitive idempotents e; and X = rgrg(K), R; =e;Re;, E; =e;Ee;.
To complete the proof it is enough to see that e; Ke; R, and e; Xe; R, have the same
length for all 4,j because the r,e;Re; R, are uniserial on both sides of the same
length in view of the local distributive condition. Since E induces a weakly sym-
metric selfduality for R, the natural nondegenerate pairing e; R x Fe; — E; shows
that e;R is the dual of Fe; with respect to the selfduality of R; induced by FE;.

Consequently, by putting V; = Ee;, W; = rg(K)e; we have
cleiXejp ) = c(r,e;(Vi/Wi)) = c(r,€;Vi) — c(r,e;Wi) =
= c(eiRejRj) - c(eiR/KejRj) = c(eiKejRj),
from which the statement follows. |

Now we are able to give a conceptual proof to a well-known result (cf. [4], [16]).
Theorem 4.2. Fvery serial ring admits a weakly symmetric selfduality.

Proof. Using the notation of Sections 2 and 3, in view of Proposition 4.1, Propo-
sition 2.2 and Theorem 3.5 one can assume that R is a basic indecomposable not
selfinjective ring with B = 0. By Proposition 3.1 T = End(rl) = End(I(R))
is a QF-ring and one can identify ; (i = 1,...,n) with e;. For simplicity let
g = ey, (k=1,..,m). There are two cases.

1. T isweakly symmetric. Since the top and the socle of 7 Tg; (k=1,...,m) are
isomorphic, they are such as R-modules, too, and hence with composition factors,
starting from the bottom, S[l{k—l}"l‘l]’ ..., S1,. Consequently, if My ,_y+1) - My,

are R-submodules of P10 B of lengths 0,1, ..., 0 — 1, then the factor R-

k

modules I;/M; are injective with socle isomorphic to S;. Otherwise Py, 1) would
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be an epimorphic image of the minimal submodule in I(I;/M;) containing I; /M;,
a contradiction. Since M = @?:1 M; is a subbimodule of gpTx (as it is easy to
check in view of Theorem 3.3), the bimodule pEr = T/M = @), Te;/M; =
@D, I(P;)/M; induces a weakly symmetric selfduality for R.

2. T is not weakly symmetric. By Proposition 2.2 there is an automorphism ¥
of eT'e = eRe fixing the set {gr | kK = 1,...,m} such that an eRe — eRe-bimodule
eRey := eRe defined by a x z xb = ax¥(b) (a,z,b € eRe) induces a weakly
symmetric selfduality for eRe. Moreover, if Tey := Te is an T — eRe-bimodule
defined by a*xz % b=az®¥(b) (a €T, © € Te, b€ eRe), then

Teg ® —:eRe— Mod — T — Mod
eRe

is an equivalence functor and V := Tey ® €T is an T — T-bimodule. Since the
eRe
socle of eT'gx, = eRgy, (k =1,...,m) is isomorphic to eR¥ ~*(gx)/eJ¥1(gy), it has

an element 0 # x = ¥~ 1(g)x. Therefore
0Ze@r=e@V0 Y g)r=exV g) @z =@ () @z =g, @z € Vgy

and hence the socle of 7V gy, is isomorphic to the top of T'gy. Therefore Tgy./J(T)gx
is the socle of 7Ve; for all i = [lfj_13 4+ 1],...,[x. Thus, as in Case 1, their com-
position factors as left R-modules, starting from the bottom, are S[l{k71}+1, ey S,

and, if My,_y+1)5 - My, are R-submodules of Ve _iy+1) - Ve, of lengths

k
0,1,...,8;, — 1, then Ve;/M,; are injective R-modules having the socle isomorphic
to S;, respectively. Since M = @ ; M; is an R — R-subbimodule of V as it is easy
to check in view of Theorem 3.3, the R — R-bimodule E = V/M induces a weakly

symmetric selfduality for R. O
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