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1 First lecture

We will prove Crofton’s formula!, but first we need some preparations. We want to define a measure on E,
the space of lines in R?, which we want to be invariant to isometries of R2. Take ey € E fixed, since isometries
act transitively on lines E = Iso(R?)eq which is in bijection with the coset Iso(R?)/stab(eg). Parametrise
the lines as follows: eg 4 := {(z,y) : zcosf + ysinf = d}, yielding a surjective map p : R?> — F, which is not
injective.
p(0,d) = p(0 + 2m,d) = p(0 + 7, —d) = p(6 + km, (—1)*d)

so p factors through (6, d) ~ (6 +kx, (—1)¥d), this space still has a natural measure induced by the Lebesgue
measure. Topologically lines on R? correspond to lines in RP?\ [, which correspond to RP?\ p, and this has

the natural measure on it.
Lemma 1.1. This measure is isometry invariant.
Proof. Tt is sufficient to check a generating system of Iso(R?).

e Rotations around the origin. R,(eg,q) = €o+theta,d, and the Lebesgue measure, which induces p is

invariant under this translation.

1to be stated later
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Figure 1: A fundamental domain of the factor space, isomorphic to the open M&bius strip



e Translations along the x axis. T(3 ) (e9,d) = €9.d—bcoso, Which is a shear wich changing amplitude, which

is nonlinear, but measure preserving?

e Reflection around the x axis. p(eg,q4) = e_g 4, which again, preserves the measure.

B = p*(>\|[0,7r)><]R])

2 Second lecture

Reminder 2.1. E is the set of lines in R?. We have constructed a measure on F which was invariant for
Iso(R?). The elements of E were enumerated encoded as eg 4'. The set E ~ R?/{(6,d) ~ (§,—d)}. The

measure 4 on F is inherited from the Lebesgue measure on R? 2.

Take |df A dr|, called the density, so its basically the same 2-form with orientation disregarded, this lives on

manifolds, so it makes sense to actually take the factor construction to get p on E.
Lemma 2.2. If v: I — R? is a C' curve then its tangents form a set of measure 0 in E.

Remark 2.3. At t, e is a tangent line if it goes through ~(¢), and ~/(¢)||e. In particular, if 4/ = 0 then any

line going through the given pont is a tangent line?.

Proof. We use Saard’s lemma®*. Here v = (z,y) parametrized by ¢ is the curve under consideration. Take

1 0
F(6,t) = (0, xcos0+ysin ). Now F’ = The Jacobi determinant is x’cosf+

—xcosf + ycos x'cosl + y'sin
y'sinf, which is 0 iff (2/,y') is perpendicular to (cos, sinf). Then F(X) C E is the set of tangents, and by

Saard’s lemma we are done. O

Theorem 2.4 (Crofton). For the arc length of v the following formula is true: L., = %fE n(e)dp(e), where

the integrand is the number of intersections of e and 7y in parameter space.

Proof. First we do it for linear segments. [0,a] — [0,a] x {0}. Consider a line, the number of intersections
is infinite, if # = Z,d = 0°. Otherwise n,(eg,q) = 1 if the line separates (0,0) and (a,0) weakly®. Either

acosf > d > 0 or acosd < d < 0, otherwise the intersection number is 0. Consequently

/nw(e):// 1ddd9:/ lacosf|df = 2a.
E acos@>d>0oracosfd<d<0 0

Next step is piecewise linear curves, and this is clear. Now consider a general curve 7 : [a,b] — R? and take
inscribed piecewise linear approximations associated to a diadic refinement process. We get curves v for each

i € N. 4% has 27 pieces, if you want to think of it that way.

1 1
limf/ nyi(€)dp — f/ n(e)du
K3 2 E 2 E

227277

Yeg,q :={z : zcos b + ysinf = d}

2on R? df A dr is a 2-form, from which we get a measure

Swe are very generous with the definition of tangency

4 F: U CR™ — R™ is C, then its singular points (z € U : det F/(z) = 0) form a set of measure 0.
5we take 7 to be this segment

%meaning 0 < d and acosf > d, or the orher way around
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Figure 2: Linear and piecewise linear curves
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Figure 3: Image of the refinement process

is what we want to show. Try to apply the Beppo-Levi theorem, so we want to see, that n.,; is monotonically

. . . Z P Pl .. .
increasing, and converges to n,. This seems ok, 7* get more and more 'zig-zagy’ as i increases. Indeed n.:(e)

Figure 4: denser approximations create more intersection points

is monotnoe increasing, except where e is a continuation of a segment of v¢, which is a set of measure 0, we
can restrict to the complement of this set (E’), this doesn’t change the value of the integral. If e € E is a
line, the intersection points e N~y can be of 2 types, crossing, or non-crossing. The first meaning that for any
neighbourhood of ¢, v(U) contains points from both sides of e. An intersection point is non-crossing if it is

not crossing. As we approximate and get closer we find the crossing type intersection points with the 4%, but



Figure 5: crossing, and non crossing intersection points

not the non-crossing types! But we can disregard the non-crossing intersection points, since they are points
of tangency, which are of measure 0 as we saw above (E’ — E'). Now we can apply the Beppo-Levi theorem

and the integrals converge on E”, and so on E as well. O

Remark 2.5. The theorem is true even for C° curves. The set of local supporting lines is also of measure zero

for a continous curve.

Assume v bounds a convex subset of R? (with our present tools, assume piecewise C1).

/”w(e)du=/6/clnwdu=/E2wa(K)

Where wy(K) is the width of the convex set K at the parameter theta. If we sweep with a given normal

Figure 6: Lines with a fixed 6 almost all meet a convex set in either 0 or 2 points, the length of the interval

with 2 intersections is precisely wg(K)

vector through the set we mostly see intersection numbers of 2, so one of the integrals is trivial and we get

the second equality above.

Corrolary 2.6 (Cauchy’s theorem). If K is a conver set bounded by a piecewise C* curve with interior,
then [(0K) = foﬂ wy (K)db.



3 Third lecture

We will discuss higher dimensional generalisations of Cauchy’s theorem. We begin with some notation and

terminology.
e /C will denote the set of closed compact convex bodies in R™.
e KT is just K with nonempty interior.
e P will be the set of polytopes' in R™.
e P71, the polytopes with nonempty interior
Lemma 3.1. Suppose K, L € K, ¢ > 0 and L C int K. Then there is a polytope P such that
LCcPcCKCB(Pe).
Moreover, if n > 1 and o € int K then K C nP 2 can be assumed.
Proof. Well known, we covered it in the Bsc geometry course. O

Definition 3.2. There is a metric on K given by
d(K,L) =inf{e: K C B(L,e),L C B(K,e)}.
This is called the Hausdorff distance of K, L € K.

Proof. It is a metric on compact sets, so this is just the restriction to the set of convex bodies, also the

infimum is actually realised, so we could have written min. O
Theorem 3.3. Theorem P71 is dense in KT under the Hausdorff metric.

Proof. Easy corollary of 3.1. O
Theorem 3.4. Volume and surface area will be continous on P,

Proof. Volume is easy to see, the important fact is that surface are is monotone with respect to inclusion on
polytopes. The surface area of one face of a polytope is < than the sum of the areas of the other faces, and

strictly so if the polytope is nondegenerate. Now the second part of 3.1 will give us continuity. O

Definition 3.5. For a convex body K € KT the volume is defined as V(K) := sup{V(P) : P C K,P €
Pt} =inf{V(P): P> K,P € P"} And similarly for the surface area.

Again, this definition is justified by 3.1. < is true by the monotonicity of volume and surface area, and the
other direction is true by the sandwhiching property described in the lemma.
In this extended form V, A : K+ — R will be continous.

Definition 3.6. w, := V(B(0,1)), x, := A(B(0,1)), where B(0,1) C R™ is the unit ball.

21 (3) _ 2r(3)
r(z) n = TZ1D

Remark 3.7. w, =

1

convex hull of finitely many points
2homothety from o by a factor of n



Definition 3.8. py will denote the orthogonal projection to the hyperplane H.

Theorem 3.9 (Chauchy).

A(K) = — / o Ve (P d

Wn—1
where v is the hyperplane orthogonal to v.

Proof. Assume P € P*, and let L; be the hyperfaces of P. Then V(py(P)) = 5>, V(pu(L;)), since disre-

3 everything is covered twice under a projection. V(pg(L;)) = cos(£(L;,vt)) -

garding a set of measure zero
V(L;) relates the volumes of the original face and the projected one, which is also equal to |cos(Z(n;,v))|-V(L;)

where n; is a normal vector to L;.

Vel (P do= [ S Vipr(L) Z | cos(£(ns,v) V(L Zv | cos(£(niv))] dv
o /.2 / )/

= A(P)%/n |cos(Z(n;,v))| dv

Denote the last integral c,, we could figure out its value, but we proceed in another manner. The ¢, is
a universal constant, and by continuity we can replace P by any convex body with nonempty interior. In

particular it will be true for the sphere. This we can calculate.
cn - AK) = / Vi1 (pyr (K)) dv = /Vn_l(B"_l(O, 1)) dv = /wn_l dv=wp_1 - kn
Snfl
So ¢, = wp_1, exactly what the formula stated. O

We have some bigger game to hunt still, the Steiner-Minkowski formula. Suppose that P is a polytope in
the plane (polygonal domain). We may consider B(P,r), the closed ball around P with radius r. Then
V(B(P,r)) = V(P) + A(P)r + r?m, and A(P) = A(P) + 2rm. We consider relatively open faces, they form a
partition of P. For every point of the plane, there is a unique closest point of P to it, this gives a partition

of the plane. We restrict our attention to this partition inside B(P,r). Adding up the volumes of the pieces

1/71)

Figure 7: Picture of part of the partition given by the construction

in the partition we find that the 2-face contribues V(P), 1-faces contribute A(p) - r, and O-faces contribute a
circle alltogether, so r2.

The same principle can be applied in higher dimensions. Assume P is a polytope (with an interior point),
and assume the LZ is an f-dimensional relatively open face. Take x € R™, and y € Lf the closest point to it.

Locally around y P looks like a cone y+R™(P —y). This is an n-dimensional cone with degenerate dimension

3e.g. the smaller dimensional faces



Figure 8: The partitioning in higher dimensions with the dual cone

fty—z € RY(P—y)", where CV is the dual cone {2 :< z,w >> O0Vw € C'}. The dual cone has full dimension
n — f, and no degeneracy. Again, we get that R"™ is partitioned as I_If,iLZf —RT(P— L{)“, topologically its a
direct product of L! and —R*(P — L{)". For the ball B(P,r) = UL! — (R*(P —I/)” N B(0,r)) by the direct

product structure. From this

vol B(P, ) ZV LHARY (P - L))" n8(0,1))r"7

In the end, this is a polynomial of order r™.

4 Fourth lecture

Theorem 4.1 (Steiner). If K is any convex compact body, then vol(B(K,r)) = Vr0 + ...+ VEpn

Proof. Volume is monotonic, and we can approximate convex bodies by polytopes, for which we just saw this

formula, and uniform limit of a sequence of polynomials is again a polynomial of at most the same degree. [

The coefficients of tis polynomial are called kevert térfogats of K, well studied objects of convex geometry.

We are interested in interpretations of this for smooth surfaces. M will denote an embedded hypersurface.
QM) = C°°(M) will denote the O-forms, or smooth functions on M. Furthermore Q!(M) will denote the
smooth 1-forms, smooth sections of the cotangent bundle. d : Q°(M) — Q' (M) acts by f — (v +— v(f)), the

exterior differential. We have in fact a whole chain complex of differential forms:
QUM) = QY (M) = Q*(M) — ... = Q"(M).

This is indeed a chain complex, d o d = 0 is true at each step.

Let x : M™"~! < R” be an embedding, and e1, ..., e, : M — R™ be an orthonormal frame!. It is assumed that
e, = N, the normal vector to the hypersurface, thus the first n — 1 span the (image of the) tangent bundle.
dx =" o'e;, where o' are 1-forms on M. (dx)(v,) = Y 0" (vp)ei(p)., and similarly de; = Y wie;.

4it contains a real vector space of dimension f
Lconsidered as a function from M, giving a basis for R™ at each point



Lemma 4.2. Assume v € T,M, then
1. dz(v) = v, i.e. o'(v) =< v,e; >. In particular o™ = 0.
2. Wi +w] =0.
3. dw —w Aw =0 meaning dwf > wF Awri =0

Proof of 1. Consider a path 7 : I — M representing v € T, M. Now dz,(v) = (z0v)'(0) =+'(0)=v=>_<
v, ei(p) > ei(p). [

Proof of 2. Consider < e;,e; >= 05, so < de;,e; > + < e;,de; >= 0. This proves he claim, since the first

term is by definition w], the second is w. O
Proof of 3.

dde; = d(waej) = Z(dwgej - (wf Ndej)) = Zdwfej - Zwa /\wfek

O

Restrict the embedding to an open subset z|y : U C M — R", v,w € T,M. L,(v,w) =< v,w >=
> op(v)oj(w) will denote the first fundamental form of the hypersurface. IT,(v,w) =< L,(v),w > will
be the second fundamental form, where L, = —0,N = —0,e, = —de,(v) is called the Weingarten map.
This Weingarten map is self adjoint? w.r.t. I,,, so the second fundamental for itself is a symmetric form. The
eigenvalues of L, are called the principal curvatures of the surface at the point.

Suppose that X,Y € X are vector fields. A vector field can be considered R™ valued, dx will be considered
tangent vector valued. Now 0xY = VxY + II(X,Y)N.

5 Fifth lecture

Last time, we had M C R™ a smooth hypersurface, x : M — R™ the natural embedding. eq,..,e, : M — R"

smooth vector fields, orthonormal at each point, and we have chosen e,, = N to be the normal vector field of
the hypersurface. dv =Y o'e; and de; = Zw;iei are 1-forms, we saw a few properties as well. We also defined
the first and second fundamental forms I,(v,w) = o'(v)o'(w), II,(v,w) =< Lyv,w >, defined through the
Weingarten map Ly,(v) = —de, (v).

5.1 The Levi-Civita connection

Some motivation: parallel transport. If we have two points on a hypersurface and two vectors in 7,R™ and
T,R"™ the parallel transport is trivial, every tangent space is identified in the obvious way. What if we want to
transport the tangent space of the submanifold M into T, M, and similarly with the normal bundle? We can
do this as well, parallel transport from T, M & N,M to T,M & N,M. The recipie is to use the normal vector
field ey, and correct the splitting of T,R™ accordingly. Doing this we also see, that the length of the vectors
are preserved!. This process i completely tivial on NM, the normal bundle is trivial, but on the tangent
space T M it is less clear. Its "almost" an observation of Gauss, that this transport on T'M can be described

by the intrinsic geometry of M .2

2< Lyp(v,w) >=< v, Lp(w) >
l<w,v>'=2 < v,v >= 0 since to first order v only moves in the normal direction
2specifially Ip



The Levi-Civita connection is derivation of tangent vectors along the parallel transport. Let X,Y € X(M),
the ordinary derivative is expressed as dxY = VxY + I1(X,Y )e,, the first term of the RHS is the Levi-
Civita connection, i.e. the tangent part of the ordinary derivative. de;(e;) = 0c,e; = Ve, e; + I1(ej, e;)e,, for
1 < i < n—1. The following formulae describe the connection and the second fundamental form, can be read

off from the previous decomposition:

Ve, ei = wa(ej)ek, II(ej,e;) = wit(ej).

Let x,. : M — M, C R™ be the map defined by the following formula x,, = x + re,, it parametrises a parallel

surface of M.

Lemma 5.1. x,. : M — R"™ has a derivative of mazimal rank at p € M zf% is not a principal curvature® at

p. In this case
1. T,M and T (p)m, are parallel to each other

2. If the principal curvatures of M at p are k1, .., kn—1, then the principal curvatures of M, at x,.(p) are
i1 <i<n-—1}

1-rK;

Proof. We proceed by simple computation. dz, = dx + rde,, if we evaluate at a vector we get dz,(v) =
v — rLy(v).* This is of maximal rank, if id — rL, is of maximal rank, which happens precisely when r = 0,
or det(%id — L,) # 0, which happens precisely when % is an eigenvalue of L,,.

If dz, is of maximal rank, then ¢im(id — rL,) = T,M, since it is a linear operator on that space, and also
the derivative of a prarametrisation gives the tangent space of M,., so the two vector spaces map to the same
linear subspace, i.e. they are parallel.

Suppose e, .., e, are translated to M, by e; o 1. If we take the Weingarten map with this pulled back

normal vector® we see

Ly, (p)(v) = d(—epn 0 x;l)zr(p) (v) = Ly o (idp,pmr — rL,) " (v)
After some inspection it is clear to see, that the eigenvalues transform as we stated. O

Now we are ready to compute the volume of the parallel surface. Suppose D C M a compact domain
and D, := x,(D) its translated image. Then V,_1(D,) = | [, 1do(p)|, where o := o' A ... A 0”7, the
volume form. We have already expressed the Jacobian of the transition between D and D,., so we can write
Va-1(Dy) = [, | det(id—rL,)|do(p). If we expand we see det(id —rLy,) = r"~!(Lid — L,) = r" "' T](2 — k).
We can compute this from the elementary symmetric polinomials of the principal curvatures. Ko(p) =
1, Ki(p) = > ki, ooy Kn—1(p) = [] 5:. Now det(id—rL,) becomes r" =1 Y (=1) K, (p)/r" =71 = S (—1)' K, (p)r'.
With all this, we proved the following statement:

Proposition 5.2. D C M compact connected, % is not a principal curvature at any point of D, then
Vs (00 = | S0 [ Kilpdo (o))
- D
K3

Assuming ., is injective on D.

3eigenvalue of the Weingarten map Ly,
4the sign swaps in the second term by the definition of the Weingarten map
5it will be normal, since the tangent spaces are parallel



If D € M compact, with r sufficiently small, then h : D x [0,79] — R™ defined by (p,t) — z(p) is injective,

with non-vanishing Jacobi determinant. With this setup we state the following theorem:

Theorem 5.3 (Steiner). If ro and h are as before, then
Va0 x 0.r) = 3 C ([ sty
n 510 - L b k—1 0-

Where the volume form is chosen such that the orientation is positive.
Proof. Integrate the previous proposition, and use the block structure of the Jacobian of h. O

This theorem gives an interpretation of the mixed volumes in terms of principal curvatures.

6 Hatodik eladas

Steiner formuldt beldttuk, ami igaz ha r << 1. Az integrdlban do 1igy keletkezett, hogy dx = > o'e;. Konvec
zdrt feliiletre r0 egyiitthatd nincs, ez a térfogatnak felelne meg, de ez eltinik. r' e.hatdja a felszin, -t a

standard gémb térfogata, r™ ' -et nem tudjuk még, ez lesz ma.

Theorem 6.1 (Minkowski). Tegyiik fel, hogy M C R™ sima kompakt hiperfelillet, OM = (0, és e, : M — R"
a kiilsé normdlvektormezé. Tekintsiik a p, : M > p —< p,e,(p) >€ R fiigguényt, ez az érintdsik tdvolsdga'

az origotol. Ekkor )

/ Ko_ado — / i
n—1Ju M

teljesiil.

Proof. Tekintsiik a szokasos x : M — R"™ tautologikus beagyazast, és az e; ortonormalt keretet. Definialjuk

analog modon a p; : M — R fiiggvényeket a p —< p,e;(p) >=< x(p), e;(p) formulaval. Ekkor derivalva

dp; =< dz;,e; > + < x,de; >=< Zokek,ei >4 < w,waek >=o' 4+ wapk
k

teljesiil, alkalmaztuk tovabbé p; definiciojat. Legyen® n = Y, (=1)p,wi A . AQP A L Awi 1, egy n — 2

forma. Most némi szamoléas, derivalunk

dn =Y (1) dp; AWl A AT A AW+
%

3N ()T A AW A NG A AW

i 1<j<i
3N ()Tl A AGE A AW AL AW
i i<j<n-—1

Emlék a dw; =", w;-“ Awp formula, és a dp;-re vonatkoz6 formula®. Ezt felhasznalva tovabb frhatjuk a kiilss

derivaltat, behelyettesitjiik az azonossagokat:

DD (DT AWP A AGTA AW+
i

Lelgjelesen
2a kalap azt jelenti, hogy @it ki van hagyva az ékszorzatbol
3vegyiik észre, hogy i = n-re o™ = 0 lesz

10



A DT AWE A L AGT A AW+
A
+ Z Z Z(—l)iﬂpiw? A A (wf ANWEYA e AOT A oA w1+
i 1<j<i k

AT 3T DD Tl A AGE A LA (WE AW A AWl

i i<j<n—1 k
Az utolso két tag? egyszeriisddik, mert a behelyettesitett tagban a mésodik tényezs wi kinullazza kivéve ha

k = i, harom helyett mar csak két szumma marad®. Osszevonva és felcserélve a tagokat

SN (YT W AW AL AGE A AW+
i 1<j<i

+3° 3T (R G AW A L AGT A L AWl
i i<j<n—1
lesz a méasodik két Gsszeghdl. Ezt a két Osszeget Osszevonhatjuk,

SN (1Y piwh AWl A NG A AWl
i

adodik. Az els6 (dp;-s) tagot is belevéve és elvégezve a kiejtéseket

dn=pn Y (~1)TWF AWE AL AGTA AW+

[
A (DT AW A LA A AW
= (=Dl A Awlh_y + 3 (DT AWP A LAGT AL AW

Most allitjuk, hogy ez globalisan jol definidlt. Az x(p) vektor vetiilete T, M-re 71,/ (p) = Z?;ll pi(p)ei(p)-

ként all el§, ez egy geometriai jelentést ad a p;-knek. Az w]* szamok a Weingarten leképezés méatrixabol

pi(p)  wi(v1) .. wi(vn-2)
. p2(p) C e " .
jonnek. n(vy, ..., vp—2) = det Ahogy mi felirtuk, az elss oszlop szerint
pu(p) wi_i(v1) - wpy(vn-2)

fejtettiik ki ezt a determinanst. Mivel minden oszlopa globéalisan definialt geometriai dolgokboél van definidlva,
az ezekbdl képzett ékszorzatok is azok, és éta értelmes bazisfiiggetleniil. Hasonléan wi A ... Aw]’_; kiértékelve
(vi)?fl vektorkon szintén egy determinansos alakban irhato6 f6l, ahogy azt tanultuk, és az oszlopok megint
csak geometriailag definidlt mennyiségek lesznek®. Ebbél vilagos hogy dn végss alakjiban a szumms tag is
termeészetes, és mivel n természetes a derivaltja is az.

Az els6 tag latvanyosan (n — 1)p, K, —1 dn-ban, a masodik nem annyira, a f6gorbiileti iranyokat lehet venni

lokalisan bazisnak, és igy beazonositani hogy az a természetes differencidlforma pont K,,_5. Emlékeztets:
Theorem 6.2 (Stokes). [, dn= [, 71

Mivel peremtelen a sokasag, ezért [ dn = 0, és adodik, hogy

—/ Kn_gda:/ (n —1)p,Kp_1do,
M M

pont amit bizonyitani akartunk. O

4marmint tripla szumma

5ol
6a Weingarten map alkalmazva a v; vektorokra

11



Most M egy K kompakt konvex hatara legyen, s6t feltessziik, hogy e, : M — S"~'7 egy diffeomorfizmus.
Az érint6lekpezés Tey, : T,M — T, ,)S" " meg fog egyezni —L-vel definici6 szerint. Az S™~* kanonikus
térfogati fomrajanak a visszahtizottja pedig (—1)" 1 K,,_10'A...Ac" 1. Mindezek miatt a Minkowski formula

szerint

/M(*l)nflannqu :/ pn (et (u))du.

S"’71
Ezt szimmetrizaljuk 3 [ pn(e,'(w)) + pnley ' (—u))du alakba. Az integrandus itt a $u irdnya érintdsikok

tavolsaga lesz.

Definition 6.3. Egy K C R" kompakt halmaz v € S"~! irdnyt szélessége wx (u) = maryx < z,u >

—ming < x,u>. Az atlagszélesség w(K) = - [gu_1 wi (u)du.®

Ezzel pedig azt kapjuk, hogy a Minkowski tételbdl az integral pont “=w(K).

Theorem 6.4. K kompakt konvex M = 0K sima feliilet, az en : M — S™"~ 1 Gauss leképezés diffeomorfiz-

mus, akkor B(K,r)-nek az r"~! egyiitthatdjdra

(—1)”2/ Wy
— Manz(p)dU(p) = —w(K)
teljestil.

Mindig deforméalhaté egy konvex test olyanné, hogy a Gauss leképezés diffeomorfizmus legyen, ezért ez az

allitas altalaban is igaz.

7 Konvex feliiletek merevsége & Herglotz integralformulaja

Muiltkor egy vegyestérfogatot identifikdltunk, az dtlagdtmeérd integrdljaként dllt eld a top—1. egyiitthatd. Most

belatjuk Herglotz formulajat, ami igazdbol Minkowski formuldjanak egy variansa lesz.

Definition 7.1. r,7 : Q@ — R" két beagyazott hiperfeliilet ugy, hogy minden w : [a,b] — Q gbrbére v =
rowu, 4 = fou hossza azonos, akkor azt mondjuk hogy az egyik hiperfeliiletet a méasik hajlitasaként kaphatjuk

meg.
Magyarul a képek els6 alapformai azonosak (1d.7.2). Egy kis terminologia, emlékeztets korabbrol:
e h=7or~t:r(Q) = #(Q) a hajlitds az elébbi definicio jeldléseivel.

M = r(Q)-n tekinthetjiik a méar szokdsos e; ortonormalt keretet!, Th-val ez atvihets a masik képsokasa-

gra & = The;-vel jeloljiik (&; is a normalis vektormezs lesz M = 7#(€)-n).

o, wf , p; figgvények mint eddig, ezeket legyarthatjuk M-en is, &, ...

e Hogy 0Ossze lehessen hasonlitani, athuzzuk M-re, 6; := h*(5;), s igy tovabb.

Proposition 7.2. 7 bedgyazdshoz tartozé TM-en 1évé 1. alapforma h*-al vett visszahizottja megegyezik az

r bedgyazdshoz tartozd alapformduval.

7Gauss leképezésnek is nevezziik ilyenkor
8 A felszinnel normalizalunk, csak ilyen funky kifejezéssel irtuk mert megtehetjiik
le,, mindig a norma4lis vektormezs
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Corrolary 7.3. A Levi-Civita kovaridns derivdldsok megegyeznek, és mivel wg, 1<i,j<n-—1csak a LC

kovaridns derivdldstdl fiiggenek, wg = GJ{ (a visszahizottjaik megegyeznek n — 1-ig, az utolsét nem tudjuk).

pontosan akkor, hogyha wit = Wy teljesul V1 <14 § n—1.

Proof. Az "akkor" rész teljesen vilagos, egy izometria érintéleképezése izomorfizmus.

A "pontosan" részhez kell kicsit tobbet dolgozni. Tegyiik fel, hogy w} = @[, és legyen p € M Kkitiintetett

pont. Vélasszunk egy ® izometriat, hogy ®(p) = h(p), T,P(e;(p)) = e(h(p)). Tegyiik fel, hogy ~[0,1] — Q
egy sima gorbe, v(0) = p. Tekintsiik az e; oy : [0, 1] — R™ vektormezsket. A derivaltjaikra

2 (ei0mlr Zw )le:07)(7)

teljesiil. Definialhatunk tovabba egy h := &' o h leképezést, és ebbél az é; keretet M := h(r(Q))-n. Egy az
el6z6hoz teljesen analog formula igaz a kalapos vektormezk megszoritottjaira is a v képére. e; oy és é; 0 h oY
ugyanazon differencidlegyenletet oldja meg, hiszen az egyiitthato wf -k megegyeznek a visszahtuzasnél, és a

kezdeti feltétel is megegyezik, tehét ez a két gorbe egybeesik! Kovetkezésképp

=20/ Mei(n) = 3o (7 (M)eith(3(r)) = (ko)) (r)

vagyis v = ho v = 4. Osszefiiggdség miatt a végpontok megegyeznek, kovetkezik hogy h=id megszoritasa,
kiterjeszthets identitésként. O

7.1 Herglotz formulaja

M kompakt, peremtelen hiperfeliillet R™-ben, h : M — R™ egy hajlitas, h(M) = M, adott a szokasos e;

ortonormélt keret. Ha ez megvan, akkor ebbdl kapunk asszocialt egyiitthatokat wzj ,(D{ s Kn_o,pi, Di-

Proposition 7.5. 2Ekkor az fn > 1 WP A AGP A e AwP_y €8 Koo' A . A 0™ 2 formdk M-en nem

fiiggenek a bdzis vdlasztdsdatol, tehdt globahsan jol deﬁnidltak M-en és
n—1
—/ Pn D WA AGA AW = | Ky so' A Ao
M M
Ez egy "kevert Minkowski tétel", h|y; = id|ys esetén ez pont a Minkowski tétel.
Proof. ® Kb ugyanaz mint a Minkowski formula. Megint definialjuk az n := 37~ (1) pwf A .. A GF A

< Awl_; (n—2)-format, és lederivaljuk.

dn = (=1 dp; AWl A NGTA AW+

i

AN (CD) IR A AWl A NG A AW+

i 1<j<i
33T ()T TR A AGE A AW A AWl
i i<j<n—1

2mindenféle problémakat elhessegetiink, h beagyazott iranyitastarto, stb...
3 A bizonyitasban a kalap nem elgreldkést /visszahtizast jeldl, hanem kihagyast a szummabol, mint a Minkowski bizony{tasanal,

a visszahuzott dolgokat feliilvonassal jeloljitk
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Az wf -kre ugyanazok a formuldk érvényesek mint mult elGadason, dp;-re tigyszintén, csak vonasozni kell az
wf -s tagot, de a o'-ket nem, mert a kovarians derivalas ugyanaz. A kifejtett formula teljesen ugyanaz, mint
a mésodik a helyettesités utan, csak vonasokkal a megfelel§ formakon és p;-n.
Az utolso két tag egyszertisodik és megint

S (1pwi A AOF A AWl

0,J
kapunk. Ebbsl

dn=pi(Y Wl A AN LAWY )+ Kngot A A0

Az itt alkalmazott formak megint természetesek a determinansos kifejezés miatt, és igy éta komponensei

invaridnsok, és megint ugyanugy befejezhetjiik a bizonyitast egy Stokes tétellel. O

Theorem 7.6. Tegyiik fel, hogy M és M sima hatdrfeliletei kompakt konvez reguldris tartomdnyoknak, C, C-
nek R3-ban. Tegyiik fel, hogy M Gauss-girbilete Ko > 0, és tegyiik még fel, hogy létezik hajlitds h : M — M,

ekkor h kiterjed izomorf mddon a teljes térre. Specidlisan C' és C egybevigdak.

A feltételekbdl kovetkezik, hogy a Weingarten leképezés definit példaul, a C, C-k létezésére vonatkozo feltétel
elhagyhato, de igy egyszertiibb megfoglmazni.

Proof. Vessziik a kifelé mutaté normalis vektormezét, ekkor a Weingarten leképezés negativ definit lesz M-en
és M-en is. Feltehetjiik azt is, hogy az orig6 belsé pontja C-nek és C-nak is, ez azt mondja, hogy ps, ps > 0.
A Minkowski gorbiilet K = %—re igaz, hogy

-1
—/ Kda:7 Kldaz/ p3K2d0:/ ng?/\wg
M M M M

a Minkowski formula szerint. A Herglotz formula szerint pedig
/ Kido = —/ —P3 (@3 A wi + wiod)
M M
Ezt a kettSt Osszerakva
1
—/ Kdo :/ paws Aws = f/ D3 (@05 A ws +wi ADS).
M M 2 )

Felcserélve M és M szerepét analog formulakat kapunk csak a vonasok és /vagy hullamok cserélnek helyet?.
Végiil ezeket a formuldkat visszahtazzuk M-re, és adédik hogy
. 1
- [ kas= [ patnat=3 [ p@tn+utel)
M M 2 S

A Theorema Egregium adja, hogy w$ A wi = Kool A o? = @3 A@3. A kiilonbséget felirva

N 1 . .
/ Kd&f/ chr:f/ p3(w? — O3 A (w3 — @3).
M M 2 Jm

Denote the integrand on the right hand side by fdo! A do?. Let vq,v2 be an orthonormal basis of T, M, then

3 3
the second fundamental form vill be w;(vl) wi(v2)

) (o) wi(en)
By the assumptions B, B are symmetric negative definite matrices. Let

and similarly with the @?. Now det B = det B = K»(q).

D(c) = det(B — ¢B) = Ky(q)(¢* —tr(BB Y)c+ 1).

4illetve nem h-val, hanem h~!-el hizunk vissza mindenkit, nem M-re, hanem M-re
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flg)=D(1) = —Kﬂq)% < 0, where g is an eigenvalue of BB~!, which will be positive (and the other

one will be ).

3 [ mlet—ah et —ap) =5 [ mpdet ndo® <0

M M

Exchanging the role of M, M we see that this quantity is equal to zero, but this can only happen, if f (q9) =0,
since p3 > 0 by assumption. Moreover by the expression for f we get, that ¢y = é = 1 must occur at every
point, thus B = B, and thus w? = @} everywhere.

Earlier we had a criterium for isometries, applying that we get an isometry ®, extending h. O

8 Eight lecture

8.1 Minimal surfaces

e by definition a surface, for which H = 0, where H = %tr(Ap) = %, half of the trace of the weingarten

map'.

e physical interpretation, soap film on a wire frame.

There are various interpretations of minimality, the first one is the classical picture with forces. Take a plane
in the direction of one principal curvature at a point, if the surface is made of some material, there is a
forca by the stress of the material bending, in the direction of the maximal tangent circle in the plane, the
minimality condition states that the forces coming from the two principal curvature directions should cancel.

In another interpretation, this can be understood, as coming from a variational principle.

e maintaining the surface requires energy, tearing it requires even more, but infinitesimal variations w.r.t.
a boundary condition are ok, by the principle of least action (or something idk lol) the surface tries to

minimuze its area.

Definition 8.1. A smooth variation of a regular hypersurface r : 2 — R™ is a smooth map R : QX (—4,d) —
R™ such that for all ¢t € (—4,0) the section r; : @ — R™ is a regular hypersurface and rg = r.

A variation is compactly supported on K C €, if r; = r(u) for v ¢ K and for all ¢.

The infinitesimal variation of R is the vector field X = 0, R(-,0).

Theorem 8.2 (First variation of surface volume). Suppose R is a variation of r, with infinitesimal variation
X, all supported on K C Q, a compact subset of the surface. Let H be the Minkowski curvature of r, G the
matriz of the first fundamental form of r, with the standard basis r1,...,7n_1. Then the following holds for

the derivative of the surface volume V,,_1(t):
V' (0) = —(n— 1)/ < X,N > Hvdet GdA, 1.
K
Proof. V,,_1(t) = f vdet Gid\,_1, we can rewrite the fomrulas, the Gram matrix and the basis to depend on
t in the obvious way to get this. we can extend the scalar product of vectors to forms by linearity, to get

<Cl1,b1> <a1,bk>
<ay A...Nag, by A... ANbp >= det
<ag,by > .. <ag,bp>

lin n dimensions the twos are replaced by n — 1-s
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This also gives a positive definite scalar product on /\]C R™. Now the derivative of the volume form looks like:

d d
Vrifl(O) = / —+/det g|t:0d>\n,1 = / 7||7nt’1 A A Tt,n71|||t:Od>\n71'
The integrand can be calculated as

< %(Tt,l A A Tt,n—l)|t:07rl Noo A1 > . < Z?il re AL A T'Z',lataiR(', 0) N AT, "1 N o AT >

HT‘l/\.../\T‘n_lH Hrl/\.../\rn_lH

)

also 9;0; R(+,0) will be denoted by X;, since the partial derivaties can be interchanged, so we need to differ-
entiate the infinitesimal variation in the ith direction.

X decomposes orthogonally as X7 + X1, the second term is easily seen to be < X, N > N.

dAp—1 =0

/ <Y A AXT) A AT, TU A AT >
K ||’I”1/\.../\T‘n_1||

since tangential flow doesn’t change the volume, indeed the vector field X7 can be integrated into an isotopy
(compactly supported on K) of the surface, thus it does not change the volume as claimed. So we only have
to consider the perpendicular components,

V/

n—

dhp—1.

) 7/ <Y i AN (XYY A AP 1, 7L A AT >
! K [I71 A oo Arp—1]|

Rerwiting the perpendicular component, and using the product rule (X+); = 9;(< X, N >)N+ < X, N > N;

and N; = —L(r;) = =S, Ur;. Thus S"ry A e AN; A oo ATy = — S 1liry A .. ATy, since all other terms

zero out.

Now

VrlL—l(O) = /*(Tl*l)H(< TN AT 1, TIN AT >)/H7’1/\.../\7’n_1||d>\n_1 = 7(77,71)/ < X,N > HH /\Tin)\n—l =

=—(n— 1)/ < X,N > H\detGdA,_,.

9 Ninth lecture

Corrolary 9.1. Assume r : Q — R™ is a regular parametrised hypersurface. If it minimises the surface

volume for compactly supported deformations, then H = 0.

Proof. 1f not, at r(p) H,) > 0 for example, then it is so locally as well, and we can decrease the surface
volume by moving a little bit into the normal direction with a vector field supported on a small compact

neighbourhood of r(p), and we see, that the surface volume decreases. O

This motivates the naming of minimal surfaces.

9.1 Surfaces of constant negative curvature

We have seen an example of these guys already, namely the pseudosphere, the surface of revolution generated

by the tractrix.
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We review some fundamentals of surface theory. 0;r; =17, ; = I‘fjrk +a;;N, O);N=N; =" BJ’?rk + N,
also G = [gi;] = [< 74,75 >], the inverse is denoted g%, o j = b; j, BF = —I¥ = =37 g*b;;, also we have the
Teorema egregium

1
s = Z 5(33‘911 + 9i9j1 — 019i5)9™"

and the local expression for the curvature tensor.
ORTY; — Ol + Y (5T, = T5Th) = (bisbrs — birbss)g™
We get (n — 1)* equations, attributed to Gauss.
Okbij — bjr = Thpbyy — T i
Also (n — 1)? equations, the Mariadi-Codazzi equation.

Theorem 9.2 (Fundamental theorem of hypersurfaces). For local realizability of g;j,bi; these equations are

necessary and sufficient.

Multiplying by the metric, we can turn the curvature tensor into a 0,4 tensor, with components
Z Rijiglm = bijbem — bjrbjm.
1

det B __ Ri2a1

detg = a2 Homework to look up the formula of

For surfaces in R3, n — 1 = 2, in that special case K =

Brioschi.

We restrict ourselves to the n = 3 case, and suppose K < 0, i.e. IT being indefinite. So the tangent space
of every points splits in two, to vectors of positive and negative square by the second fundamental form. We
get two R'-s in which the 0 vectors live, and can pick a vector field out of these subspaces.

The integral submanifolds of the subspace distribution we get in this way are called asymptotic lines. These

asymptotic lines can be used to produce a coordinate system on the surface. For this all, we only needed the

0 =
Gaussian curvature to be negative, not constant. In this coordinate system B = 0
*
From now on, we suppose that {2 is parametrised by u, v, and assume also, that K = —1. Take asymptotical

0 C
coordinates, and let B = oo A = ||rull, B = ||ro]|, and let w(u,v) = Z(ry(u,v),r,(u,v)). Now G =

A? ABcosw
and we can calculate
ABcosw B2

—C? '
K = m, WhereC = :l:ABSan
0 ABsinw
We can reverse orientation if necessary, and can take C' = ABsinw. Thus B = , computing
ABsinw 0
B/A  —cosw

the inverse of the metric tensor gives —m———
ABsin?w
—cosw A/B

Theorem 9.3. If a regular parametrised surface of negative curvature and the coordinates are asymptotic,

and by, > 0, then the Mainardi-Codazzi equations reduce to

—0yu(logby,) =Ty, — T4

uu?

_av(logbuv) = sz - Fgu
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10 Tizedik eladas

Proof. Egyszerd szamolas, behelyettesitiink.

2
1 l
bijk—biy ; = E irbiy — I'jbue
1

a Mainardi-Codazzi egyenlet alakja az esetiinkben, a kifejezés j, k-ban antiszimmetrikus, ezért az (i,j, k) =
(1,1,2), (2,1,2)...7
buu,v - bu'u,u = szbuu - Fgubuv + (szbvu - qubvv)

bvu,v - bvv,u = szbuu - qubuv + (ngbvu - qubvv)

adiagonalitas miatt by, = by, = 0, ebbdl
_buv,u = _qubuv + szbvu

bvu,v = _Fgubuv + szb'uu
Atosztva a megfelels tagokkal kapjuk az allitast. O
Mire hasznéljuk ezt?

_ A2 ABcosw B 0 ABsinw | 1 B/A  —cosw
" ABcosw B?

) )

" ABsinw 0  ABsin?w —cosw A/B
Theorem 10.1. [it a M-C egyenletek ekvivalensek azzal, hogy 0,A = 0, B = 0.

Proof. Alkalmazzuk az el6z6 tételt.

Iy, — qu = Fuvuguv + Fuvvgvv - Fuuuguu - Fuuvgvu

uv

1

1 1 1
= iguu,vguv + ggvv,ugvv - iguu,uguu - guu,ugvu + §guu,v9vu

Az els6 harom tag megfelel az elsG harom tagnak ha kiirjuk a definiciot, az utolsobol pedig a végsé kettét.

1 1
= guu,vguv + igvv,ugvv - §guu,uguu - guv,ugvu

Egyszerii derivélassal és a definici6é alkalmazasaval adddik

_ 0yB —20,Acosw O A

- du(log(AB tg?
Bsin?w Asin® w + Oullog( cosw))etg"w

Teljesen hasonl6 szamolas a méasik egyenlet

~0.A  0.B

_6u(logbuv) = A B

— ctgwiy,w

Az MC egyenlet szerint ennek a két fiiggvénynek meg kell egyeznie, vagyis

B 20,B — 20, A cosw

0
Bsin?w

Ebbdl kapjuk amit akartunk
0uB = 0,Acosw
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és a masik egyenletbél
Oy A = 0, Bcosw

Ergo a parcialis derivaltakbol allo vektor 6nmaga skalarszorosa(vagy elforgatottja??), vagyis
OuB =0,A=0
O

Definition 10.2. r: Q — R? paraméterezett feliileten Csebisev halénak nevezziik a kovetkezét: paraméter-

vonalak menti téglalapok képeinek szemkdozti oldalai egyforma hosszaak.

A

D

>

Figure 9: Abra a paramétertérben egy téglalappal, és a képével, a feltétel az, hogy a képben is egyforma

hosszuak a téglalap szemkozti oldalai

Theorem 10.3. Csebisev hdld infinitezimdlisan pontosan akkor létezik, ha Oy||ry|| = Oullrs|| = 0.

Proof. Formalizaljuk a definiciot, pontosan akkor Csebisev hélo egy *valami*, hogyha minden téglalapra a

paramétertérben [ug, u1] X [vg, v1]-re

uq U1 U1 U1
/ [l (s v0)dut = / rall (s 01)dut, & / o] (a0, ) = / ol (1, )
U, vo

0 Uuo vo

Egy kvantort kidobva azt latjuk, hogy I(v) = f;ol [|7u]|(u, v)du nem fiigg v-t6l, vagyis a derivaltja nulla:

I’(v):/ ||| (u, v)du.

Ebbdl 1atjuk, hogy az integrandus azonosan nulla. O
Corrolary 10.4. A, B-vel leirt feliilet paramétervonalai egy Csebisev haldt alkotnak.

Corrolary 10.5. Lokdlisan ha vesziink két paramétervonalat, mindegyiket ivhossz szerint paraméterezzik,

akkor a Csebisev tulajdonsdg miatt minden paramétervonal fvhossz szerint lesz paraméterezve.t

A feliiletiinkre vonatkozoan G-t megszemlélve latjuk, hogy A = B = 1 feltehet§ (egy atparaméterezés utan
az aszimptotikus paramétervonalakat). Ezzel minden szebb és jobb, konkrétan a metrika, és a méasodik alap-
forma matrixa egyszertbb alakot 6lt. Kifejezhetjiik a Christoffel szimboélumokat igy a metrikus tenzorbol valo

kifejezéseiket felhasznélva.?

1Lépcsézetesen jarkalhatunk a tulajdonsagot kihasznalva
Tijk = 5(Gik,j + Gjk,i — Gig k)
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Tyww =0, Dy = —Sinw + wy, Dy = 0, Ty = 0, Dypue = —sinw - wy, [y = 0 Kifejezhetjiik a rendeseket

is a masik alakjukat is ebbdl.

Iy, =ctgw-w,, I't,, = -2 T4 =T =0, =—2=, Tyw = ctgw - w,

sinw? sinw?

Még a Gauss egyenleteket kell tisztaznunk.

—sinw = det B = Ruyou = + 00 Guu + RoppGou = Rlyy + RY

uvv

ahol
COSW * Wy, * W
U _TUu u s U s u U Uu u u
Ruvv - Fvv,uirvu,v+ E Fvstuil—‘qusv - Fvv,u+FvvFuu - .2
S w
s€{u,v}
Mindezt behelyettesitve a Gauss egyenletbe
. 9 cos?w — 1 .
— SN W = Wypy————— = —Wyy SN W
S w

Tehat

Wyy = Sinw

oy COSW

v +wypctgw—+

Wy

sin

2

Wy

w

= WypCtgw

Theorem 10.6. Egy konstans —1 gorbiletd felilet paraméterezhetd lokdlisan az aszimptotikus vonalakkal

fvhossz szerint. Ilyenkor a paramétervonalak szoge w : Q — (0,7) teljesil a sine-Gordon egyenlet.

Forditva, ha Q konvex (egysz. of.) és w : Q — (0,7) megoldja a sine-Gordont, akkor létezik reguldrisan

paraméterezett felillet gy, hogy a fémennyiségei azok amiket felirtunk ezzel az w fliggvénnyel, specidlisan

konstans —1 a gorbiilet és ivhossz szerint van paraméterezve.

Theorem 10.7 (Hazzzidakis formula). Legyen a feliletink, mint eddig, egy téglalap T = [ug, u1]X [vg,v1] C Q,

akkor r|r felilete = w(uy,v1) — w(ug,v1) — w(u1, vo) + w(ug, vg).

Proof. A felszin integralassal kaphat6é meg, ezt irjuk ki.

A=//\/detgdudv://sinwdudv://wwdudv:...

A sine-Gordon egyenlet miatt, ezzel készen vagyunk.

11 Tizenegyedik el6adas

Standard felallas —1 allandé gorbiiletii feliiletekhez, Riemann metrika, masodik alapforma, metrika inverze,

paraméterezve az w aszimptotikus vonalak szdgével, ami tudja a sine-Gordont.

A Hazzidakis formula egyszert alkalmazasa az alabbi.

Corrolary 11.1. [ug,u1] X [vg,v1] C Q, akkor 2m > w(uy,v1) — w(ug,v1) — w(u1, vo) + w(ug,ve) > 0.

Definition 11.2. r : Q — R3 reglaris paraméterezés, ug € Q, R > 0 esetén B(ug, R) legyen azon v €

paraméterpontok halmaza, hogy Ju : [0, 1] — Q, amire u(0) = ug, u(1) = v és r o u ivhossza < R.

r teljes, hogyha minden uy € Q-ra és R > 0-ra B(ug, R) C Q.

Theorem 11.3 (Hilbert). Nincs teljes requldris feliilet konstans negativ gérbiilettel R3-ban.
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Proof. Felskalazassal elérhetjiik, hogy a konstans negativ gorbiilet —1 legyen. Ha p € r(Q), akor minden
aszimptotikus gérbe a teljes szamegyenesre kiterjed. Legyen ~, : R — r(Q) egy egységparaméterezést
asizmptotikus vonal. Legyen tovdbba 7, ;) : R — r(Q) egy maésik aszimptotikus vonaly,(t)-bél inditva,
és legyen v, (t) x 17/, ) (1)(0) legyen egyiranyd a pontbeli pozitiv normélvektorral. Ebbl kapjuk az 7 : R? — R3

paraméterezett feliiletet, (u, v) = 1, () (v). Ez nem feltétleiiniil injektiv, és nem is feltétleniil atparaméterezés.

Lemma 11.4. A sine-Gordon egyenletnek nincs megolddsa [0,1] x R-en, ami csak (0, 7)-n vesz fel értékeket.

Proof. Tegyiik fel, hogy létezik, esetszétvalasztunk. (1) w(1,0) > w(0,0)

Legyen 3¢ = w(1,0) — w(0,0), és 43 = max{s € [0,1] : w(s,0) — w(0,0) = ¢} és G2 = min{s € [0,1] :
w(1,0) — w(s,0) = c¢}. Ezek azt mérik, hogy mikor hagyjuk el utoljara a c szintet, és mikor lépiink elszor a
2¢ szint folé. ¢ +w(0,0) < w(tp) < w(1,0) —c ha t € [Gy, U]

Tetszdleges v-re w(t, v) > w(t,0)4+w(0,v)—w(0,0) > ¢, illetve w(t, v) < w(l,v)+w(t,0)—w(1,0) < w(l,v)—c <

7 — c. Ezért sin(w(t,v)) > sin(c) teljesiil (t,v) € [t1,G2] X [0,00) esetén. Integréalva

/0” / sin(w(u, v))dudv > v(iz — 1) sin(c).

A szorzat utolsé két tagja pozitiv, v-t kell6e nagynak vélasztva az egész kifejezés értéke > 27 teljesiilhet,
ellentmondésban a hazzidakis formuléval.

(1I) w(0,0) > w(1,0)

Ekkor elegends @ := w(1 — u,1 — v)-t tekinteni, erre (I) teljesiil.

(1) w(0,0) = w(1,0)

Ekkor legyen & := w(u,v + 1). Ez egy linearis, irAnyitastarté dtparaméterezés, erre is teljesiil az egyenlet, de
@(1,0) —©(0,0) =w(1,1) —w(0,1) > w(1,0) — w(0,0) = 0.

O

A fenti paraméterezés ellentmond a lemmaénak, adna egy megoldast ezen a tartoméanyon, készen vagyunk. [

Igazabol a paramétertartomanyban dolgoztunk, nincs C? immerziéja sem konstans negativ gorbiileti feliilet-

nek, s6t el sem lehet hatarolni a nullatol, meg lehet azonban csinalni C'-el, Kuiper, és Nash.

11.1 Ba&cklund transzformacié
Szeretnénk a pszeudoszféra mellé még lokalisan hiperbolikus feliileteket latni.

Definition 11.5. r: Q — R? reguldrisan paraméterezett —1 Gauss gorbiileti feliilet, ekkor 7 : QO — R? egy

Béacklund transzformlatja r-nek o parameéterrel, ha
1. #(u,v) — r(u,v)| = cosw
2. 7 —r érint6 r-hez az adott paraméterpontban, és 7-hez is ugyanazon paramétereknél

3. Z(N,N) = 5 * o0, ha o =0, akkor Bianchi transzforméltrol beszélniik

utv v—u
2 7 2

Tegyiik fel, hogy r aszimptotikus vonalak mentén van paraméterezve, és 7(u,v) = 7( ), a gorbiileti

vonalak mentén valé paraméterezés.
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akkor létezik egy Bicklund transzformdlt 7 (ug,vo) kérnyezetében gy, hogy 7(ug,v.) = 7(ug,vo) + v.!

Theorem 11.6. Ha van (ug,vg) és o € | | és v egy vektor coso hosszal és érintd 7-hez (ug, vo)-ban,

Proof. Le van irva tisztességesen Csikos Tanar Ur jegyzetében. Vegyiik figyelembe, hogy felhasznalja a Frobe-

nius tétel klasszikus formajat. Megnézni! O

Theorem 11.7. Legyen 7 egy o paraméterd Backlund transzformdltja 7-nek.

°
<

reguldris (u,v)-ben pontosan akkor, hogyha ¥ — ¥ nem fégérbileti irdnya 7-nek
e 7 konstans —1 gérbiletd
e 7 paramétervonalai a Bécklund transzformdcio gorbileti vonalai

e A Backlund transzformdcio gorbileti vonalat gorbiileti vonalba, aszimptotikus gorbéket aszimptotikus

gorbékbe visz

Litt valahogy figyelembe van véve sgno a normalvektorok szogénél.
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