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ABSTRACT

Let z1,23,...,2, be complex numbers, and write
S=zl+...+z

for their power sums. Let

R,= min max {Sj|,
2122w 1 <j<n

where the minimum is taken under the condition that

max |z,| = 1.
1<t<n

In this paper we prove that

limsupR, < 1.

o

1. INTRODUCTION

The investigation of the above sequence R, is a classical problem of the power
sum theory of Turan (for this theory see [T], and also [M]). The minimum R,
exists by Weierstrass’ theorem, and one can easily see that the condition can be
replaced by z; = 1.

The 1942 conjecture of Turan that R, > ¢ for some ¢ > 0 independent of n
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was proved by F.V. Atkinson (see [A]) in 1961, showing that R, > %. We proved
that R, > % (see [B1]), and in the recent paper [B2] we proved that R, > g for
every n, where g is an absolute constant larger than %

Concern,ing upper bounds, it is trivial that R, < 1. Komlos, Sarkézy and
Szemerédi ([K-S-Sz]) proved that

1

Ry <1- 250n

for n > ngy, and
llogn

R, <1- 5

for infinitely many ». Recently, in [B3], we improved this result to
loglogn

(1) R, <1-(1-¢) fogn

for large n. In this paper we prove the following theorem, which can be viewed
as an upper bound analogue of Atkinson’s theorem from 1961. This theorem
solves Problem 15 of the book [T] of Turan.

Theorem. We have

limsup R, < 1.
n-—0C
We prove this theorem in Section 2. Our aim in that section is just to prove this
theorem quickly, so we use very crude estimates there. Then, in Section 3, we
sketch the precise computation, and show what is the exact numerical result
(depending on our basic parameter o) obtainable by the present construction
(see formulas (22) and (23)). The dependence on « turns out to be somewhat
complicated. Using a convenient choice of «, we show in Section 3 that R, < g
for large n, hereby obtaining also the ‘numerical analogue’ of Atkinson’s result.
However, this explicit value is far from being optimal, even for the present
proof: computer work of Gergely Harcos shows that a nearly optimal choice of
a in formulas (22) and (23) gives R, < 0.694 for large »n (see Addendum at the
end of Section 3). This value is very interesting in view of the paper [C-G],
where the authors conjecture (based on numerical work) that R, has a limit
about 0.7.
What concerns the proof, we used in [B3] (proving (1)) the formulas

Si+bi1Si_1+...+ b 1S1=1+b1+ ...+ b_1—1b (l=l,2...,n—1);
Spt+b8Sy_ 1+ . +by 1 S1=1+b1+...+b,_1,

where zy = 1,25, ..., z, are complex numbers, and
(Z—2)(Z~23).. (Z—2)=Z" Y+ 5, Z" 2 4. 4+ by_.

These formulas follow easily by the Newton-Girard formulas for this poly-
nomial (and these formulas were the basic tools in [B1] and are also important
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in [B2]), and conversely, it is clear that if z; =1,z,,...,2, are given,

b1,ba,. .., b, are the coeflicients of the above polynomial, and some complex
numbers S; satisfy these formulas, then for the system z; = 1,z3,...,z, we have
the numbers Sy, Sy, . . ., Sy as first # power sums.
Now, in [B3] we put
b,

= 1<]/<n-1
1+b1+...+b- @ ( =ism )

with some complex parameter o (note that these quotients occurred in our
proof in [B1]). This gives $; = 1 — a for 1 </ < n— 1. The novelty of the pre-
sent proof is to take S; = 1 — o only for / < 4, and then choosing optimally the
larger power sums.

2. PROOF OF THE THEOREM

Let2T <n<2T+1(e T = [4]), and define the numbers S; in the following
way. Let o be a complex number (to be chosen later), set

(2) Si=1-a (1<i<D,
and
3) S1==(1—a)+w1 (T+l§1§n),

with some complex numbers w;. The numbers b, are defined inductively by
by =1, and

(4) Si+biSi1+...+b 4 Si=1+by+...4+b_1-1b (ISISI’I)

We will choose S, Sz, . .., S, in such a way that b, = 0 will hold.
We set 5y = 1, and

(5) Br=a(l+bi+...+8-1) (1<I<n)

Then

(6) I-a)1+6+...+8-)=1+8+...+B81-18 (1<1<n)
One has

(7) bi=p (0<I<T)

by induction, using (2), (4) and (6). We set

(8) br=p+d (T+1<1<n)

Taking the difference of (4) and (6) we obtain by (2), (3), (7) and (8) that

9) wi+ w1+ +B-r_wwrpy=aldri+dria+ .o+ diy) - 1d)

for T+1<17<n (we used that / — T — 1 < T). These equations can be ex-
pressed in matrix notation as
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—(T+ Vdr1 wry
aw u-aof o |=8 i}

—nd, Wy
where
I= {5k,l}z,1=T+1> A= {O‘k,l}z,::THa B= {ﬁk,l}z,1=T+1>

and &, is the Kronecker symbol (which means that I is the unit matrix), fur
thermore

0, ifk<I
k1 = % if k> 1,
and

[0,  ifk<l
(1) ﬁ’“"{ﬂk-z, if k> .

Since A is a nilpotent matrix, we have
I-A)"=T+4+4+...

(this is of course a finite sum), hence

(12) v —A)_1 = {ak,’}l'«l:,l=T+1

with
0, if k<!
1 ifk=1
13 = i
M) ar=9 5 v Ll k>l

r>1  k=m>m>..>n4 =1

Of course the sum over r here is also finite.
By (10) and (12) we obtain

(14) - nd,, = Z W[P[
I=T+1
with the notation

n
(15) P = E an,m,Bm,I-
m=T+1

Lemma 1. Ifg > 0, and

n n

n:Bn"‘(l_a) Z P] Sq Z |P1l’
I+T+1 I=T+1
then we can choose St 1,87 (3,..., 8y Such that
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|ST+II qu'ST+2| qu---7lsn' Sq

and b, = 0.

Proof. By (8), b, = 01is equivalent to —nd, = nf3,, so by (3) and (14) it is enough
to choose 87.1,5r+2,. ..,y such that

n

n
g+ (1-a) 3. Pi= Y SP.
I=T+1 I=T+1

The lemma follows by elementary geometry.
We remark here that the ‘main term’ of P; will come from m = n in (15), and
@y nBn,1 = Bn—1 by (11) and (13), so we introduce the notation

(16) Py =p.-1+E;.

The following statement is straightforward.

Corollary of Lemma 1. If|1 — o <1
and

n

n—-T-1
sq( > Iﬁzl)—lnﬁnl—(1+q) S |E,

1=T+1

n-T~-1
. B
I=0

then the condition of Lemma 1 is satisfied.

Lemma 2. We have

(i) > Bl < ( ol Iﬁ:l) (lalel)

1=T+1

and

(ii) InBa) < ("'fl Iﬁzl) (|a|e|al).

So, if|1 —a| < 1, and

< ("5 181) (a- 0+ lalet),

1=

n-T-1
> B
=0

then the condition of Lemma 1 is satisfied.

Proof. Observethatif T+ 1 <m < nandr > 1, then

(r=1)! > L < 1( > l)'_l< L
’n=n1>nz>...>n,+,=m nany ... Mry1 T M \m<r<n t “T+1’
sincem > T+ 1,n —m < T.We then obtain by (13) for T + 1 < m < n that
1
< e
Ian,ml — T+ l |a'e H
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and (i) follows by (11), (13), (15) and (16), sincen — T < T + 1.
For the proof of (ii) we remark that (by induction, using (5)) one has

A7) 144+ +8=]] (1+3)
for I > 0, and so (using again (5))

r=1
n—1

(H 1+QD.
r=n—-T r

Since |1 +2| < el°l’", (ii) follows, because

n—1 1 T
-< <
I1 r n—T"1

r=n—-T

18] = la|

Zﬁl

The last assertion is then clear, in view of the Corollary of Lemma 1.
Lemma 3. If

1
1- 1 =
1=al <1, Jof <3,

Aol < el (15 1
—2Rea(2 7lode™ )

Sfurthermore
n—-T-1
11 (1 +¥) > 2,
r=1

then the condition of Lemma 1 is satisfied withq = 1/2.

and

Proof. Since by (17) (for / and / — 1) we have

al=l

18)  a=711 (1+3)

for 7 > 1, we obtain (because Re & > 0by |1 —a| < 1)

ol > ST (14229)

r=1

and then by induction

o] o Rea
Rea™t Z 16l 2 3225 I (1+‘—r‘-)

r=1

for / > 1. Hence
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! la| Rea
19 %1812 g0 11 (14722)

r=1

if

r=1

! R
200 11 (1 + —%9‘-) > 2.
On the other hand, for complex x with |x| < 1/2 one has

|xl2 2
log(l+ x) - x| € e—— < |x|5,
[log(1+) = x| < 57~ s < I

so for |x| < 1/2 we have 1 + x = e*e*™), where |h(x)| < |x]>. Consequently, as-
suming |a| < 4, we have

o (3002

r=1

[+ 9]
Nt 3 r2 ,
<e r=1 < e4|a| .

The lemma is proved, using Lemma 2, (19) and (20) with I=n—-T — 1, (17)
and 21). O

Conclusion of the proof of the Theorem. Using Lemma 1, Lemma 3 and for-
mula (4), we see that if the conditions of Lemma 3 are satisfied, then we can
choose complex numbers Sy, Ss,...,S, and b1, b,,...,b,_ in such a way that

Si=8S=..=8Sr=1-¢«
and

1 1 1
|ST+1| SE)IST+2’ SEJ’ISIJ SE?

furthermore,
Si+biSi-1+ .. +baSi=1+b+ ...+ b= (1<I<n-1),
and
Se+b1Sp 1+ .. b Si=14+b+...+b,_1.

Let z2,23,...,2, be the roots of the polynomial Z"~! + 5, Z"~2+ ... + b,_,.
Then (as we already remarked in the Introduction) for the system
zy = 1,23,...,2, we have the numbers 5, Sz,. .., S, as first n power sums.

Observe that if we first choose i‘%la = 5, say (so we first fix | argal; of course
Rea > 0 by this choice), and then fix o in such a way that |a| is a small enough
positive number, then for this fixed a the conditions of Lemma 3 (including
[1 — a| < 1) are satisfied, if n is large enough (since T = [%]). This proves our
Theorem, because |1 — o < 1 (and of course 1 < 1).

505



3. MORE PRECISE COMPUTATIONS

In this section we assume that |1 — a| < 1, and we consider o to be a fixed
number, so the o- and O-symbols may depend on a.

It is easy to see that instead of the upper bound derived in the proof of
Lemma 2, one has in fact the relation

12 o n\r-1. (1
wn =i omiloeg) +0(3)

n® 1
nm = Ot T O\

for T + 1 < m < n. Then, using that

-1 _ 1 Cn-g“+o 1 2(m-l)Rm
n, m-1I\_n (m-1) n
for T+ 1 <1 < m < nby (18), we get (considering separately the cases m =/,

! <m < nand m = n in the sum (15) defining P;, and approximating the sum
over/ < m < nbyanintegral) for T+ 1 <! < nthat

P 1 (n-1 "+f an® 1 (m—-1\* dm+ol
nB, n—I\ n p \me*t ) \m—1I\ n . n
(n I)Rea—Z
nRea ?
so, after explicit computation of the integral,
P 1 (n-I\"" ! 1 (n—pRea-?
nﬂn—7< - ) +o()+0(——————nkw
for T + 1 <! < n. On the other hand, P, = 1, and {nf,| — oc as n — oo by (18)

whence P,/nB3, = o(1). Then, if g is also a fixed number, the condition of
Lemma 1 is satisfied for large enough n, if

L 1¢]

. dl

a1 dl
,<qf(1—l>"° <.

22
(22) s "

1+u-®}u-0
1/2

This means that if (22) is true, then

(23) limsup R, < max(|1 — al,q).

Now,

La-p G-I fa-ng

1/2
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for Red > 0. We apply this formula for both sides of (22) (with 4 = @ and
A = Rea, respectively), then we choose ¢ = |1 — a| and estimate trivially, ob-
taining that if we have

1 1 Rea
(24) |1—al<Rea———) > 2ree,

then
(25) limsupR, < |l —af.

n-— oo

We now choose a = 1+ Then

2 17 25 (5}
(26) |l—~a|—25<36—(6).

On the other hand, |1 — a| > 4/5, and
1 1 2-V2

Rea_m 2

Using V2 < 1.42, we thus have that the left-hand side of (24) is greater than
1.16, and it is easy to check that (1.16)° > 2, hence (24) is true. So (25) holds,
and in view of (26) this means that R, < 5/6 for large enough n.

Addendum. G. Harcos ([H]) made computer work based on formulas (22) and
(23), and he found that the value

a = 0.56754 + 0.54237i
gives

limsup R, < 0.69368.
n—oc
He also observed that our basic identity (14) (and even a more compact form of
it) can be derived also from the inverse Newton-Girard formulas (these for-
mulas express the coefficients of an n-degree polynomial with the first n power
sums of its roots).

I am grateful to him for these remarks.
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