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1. Introduction

Let K be a real quadratic field with discriminant d, and for a (fractional) ideal a of K, let Na be
the norm of a. For a given fractional ideal I of K, and Dirichlet character x of conductor q, we define
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X (Na)
(Na)*

S1(s, X) =Sy (s, x) = Z

where the sum is over all integral ideals of K which are equivalent to I. Our goal is to give a short
(finite) formula to evaluate ¢;(0, x).
Our starting point is the well known formula that, for the Dirichlet L-function L(s, x), we have

L@, x)=-— Z )((a)E whenever x (—1) = —1, (1.1)
1<agq—-1

which we wish to generalize to our new situation. We think of (1.1) as the one-dimensional case.
To find the natural two-dimensional formula one must first realize that the set of rational integers
which arise from considering K is not the set of all integers, but rather the set of norms of integral
ideals of K. These can be expressed as the set of values taken by certain binary quadratic forms f of
discriminant d, and this leads us to define

Cf0= 3 xmmmgg (1.2)

1<m,n<g-1

as a generalization of (1.1).

In order to relate G(f, x) to ¢;(0, x), we need to review the classical theory of cycles of reduced
forms corresponding to a given ideal: We say that 8 € K is totally positive, and write 8> 0, if 8 >0
and B > 0, where B denotes the algebraic conjugate of 8. Any ideal I of K has a Z-basis (v1, v3) of
I for which v{ > 0 and such that if « =v,/vq then 0 <« < 1 and the regular continued fraction
expansion of « is purely periodic, that is

oa=[0,aq,...,a.] (1.3)

for some positive integers ¢ (which is the least period of the expansion) and ay,...,as, see Remark 1
below. Note that aj, =a; for all j > 1. For n > 1 we denote p,/qy :=[0,ay,az,...,a;] and we write
On := Pn — @ (14)

with ¢_1 =1 and ¢ = —«. Finally define
Qj(x,y) =(iaj_1x+via;y)(Vidj_1x+ viajy)/NI forj=1,2,...,
and
fix y) = (1) Q;(x, ).

Note that every Q; has integer coefficients, and the discriminant of Q; is

—\ 2 —\ 2 — _\2
Vivi _ _ 2 ViV _ _ 2 vivi(a — @)
— ) @& —@ja)’ = —— ) (1@ —F 1)’ = ———— ) =d.
<NI)(11] j—195) <N1>(1O 1%0) ( NI

It is easy to show that ¢;(0, x) =0 if x(—1) =1, so we again restrict ourselves to the case
x(=1)=—1.
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Theorem 1. Suppose that yx is a primitive character mod q > 1 where (q, 2d) =1 and x (—1) = —1. With the
notations as above, we have

L 1 d £
a(0.0/2= Y G(fj. x) + 5x(d)<a>ﬂx > ax (£5(1.0)).

j=1 j=1
where B, := x (=T (x)?L(2, x?)/72.

Here the Gauss sum 7(X) := > 4 (mod q) X (@)e?74/4. The expression for B, involves an infinite

product as well as a 72, so is neither obviously algebraic nor computationally useful. However, using
the functional equation for Dirichlet L-functions this can be rewritten as a simple finite expression:
For x primitive then there is a unique way to write x = x4+ x— where x4, x— are primitive characters
of coprime conductors q.,q_ respectively such that y_ has order 2, and X}r is also primitive. We
then have g8, = % ]—Imq(l — p~2) if x has order 2, and

2

- PZXi(m—l) 52
Bx = x+( 1)]x+VxM(Q)pl:[_( () —1 where yy -—HZ:(:)X (n)q ,

if x has order > 2, where the Jacobi sum [, :=3" (mod q): a+b=1 X @ X (D).

Ours is by no means the first finite formula for evaluating the partial zeta-function of real quadratic
fields at s = 0. Indeed, in the late 60s Siegel [12] produced a formula that also involves a function
much like our G(f, x) (and even the generalization G, s(f, x), using Bernoulli polynomials, which we
present in the next subsection). Siegel’s formula, though elegant in its construction, is unwieldy to use
in even relatively small cases, and researchers desired to find shorter formulae that would allow them
to determine the precise value of ¢;(0, x) with less work; and perhaps to use that formula in further
calculations involving this zeta function. A remarkable simplification, a deeper understanding and a
vast generalization, occurred a decade later with the work of Shintani [11] inspiring work of Zagier
[16], and later of Stark and Hayes [6]. One can certainly wonder, given so many different explicit
formulae for computing the same objects, whether one is preferable to another. Certainly the ideas
of Shintani and the subsequent formulae have led to far-reaching generalizations. The advantage of
our formula is that its size (and thus the difficulty in computing it) depends only on the size of the
regulator of the field, whereas the size of the other formulae do not seem to be directly related to
this invariant of the field. Thus Biré [1,2] was able to use the prototype of our formula to resolve
the class number one conjecture for real quadratic fields with particularly small regulator, and no
other technique seems usable. (In the case of discriminants of the form p? + 4 our formula has
two terms, the other formulae have more terms the larger p is and so are unwieldy to work with.)
Already analogues of the above-mentioned prototype formula, i.e. special cases of our new formula,
have resolved further small class number problems [3,4,9], and we hope that there will be further
applications. See Sections 9 and 10 for a more in-depth discussion of these examples. Note, though,
that our formula develops ideas gleaned from the above papers, especially from [11] and [6]; for more
details see our remarks below Theorem 3.1. There is another type of formula for ¢;(0, x) (and, in fact,
for the value at 0 of some slightly more general zeta functions) given by Hayes in [7], as a count
of (appropriately weighted) lattice points in a natural and easily determined domain. This provides a
most elegant geometric interpretation of this special value and turns out to be more useful in some
applications than any of the formulas.

Remark 1. For a given ideal I, we can always choose a basis (v1,vy) with the stated properties.
Indeed, starting from any basis, using the transformations

(v1,v2) = (vi, —v2), (v1,v2) — (v2,v1), (v1,v2) = (vq,v2 —nvy)
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(where n is any rational integer) we can achieve that vi; > 0 and o = v,/v; has a purely periodic
continued fraction. If vi > 0, we are done. If vi <0, then v, > 0, because & < 0 (by the Galois—
Legendre theorem), in which case the basis (v3, vi —ayv3) has the required properties.

1b. Other special values of ¢;(s, x). In order to generalize (1.1) and Theorem 1 to ¢;(1 —k, x) for
k>1, it will pay to slightly reformulate the above results, simply by replacing a/q in (1.1) by
a/q—1/2, and similarly m/q and n/q in (1.2). This new polynomial t — 1/2 is the first Bernoulli
polynomial. The Bernoulli polynomials can be defined by the generating function

TeTX "
——— = Ba(®)— (15)
T _ n |
e 1 >0 n!

note that B,(1 —x) = (—1)"Bn(x) by definition. The Bernoulli numbers are given by B, = B,(0) and
then B,(x) = Zogign (?)B,-x"_l. It is well known that for any primitive x (mod q) with ¢ > 1, we
have

k—1
LA —k, x)=—1

> x(@B(a/g). (16)

1<agq—-1

(Note that yy = —2L(-1, x2)/q if x has order > 2.) We prove an analogous result for z;(1 —k, x).
First define the functions p; s(x, y) where r,s are positive integers with r +s =2k, and x, y € K,

_11 F=T\(s =T\ hor1-h ics—1-i
Prsy) = ) (h )( l. )xx y'y

(where (711) =1(-1iifi>0,and (711) =—2(=1' if i <0); and, in analogy to (1.2),

Grs(f. )= > x(fm n))&(%)&(%).

o<m,n<qg—1

It can be shown that if x(—1) = (—=D*=1 then (1 —k, x) =0, so we restrict ourselves to the case
X(=1=(=Dk

Theorem 2. For any k > 1 and for any primitive x (mod q) with q > 1 where (q,d) =1 and x (—1) = (= 1)k,
we have

q*vivy
NI

k—1 ¢
) k=YD > prs@j1.a))Grs(Qj. X).
j=1 r,s=0
r+s=2k

91¢ —k,x)=2<

1c. Speculative generalization. The results in Theorems 1 and 2 beg to be generalized, to further
extensions of Q: Now let K be a number field (perhaps one should assume that K/Q is an abelian
extension) of degree D, and let I be an integral ideal of K. We define ¢;(s, x) as above. We may
associate to I a finite set of norm forms f1, f2,..., fr € Z[X1, ..., Xp] each of degree < D: typically
these are the norms for K/Q of algebraic integers of the form Xiwi 4+ Xpwy + --- + Xpwp, where
{w1,wy,...,wp} forms a Z-basis for I. Here ¢ = ¢(I) and the set of forms depend only on the ideal
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class of I. Now to each f; we may associate a finite set of integers S; as well as particular integers
aj,bj. We guess that if x (—1) = —1 then ¢;(0, x) equals

Z Z x(fi(mi, ... mD))gD<n; mD) + Brx. DZGJ > x@))

j=1 njesS;

for some homogeneous form gp(Xy,..., Xp) of degree D which is independent of K, and certain
easily described algebraic integers By p, also independent of K.

Note that Theorem 1 is a special case of this taking g>(X,Y) =2XY, S;={f;(1,0)} and By > =
2B,.

XPerhaps one should check our conjecture above first in Q(¢s).

There have been generalizations of earlier formulae to number fields K. Khan [8] applied Stark’s
ideas to compute partial zeta values in totally real cubic number fields. Subsequently, Gunnells and
Sczech [5] provided a most elegant and far-reaching generalization of Zagier’s ideas. It may well be
that what we are asking for above can be deduced directly from the work of Gunnells and Sczech [5]
in much the spirit of this paper, though we have not as yet tried.

Our speculations above complement, in some sense, the much deeper conjectures made by
Stark [13]. In Stark’s conjecture the value of the L-function is given in terms of a unit and is thus
“basis-independent”, something which our speculations are not. A more geometric formulation is to
think of G(f, x) as the discrete analogue of the integral of a continuous function of f, on the unit
square. In other words if H is a function of one variable then one can consider the integrals

1 11
/H(t)tdt and //H f, u) tududt

t=0 t=0u=0

where f is homogeneous. Our g-analogues of these are where we take H(x) = x (q%x), t =m/q, u =
n/q (with d = 1,2 respectively), and replace the integrals by the sum over those points (t,u) for
which qt, qu € Z, obtaining the functions in (1.1) and (1.2).

1d. Small class numbers and fundamental unit. In [1,2] Biré6 determined the complete list of d of
the forms n% + 4 and 4n? + 1 such that Q(+/d) has class number one, so resolving the Yokoi and
Chowla conjectures, respectively. In [3] Byeon, Kim and Lee applied his method to determine those
n for which Q(+/n? —4) has class number one, so resolving Mollin's conjecture; then Wang [14]
determined those n for which Q(+~/n? — 2) has class number one. Byeon and Lee [4] determined those
n for which Q(v/n2 + 1) has class number two; and finally Lee [9] determined all those d =n? 4+ 1 or
n® + 4, which are squarefree and 5 (mod 8), for which Q(ﬁ) has class number two.

Notice that the fundamental unit €4 = (ug + vd«/a)/Z with ug, vg > 0 satisfies |eg — vgv/d| <
3/vd«/a, so that €4 is very close to an integer multiple of +/d. Therefore the smallest €; can be
as a function of d, is close to 1 x +/d, that is v4 =1, in which case d = u?+4. If vy =2 and d is prime
then u = 4n for some integer n and thus d must be of the form 4n? + 1. Now, Dirichlet’s class num-
ber formula tells us that h(d)logeys = w/dL(1, (./d)), so if h(d) =1 and €4 is no bigger than some
fixed multiple of +/d then we deduce that L(1, (./d) < logd/\/c_i. This only happens for finitely many
d, by the ineffective Siegel’s theorem. A variant of Siegel’s theorem, due to Tatuzawa, allows one to
easily determine all d with h(d) =1 and €4 < +/d, with at most one possible exception: one does not
expect that there are any exceptions but the proof does not permit one to check this. Even the much
celebrated lower bounds of Goldfeld, Gross and Zagier, do not help with this problem, so the results
of [1,2] overcame what had been longstanding open problems.

Our Theorem 1 extends the formulae of [1,2], allowing us to check those results and to extend
them somewhat.
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2. Notation

Let Ir(K) be the set of nonzero fractional ideals of K, and let Pr(K) be the set of nonzero principal
fractional ideals of K.

If 1,1, € Ir(K), we say that they are relatively prime and write (I1,I2) =1, if expressing the
fractional ideals as quotients of relatively prime integral ideals: I1 = albl’l, I, = azbz’l, the integral
ideals a1b1 and ayb, are relatively prime.

For B € K let Tr(8) = B + B. If q is a positive rational integer and 81, 8; € K, we write g =
B> (mod q) if there exists a rational integer n with (n,q) =1 such that n(8; — 82)/q is an algebraic
integer.

Let 0 < €4 <1 be a fundamental totally positive unit (i.e. a generator of the totally positive units),
let m be the smallest positive integer such that € =1 (mod g).

Let I € Ir(K), and assume that (vq, vy) is a Z-basis of I for which vy > 0 and such that o =
vy/v1 where 0 <o <1 and the regular continued fraction expansion of « is purely periodic with
least period ¢ and expansion (1.3). Let L = [2, ¢] denote the least even period of the expansion, and
I =L/2. Recall the notations «; from (1.4). We have €, o, =y, for r > —1, in particular €; = oy _1,
ei‘ =aym—1. It is clear that (vioj_1, vij) is a basis of I for any j > 0.

Let (N)q denote the least nonnegative residue of N modulo q. Let [t] denote the least integer not
smaller than t.

Now, if v € I, then C;, D are selected to be those unique rational integers that satisfy

Cjviaj_1+Djviaj=v forall j > 0;

and then we denote c; = (Cj)q/q and dj = (Dj)q/q. It is clear that cj;;m =cj, dj;1m =d;j. If we want
to denote the dependence on v, we write C;(v), Dj(v),c;j(v),d;(v). Note that since e, o =i we
deduce from the definition that C;;(ve;)=Cj(v) and Dj (vey)=D;(v).

It is a simple matter to establish, using the recursion formula «j_» +ajoj_1 =« for each j > 1,
to show that

Djy1=Cj and Cji1=Dj—ajy1C; forall j=>O0. (21)
Therefore aj1cj —d;j +cjy1 is an integer and 0 < c¢jyq <1, so that
[aj11¢j —djl=ajq1¢j —dj+Cjp1 =aj41Cj — Cj—1 +Cjy1- (2.2)
3. Evaluating a sectoral zeta function

Let I e Ir(K), v €I, let q be a positive rational integer such that (v,q) = (I,q) =1 (where we
write v and q for the principal fractional ideals generated by these elements), and define

v = Y (No)™,

aePy v q
where Pjyq={ae Pp(K): a=(B) for some gel, p=v (mod q), B> 0}.
Theorem 3.1. If (v, q) = (I,q) = 1 then

Lm—1

l1vq(0) = Z (—1)j(%32(dj) +dej).
=0
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Our proof of this theorem is based, first of all, on Shintani’s method, but to get this simple form,
we use ideas from [6] and [1]. The most important idea used here from [6] (which, as Hayes writes,

goes back to [16]) is (in the language of [6]) subdividing the fundamental domain into sectors before

m
applying Shintani’s method. (In our language this means that we write the set Q,(V;’qvlé*) below as

a disjoint union of smaller sets.) However, we subdivide the set into fewer parts (using the regular
continued fraction expansion instead of the type II continued fractions) than it is done in [6]. Inside
a given part, we can give a simple formula (see Corollary 4.2 below) for the value at 0 by general-
izing the proof of Lemma 1 of [1]. In the case of the special fields and principal I considered in [1],
essentially one application of our present Corollary 4.2 led to the final result, here we have to apply
this corollary several times. It is likely that our formula could be also derived from the CF-formula
of [6] by summing over collinear vertices of the convexity polygon; this summation step would then
correspond to our Corollary 4.2.

If g is fixed and we vary the field K, our formula consists of fewer terms than the CF-formula
of [6]: the CF-formula in this case has around a; +az + --- 4+ a; terms, while our formula has O (L)
terms. So, if ¢ and L are fixed, our formula has a bounded number of terms, which fact was very
important in the proofs in [1,2].

4. Shintani’s theorem

ab

For a matrix (
cd

) with positive entries and x > 0, y > 0, define
a b =
) )
;(s, <c d) (%, y)) = Y (am +x)+bm2+y) " (cti+x +dma+y) .
n1,n2:0
The Corollary to Proposition 1 of [11] implies the following:

Proposition 4.1 (Shintani). For any a, b, c,d, x > 0 and y > 0 the function

EHE

is absolutely convergent for is > 1, extends meromorphically in s to the whole complex plane, and

a b 1 c a d b
§(O,<C d)’("’y)):Bl(")31(5’)+1<32(")<3+5>+32(y)<2+5>>'

The Bernoulli polynomials B (t) have the remarkable property that
k—1 ]
> B¢ <t + E) =k~ VB, (kt). (4.1)
j=0

We deduce the following:

Corollary 4.2. Let (e, f) be a basis of I, t a positive integer, e* = e + tf, and assume that e, e* > 0. Fur-
thermore, let w = Ce 4+ Df with some rational integers 0 < C, D < q, and write ¢ = %, d= %, §= %.
Let

Zs)=Y (BB

BeH
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with H={g €I: p=w (mod q), B = Xe + Ye* with (X,Y) € Q?, X >0, Y > 0}. Then

. t(, 1 d-—3$ —f f
Z(0)=A(1—-c¢c)+ §<c —Cc— 6) + 5 +Tr(@>32(8) +Tr(E>Bz(d),

where A = [tc —d].
Proof. Note that A = [tCT_D] = % =tc—d+ 3 and therefore 0 < A <t. Let 8 = Xe + Ye* for
some rationals X > 0, Y > 0. Write X =qgx +gn; and Y = qy + qn; for some nonnegative integers n;

and ny and rational numbers 0 <x <1, 0 < y < 1 which can be done in a unique way. Then, on the
one hand,

BB =q*(e(n1 +x) +e* (2 + ) (E(n1 + ) + € (n2 + ¥));

on the other hand we have that 8 €I and 8 =w (mod q) hold if and only if xe + ye* — (ce +df) € I.
Therefore

1 e e*
Z0=m 2 :(s,<é e—*>,(x,y)>

(x,y)eR(C,D)

where R(C,D):={(x,y) € Q*: 0<x<1, 0<y <1, xe+ ye* — (ce +df) e I}. Therefore by Proposi-
tion 4.1 we get

e e*
zo= Y (31(X)31(Y)+Tr<4e*>32(x)+Tr<E)Bz(J’))-

(x,y)€R(C,D)

We observe that for any m,n we have

=3

_ m ,x
o (o )eene
q q

and so it is easy to see that the possibilities for (m,n) having (x, y) € R(C, D) with

_ 1 m 1m
("’”—<a("‘?)’a?)

dare

. j tC—D
mj:D-i-]q, m:C—i—q[l—l—%—%]

with any integer 0 < j < t—1. This is so because the possible values of m are obviously these t values,
and once m is fixed, n is unique. Now

j tC—D
014l UE=Da_

C ifO<j <A,

2, Sonf:{CJrq fA<j<t
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and therefore

t—1

e*
20 = Z(Bl(x]w](yj) +Tr(4 )Bz(Xj) +Tr(4 )Bz(yp)

j=0
where

d+ i
J’j=% for0<j<t, and xj={

c—Yj if0<j<A;
c+1—-yj ifA<j<t.

Now, by (4.1) we have

t—1

d 1
ZBz(y,) - ZBz< “) = +B2(@):

and

t—1

- En(1f) E(22)

t—1 1

= ZBz<k—) = ZBZ<‘ST+'> = B209).

Now since B3 (x) 4+ B2(y) +2B1(x)B1(y) = (x+y — 1)? — } we easily deduce that

t—1
t
> (Ba()) + Ba(yj) +2B1(x))B1(y)) = Alc = 1)* + (t = A)c? — 2.

j=0

The result then follows from the last four displayed equations, and the facts that

1 _ *
Tr ¢ ——=Tr—f and Tre— —l=Tri . O
4te* 2t 4e* 4te 2t 4e

5. Special value of the sectoral zeta function

Proof of Theorem 3.1. If a € P; 4 and a = (B) for some B eI, B=v (mod q), B> 0 then, since
(v,q) = (I,q) =1, the generators of a with these properties are precisely the numbers g(e’")/ for any
integer j. Therefore,

Gva® =0 Pis) where ¢ 812 5):= 3 (8B,
B

the sum over g € Ql(f;vl,};ﬂﬂ ={Bel: B=v (mod q), B> 0, B2/B2 < B/B < B1/B1), for any given
B1,B2€K, B1,B2>0.
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Since & < 0 and v1 > 0 we deduce that vio_1 > vi1 > viaz3 >--->0,and 0 < Vi1 < Vi1 <

vias < ---, so that vie_1/via—q > vio1/viag > vias/vias > --- > 0. Recalling that GT = W2lm—1,
m
we deduce that Q,(V‘/‘_’qvﬁ*) is the disjoint union of the sets

Q (ViQ2r—1,V1Q2r+1)

Iv.g for0<r <im

so that

Im—1

(Vidor—1,v10r41)
{1vg(s) = Z Cl,vl.,q r—1 ) (),
r=0

Now Q,(.Vvl(;zr""vl“zr“) is precisely the set

{Bel: B=v (modq), B=Xviaar—1+ Yvidarit with (X,Y) e Q% X >0, Y >0},
and since (I, q) =1, we can replace here v by
w = (Car)qV102r—1 + (D2r)qV1aar.
We now apply Corollary 4.2 with e = viayr—1, f = viayr, e* =vioyry1, t =azr41, C = (Cor)g =qCar,

D = (D3r)q =qcar—1, S0 that § =cpr41 and A = (azr41C2r — C2r—1 + C2r41) by (2.1) and (2.2). Therefore
¢1,v,4(0) equals

= a1 1 dor — dari2
> <(azr+1C2r —Cor—1+C2r+1)(1 —C2r) + rT+ <C§r —Cor — E) + %)
r=0

Im—1

(2%} —0
+ Y (Tr( —"— )Ba(car-1) +Tr — )Ba(cars1) )-
e 4or 1 4aor 41

Now,

G Q42 O(r41)
4ator 1 4 402 (r41)-1

and so, since aji; =aj, Cjtim = Cj, dj1m =dj we deduce that
Lm—1 a;
£1,v.q(0) = Z (_1)]<5132(dj)+cjdj)- O
j=0
6. Two-dimensional “Gauss sums”

Throughout this section, we assume (q,2d) = 1.
Let x be a character (mod q), with g > 1, and h(t) € Z[t]. Define

goem =) xmhn/qg).

ongq-1
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It is well known that L(0, x) = —g(x, t). Furthermore, if x (—1) = —1 then g(yx,t%) = g(x, t) since

gx.®)= Y xmm/*= Y x@—m-n/g?=—g(x,)+28(x.t)—g(x.t%).

1<n<g—1 1<n<g—1

For f(x, y) = ax® + bxy + cy? with (q, 2d) =1 where d = b? — 4ac, we define

g0 fohy= ) x(fm,m)h/g).

o<m,n<q—1

For ¢ odd we have x (f(m,n))B¢(n/q) = —x (f(@q—m,q—n))B¢((q—n)/q) by the property of Bernoulli
polynomials mentioned below formula (1.5), and so

g fBO=Be©) > x(fm,0)=Bex@ Y = x*m)

o<m<qg—1 os<m<qg—-1

which equals 0 unless £ =1 and x has order dividing 2 in which case we get —x (a)¢(q)/2.

For h =1 (£ =0 above) we note that there exists g (mod q) such that x(g) #0, 1, and that one
can show there exist integers r, s for which r2 —ds? = g (mod q). But then replacing the integers m, n
by M, N in the sum where (aM + bN) + fN = ((am + bn) + Vdm)(r + +/ds) we find that the sum
equals itself times x(g) and thus g(x, f,1) =

Factoring g =[7; pe we can write x =[]; Xz where Xi is a primitive character mod p i for each i.
Then x_ is the product of the x; of order two (and thus x_(.) =(./q-)), and x4 is the product of
the x; of order > 3.

By the Chinese Remainder Theorem, for any polynomial F(x, y) € Z[x, y], we have

g-1 p;' -1
Y x(Fmm)=]] Z Xi(F@mi,m). (61)
m=0 i mj=

If x (mod p) has order > 2 then |J,|=./p; if x has order 2 then J, = —(‘71). Moreover one
has that J, =[T; Jx:-

Proposition 6.1. Let x be a primitive character mod q > 1, and ¢ an even positive integer. Let ¢, :== By /¢ (£) =
2(=D)2+1¢1/(2m)¢. Then

d
g(x,f,Bo=cu‘<(a)x(d><a>x( DTGOAL(L, X2).

Note that this also holds if x =1 in which case L(¢, ¥%) = ¢(£), so that the above reads B, =
ces(f).

The expression on the right-hand side here involves an infinite product. However we can rewrite
this as

gx, f, Bz)—x(a)x(d)( )ﬂxz

where

p xi(p)—1
=X (=1) 2B 2) <+7)
Bre = X+(=1Jyx 8(x* B ) (g p];[ 2 () 1
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something that can evidently be determined in a finite number of steps. Note that if y has order 2
then By ¢ = qBeu?(@) [1,4(1 — p~*). We also have By » = By.

Lemma 6.2. Let y be a character (mod Q ) which induces x (mod q). Then

g, By) -1
By==——"= ] (- ¥ (p)).
g(Xx. Be) @/Q)1 (1-p ()
plg, ptQ

Proof. By writing N =n+ jQ we find, by (4.1), that

kQ—1 Q-1 k—1
D UNBeN/KQ) =D yr(m) ) Ben/kQ + j/l) =k~ Vg(y, By). (62)
N=0 n=0 j=0

Let m= nplq,PTQ p. Then, writing n = Nd, we have that g(x, B;) equals

5 bl 20, B)
> YymBen/q)=)_ud) Y ¥(dN)B(N/(q/d)) :Zﬂ(dﬁ/’(d)—’f,p
(nnrr?)O:1 dim N=0 dim (q/dQ)

by (6.2), and the result follows. O

Lemma 6.3. Let x be a primitive character (mod q), where q is power of prime p. Then

q-1 d XDy ff=0,
Zx(drz—pf)=(—)- (p—1)  iff>1and x()=(/p),
r=0 q 0 if f > 1 otherwise.

Proof. If ¢ > p? and f > 1 then we see that if p{ro then {dr’ —p/: 0<r<q—1, r=ro (mod p)} =
{(dr% —pH(1 +ps): 0<s<q/p—1} and so we see that the sum over these r is 0.

Ifgq=p and f > 1 then our sum is x (d) ZO<r<p 1 x2(@).

If f =0 write = p® where e =2k >2 or 2k — 1 > 3 for some k > 1. The terms for which p* |r
contribute x (—1)p¢~* to the sum, in total. The other terms are partitioned according to the power
of p dividing r. So, writing r = p/R with p 1R, we obtain the sum

g..

k—1 p¢i ‘
x (dp* R?* - 1). (6.3)

Il
_

j=0

=
=
=

Note that for j <k—1, {dp>R>—1: 1 <R < p*~J, R=Ro (mod p)} = {(dp*'RZ — 1)(1 +p**1s): 1<
s <p® 71} if pfRo(dp?/R3 — 1), and thus this subsum equals 0 unless j=k—1 and e = 2k — 1. Thus
if e =2k is even, the sum in (6.3) is 0 and our total is X(—l)pk. Ife=2k—12>1is odd our total is

k

p p—1 .
d
X(=Dp T+ Y x(dRPq/p—1) =p" (-1 ) (l+<;]>>x(1—qu),
R=1 j=0

ptR
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which equals p* Ty (- 1)( )Z ( )X(l — jq/p). Notice that this is (d/p) times the same sum with
d = 1. However if d =1 we see, by takmg r =1+ 2m, that our sum equals x(—4)]J, and thus the
result.

If g=p and f =0 note that if (v/p) = —1 then the union of the two sets {vrZ —1: 0<r<p—1}
and {r>2 —1: 0<r < p—1} gives us two copies of {r: 0 <r < p — 1}, and so our sum equals (d/p)
times the sum with d = 1. But then writing r =2m 4 1 we obtain x(—4)(d/p)Jy. O

Corollary 6.4. Let x be a primitive character (mod q). Then

q—1

d
> x(m* —dn?) = X+(—4dﬂ2)<a>1x+u(qf/(n, a-))¢((n,q-)).
m=0

Proof. By (6.1) we have

g-1 pi'—1
me—dn HZX,m—dn
m=0 i m;=0

By Lemma 6.3 the ith term is zero if p; | (n,q4), and thus the whole product. Therefore we now
assume that (n,q+) = 1. If p; | q+ then, by replacing m; by dnr, our sum becomes

pi' -1
xi(dn?) Z xi(dr* —1);

r=0

and so the total contribution of g is, by Lemma 6.3,

d
o (—adn?) () 1.
q+

Let g=(n,q-). If p| (q—/g) then, similarly we have

(5T)=G)R) -G G o=

m=0

since J(/py = —(=1/p); and if p | g then our sum is simply p — 1. Therefore the total contribution
of g— is u(q-/g)¢(g). O

Proof of Proposition 6.1. For now assume, that (a,q) > 1. If p | (a,q) then the result will follow
from (6.1), and from the result for ¢ = p®, which we now prove: Since p |a we know that ptb (as
p1d). We may assume p {n else the sum is 0. But then p t2am + bn, and so, by Hensel's lemma, for
each mp (mod p) with p{ f(mg,n) we have {f(m,n) (mod q): m=mg (mod p), 0<M<Lqg—1}=
{f(mp,n)(1 +rp) (mod q): 0<r<q/p— 1}; and thus the sum over such m is 0, unless g = p. In
that case we write x (f(m,n)) = x (r)x (n) where r = bm + cn varies over the elements (mod p) as m
does, and thus our sum is 0.

So now assume that (a,q) =1, and therefore x (f(m,n)) = ¥ (4a)x (> — dn®) where r = 2am + bn,
and so r varies over the elements (mod q) as m does. We now substitute in Corollary 6.4 to obtain
that our sum equals )?(a))((d)(g))@r(—l)jx+ times
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> xFmB/gu(g-/(,q-))¢((n.9-))

ongq—1

=Y > XAmBin/uq-/9)é(@
glg- 0<ngg-1
(n,g-)=g

=Y u@-/9¢@x3© Y,  xi(N)B(N/@/g)

glg- 0<N<q/g-1
(N,q-/8)=1

writing n = Ng. In this last sum we can replace Xi by x++ (mod q/g), the character induced by Xi,
so that the sum equals g(++, B¢). By Lemma 6.2 this equals g(x?r, By) times

1
2 1=/ @x @ [T (1-p7"x2m)
glg- 1-/8 pl@-/8
1
= [T @0-Dxim) - (1-p""x2m)).

plg—

and thus g(x, f, Be) = )_((a)x(d)(%)ﬂx,g after another application of Lemma 6.2.
The functional equation yields, for a primitive character » (mod q) where ¢ > 1 and ¥ (—1) =1
(see, e.g. Chapter 4 of [15]), that L(1 — ¢, ¢) =0 if £ is odd, and

1)
q

L(¢, )

LA—¢,y) = 2(—1>Wr(z><%)

if ¢ is even. Now, in (1.6), we saw that L(1 — ¢, ) = —q*~'g(y, B¢) /¢, and so, if £ is even then

g, Be) = cet (W)L, ¥). (6.4)

Now, in the proof above we have that xi is primitive (mod q+) and that

1
Bro=x+(-Dly, = [ (0 %3 () = 1)2(x3. Be).
—  plg-

which, when combined with (6.4) taking v = )(i, equals
2 2 =2
X+ (=D Iy, T(x2)a-x5@)L(€, X°)

since [y, (p*x3 (P) — DL(C. x3) =" X3 (q-)L(E. X?).

Suppose that v; is a character mod q; for j =1,2 where (q1,q2) = 1. Writing each ¢ (mod q1q2)
as bq1 +aqz (mod g1q2) we obtain, from definition, that T(¥1v%2) = Y ¢ (mod g4, (W1¥2) ()27 /0192 =
D 4 (mod q1) 2ob (mod qp) ¥1(aG2) W2 (bq1)e? YN e2TD/82 — vy (q2) Y2 (q1) T (Y1) T (Y2). We also note that
since y_ has order 2 thus t(x_)2 = x_(—1)q_; and also, since x. is primitive thus t()(_%)])pr =
7(x4)? (we present a proof of this identity below). Combining all of this information with v = X}r'
Yo = x— yields
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XDt (x)? = x+(—1)xf(—1)(X+(qf)xf(q+)t(X+)r(x7))2
= X+ (DY (=D x2 @)t (x2) Jy, x-(~Dg-
= x+ (=D, T(x3)q-x3@q-).

We therefore deduce the result.

We end this section by proving the identity 7(x2) ]y, = T(x+)* used above.

Note that if x; (mod q;) are primitive characters with (q1,q2) =1 then Jy, 5, = J4, Jx, is imme-
diate from definition.

Now, by the definition of x,, we can write x = x1x2--- xx where x; (mod q;) are primitive of
order > 2 and the q; are powers of distinct primes. We will prove our identity for each prime power
and then we can deduce the result since

(X202 Txe = 2@ x2@)T(X2) T (X2) s Jo = (1 @2) x2(@) T )T () = 7 G x2)>.

So suppose x is a primitive character of order > 2, modulo g, a power of prime p > 2. The sums
below are over all of the residues mod gq. Fix pm where 1 <m < q/p. We will show that if g > p
then ZHDEW (mod q), a=ao (mod q/p) X (@ X (b) =0 for any ao, so that ZHbEPm (mod ¢) X (@ x (b) =0:
If p |ap then each x(a) =0 and we are done. Otherwise, writing a =ag + k(q/p) = ap(1 + k(q/p)/ao)
so that b= pm—ap—k(q/p) = (pm—ap)(1+k(q/p)/ap) (mod q), our sum becomes x (ap) x (pm —aop)
times » y <<p X (1 +k(q/p)/ag)?* = i<ksp X (1 +2(q/p)/ag)* =0, since x has order > 2 and p # 2.
Now if g=p then Y ;o (mod py X(@x () = x(=1) > x%(a) =0 since x has order > 2. Thus we
have proved ;. p—y mod ) X (@ X (b) =0 whenever p |n.

For (n,p) =1, by writing a = nA, b =nB (mod q), we obtain ), ,_ . (mod g X @ X () =

X)X a1 B=1 (mod g X (A) X (B) = x*(n) ] . Thus we have

t(xXP)Ix= Y. X*Wixem/p=)_ Y  x@xben/9=t(x)? O

(n,p)=1 n  a+b=n (mod q)
7. Simplifying the formulae

Let x be a character of conductor q. One knows that if x(—1) =1 then ¢;(0, x) =0 so we will
assume henceforth that x (—1) = —1. We assume that (q,d) = 1.

Recall from Section 2 that L =[2, £] denotes the least even period of the expansion, and [ = L/2.

Let

X (Na)
(Na)®

)

;r(s7 X)= §§(1)(5s X) = Z
a

where the sum is over all integral ideals of K which are equivalent to I in the sense that a = (8)I
with 8> 0.
We first evaluate this function at 0 in the following theorem, and then we deduce Theorem 1.

Theorem 1*. Suppose that x is a primitive character mod q > 1 where (q,2d) =1 and x(—1) = —1. We
have

4 1 d 4
&0, /W0 = G(fj. 0+ 5x(d)<—>ﬂx > a;%(fi(1.0)).

=1 755
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Note that Pjy g = Pje,v,q, Since we may replace 8 by B¢, in the definition of the set P. As
noted at the end of Section 2 we have Cj; (vey) =Cj(v) and Djy;(vey) = Dj(v). Inserting these
observations into Theorem 3.1 gives that ;v q(0) =",y Zi,w,q Where V = {vei: og<i<m-—-1}
and

L ‘ 1
Ziwgi= Yy (1) (cj(w)dj(w) + Eaj152(aj(w))>. (71)

j=1

Note that 587(,)(57)() = {5(171)(5,)() by definition. Moreover {5(171)(5,)() = (NI"H)™s x
Zbepl X (Nb/NI)(Nb)~5 where P; ={b € Pr(K): b= (B) for some 8 € I, B> 0} by definition, so

that g“,*(O,)() = eg X((vVV)/ND)¢1 v q(0). Here R is a complete system of representatives of the
equivalence classes of the set {v € I: (v,q) =1} by the following equivalence relation: v is equiv-

alent to v* if and only if v* = ve+ (mod q) for some j € Z. Inserting (7.1) we obtain, for the set
W :={w (mod q): weland (w,q) =1},

vV ww
§1+(O, xX) = ZX(m)fl,v,q(o) = vgv)(( NI )ZI w.q

veR

—Z( D> (WW><c,(w)d,(w)+ a]Bz(dJ(W))>

weW

In fact W = {v (mod q): (v,q) = 1}. To see this note that W contains an element from every
congruence class modulo g which is coprime to g, since if v is any algebraic integer of the field which
is prime to g, then vNI®@ js in I, and it is congruent to v modulo g (remember that (q,I) = 1).
Therefore

L

) cC D i D
Gro, 0 =) (-1 " x(Qj(c,D>)(E~E+“2—’Bz<E)>

j=1 0<C, D<g—1

L
= Z(—nf(c(czj, X+ %]g(x, Q;, Bz))-

j=1

Note that if ¢ is odd then | =¢ and Qjy; = —Q; for all j >0, as well as aj;; = aj, so that
G(Qj1, x) = —G(Qj, x). Note also that fj = (=1)/Q;; and that g(x, fj, B2(t)) = X (fj(1,0)) x
X(d)(%)ﬁx,z by Proposition 6.1. Therefore the above can be rewritten as

&0, x)/(L/Z)—ZG(f] 0+ X(d)< )ﬂsza]x £i(1,0)),

j=1 j=1

which is Theorem 1*.
Now, we can compute very easily ¢;(0, x), using Theorem 1*. Indeed, if ¢ is odd, then there is a
unit of norm —1 in K, so ¢;(s, x) = {,*(s, x). Hence we may assume that ¢ is even. Then

é‘l(sv X) :CFL(S, X) +§Jx)[(s7 X)7
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since & > 0 and & < 0. We prove that §I+(0, X) = ;F&),(O, x), and then we will know that

610 )/2=¢7(0, )/ (L/&)
in every case.
So we prove that {,*(O, X)= C(E)I(O, X), if € is even. A basis of («)I with the required properties
is
(v, v3) = (vaar, (vi —ayva)ex).

Indeed, it is easy to see that (v, vi —ajvy) is a basis of I, voor = viar? > 0, and

v 1 S—
2 .

=—=2=——a;=[0,a,03..., 0, dg11] =: [0, a},....a}].
Vi«

ot

Define the numbers «; for n > —1 analogously with respect to o*, as oy, are defined with respect
to «, and let

fiy) = (—1)j(vToc;{1x +viajy)(vietjax+via*y)/N((@)I) forj=1,2,...

Then a*; =1 and of = —a* =a; — % so we can easily prove (using the recursion formulas and
at=aj;1) that
j I+

Ojt1
a;f _ !
—o

for every j > —1. This implies also f]’-“ = fj+1, so, using Theorem 1*, we are done, i.e. Theorem 1 is
proved.

8. Further special values: Theorem 2
Shintani in [11], Theorem 1 showed that (1 —k, A, (x.y)) equals (k — 1)!? times the coefficient

of U2k=Dzk=1 in (we write x* =1—x and y* =1 —y)

(8.1)

1 eU(Z(ax*+by*)+(cx*+dy*)) eU((ax*+by*)+Z(cx*+dy*))
5{ (eU(aZ+c) _ l)(eU(bZJrcl) -1 + (eU(aJcm) _ 1)(6U(b+dZ) -1 }’

which is a polynomial in x* and y*. It is convenient to make a change of variables, replacing UZ by z,
and U by u, so that the first of these two terms equals

e(az+cu)x* e(bz+du)y*
(8.2)

eaz+cu _ 1 ’ ebztdu _q

and the second is the same but with u and z interchanged. We may expand this using (1.5), and it
is then tempting to state that we seek the coefficient of (uz)*~': however this is only really valid for
polynomial terms, for some care must be taken with the “expansion” of 1/(az + cu), since we do not
know, with this choice of variables, whether to expand around z =0 or u = 0. Tracing this back to the
variables U and Z, we see that we should in fact expand around z = 0. As we mentioned above, if we
interchange u and z then the two functions in (8.1) appear to be identical, but in fact we must expand
around u = 0 in the second term. Thus we can combine the two expressions so long as, for the non-
polynomial terms, we take the mean value of the two polynomials that appear from the two possible
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expansions (and this is the meaning we use henceforth). Therefore, using B, (1 — x) = (—1)"B,(x), we
see that (1 —k, A, (x, y)) equals (k — 1)!* times

By (x) Bs(y) F=1\(S=1\ pii ro1-hs—1-i
E p p E < h )( ; )a b'c d . (8.3)
r,s=>0 h,ieZ
r+s=2k h+i=k—1

We now develop the generalization of Corollary 4.2, taking our matrix to be as in Corollary 4.2,
and now writing e=a, e¥*=f=e+ty, f=y. (That is, we take a=o, b=, c=a, d = above.)
We wish to sum over the values (x;, yj) where yj=(d+ j)/t for 0< j <t —1, while xj =c—yj if
0<j<A andxj=c+1—-y;if A<j<t. Now if x=C — y then the exponent in the numerator of
(8.2) is CL +tNy where, for convenience, we temporarily write

L=za +u®@, M=zBf+uB, N=zy-+uy, (8.4a)
with M =L + tN. Thus the sum of the numerators in our range is

ecL+Nd

A-1 t-1
ecl+Nd ((1 —eh) Y M tet Ze”f) =¥ (1—eb)(1—eM) +et(1-eM))
=0 =0

B eCM+6N(eL —1) - eCL+dN (eM -1

1—eN ’

where § =d + A — tc. Therefore Z(1 —k) is (k — 1)!2q2*=D times the coefficient of (uz)*~! in

cL dN cM SN

e e e e
el—1 eN—1 eM_—_1 eN—-1"

(8.4b)

Next we make the substitutions of Section 5 (writing 8; = vy« for convenience). When we take
the sum over r (as there) we obtain that

Lm—1
Cvg(1—k) = = DEEED S (—1)IT;v)
=0

where, using the same expansion as in (8.3),

eCj(Zﬂj—1+qu—l) efj—l(zﬂj+u/§j)

T;(v) := coeff of (uz)*!in _ : _
eZBj—1+ufjia _ 1 ezBituBj _q

= E Br(cj)Bs(dj)prs(Bj-1. B))
r,s>0
r4s=2k

since c¢j_1 =d;. Noting that p,s(nx, ny) = (Nn)"qpr’s(x, y) for any 0 « n € K, by definition, we see
that each p;s(Bj-1,8)) = (Nv1)"‘1pr,s(aj_1,ozj). Moreover since oy = €4, Cjy(Vey) = ¢j(v)
and dj;1(vey) =d;j(v), we thus deduce that T;;;(vey) = Tj(v). Hence we can obtain the analogy
to (7.1), and from these we deduce Theorem 2, as in Section 7.
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Remark. When we specialize Theorem 2 to the case k =1 (that is, Theorem 1), we obtain

J4
a0, 0=2y >  x(fimn)

Jj=1 0sm,n<q—1

1/ «j oj n m n 1/07  ojq m
X1~ ==+—)B2 =) +Bi| = |Bi| =)+ =— +—|B2| —
A\ajiq  ajq q q q 4\ aj oj q

and there is no obvious cancellation here. However if we look at the T;(v), then the two outer terms
here correspond there to

- Z( 1)1{( +—j>32(cj_1)+(af—_‘1+ﬁ)32(cj)}
oj1q aj1 aj oj

which surprisingly equals %Z§251(—1)jaj32(cj,1). since oj/aj_1 =aj+ oj_p/oj_q1. Carrying this
simplification back through the argument gives us that

¢
m n aj; n
a0 =2y Y, x(f,-(m,m){sl(—)B] (—) + 5’32(—)}
j=10<m,n<qg—-1 q q d
as in Theorem 1. We do not know how to generalize this cancellation for larger k.
9. Examples

We start with a definition. If f(x, y) = ax® +bxy —cy? is a quadratic form with integer coefficients,
let f(x,y) =cx? +bxy —ay?. Note that if x (—1) = —1, then

G(f,x)=G(f, x)—8(f, x.0),

this can be seen from the change of variables m — n and n — q —m. Then, if x has order > 2, we
have G(f, x) =G(f, x), since we saw near the start of Section 6 that g(f, x,t) =0 in this case.

In each case here we explore the principal ideal class, and we assume that x has order > 2.
Yokoi’s discriminants: Let d = p2 + 4 where p is an odd integer. Let o = (~/d — p) /2 =10, p] so that
¢=1, with vi =1, v =«. Then fi(x, y) =%+ pxy — y? so that

20, x)/2 = Z X(mz—i—pmn—nz)aa—i-— ()( )ﬂx

1<m,n<q-1
Chowla’s discriminants: Let d = 4p2 + 1 and a=Kd+1-2p)/2=10,1,1,2p —1] so that £ =3,

with vi =1,v, = . Then f; (x y) = px* +xy — py? with fo(x,y) = px* + 2p — Dxy — y* and
f3x, y) =x*+ 2p — D)xy — py* = f, so that

1
210, x)/2=G(f1, x) +2G(f2, x) + (p —3 + )‘((p)> X(d)< )ﬁx

Mollin’s discriminants: Let d = p% + 4p where p 1s an odd mteger and o = (f p)/2=[0,1, p] so
that £ =2, with vi =1, vy = . Then fi(x, y) = px2 + pxy — y2 with fo(x, y) = f1 so that

4100, x)/2=2G(f1, x) + 5 (p+x(p)) (d)< )ﬂx
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Note that if h(d) =1 then p must be prime else if p =ab then the ideal (a, (Wd— D)/2) gives rise
to the different continued fraction (+/d — p)/2a=1[0,a,b].

10. Class number one

Let {k (s, x) =Y q X (Na)/(Na)* where the sum is over all integral ideals of K. Evidently if h(d) =1
then this is identical to ¢;(s, x), where I is a principal ideal. On the other hand we know that

¢k (s, x) = L(s, x)L(s, X xa)

where x4 = (./d). Moreover for d =1 (mod 4) and x(—1) = —1 we can use (1.1), to deduce that

¢k, x) = g(x.)g(X Xd-t). Let my :=qg(x.t) and note that g(x xq,t) is an algebraic integer in
Z[x], see p. 88 of [1]. Let Ay (p) :=q¢;(0, x)/2. Now if h(d) =1 we have q¢;(0, x) =myg(X xd,1);
and so my | 2A, (p). Let By =qBy and Cy(p) ::qu»=1 G(fj, x). Suppose that P is a prime ideal
which divides my and thus 2Ay (p), and assume that (P,2By) =1.

If p=p’ (mod q) then

e For d = p? + 4, we have Ay(p)=Ay(p)+ %(p —p’)X(d)(g)BX, and so

L dN2AG) | (d) 26,) _
p=p x@b(q)—ﬁir——— x«b(q) L2 (mod P (101)

o Similarly for d = 4p% + 1 we deduce that

- _ v d CX(p/) S/ 1
P=—X(d)<6)T—X(P)+E (mod P)

e and for d = p% + 4p that

d\ 2C !
pz—ﬂm()—l@l—z@0<mwpy
q By

Now if ¢’ is the rational prime dividing the norm of P then this forces a congruence for
p (mod ¢’). In other words, we have a strange phenomena that the value of p (mod q) forces the
value of p (mod ¢q’), and from this we strive for a contradiction.

We work with some of the same characters from Section 4 of [1]: Characters x; (mod 7 -5%) and
X2 (mod 61), are given on primitive roots as

X1,52(2) =8 (mod Py), X1,7(3) =47 (mod P;), for a certain prime ideal P; | 61;
X1.52(2) =380 (mod P,), X1,7(3) = 1406 (mod P,), for a certain prime ideal P, | 1861;

x2(2) = —28 (mod P3), for a certain prime ideal 5 | 1861.

Now in each case here we have By = —J, Y97} x2(n)n/q. Using Maple we find that B,, =
51 (mod 61), By, =121 (mod 1861), By, =945 (mod 1861).

We use these formulae as follows: Suppose that h(d) =1 for a given p where (g) = (%) =-1; and
suppose that p = po (mod 175). Using x; we deduce that p = p; (mod 61), and from this, using x>
we deduce that p = p3 (mod 1861). On the other hand, using x; we deduce, from p = pg (mod 175),
that p = p, (mod 1861). Typically p; = p3 (mod 1861) (using Maple).

For d = p% + 4 the exceptions are when p = +3, 48,413 or +17 (mod 175). We discover that,
in each of these cases, p = +3,+8,+13 or 17 (mod 175 x 61 x 1861). But the only ones of these
cases for which (bfi—]) = (%) = —1 are when p = +13 (mod 175). This is as was found in [1]; the
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final case was ruled out by using a character x3 (mod 61) to show that p belongs to a certain residue
class (mod 41) implying that (%) =1.

For d = 4p% + 1 the exceptions are when p =42 or £13 (mod 175). We discover that, in each
of these cases, p =42 or £13 (mod 175 x 61 x 1861). But the only ones of these cases for which
(%) = (%) = —1 are when p = £13 (mod 175). This is as was found in [2]; the final case was ruled
out by using a character y3 (mod 61) to show that p belongs to a certain residue class (mod 41)
implying that (%) =1.

For d = p? + 4p the exceptions are when p =2, 9, 19, —23, —13 or —6 (mod 175). We discover
that, in each of these cases, p=2, 9, 19, —23, —13 or —6 (mod 175 x 61 x 1861). But none of these
cases satisfy (%) = (%) =—1.

A nice corollary of the three theorems (Yokoi, Chowla and Mollin) is the following (for a closely
related result, see Theorem 2 of [10]):

Theorem. Suppose that d > 25 withd = 1 (mod 4). Then —n?+n+(d —1) /4 isprimefor 1 <n < (v/d—1)/2
ifand only ifd = 29, 37, 53, 77, 101, 173, 197, 293, 437 or 677.

Remark. These are exactly the set of class number one fields in this range, from our three cases!

Proof. If d =1 (mod 8) then 2 always divides —n? +n + (d — 1)/4 so we must have Wd — 1)/2<2,
that is d < 25, or 2= —2% + 2+ (d — 1)/4 that is d = 17. Otherwise assume that d =5 (mod 8). Note
then that every —n? +n+ (d — 1)/4 is odd. We will also assume that d > 100.

We now show that we may assume that d is squarefree. Suppose p? |d, then p is odd. Evidently
p? divides our polynomial when n = (p + 1)/2. This is in our range unless d = p?; but in this case
d=1 (mod 8), contradiction.

Suppose that 2 < q < Vd—1is prime with (g) =1and d#1 (mod q). Since (g) =1 there exists
an odd integer N, 1 < N < q — 1 such that N>=d (mod q); and N 21 (mod q) since d 21 (mod q).
Let n= (N +1)/2, so there exists n, 1 <n<(q—1)/2 < (d— 1)/2 such that (2n — 1)> =d (mod q),
that is q divides —n? +n+ (d — 1)/4 = (d — (2n — 1)?)/4. By hypothesis —n® +n + (d — 1)/4 is prime
and so must equal q. Therefore = —n?>+n+(d —1)/4> Vd—1asn<(/d— 1)/2, a contradiction.

Suppose that 2 < g < (+/d — 3)/2 is prime with d =1 (mod q). Then q divides —n? +n+ (d — 1)/4
with n=q+1 < (+/d—1)/2; but then = —n2? +n+ (d —1)/4 > +/d — 1, a contradiction.

Suppose that prime q | d with g < ~/d — 2. Then q divides —n? +n + (d — 1)/4 withn=(q+1)/2 <
(/d —1)/2; but then = —n? +n+ (d — 1)/4 > +/d — 1, a contradiction.

For any quadratic field, every ideal class contains an ideal of norm a < +/d/2; and each prime
factor q of a must satisfy (d/q) # —1. But then, by the previous paragraphs (since each such q is
< +/d/2) the only possible prime factors of a are prime divisors of (d — 1)/4 which are > (v/d — 3)/2.
There can be at most two such prime divisors, perhaps repeated; and so either d =1 + 4p with p
prime, or d = 1+ 4p? with p prime, or d =1+ 4p(p + 2k) for k > 1, where p, p + 2k are both prime.
In this last case k=1 else d =1+ 4p(p + 2k) > 1 + (+/d — 3)(+/d + 5) > d, a contradiction. Thus,
besides the principal form (1,1, —(d — 1)/4), the only other possible reduced forms are (p, 1, —p)
when d = 1+ 4p? with p prime, or (p,1, —(p +2)) when d=1+4p(p +2) and p, p + 2 are both
prime. However, in the first case one easily sees that (p, 1, —p) is in the same cycle as the principal
form (see “Chowla’s discriminants” above), and in the second case, for the form to be reduced we
need vd —1 < 2p which is untrue. Therefore h(d) = 1.

Next write d = (2m + 1)2 +4¢ when 1 < € < 2(m + 1). Taking n =m we find that ¢ = 2m + ¢ is
prime. Let r :=2m+ 2 — £ so that rqg =d — (1 + £)%; thus if prime p |r then (d/p) =0 or 1:

elf p|dthen 2m+2—¢=r>p>+/d—2>2m—1 (by the above) so £=1 or 2. If £ =1
then p | (r,d) = 2m+ 1, @2m + 1)2 +4) = 1 which is impossible; if £ =2 then p | (r,d) = 2m,
(2m +1)2 +4) = (m,5), so p =5 > +/d — 2 which is impossible.

e If (d/p)=1and d=£1 (mod p) then 2m+2 —£=r>p > /d — 1 > 2m by the above, so £ =1.
Thus p=r=2m+1=gq and so d = p? + 4, a “Yokoi discriminant”.

olf d=1 (mod p) then p > m — 1, by the above. Also p | (r,d — 1) = 2m + 2 — ¢,
Cm+1)2%+4¢0—-1)=2m+2— £, £+ 2)). Therefore either p|£ and so p|m+1; or p |£+2
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and so p |m+2. In the first case we have p =m+ 1 whence ¢ = p so that d = 4p? +1, a “Chowla
discriminant”. In the second case p =m + 2 whence ¢ =m so that d = 4(p — 1)2 — 3, in which
case (3/d) =1, a contradiction.

Finally we may have that r =1 in which case £ =2m+1 and d = ¢ +4¢, a “Mollin discriminant”.
Thus we have d of the form p%+4, 4p? +1 or p% +4p with h(d) = 1 and our previous results give
the full list of suchd. O

11. Theorem 2 for the Yokoi discriminants

Let d = p2 + 4 where p is an odd integer, and & = (v/d — p)/2 =0, p]. Let I be the principal ideal
class. We have ¢ =1, g = —a and o7 = 2. Therefore, for r + s = 2k we have

(-1 =T\ (s =1\ hi2i—r1-ht26s—1-i)
prs(ao, 1) = o hgz h i o o

h+i=k—1

_11 r=1\(s=T1\ . n 2it1-s
T rls! Z <h )( i )( Ve

h,ieZ
h+i=k—1

since ¢ = —1, noting that 2i+1—s=r—2h—1. The term with r—1—h in place of h, and s—1—i in
place of i has summand (—1)"~1"hg26-1-D+1=s — (1)1 (—1/g)s1-2 = (= )(@)? 175, the
conjugate of term above, and therefore p; s(ctg, 1) € Q. It is not hard to evaluate p; s as a polynomial
in p: We have for 1 <r,s <k —1 that

] 3r+1—j p]
2
prs(—o, o) = , E: o o NPT et
(k—D!rs o< fam—1 ]!(T])!(Tj)!
j=m—1 (mod 2)

notice that p, s(—a, a?) = (=1)"**ps (=, @?). This also holds for r = 2k and

k 2i-1

o 1 i'p
po2k(—a, %) = 2(k!) ; @ik —i!

We have f(x, y) =x2 + pxy — y2, so that

Grs(f, x) = Z x (m* + pmn — nZ)Br<T>Bs<E).

o<m,n<qg—1 a q

Writing M =q —n, N =m we get that G, s(f, x) equals

= man (D)=, X wm-n(3)e( -2

o<m<q—1 q 0N q—1 q
o<ngg—-1 1<M<q
M N
= > x(-f, N))(—l)SBs(—)Br(—) = X (=1 (=1)°Gs.r(f. X)
0<N<g—1 q q
oKMq-1

since Bp(1 —t) = (—=1)™By,(t) and By, (1) = B (0) for m > 1.
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Therefore Theorem 2 yields, for any k > 1,

a1 —k, ) =2k-D2¢*Y 3" p; (@, @1)Grs(f, X).

r,S€Z
r+s=2k

Since x(—1)= (=¥, hence Pr.sGr.s = Ds.rGs,r, and so

k—1

a1 =k, ) =2k=1D2P* V123" pr o (@0, @1)Grak—r (f, X) + Prk(@0, €1) Gk (F, ) ¢ -
r=0

If k=1 then p1,1 =1, po,2 = p/4 which yields Theorem 1.
If k=2 then pz2=—p, p1,3 =2, po.a = (6p + p>)/48.
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