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Cycle integrals of Maass forms of weight 0 and
Fourier coefficients of Maass forms of weight 1/2

by
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1. Introduction. In [K-S] Katok and Sarnak proved that the sum of the
integrals of a Maass cusp form ¢ of weight 0 for the group IH(1) on certain
geodesic cycles of a given discriminant s > 0 (or the sum of ¢ over Heegner
points of discriminant s for s < 0) equals the sum of b;(s)b;(1) over an
orthonormal basis of the space of those Maass cusp forms of weight 1/2 for
I'h(4) whose Shimura lifting (introduced in the holomorphic case in [Shim])
is ¢, where b;(s) is the sth and b;(1) is the first Fourier coefficient of the jth
weight 1/2 form. Here we generalize the s > 0 part of this result to () for

N

arbitrary level NV, and for more general products of coefficients b;(s)b;(5).
As a consequence (similarly to [K-S] for I'h(1) and the trivial character) we
prove that the L-function of a Maass—Hecke newform for I'h(IN) twisted by
a quadratic character is nonnegative at the centre of the critical strip (this
was first proved in [G]; it would be a trivial consequence of the Riemann
Hypothesis for this L-function). In the course of proof we show that if N
is even, then the Shimura liftings of any Maass cusp form of weight 1/2 for
I'H(4N) are automorphic of level N, i.e. for IH(N) (and not just for IH(2NV)).

The first paper studying this phenomenon was that of Maass ([M]). The
holomorphic case was considered in [Shim], [Shin], [N], [Wal], [Kol], [Ko2]
and [Ko-Z]. So the holomorphic case was developed in greater generality
than the theorem of Katok and Sarnak. Our result is similar to the main
result of [Ko2], where the holomorphic case is considered for IH(N), but N
is restricted to be odd and squarefree.

Our method of proof is completely different from the proofs in the above-
mentioned papers; the idea of our proof is briefly discussed in Section 3. We
do not use theta-functions and kernel functions for the Shimura lifting. Our
proof is based on the idea of [B] (but we do not refer to that paper, the
relevant formula is developed in Section 5) and on Kuznetsov’s formula
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104 A. Biré

for half-integral weight Maass forms, which is worked out in [P], and for
Kohnen’s subspace in the Appendix of the present paper. We will also need
a discrete Fourier transform duality relation proved in [Ko2], Proposition 5.
During our proof we obtain automatically the fact that the Shimura lift-
ings produce automorphic forms. The only reason why we consider only the
case s > 0 is that Kuznetsov’s formula in [P] is worked out only for sums
S b(m)b(n) with m,n > 0, and (as far as I know) the case mn < 0 has not
been worked out yet.

Because of the presence of Kuznetsov’s formula we need several lemmas
for special functions; we prove them in Section 9.

2. Notations and statement of results. We denote by H the upper
half-plane, SL(2,R) is the group of 2 x 2 real matrices with determinant 1,
GL*(2,R) denotes the group of 2x 2 real matrices with positive determinant.
If M is a positive integer, then I'h(M) is the group of 2 X 2 integer matrices
with determinant 1 and lower left entry divisible by M, and

ron-nonr{ (3 9.3 %)}

If a is a residue class mod ¢, (a,q) = 1, then @ will denote the residue class
mod ¢ with aa = 1 (mod ¢). The meaning of @ (i.e. the modulus ¢) will
always be clear from the context. We write e(x) for >,

If n # 0 is an integer, then n |z means that x is an integer and n
divides z. If n is a prime power, n ||z means that x is an integer and n is
an exact divisor of x.

A fundamental discriminant is an integer D which is a product of rela-
tively prime factors of the form

—4, 8, =8 or (—1)P"V/2p (p>2).
(The product may be empty, so we understand D = 1 to be a fundamental

discriminant.) Then (£) is a primitive character mod |D| (see p. 40 of [Da)).

For g = (¢ Z) € GLT(2,R) let j,(2) = (cz + d)/y/det g. Define the slash
operator (of weight 1/2) acting on functions f : H — C by

jg(z)_1/2
(fl9)(2) = == =—=75;
g (2) /2]
For v = (¢ Z) € Io(4) let v(y) =24(%), where ($) has its usual meaning (we
summarize its definition and basic properties in the Appendix, Section A.1),
and

f(g2).

1 ifd=1 (mod4),
ETNG ifd=-1 (mod 4).
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If N is a positive integer, we say that a function f on H is a Maass form
of weight 1/2 for the group Ih(4N) if f|y = v(v)f for every v € I'h(4N),
f is an eigenfunction of the operator

0? 02 1. 0

Ap=v=—=+=)—-=
2 =Y (8302 * 8y2> 2 y@x
of eigenvalue A <0 (so A;/2f = Af), and f has at most polynomial growth
at cusps. It is known that then it has a Fourier development at oo of the
form
f( =Cf, 00 + Z bf 00 bgn(n),it(4ﬂ-’n’y)e(nm)?
n#0

where W is the Whittaker function (see [M-O], Chapter 7), 1/4 4+ t2 = — ),
and ¢ oo (y) is a linear combination of y'/2*% and y!/2=%.

Let us introduce the notation V' = V;,5(4N) for the Hilbert subspace
generated by Maass forms of the Hilbert space of complex-valued functions
f on H with f|y = v()f for every v € I1(4N), and SF0(4N)\H |f|? dx dy /y?
< oo. It is well known that if f € V;,5(4N) is a Maass form, then it has
eigenvalue A < —3/16, and if A < —3/16, then f is a cusp form, i.e. the
zeroth Fourier coefficients of f at all cusps vanish.

DEFINITION. For a cusp form f € V;/5(4N) with A, /9-eigenvalue \ =
—1/4—t* and a fundamental discriminant D > 0 we define the Dth Shimura
lifting, Shp f, of f by

Shp f(z ZGSth (B)W1 /o40it(k2),
k0
where Wy(2) is defined as in [I1], p. 22, and

1/2
W OEIED D v ) PNEreS)

PQ=k
P>0, (N,P)=1

If N is odd, let VT = V172(4N ) be the subspace of V' generated by

Maass forms f with by (n) = 0 for n = 2,3 (mod 4) (Kohnen’s subspace;
see [Kol], [Ko2| in the holomorphic case). The space VT is the eigenspace
in V with eigenvalue 1 of the operator

D (O [

(see Kohnen’s papers and also our Appendix). Define the space V}* /2( N)
by
Vi/2(4N) for N even,

T/2(4N) = {Vf;z( AN) for N odd.
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THEOREM 1. If f € Vl*/2(4N) is a cusp form with A, 5-eigenvalue
A < =3/16, A = —1/4 — 2, then Shpf is a cusp form for I'o(N) with
A-eigenvalue —1/4 — (2t)2.

For N even this is the result stated in the introduction.

We remark that in the holomorphic case Shimura proved that his liftings
produce automorphic forms of integral weight (see [Shim]), and it was proved
later in [N] that forms of level 4N are always mapped to level 2N. It was
proved in [Kol], [Ko2] that the Shimura liftings map Kohnen’s subspace
to cusp forms of level N for N odd, and not just to level 2V (this is the
significance of Kohnen’s subspace).

Theorem 1 shows that for IV even all forms of level 4 N are always mapped
to level N.If N is odd, the theorem is the exact analogue of Kohnen’s result.

If Q(X,Y) = aX?+ bXY + cY? is a quadratic form with integer coef-
ficients, d = b? — 4ac is its discriminant, d # 0, and D is a fundamental
discriminant with D |d and d/D = 0,1 (mod 4), define

0 if (a,b,¢, D) > 1,
_Jl/p
wp(Q) <) it (a,b,¢, D) = 1,
.

where r is any number represented by @ with (r, D) = 1. The symbol wp(Q)
is well defined, and it depends only on the SL(2,Z)-equivalence class of @
(see [Ko2]).

For an integer matrix v = (i 2), t=a+d, n=ad—bc, s =1t>—4n,
s # 0, and a fundamental discriminant D with D | s and s/D = 0,1 (mod 4),
define

wp(¥) :wD<(—Y X) <Cc‘ Z) <§>> — wp(eX? + (d — a)XY — bY?),

If 6 € SL(2,Z), then wp (6~ 198) = wp(y).

If N is a positive integer, and s is a positive integer with s = 0,1
(mod 4), let
Qns={Q(X,Y)=AX?’+BXY+CY?: A,B,C €Z, N|A, s=B*-4AC}.

IfQ(X,Y) and @(X ,Y') are quadratic forms, we say that they are equiv-
alent over To(N) if Q(X,Y) = Q(X,Y), where ()YS) = T(if) with some
T € I'H(N). Denote by Ay s a complete set of representatives of the IH(N)-
equivalence classes of Q. It is well known that Ay s is a finite set.

DEFINITION. For Q € Qn s, Q(X,Y) = AX? + BXY + CY? if z; and
zo are the roots of Az? + Bz + C (if A = 0, one root is 00), let Co n
be the noneuclidean line connecting z; and z, factorized by the action of

{7y € Io(N) 1 v21 = 21, Y22 = 22}
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For p a prime with (p,4N) = 1, introduce the weight 0 Hecke operators
H), by

(H,F)(z) = \}p (ZZ_:ZZF(Z;’“) 4 F(pz)>.

For the weight 1/2 Hecke operators T}z see [Shim].

Let {fj(2)}52, be a Maass form orthonormal basis of Vj/5(4N) such
that every f; is an eigenfunction of T}z for every (p,4N) = 1, and for N
odd every f; is an eigenfunction of L. This is possible (see [Ko3] and our
Appendix), since the Hecke operators T}z for (p,4N) = 1, and the operator
L for N odd, are self-adjoint, they commute with each other and with A, /5.

Define

3/2 for N odd.

Our main result is the following.

{ 1 for N even,
PN =

THEOREM 2. Let ¢ be a normalized Maass—Hecke newform for [H(N)
with La-norm (@, ), let s > 0 be an integer with s = 0,1 (mod 4), and
D > 0 a fundamental discriminant with D|s and s/D = 0,1 (mod 4).
Then (dS = |dz|/y is the hyperbolic arc length)

(X wn@ | pas)

<§0, (,0> QEAN,s Cq,N

S —
= 8pNﬁ83/4 Z bj,oo ()bJaOO(D)
JiEVY2(4N)
Shp fj=bj,00 (D)

Note that if ¢ is odd, then both sides are 0.

COROLLARY. Let ¢ be an even normalized Maass—Hecke newform for
TIo(N) with A-eigenvalue X = —1/4 — t2 and Fourier expansion p(z) =
> k0 WK)Wiyayi(kz), so a(l) =1 and a(k) = a(—k). For a fundamental
discriminant D > 0 with (D,N) = 1 define the L-function L(p,D;s) by
holomorphic continuation of the series

i(a(k:)x/%)(lk?)k_s.

Then L(p, D;1/2) > 0.

As mentioned in the introduction, we need a Kuznetsov-type formula for
Kohnen’s subspace (more precisely, for the space Vl*/2(4N )). This formula
(Theorem B) is stated in the next section, and proved in the Appendix.
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3. The idea of the proof and preliminaries. Let m be a smooth,
compactly supported real-valued function on (0,00) (i.e. it vanishes in a
neighbourhood of co and in a neighbourhood of 0), and

m{z,10) = m<'—“">

ImzImw

Then m is a point-pair invariant, so m(gz,gw) = m(z,w) for every g €
GL™(2,R). Let t, n be given positive integers with s = ¢t —4n > 0. Observe
that if we choose ¢t and n suitably, then s may be any positive integer with
s=0,1 (mod 4). Let D > 0 be a fundamental discriminant with D |s and
s/D =0,1 (mod 4). For z € H define

M(N,z) = Z wp (y)m(z,v2),

where N is a positive integer, and

FN:Fn,t,N:{(Z Z) ta,b,c,d€Z, N|ec, ad—bc=n, a—l—d:t}.

Of course M (N, z) also depends on t,n and D, and I'y depends on t and n;
but ¢, n and D are fixed, while N will vary (among the divisors of a fixed
integer), so we only indicate the dependence on N.

Then for § € IH(N), using m(§z,v0z) = m(z, 8 1v0z2), 1 I'vd = Iy,
and wp(y) = wp(6717J), we have

M(N,oz) = Z wp (07 y8)m(z, 6 1vdz) = M(N, 2).
’YEFN
Our identity in Theorem 2 will follow by computing M (N, z) in two different
ways. We now describe these two ways briefly.
For the first computation of M (N, z) observe that

L Z_czz—i—(d—a)z—b for - — [ @ b
= cz+d 7= \e da)

SO

M(N,z) = Z wD(,y)m(|czg+(da)zb|2>'

nIm? z
y=(¢h)ern

The condition ad —bc = n is equivalent to s —r? = (4¢)b (with the notations
s =12 —4n, r = a — d), so (since the sum with ¢ < 0 is the same as that
with ¢ > 0 in view of the pairing (¢ Z) — (fl ;b) and D > 0) we have

c

(1) M(N,z) = My(N, z) + 2M (N, 2),

where
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M—i—(Nv Z)
r?—s r2—s|? 9
= Z wp <cX2—rXY—|— 1 Yz)m< c2’—rz+ /nIm z),
m c c
Ne¢, c>0,c4c | s—r?
and
(2) My(N,2)= > wp()m(z,72),

YEI'N, yoo=00

which corresponds to ¢ = 0. (Note that My(N, z) = 0 if s is not a square,
because if ¢ = 0, then s = (a — d)?.) We will apply the Poisson formula in
r for My (N, z). In this way (Kohnen—) Kloosterman sums for weight 1/2
come into play by using the discrete Fourier transform identity (Theorem A
below), and we will have a possibility of applying Kuznetsov’s formula for
(Kohnen’s subspace of) weight 1/2 Maass forms (see Theorem B below). So
this first computation of M (N, z) leads us to Fourier coefficients of Maass
forms of weight 1/2.

For the second computation of M (N, z) we will consider it as an auto-
morphic function for I'H(N) and determine its spectral expansion. One needs
for this the inner product of M (N, z) against cusp forms of weight 0 (see
Section 5), and (as in [B]) this leads to cycle integrals of Maass forms of
weight 0.

Already now we mention that in proving the basic Lemma 10 we will
eventually compute in these two ways the function I, r(A) defined before
Lemma 9 (the functions M*(z) and G(y) are also defined there), where
T >0, Tp # 0 is an integer, and Re A > —1/2 (moreover, at first A will be
large and positive). We will fix ¢,n, D, 7, N and T (but after Lemma 10,
Ty, t and n (hence s) will vary) and let m tend to “Dirac’s delta” of the
point s/n, and A — —1/2+0.

We now state two theorems needed for the first computation of M (N, z).
We define the Kohnen-Kloosterman sums Sk (m,n;c) in the following way.
If m and n are integers, and 4 | ¢, let

Seopolmimic) = 3 5<;>e<mmj”$>

z (mod ¢)
(x,c)=1

For m=0,1 (mod 4), n=0,1 (mod 4) define
[ Sx,c0(m,nze) if 8],
Sk (m;nic) = { 2S500,00(m,n;c) if 4] c,

and Sk (m,n;c) = 0 if 4 does not divide c. Let us mention that for the proof
of Theorems 1 and 2 we do not need this concrete shape of Sk (m,n;c), but
just the information contained in Theorems A and B below.
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The following theorem is proved in [Ko2], Proposition 5.

THEOREM A. Let ¢ > 0 be an integer, s = 0,1 (mod 4), s # 0, and let
D > 0 be a fundamental discriminant with D|s and s/D = 0,1 (mod 4).
For any integer T define

Ir 2 2 —5_ o
F(T)=Fesp(T) = Y e 5 Jwn(eX®—rXy +——=V?).

r (mod 4c) ¢
4c|s—r?
Then
D 1 s T\?
F(T)=(1-—1 — | == —, Dl =] ;¢
(1) = (1-i) |Z (46/5)51/2&(1, (2) )
2(4¢/2)|T

where T = T/ (4¢/%).

Let {f;j(2)}52 be a Maass form orthonormal basis of Vi /5(4N), where
for N odd every f; is an eigenfunction of L, Ay 5 f; = A; f;, 1/4+ t? ==\
with ¢; > 0 or 7t; > 0, and denote the Fourier coefficients at a cusp a by
bja(n) =by; o(n). Let {k1,..., Ky} be a complete set of inequivalent singular
cusps (see Section A.1) for the multiplier system v and group IH(4N). For
each j = 1,...,h define the Eisenstein series Ej(z,s,4N) for the group
I'h(4N), weight 1/2, multiplier system v, and cusp k; in the usual way
(see [P], [Du]), and for n # 0 and a cusp a define @; , (s) such that

me(— 1/8)|n—><a|3_1

F(s + = sgn(n — Xa))

is the nth Fourier coefficient of E;(z,s,4N) at a (see Section A.1 for the

definition of x, and the Fourier expansion of a Maass form of weight 1/2 at

a cusp).

Now let ¢(z) be a smooth function on [0, c0) such that p(0) =) (0) =0,

and for some £ > 0, p(z) = O(z~17¢) and ) (z) = O(x~27%) for [ = 1,2,3
as ¢ — 00. Define the Kuznetsov transform of ¢ by

< dx

B(t) = | Ja@)ele)

@j,n,a(s)

0 xT
and
P(t) = BA)(¢™ (1) — ™ (1)),
where
B w2e(3/8)
A = Gz /A + )T (1 /4 mpng

©*(t) = cosm(1/4 +it) S Joit(x
0
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If N is odd, let ¢ and s be the cusps of I1(4N) given by

_[(N+1)/4N) i N=1 (mod 4),
q_{(3N+1)/(12N) if N =3 (mod 4);
(

)
(BN +1)/(12N) if N=1 (mod 4),
S_{(N+1)/(4N) if N =3 (mod 4).

We will prove the following theorem in the Appendix.

THEOREM B. Let m,n > 1 be positive integers, m,n = 0,1 (mod 4), let
N be a positive integer,

oy Swlmonse) (vimn)
DI o4 V)

let ¢ and {f;(2)}32, be as above, and assume that p(1/2 + 2j) = 0 for
j=1,2... Then

Y —tpyvimn Y el g

i EVI*/2(4N) Ch(ﬂ-tj)

where E is a “remainder term”, the Eisenstein series part, more precisely

h oo it o
E :]ZI_SOO (:1) B oo 1/ 2105 (1/2410) s Ifé;t/) T
where
Pinx(1/2 + 1)

Ojmoo(1/2+it) + $4—it¢j7n/475(1/2 +it) ifn=0 (mod 4),

) 1 ) .
©jm,oo(1/2 4+ 1it) + mél tgoj’(n+3)/4,q(1/2 +it) ifn=1 (mod 4),

and Qj n oo/ (1/240t) is ©j n,0o(1/241it) for N even, and @;, r(1/2 4 it)
for N odd.

4. The first way of computing M (N, z). We now continue the first
computation of M (N, z), started in the previous section. We will need the
following lemma.

LEMMA 1. If ¢ > 0, r and s are real, and z is a compler number, then

2 2 2
i =sIm? 2 + i—c Rez—i +Im? 2 .
4c 2c

Proof. It is easy to see that we may assume r = 0, and then ¢ = 1, and
the statement with r = 0 and ¢ = 1 follows from 1 (2% +22) = 1[2|> —Im? 2.

2

cz? —rz+
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This shows, in particular, that for ¢ large enough the m-function in
M, (N, z) is 0.

We apply the Poisson formula in r for M (N, z). In general, a trivial
consequence of the Poisson formula is that if ¢(n) is periodic with respect

to p, where p is a positive integer, then
o0 o0

S = 3 6p<n>f(2g"),

n=-—oo n=—oo

where f is the Fourier transform of f and ¢, is the discrete Fourier transform
of ¢, i.e.

~ < , 1 na
f&)=\ fly)e™dy and ¢,(n)= - el — )c(a).
IR 2 )

By Theorem A this gives (with p = 4c¢)

1—1 D 1
> S X (e)an
¢>0, N|c 2|T Cl4c

2(4¢/2)|T

s T\?
X SK<D,D<2> ;c>>m (¢, T,2),

2 2
_ -T ~ T
cz2—7’z—i—r408‘ /nIm22>e< 4cr>dr, T = Toje

We would like to apply Kuznetsov’s formula, so we need the condition 4N |,
but at the moment we only have N | ¢ and 4 |¢. This explains the definition

where

m*(c, T, 2) = Ogo m<

— 00

i) = S vy o),

LIN
where p is the Mobius function. Since m*(¢, T, z) = m*(¢/L,T/L, Lz), we

have
= X8 (G 5 ()

¢>0, N|c 2L|T cl4e/L
2(40/6)|T

<sic( 3 () o) Jr (.2

where T = T/(4¢/¢) (= (T/L)/(4(c/L)/¢)). Here we can replace the condi-
tion 2L | T by 2| T, since L |4c/¢. Because

<1L)) <4cl/)L6> B <4Z€>
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and 3y rjae/e (L) is 1 for (N,4c/c) =1, and 0 otherwise, we have

. 1—i D\ 1
win= ¥ S(5 X ()
¢>0, N|c 2|T ¢l4e, (N,4c/ec)=1

2(4c/0)|T

5 T\’
XSK<D,D<2> ;c))m (¢, T, 2).

In M (2) we fix P = 4c/¢, Q = T/2 getting

me- ¥ H(R)% s

P>0,(N,P)=1

Q
x Sk <;,DQ2;5>W*(0, T,z),

where T' = 2PQ, ¢ = ¢P/4. Indeed, N |c, 4]|¢, (N, P) =1 implies N | ¢/4.
In m*(¢,T, z) we put R =7nT(r/(2¢c) — Rez) and

sin ) 1 S R\’ 9
3) cost \/Elmz<40_c<<7rT> I z>)

Then by Lemma 1, for T' # 0 we get

: 2 T S )
4 * T — —inT Re z —iR dR.
) mi(e,T,z) =e 7| T| _g}om<n005219>6

We observe on the other hand that m*(c,0, z) depends only on Im z. This
means that if Ty # 0 is a fixed integer, then setting

1

M (y, To) = | M (€ + iy)e(To€) dé,
0

T
wy(x)r — $1/2m* <7T| ’\/E,T, zy)

2z

for > 0, y > 0 (in order to apply Kuznetsov’s formula), we have

Y,140) = 5—F7—=7171 0
+ 2ﬁ81/4 Po=, P |Q|1/2
P>0,(N,P)=1

X Z %\SK (;,DQQ;E><,0y <4W\/§,C‘\Q’>

e>0,4N|e

Observe that then T' = 2T}, since T' = 2PQ, Ty = PQ.



114 A. Biré

In order to avoid convergence problems we take an integral of the form

o0

dy
If;,c = S G(|7Ty) M7 (y, To) — Y
0

Our choice will be G(y) = K, (y)y? with p purely imaginary and A large
positive. Then Lemma 13, Lemma 14, Lemma 15 and its Corollary together
with (6) below will show that Theorem B is applicable for

o0

go(a:)—( { @(t)F(1/4+it)F(1/4—it)(shwt)tdt)goo(x),

—00

where
o0

p(r) = SG( IT|y)ey(z) )

0
and ¢ is a fixed function (see Lemma 15 and its Corollary for the conditions
satisfied by ¢o).

So applying Theorem B we get

2pnst/4 1—i(D
+ _ § : - 1/2

PQ=Ty
P>0, (N,P):l
Bj.00(s/D)bj o0 (DQ?) . L
DY . Blt) + =
fevaan ch(rt;) aspvel(e]
with
h oo
!DQP 1 .
E:ZS < js/DOO §+Zt
j=1—o0
1. o(t)
X Pj.DQ2 00/ K (2 * “) ch(mt)|I(3/4 + it)[?
and
Fy=f, S () (1/4+it)(1/4 — it)(sht)t dt,

where fp is a constant (depending on s, D, Ty, N).
We need to compute Sgo Jm () ey (z) dz/x. Use the substitution

1 (R/(nT))?  sinv
= T .
z = ’y<\/C08219 + y? * cos
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Then (3) is satisfied with ¢ = 7|T'|\/s/(2z), y = Im z. We have
dv  dvY < L (R/(ﬂ’))?)‘l/?

T cos2 9 \ cos2 9 y2

so using (4), with the notations

(5)  em(Y,0)
T Y2 sin ¥ Y2 -z
=\ R2+Y —— + R? “HdR
_S}o M < cos? ¥ TR cos 19) <0082 9 * > c

for Y € (0,00), ¥ € (—7/2,7/2), and Lys(x) = Jpr(z)/+/x, we obtain

T dx /2 S dy
[ @) = it ry>_§/2m(moszq9>w<w| o)
Since cos ¥ is even, this gives
v dx
©) | Jul@)o(x) —
2 x
S s T o0 (1, 9) + o (y, =) dv
. M\Y, M\Y, —
_\/§_8/2m<n0082ﬁ)(§G(y) 2 dy) cos? 9’

Now, Lemma 14 and the Corollary to Lemma 12 show that

/2
© B0 =5 | m( oty o)

—T

where ®(t,9) = O((1+[t|)~P) with arbitrary positive B for real ¢, uniformly
in ¢ if ¥ is small; and we know @(t,0) explicitly. Our idea now is to take
¥ = 0; this is possible, because an easy estimate shows

(8)
Pin,a < ! + zt)

b, hoT

195,a\"t)]| a
Z ch( 7rt +Z S

[t;|<T Jj=1-T
for any cusp a of IH(4N) for some By (e.g. by using in formula (83) of [P]
the function ¢ of [Dul, §5), where b; ,(n) is the nth Fourier coefficient of f;
at a. So, if m tends to the point s/n in the sense that m > 0, its support
shrinks to the point s/n, and always

2 dt

ch(mt)|T(3/4 + it)|2

= o(1"™)

/2

m s di B
B 8/2 ncos29 ) cos29
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(we denote the process just described by m — s/n), then we can substitute
V/sP(t;,0) and f@(t 0) in place of @(t;) and P(t), respectively.
Now, by (6) and (7), and the definition of @,

[ee]

S G(y)(cosm(1/4+it)pait(y,0) —cosm(1/4—it)p_2:(y,0)) dy,

so by the Corollary to Lemma 12,
®(t,0) = 2¢/me(1/8) cht g G(y)y 2 Ko (y) dy.
0
We would like to take a fixed ¢; instead of the sum over ¢;, and this explains
our choice G(y) = K, (y)y*, in view of the relation
o0
+ u+
© | K@K, @) de =270 (s 1HF(“°”;”)
0
for Res > |Re p| + |Rev| (see [I1], p. 228), which is a type of orthogonality
relation with s = 0.
So let 7 > 0, u = i7, A a large positive number, and G(y) = Ku(y)yA.
In this case we have

B(t,0) = 2/me(1/8)(chwt) (A, 7, 2t)

with the notation

(10) D(A7t)=272730A+1/2)7 ] F(

A+1/24i(£7 1)
5 .
This proves that with G(y) = K;-(y)y? we have

(11) lim I} . =1I}(A),

m—s/n

where 7 (A) is defined as the sum of Fy(A) and

INCETIED S £

PQ=Ty
P>0,(N,P)=1

< E(A)
x S b,oo<S)b,w(DQZ)F(A,T,zt-)JF},
{fjer‘/z(4N) ! D) 77 Apn/3|Q)
" T (IDQP 1
217 >mw<2+w)

j=1—o0
#3,0@,00/K | 5+ \r(3/4 e

where
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Fo(A) = f1 OSO (A, 7,20 (1/4 + it)I(1/4 — it)(sh 2mt)t dt,

where f; is a constant (depending on s, D, Ty, N).

5. Inner product against cusp forms. Now we determine the inner
product of M(N,z) against a cusp form (of weight 0). Let u be a cusp
form for IH(N) with eigenvalue A, and du(z) = y~2 dzdy be the invariant
measure, and F' be a fundamental domain of I'H(N) in H. Then

[ MOV, 2u(z) du(z) = 3 wp() | m(z,v2)u(z) du(z).

F ~yEI'N F

We partition I'y into conjugacy classes over IH(N): for v € I'y let [] =
{777 : 7 € TH(N)}. We have 7 'y1; = 75 'ymo if and only if 77 ' €
C(y) ={o € [L(N) : yo = o7}. So

T, = Z wp(0) Sm(z,éz)u(z) du(z)

=wp(v) Z Sm(z,TflfyTz)u(z) du(z).

TEC(V\Io(N) F

Since m(z, 77 1y72) = m(r2,y72) and u(z) = u(rz), we finally obtain

T,=wp(r) | mlzv2)ulz)du(z),
C(v\H

where C(v) \ H is a fundamental domain of C().

Now 7 is hyperbolic (since s = t?> — 4n > 0). Denote its fixed points
by z1 and z9. Then obviously C(y) 2 {0 € IH(N) : 021 = 21, 022 = 22}.
Conversely, if oy = ~o, then o permutes the set {z1,22}; but oz; = 29,
0z = z is impossible, because then o? = id, since it has at least three
fixed points. This means that o is elliptic. But 7 cannot permute the fixed
points of 0. So C(y) = {0 € [H(N) : 021 = 21,022 = 22}.

It is easy to see that we may assume ¢ # 0 in v = (‘; 2), since in [y]
there is always an element with lower left entry nonzero. Then the explicit
form of the fixed points is z12 = (a —d = /s)/(2¢). If s is a square, then

(denoting by fg(N) and 5(7) the quotient by {((1) ?), (Bl _01)} of IH(N)

and C(~), respectively) C(y) = {id}, since id # ¢ € Iy(N) cannot have
two rational fixed points. If s is not a square, then z; and z, are quadratic
irrational numbers, conjugate to each other over the rationals, so there is a
id # 0 € IH(N) such that o has z; and 2z as its fixed points (if A, B and C
are integers with Azf, + Bz +C =0and N|A, A#0, D = B* — 4AC,
then D > 0 and D is not a square, so there are positive integers X, Y with
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X2 -DY? =4, and o0 = ((X_;ff)/Q (X;}}//g)ﬂ) is suitable). Hence C(7) is
infinite cyclic.

Let h € SL(2,R) be such that h~'vhz = Rz (2 € H), where R =
N(7) > 11is the norm of the hyperbolic transformation +, i.e. VR+1/vVR =
(a 4+ d)/+/n, which means R+ 1/R — 2 = s/n. In case s is not a square, let

ro > 1 be such that (\/(F 1/\0/%) is a generator of h_lé(’y)h. We then have

T, =wp(y) S m(hz,vhz)u(hz) dp(z)
h=H(C(v)\H)
—op() | e Reulha) duce),
h=1C(y)h\H

where we can take h=1C(y)h \ H = {2z : 1 < |z| < ro} if s is not a square,
and h~'C(y)h \ H = H otherwise. Let I, = [1,79) if s is not a square, and
I, = (0,00) otherwise. Since

m(z, Rz) = m<M>

ImzIm Rz

with the substitution z = re(™/2+9) we get

/2
. R+1/R—2 i(m/2+49) r
T, = ) 8/2 IS m<c032 3 )u(h(re ))77'2 g dr dv
/2
5 ; dv
_ I i(m/249)
_82m<ncos219> (e )008279’

where

F(z) = | ulh(r2) % (- € H).
I'Y

Now, F' is constant on euclidean lines through the origin, i.e. F(z) =
F(rz) for all r > 0. If I, = (0, 00), then this is obvious, but it is also true
for I, = [1,79), because u(h(z)) is automorphic with respect to h™1I(N)h,
in particular u(h(roz)) = u(h(z)) for = € H. So F depends only on ¢ (if
z = re!™/240) e F(z) = F(9), where F is a function on (—m/2,7/2).

On the other hand, since u is an eigenfunction of the hyperbolic Laplace
operator A with eigenvalue A, so is F(z). Using the form of the Laplace
operator in polar coordinates:

0%g 109 1 82g>

Ag = (=24 = -
g = (rcosv) <6r2+r6r rZ 02

for g = g(r, ), we find that F'(¢) satisfies a second order ordinary differential
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equation, which depends only on A:
A
FP () = F —7/2,7/2)).
()= s F(0) (9 € (~n/2,7/2)
Let fi(¥) be the solution of this differential equation with f,(0) = 1,
)(\1)(0) = 0, and f>\(1~9) the one with £2r(0) =0, fg\l)(O) = 1. Then F(9) =
F(0)fA(9) + FI(0) £ (), and f(¥) is an odd function, so it gives 0 in T},
ie.

T, = F(0 o 9) -
7= )_S2m n cos2 A )005219'
Here
F(0) = Su(h(ri)) dr_ S udS,
I, "o

where dS = |dz|/y is the hyperbolic arc length, and C is the closed geodesic
C(v) \ L, where [, is the noneuclidean line connecting the fixed points (z;
and z3) of 7.

We now describe the conjugacy classes of I'y = I, ¢ n over Io(N). If

v=(27) let

Q(X,Y) = (-Y X) (CC‘ Z) <)Y(> =cX?+(d—a)XY —bY>.

It is easy to see that the correspondence v < @, is one-to-one between
I'n:n and Qn . If (%f) = T(i,() with some 7 € Ip(N), then (=Y X) =
(=Y X)7~! (since det 7 = 1), and it follows that if v1,72 € I, v, then 7;
and 7 are conjugate over I(N) (i.e. 42 = 671415 with some § € IH(N))
if and only if @, and @Q., are equivalent over I'H(N). From these consid-
erations we see that v < (), defines a one-to-one correspondence between
the conjugacy classes of I, ; y over IH(N), and Ax . If Q@ € Qn s, then
Co,n = C, if 7y is the element of I}, ; y with Q = @, so we have proved
the following lemma.

LEMMA 2. If u is a cusp form on Iy(N) with eigenvalue \, then
| M(N, 2)u(z) dpu(=)

F
/2

-( 3 i@ | vas) <7§/zm(m;w>h<ﬁ>$)-

€ N,s

We would like to apply the spectral theorem for M (NN, z), but for this
we have to determine its behaviour near cusps, and subtract from M (N, z)
its main terms near the cusps.
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6. The behaviour of M(N,z) near cusps. In this section N will be
fixed, so in general we do not indicate the dependence on N, writing e.g.
M(z) = M(N, z), My(z) = Mp(N,z). Let F be a fundamental domain of
FO(N), and

PY)={z=z+iy:0<z<1, y>Y}

If Yy is large enough, the cuspidal zones Fi(Yy) = 0,P(Y)) are disjoint
(¢ runs over a complete set of IH(N)-inequivalent cusps), and the funda-
mental domain F' is partitioned into

(12) F = F(Yo) U JFy(Yo),

q

where F'(Yy) is the central part,

F(Yo) = F\[J Fy(Yo),

and F(Yp) has compact closure.

Let ¢ = u/v be a cusp of I'H(N), where v > 0, v|N, (u,v) =1 (every
cusp is Ip(NN)-equivalent to a cusp of this form). Then it is not difficult to
check (see [I2]) that the “scaling matrix” of ¢ is o4 = 7404 With

Tq:@‘ Zj)eSL(zZ) and gq:<\/6’7q 1/3@>,

where m, = N/(N,v?). This means that o,00 = ¢ and aglvqaq = (1 i),
where 7, is a generator of the stability group of ¢ in I'tH(N) (we denote this
stability group by I;). We use these notations in the following lemmas.
We now describe the behaviour of M (z) near cusps. Our function m is
compactly supported on (0, 00); it will vary, and its support will shrink to
s/m, so we assume in the sequel e.g. that m(z) = 0 for = > 2s/n, i.e. the

support is universally bounded.

LEMMA 3. There is a constant Yi such that if ¢ = u/v is a cusp of
I'y(N), then for z € Fy(Y1) we have M(z) = Mg (z), where

Mi) = S wp(y)m(zn2).

YEI'N, v9=4q

Proof. It is enough to prove that if z € P(Y1), then m(o42,v042) =
m(z,0,'vo4z) = 0fory € I'v, vq # ¢, i.e. that |z—6z|*/(Im zIm 62) > 2s/n
with the notation § = aq_lfyaq if doo # oco. But this is true if Y; is large
enough, because Im z > Y7, Im 6z = nIm z/|cz + d|?> < n/(c? Im z), where c
is the lower left entry of 6, and ¢? is bounded below if it is nonzero.
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Next we describe the Fourier expansion of the function M{(z) at ¢ (ob-
viously M (v42) = M{(z)). For this let
1

Mg (y. k) = | Mg (o, (& + iy))e(ke) de.

The sum defining M{ (z) is empty if s is not a square, because then the fixed
points of any v € I'y are irrational.

LEMMA 4. Let s be a square and k be an integer. Then
Mg (y, k) = 2¢q(k, s)yme([kly),

where
cq(k,s) = Z wp(VsXY + ﬁmqY2)6<—]j/ﬁ>>,
8 (mod v/5) °
Bmg=0 (mod 1), N|yvy/s—v?Bmg
me(@) = | m( 20+ )elat)de.

The statement is also true if s is not a square, with c4(k,s) = 0.

Proof. We have Mg (042) = > cry. va=q wp(y)m(z, 0, 'y0o4z). Here
doo = oo for § = aq_lfyaq, S0 § = (“ 2), where ad = n, a + d = t. Then
a —d = ++/s, a and d are integers, Qq(;Q;l = (“ bgq), and the lower left
entry of y = o460, is yv(a—d) —v*bmyg. So the condition v € I'H(N) means
that bm, is an integer, and that N divides the lower left entry of «. These
conditions depend only on b (mod 1) (because N divides v?m,), and we see
that a —d = ++/s and a — d = —/s give the same sum; we take the plus
sign. It follows easily from the definition (and from s/D = 0,1 (mod 4))
that wp(y) = wp(v/sXY + bm,Y?) depends only on b (mod /s). This
shows that for z = & + iy, since |\/sz + b|? = (\/s€ + b)? + sy?, we get

M(z) =2 > wp(VsXY + Bm,Y?)

B (mod +/s)
Bmy=0 (mod 1), N|yvy/s—v%Bm,

s(1y (EXUV5Y
szﬁgojdﬁ)m<n<1+( +?J )))

(Note that this sum is empty if (N/v,v) does not divide /s.) So M{ (y, k)
is 2 times the sum over the same set of 3 of

(e (55 o

oo
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which implies the lemma by the substitution y=1(¢ + 3/1/s) — &, because
the function pu is even.
The last statement is obvious by the remark preceding the lemma.

COROLLARY. Let G € L1((0,00)), Ty # 0 an integer, T = 2Ty. Then
with a constant ¢(N, Ty, s) we have

[ee) 1 0o

lim | G(]wT]y)(§MO(N,§ + iy)e(Thé) dﬁ)zy = ¢(N, Ty, s) § G(y) dy.

m—s/n
(The meaning of m — s/n is given after (8), and My(N, z) is given in (2).)

Proof. Since oo and 1/N are equivalent over IH(N), we have

Mo(& + iy)e(To€) d€ = 2¢1/n(To, s)ymr(|Toly)-

O ey

Because T = 2T}, we need the limit of

T oo
M XG(y)mF< )dy as m — s/n.
W’To‘ b 2

If m — s/n, then mp(y/(27)) — 1 for any given y, and always |mg(y/(27))|
< 1, which implies the assertion.

We now subtract from M (z) the main terms near the cusps. Assume in
the sequel that

/2
5 dy
mr(0) = S/2m<ncoszq9> cos2t

—T

Let 0 < Yy < Y, where Y is as in the description of the fundamental
domain F' (see (12)), and Y7 is as in Lemma 3, i.e. for any ¢, if z € F, (Y1),
we have M (z) = M{(z). Furthermore let ¢ be a smooth real-valued function
n (0, 00) with
_ Yy for Yy > Y17
v(y) = {0 for y < Yj.
Define
My(N, z) = My(z Zch (0,5)Ey(z[v),

where E,(z|1)) is the weighted Eisenstein series

By(zlv) = > ¢(Imog'y2).

’YEFq\Fo(N)

Observe that M (z) — My (z) does not depend on m.
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It follows easily from the conditions on Y, and ¢ that if z € F,, (Yp),
then Eg, (2¢) = dq,4,¢0(Im o, 2). So, if z € Fy(Y1), by Lemmas 3 and 4 we
have

My(z) = Mg (z) — M{(Imo, 'z,0),

since mp(0) = 1. Hence, if z € P(Y1) and z = £ + iy, Lemma 4 implies (m
is smooth)

(13) My(042) =2y ) cq(—k, s)mp(|kly)e(ke).
k£0
We shall need a very crude bound for the inner product of My (z) against
an Eisenstein series (of weight 0).

LEMMA 5. Let m — s/n. There is a function H(t) on (—o00,00) which
is bounded on every finite interval,
o0
H2(t)
———dt <
), g e

and

1 \dzxdy
;M¢(Z)Er <z, 3 + zt) ) ‘ < H(t)

if v is a cusp of [H(N), t is a real number, and E,.(z,1/2 + it) is the cor-

responding FEisenstein series of I'o(N). It is important that H(t) does not
depend on m.

Proof. At another cusp ¢ the Eisenstein series E,.(z,1/2 + it) has the
Fourier expansion

E (042,1/2 +it)
= 0grt P 4 g (1/2 + i)y P ) pgp (ki 1/2 + i) Wi ja g (R2).
k0

The integral in question converges absolutely, because the decay of mp is
fast. On Fy (Y1) the integral is

[ee]

, Lo dy
2) cqlk,8)oqr(k,1/2+ it) | mp([kly) W 2 (iky) 5
k=0 Yy

Since always |mp| < 1 and c¢4(k,s) is bounded (depending only on s and
N), this can be estimated by

. T dy
D leark 12+ | Kyl 57,
k#0 27|k|Y1 y
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and by (9), and formula (5.10.24) of [Le], there are positive constants ¢; and
¢o such that it is of order

Hyq(t) = (1+ [t]'/?)e (/20 ( S ek, 1/2 4 it)]

k£0
[k <er (1414
+ Y ey (k124 z't)\).
k0
k> er (1|2

This is obviously bounded on every finite interval, and by formulas (8.27)
and (8.6) of [I1] we have Siooo(qu(t)/(l +1¢))?Y) dt < oo.

It remains to estimate the integral on F(Y7). Since F(Y7) has com-
pact closure, there are only a finite number of v € [y for which
|z—~2|?/(Im zIm~z) < 2s/n with some z € F(Y7), and it is easy to see that
for a fixed v the integral SF(Yl) m(z,vz) dx dy/y? is bounded as m — s/n.
Since M (z) — My (z) is fixed, the F'(Y7)-part of our integral can be estimated
by the maximum of |E,.(z,1/2 + it)| on the closure of F(Y7), and our very
weak estimate follows e.g. by estimating trivially the Fourier expansion of
the Eisenstein series, and by (8.24) of [I1].

We shall several times use the following analytic lemma.

LEMMA 6. Let r(t) be a function on (—oo,00) such that

lim |r(t)|e” /DM 4+ |t))B =0

[t|—o0

for any positive B, and let R(t) be a given function on (—oo,00) which is
bounded on every finite interval,

r(t)] < e/ 2NR(),

and e.g.

TR

—— - dt

| e <
and let 7 > 0. Define

0 . 0 dy

Fro(@) = | Kir(y)y ( | rOKi(y) dt) -
0 —o00 Yy

for Rea > 0. Then F;, is a reqular function, and on any compact subset
of {Rear > 0}, |F; ()| is smaller than a constant depending only on 7, R
and this subset. Furthermore, (o + 7)2|F, ()| is smaller than a constant
depending only on 7 and R if 0 < o < 1 (i.e. for 7 > 0 we take |F; (o),
for 7 =0 we take &®|F; . (a)]).
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Proof. It is clear that the double integral is absolutely convergent, and
changing the order of integration we get, by (9),

o0

oz 1 a+i(£t+7)
Frp(a) =2 3@ _Lr(t) Hr(2> dt.

Here we estimate r by R, and use Stirling’s formula and elementary estimates
to get the result. (The point is that the product of I'-functions decays much
faster as |t| — oo than K;;(y) for a fixed y, so we can use for r the weaker
but universal bound, while the stronger (but not universal) bound is needed
for the absolute convergence of the double integral.)

We will handle M (z) — My/(z) in the following lemma.

LEMMA 7. Let Ty # 0 be an integer,
1

Eq.(y, To) = | Ey(€ + iylv)e(Toé) e,
0

T =21y, 7> 0, and
Y(A) = | Kir(InTly) (InT1y)* Eq0 (y, To) o
0
Then Y (A) is absolutely convergent for Re A > 0, it extends meromorphi-
cally to ReA > —1/2, it may have singularities only at A = =+ir, and
(A+1/24 7)Y (A)| is bounded as A — —1/2+0 (i.e. A tends to —1/2 on
the real azis).
Proof. By (3.17) of [I1], for y > 0 we have
2

E‘Lw(gﬁ TO) = Z SqOO (07 _TO; C) OSO Q,Z) <yc2) G(Tot) dt.

2
c>0 Fry
We use the formula (see [I1], (3.19))
oo s s—1/2
2 2\—s _ o @
§ @y a =275 (B1) K perimi,
write (V) =Y + (¢(Y) — Y), and with some 1/2 < 0 =Res < 1,
L TN R .
VY)Y = o [yt ) = (@) - )y —ay.
o) 0
This gives

Equ(y,To) = 2(|Toly) " *qo0 (—To, 1)K j2(27|Toly)

1 %
+ E(|T0’y)l/2 S Qoqoo(_TOyS)Ks—1/2(27r‘T0’y)w (S) dSa
(o)
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where

7 Sooo (0, —Tp;
Pgoo(—To, 8) = W|TO|S ' (DZO q(cst)>'

This is justified by the facts that on a line 0 = o, where g < 1, the function
1*(s) decays faster than any power of |Im s| (see the conditions on 1)), and
Sqoo(0, —Tp; ¢) is bounded in ¢, so the Dirichlet series is absolutely conver-
gent for o > 1/2. We can move the line of integration to o = 1/2 because by
the general estimate (8.27) of [I1], |p400 (—T0, 1/241t)| is bounded on average
by e(™/2It|¢|*/2 and the decay of 1)*(s) is fast on this line as well. Now (re-
member T' = 27}) the lemma follows from these estimates, from Lemma 6,
and because the K p-part of Eq 4 (y, To) gives in Y (A) a constant times

2AF@4+1/@_1IIF<é/2+u4§]/2iiT>'

7. Proof of the basic identity. Our aim in this section is to prove
Lemma 10 below. Theorems 1 and 2 will be easy consequences of that lemma.

Let Uy be a complete orthonormal system of Maass cusp forms of weight
0 for I'H(N) (we do not index them in the usual way to avoid confusion
because of the presence of weight 0 and weight 1/2 Maass forms). For u € Uy
we denote by A, its Laplace eigenvalue, i.e. Au = Ayu, Syu(sy — 1) = Ay,
Sy = 1/2+ity, t, > 0 or it, > 0, and let its Fourier expansion be

Zau W, (kz).
k#0
LEMMA 8. Let 7 > 0 be fized, Ty # 0 an integer, T = 2Ty, and

o0

X (4) = § Kar (T I0) (T lo) (| M€ + im)e(Tot) )
0 0

Then X,,(A) is meromorphic for Re A > —1/2. Denote by X}, (A) the dif-
ference of X,,(A) and

(i)l %;+(Q2%>WD éNudS)

/2

$ dv
. <_ ;/2m<ms2ﬁ>fxuw>m>au(m P,

where Uyt = {u € U : t, = 7 orit, > 0}. Then X}, (A) is regular for
Re A > —1/2, and in any compact subset of {Re A > —1/2}, | X (A)| is
smaller than a constant depending on the subset but independent of m; fur-
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thermore (A+1/2+7)%| X, (A)] is bounded by a constant independent of m
if —1/2< A< 1/2.

Proof. The spectral theorem is obviously applicable for M,y (z) in view
of the Fourier expansion (13). Since M (z) — My (z) is a linear combination
of weighted Eisenstein series, it is orthogonal to cusp forms, so by Lemmas 2
and 5 and using the Fourier expansion of cusp forms and Eisenstein series
(m, v and the functions f) are real) we see that S(l) My (€ +iy)e(To) d€ is
the sum of

/2

_ s dd
(= 3 (3 wn(@ § was) (] m(omay )00 )
u€Un QEANs Co,N —7/2
X ay (—=T0) Kit, (27| Toly)

and

1 T .

2(|T0|y)1/2rz S Xm,r(t)goroo(_TOa1/2+’Lt)Kit(27T’T0|y)dt,
i r —oo

where |xm r(t)] < H(—t) (see Lemma 5). Now, since T" = 2Tj, the lemma
follows by (8.27) and (8.6) of [I1], by our Lemma 6, (9) and (10), elementary
estimates, and by the fact that always |f)(¢)| < 1, which follows easily from
the shape of the differential equation satisfied by f).

Let 7 > 0 be fixed, G(y) = K;-(y)y?, define

M ()= (z)u(L)M(N/L, L2),

LIN
and
I r(4) = | GOl ({217 + in)e(Tug) de) .
0 0

The following identity is obvious.

LEMMA 9. If F is any function on H which is periodic with respect to 1,
L > 0 is an integer and Ty is an integer, T = 21}, then, assuming absolute
convergence,

§ 6Tl ([P + in))e(Tut) ) “

0 0
o) e (299)%

for L| Ty, and the left-hand side is O otherwise.
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This, (1), the Corollary to Lemma 4, and (11) show that if we define
(remember G(y) = K. (y)y*)
o0
1,(A) = 20F (A) 4 ¢ (N, Ty, ) | Gy dy
0
with a suitable constant ¢*(N,Tp, s), then, if A is a large enough positive
number,
lim I, ,.(A) =I1.(A).
m—s/n
On the other hand, we know (Lemmas 7-9) that the functions I, r(A)
and I;(A) are meromorphic for Re A > —1/2, and there is a finite subset
S = S:nm1, of {Re A > —1/2} such that on {Re A > —1/2}\ S each function
is regular, and on every compact subset of this domain each function is
smaller than a bound depending on the subset but independent of m. This
implies that lim,, g/n In-(A) = I;(A) for every A € {ReA > —1/2}\ S
(we use the following function-theoretic result: if f1, fo,... and f are regular
functions on a domain, if there is a constant C such that |f,|,|f] < C for
every n, and if lim, . fn(20) = f(z0) for a point 2o of this domain, then
lim,, o0 fn(2) = f(z) for every point z of this domain; see [P-Sz], Part 3, the
solution to Problem 256, p. 362). Let € > 0 be such that (—1/2,-1/2 + ¢]
NS = (. Examining the behaviour of the functions I, ,(A) and I;(A) on
(—=1/2,—1/2+¢], since the order of magnitude of I'(A, 7,7) as A — —1/240
is 1/(A+1/2) for 7 > 0, and 1/(A + 1/2)3 for 7 = 0, taking into account
Lemmas 6-9, (11) and the definition of IF (A) (see below (11)) we obtain
the following lemma for the case 7 > 0.

LEMMA 10. Let 7 > 0 or 0 < it < 1/2. Then the sum

1/2 B
8pnvms®t > |QI|D <1;> > bmo(;)bj,oo(DQz)

P>éi%§7;§):1 fje;g/i(fm
equals
) &), > (X w@ | udS)au(_TO>_
L|N, L|Ty L ufU—NT/L QEAN/L.« Conye 7

Proof. We have proved this above for 7 > 0. The remaining case is
similar; using e.g. the functions I, 1(A) and I;(A), and examining their
residues in the half-plane {Re A > —1/2} we get the result for the excep-
tional eigenvalues, i.e. for 0 < it < 1/2.

8. The proof of Theorem 1, Theorem 2 and its Corollary. Mul-
tiplying the equation of Lemma 10 by W 54,7 (—Toz) (where z € H), and
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summing over Ty # 0 we get

(DAY A S A E YIS

T €EVY)2(4N)
2t;=1
(2) _
=S ) Y (Y wn@ | ads)u(ze).
LIN ufUiV7{L QEeAN/L,s Cqo,N/L

Here the summation is over any orthonormal basis {f;} of the A; ,-eigen-
space of Vi",(4N) with eigenvalue —1/4 — (1/2)?%; denote this subspace
(finite-dimensional) by W' = Wyx 12 -. Since s/D = 0,1 (mod 4), DQ? =
0,1 (mod 4) and s/D > 0, DQ? > 0, we can factor by the subspace of func-
tions whose nth Fourier coefficient is 0 for every n > 0 withn = 0,1 (mod 4).Jj
More precisely let W = Wy @& Wy, where

Wo={feW:bjs(n)=0forn>0, n=0,1 (mod 4)},

and Wy is the orthogonal complement of Wy in W. Then we can take for
the orthonormal basis {f;} of W the union of an orthonormal basis of W)
and of Wi. This shows (since u(Lz) is a cusp form for I'y(N) if u € Unyp)

that
- s
> T () S0 45)
fieWs
is a cusp form for IH(N). Now, if D is fixed, s/D may be any positive
integer congruent to 0 or 1 mod 4, and the dim W; x oo matrix ({f;} is an
orthonormal basis of W)
{bjcc(n): fj € Wi, n>0, n=0,1 (mod 4)}

has rank dim W1, because if 3, ¢ oy, @;bjo(n) = 0 with some complex
numbers «; for every n > 0, n = 0,1 (mod 4), then f = Zj,fjewl a;f; €
Wo, so f € WoN Wiy, ie. f =0, and hence every coefficient o is 0 ({f;}
is an independent system). We conclude that for each f; € Wi the function
Shp f; is a cusp form for IH(N). For f; € Wy this is obvious, since then
Shp f; = 0. So Theorem 1 is proved.

Up to this point we have not used the Hecke operators, but it is obvious
that we may assume in (14) that our cusp forms (either of weight 1/2 or of
weight 0) are Hecke eigenforms. So assume that every f; is an eigenfunction
of T2 for every p with (p,4N) = 1, and every v € Uy is an eigenfunction
of the Hecke operators H,, for (p,4N) = 1. This is possible, since the Hecke
operators T2 for (p, 4N) = 1 are self-adjoint, they commute with each other,
with Ay /o, and if NV is odd, they also commute with L, and the analogous
statements are true for H, with (p,4N) = 1.
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Now, let w € Uy be a newform for I'h(N) (w € Up , so its square integral
is 1), and choose 7 = t,,. Then, by definition, w is orthogonal to any u(Lz),
where v € Uyyr, L > 1; and of course w is orthogonal to any u € Uy if
u # w. On the other hand, it is well known (and very easily proved using
the action on Fourier coefficients at oo ) that Shp commutes with the Hecke
operators, i.e. Shp oT,2 = Hy, o Shp for any (p,4N) = 1, which implies that
for f; € V1*/2 (4N) with 2t; = 7 the T).-eigenvalue of f; is the same as the
H,-eigenvalue of Shp f;. So (since H), is self-adjoint for (p,4N) = 1), w is
orthogonal to Shp f; if there is a (p,4N) = 1 for which T2 f; # A () fj,
with the notation Hyw = A, (p)w. The strong multiplicity one theorem for
I'y(N) shows that if T2 f; = A\y(p)fj, i.e. Hy(Shp f;) = Aw(p) Shp f; for
(p,4N) =1, then Shp f; is a constant multiple of w. Since the first Fourier
coefficient of Shp f; is bj o (D), this means Shp f;(2) = bj oo (D)w(2)/ay(1).
These considerations together with (14) imply

(15) ( > wn(@ | wds)w(z)

QEAN s Cq,N

— Spy /7 5% 3 By <S>bjm(p) w(z)

i e‘/1*/2(4]\7)
Shp f;(2)=bj 00 (D)w(2)/aw(1)

Then (15) (dividing by w and then conjugating) implies Theorem 2, upon
writing ¢ in place of w/a,(1).

Proof of the Corollary to Theorem 2. For [* || N (I is a prime, a > 1) we
introduce the Atkin-Lehmer involution W« (see [A-L]) by

1 * a
wie= g (v 15):

where a, b are integers with (2*b—Na =1 It is well known that Wja I (N)Wia
= IH(N), WA € Ih(N), and Wi commutes with the Hecke operators T},
for (p, N) = 1. Hence, if ¢ is a newform for I'H(N), then

p(Wiaz) = wiap(2)

with wje = £1.
We will take s = D? in Theorem 2. A complete set of representatives of
the I'h(IN)-equivalence classes of Qy p2 is

{03 (F) =i () 0 wmoa D), e|N, .87 =1},

where Q,(X,Y) = DXY + pY?, and if t = [[;_, I is the prime factoriza-

1=1"1

tion of ¢, then Wy = []._; We: (the order in the product is not important,
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because if I; # l5 then

1 [ AW 1o D)

W’l?WZ?FO(N) = W (ZIJ\ZZQ l?l(lISZb)FO(N)7
where a, b are integers with [3*1132b — Na = [{132). This is stated in [Ko2]
for N squarefree, but it is easily seen to be true in general. (One can prove
it in the following way. Firstly, these forms are inequivalent, which follows
from the properties of the Atkin—Lehmer involutions, and from the fact that
if Quy (X,Y) = Qu,(X,Y) with () =W, () and v € IH(N), then t = 1
and p1 = p2 (mod D) (because we must have yW;00 = 00). So it is enough
to prove that the number of equivalence classes is D2"(V) where v(N) is the
number of distinct prime factors of V. But this is true, because for N =1
the statement is easy, and for general N the (N )-equivalence classes of
Q1 p2 are

fornn(5) (1))

where we can take p = 0, N,2N,...,(D — 1)N, and {v;} is a set of repre-
sentatives of left cosets I'p(NN) in IH(1). We can take for {v;} a set

{(Z :) € Iy(l) :u|N, v <mod];]>},

and it is easy to see that we get a class in Qy p2 exactly when (u, N/u) =1
and N/u|v.)

It is obvious that if @ € Qn p2, t|N, (t,N/t) = 1 and @(X,Y) =
Q(X,Y) with (3) = Wy(¥), then Q € Qn,p2 and wp(Q) = (2)wp(Q).
On the other hand, for @ € Qy p2 the curve Cq y is the whole semicircle.
So (taking wy = [[;_, wyes for t = [Ti—, &) we get

>, wp(@ | eds

QEAN s Co,N

DT e

© (mod D) t|IN

(t,N/t)=1
If Re s is large, then
D —p/D+ioco . dy
> p(2)y* —
1 Y

p (mod D) —p/D

1/2 + 4t 1/2 —it
:271_5_1/2D1/2F<S+ /2 Rl >F<S+ /2 ! )L(@,D;s+1/2),
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R (73
i—1 l; " we have

R s (GO R)

QGAN,S CQ,N
1/2+it\ . [1/2—it
><F< /241 >F( /2= >L(¢,D;1/2).

By analytic continuation, if N =[]

2 2
Together with Theorem 2 (with s = D?) this implies the Corollary.

9. Lemmas on special functions

LEMMA 11. Let Re M > 1/2. Then

0 ap) 2 A 1/2
lim | Tu(Vy +R)e’RdR:2<2> _r 7r(M—1>.
y=0+0 J (\/y? + R2)3/2 M?—-1/4 2

7r
Proof. By [W], p. 385, (2), we have

(16) g e %1, (bR)R* T dR
0

02 (p+v) (it v ,u—l—u—l—l_l/+1‘_ﬁ
ar (v +1) 2 7 2 7 " a?

if Re(u+v) >0, Rea > 0, Re(a +ib) > 0, Re(a — ib) > 0. Now substitute
b=1,pu=-1/2,v=M, and let a — ti (t < —1 or ¢t > 1) inside the right
half-plane. By taking the limit the formula is still valid for a = ti. We let
t—140(t— —1-0), and use

' Ty —a—p)
Jm  Flen f72) = Iy —a)l'(y = B)

for Re(y —a — ) > 0 ([Le], p. 294), and I'(s)I'(s +1/2) = 7'/221725(2s),
getting the assertion.
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LEMMA 12. For y > 0 let

T Iu(WyE+R?)
QOM(y) - _S)O (\/W)B/Qe RdR

(M is any complex number). Then
Yo () + 2905 () —or () (5 + M2~ 1/4) = =2(2/m)"/? cos 2 (M ~1/2).

Proof. Put Ry (z) = Jas(x)/23/? for > 0. Then

(1)

R(2)( )+4RM(x)+R () = (M 2_9/4)R1\$2($).

We will repeatedly use the following claim:

CLAIM. If j(R) is a smooth function on the positive real axis with 7 (R)
= Or(1/R?) as R — o0 (k=0,1,2,...), and

F(y) = S iy + R2)e AR for y >0,
then
: FO@) T WY+ R
(i) = S e ""dR,
Y D VY2 + R?
.. (2) F(l)(y) T -(2) —iR
(ii) FOW) - Fy) - — = = | SOy + B)e M dR

Proof. Assertion (i) follows by differentiating the definition of F(y)
under the integral sign; (ii) follows by a further differentiation, using (i),
and applying partial integration two times for the definition of F'(y).

By repeated application of this claim, and using

(R (@)/x)D _ R (@) RS (@)

x x? s
we have
an @@ 7RIV R RV R gy
Y R ( /y2+R2)2 ( /y2+R2)3

Similarly, with the notation

(1)
() = 9 () + 3L

Y
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using also the differential equation for R/(x), we obtain

) = 0o/ | T o

Since

22 2 x3

(RM(ﬂf))(z) +3(RM($;/$2)(1) _RP@  RY@)

this implies in view of (17) that

)

~ ) (1) (1)
19/4( (2)( )+2 y(y)_VM(y)> :(QP]\/[(:QQ/y)

so we have obtained a fourth order differential equation for ¢as(y). Multi-
plying by y and using yyar(y) = (yely (1) + 200 () we get

(1)
(M? — 9/4)(pMy(y) — 1P ®) — () + yeS? () + 200 (y) = car

with some constant c; ar, because the derivative of the left-hand side is 0.
From this, as above, we get

(M2=9/4) 1 ()~ v () +y9 5 () + 200 (4) +4 20 (y) =

because the derivative of the left-hand side is ¢; ary.
Now, the left-hand side is

—(2 2 (W) + 2905 (1) — onr(y) (y? + M2 — 1/4)).

It is easy to see that ¢ (y), ¢ (1 )( ) 4,0531)( ) = O(1/y) as y — 00, 80 ¢1
is 0. On the other hand, if for example M is a large enough positive num-
ber, then (by Lemma 11) the limit of this left-hand side as y — 0+ 0 is
2(2/7)? cos (M —1/2), which proves the lemma.

c1,M
5 yz+02 M,

COROLLARY. Let
nu(y) = e (y) cos (M+ 1/2),

Then

(e (y) —n-m(y))-

2 — s
Yu(y) = _my 1/2KM(y) cos 5 M.
Proof. It is clear by the lemma that
yPUNT () + 2008 () — ar (o) (97 + M2 —1/4) =0,

V20 )@ + y P on )Y = () + M) (Y Par(y) =0,
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which means that y/?1;(y) is a constant multiple of K/ (y), because obvi-
ously 4/ (y) = O(1) as y — co. Now we determine the constant. Let, for
example, M € (9,10), and y — 0 + 0. Then, by the power series expansion
of the J-function and the K-function, and since

T(M/2 + 3/4)

OSO (1+ R?)

— o0

(see (3.18) of [I1]), as y — 0+ 0 we have
7r (—M n 1) (r(1/4+ M/2)r(1/4 - M/2))~!

1/2 ~ ~
v o (y) cos 2 sin gM cosmM

2
2My=M | P(M/2+1/4)
“TCM+ 0" T(M/2+3/4)

and

2My—M

r-M+1)
Hence using sin2s = 2sinscoss and I'(s)I'(1 — s) = w(sin7s) ™! we get the
result (by analytic continuation).

Kai(y) ~ 5 (sinmd) ™!

LEMMA 13. If M =3/2+2t (t =0,1,2,...), then o (y, ) +orm(y, —0)
= 0 for every y € (0,00), ¥ € (—m/2,7/2). (See the definition of pas(y, )
in (5).)

Proof. In these cases Lys(z) is an odd entire function, so

sin ¢ sin 1
= (LM<Z+ycos19> +LM<Z_ycosz9)>/z

is an even entire function, hence the integrand is an entire function of R. We
can change the line of integration from (—oo,00) to (—iT — oo, —iT + 00),
and it is easy to see that the integral tends to 0 as T — oo, because
Jar(2) = O(|z|~1/2e™=1) as |z| — oo (e.g. from the expression for Jy(2)
as an elementary function in case M is half an odd integer; see [W], p. 53).

It is very likely that one could compute the integral of the following
lemma explicitly, but an upper bound will suffice for our purposes.

LEMMA 14. Let pu be a given purely imaginary number, and let B be a
fixed positive constant. Then, if A is a large enough positive number, and

[ee]

v
I, A(M,9) = cos §(M +1/2) S K, (y)y*om(y,9) dy,
0

where
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oum(y,0)

_ T y? 2 sin ¢ y? 2 e iR | _—iR
_§LM< C08219+R +ycos§>(008219+R> (e + e ) dR
and Ly (z) = Jy(x)/\/z, then
Ly A(M,0) + 1y a(M, =9) = (L, a(=M, 0) + 1y a(=M, =)
= 0,5 (e"™M (1 + [Im M|)~P)

if |[ReM| < A/100, uniformly in ¥ if |9| is small enough (smaller than a
positive constant depending on A, B and ).

Proof. We will prove the desired upper bound for I, s(M,?) —
I, A(—M,—9). Let Im M = t; we assume ¢ > 2.
We use the weak estimate

(18) JM(Z) _ O(e(w/Qfa)te\Imth/lO(l + 1/‘Z‘)A/10)

for —m/2 < o = argz < 7/2 and |Re M| < A/100. By Phragmén-Lindelof
it is enough to prove this when Re M is an even integer, and in this case it
follows easily from
2)¥ ‘

Ju(z) = T —i—(ZZ;F(l/Q) Sl(l — 2 2cosztdt  (Rev > —1/2),
and from the relation J,_1(z) + J,11(2) = 2v271J,(2).

Consider I, 4(M, ). Replace the path of integration [0, 00) in y by P, =
[0, (clogt)e™] and P> = [(clogt)e’™ + 0, (clogt)e™ + 0o), where c is a large
and « a small positive constant so that c¢sin « is also small. If y € Ps, then
we may integrate in R e.g. on the same path as in y, and since K, (y) =
O(e~Re¥), and c is a large constant and ¢ is small, it is enough to deal
with Pl.

If y € Py is fixed, integrate in R on the paths

R

sin
cos?¥ |’

, sin v ; sin ¥
= |(clogt)e™™ — log t)e™™ —
Q2 = [(clogfei® " 40, (clog ™ — y 1 + o0

(we fix ¢ and « first, and let ¥ be very small with respect to them). It is
enough to deal with

Qs = [<clogt>em y

with a small ¢ > 0, otherwise we are done by (18). But here the
e'f_part of the integral is small (push the line of integration upwards), and
Y2/ cos? 9 + R2 is very close to R, so using Taylor’s formula, substituting

sin ¥

cos v

. in v
——— +t17F (clogt)e'™ — ysm + oo)
cos
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R + ysind/cos¥ — R, and handling I, o(—M, —1¥) similarly, but “down-
wards”, we can replace I, a(M,V) — 1, a(—M,—v) with a small error by an
expression of the type (since we can now y-integrate over the real line)

ST K o _
Z Z Z 2175459 _'j’t’q sin? 9 cos™21 724y
i—0t=0g=0
o

% ( S Ku(y)yA+2j+2t+q€iysin19/c0519 dy>1j72t+q(M),

where a; ¢, bj; 4 are defined by the power series expansions

1+£U1/2—1 i ~ oo 1 14542t oo
(Y oS (P) T = e
q=0

t=0
and
(4)
m 1 Ly (R) _;r
I .(M) = cos2<M+2> S iz C dR
o+
. 1\ ¢ LY (R)
_ (—1) COS 5 <—M + 2) QS_ Wﬁ dR

with the notations

Q1 = [(clogt)e™™ +t17¢ (clogt)e™ + c0),

Q™ = [(clogt)e ™ +t'7¢ (clogt)e " + o).
So it suffices to prove that I; . (M) is small for all j, z > 0. We choose a large
constant E and a large positive integer N. Then the multiplier (1 — e~ #F)N

is practically 1 on QF; with this factor we can transform back the integration
to [0,00), and it is enough to show that (remember Im M > 2)

T I (R)e TR —i(=1)70Y) (R)e' ™

§ R3/2+i+=

(1—e FRYN 4R

_ O(e(ﬂ-/Q) ImM(ImM)_C)

for every C' > 0. For j = 0 this follows easily from (16), and in view of
Jy—1(R) — J,11(R) = 2J£1)(R) this proves the lemma.

LEMMA 15. Let ¢ be a smooth function on (0,00) such that p(x) =
O(x™) with some large constant A as x — 0, and o(z) = O(z~/?) as
x — 00. Assume that (1/24+25) =0 for j =1,2,..., and @*(t)—p*(—t) =
O(2™ (1 +t))~B) in a strip [Imt| < C with some large constants B and C.
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If
(19) OSO G)(1/4+ it)[(1/4 — it)(shrt)t dt = 0,

then ¢ satisfies the conditions of Theorem B, i.e. for some e > 0, p(x) =
O(z717°) and oW (x) = O(x727°) for1 =1,2,3 as * — oc.
Proof. For z > 0 define
2T Jau(w) cos(mit+m/4)p(t) D (1/4+it) (1 /4—it)
m2e(3/8) S chrt

P(z) = tdt.

Then it is easy to check that 1(0) = 1) (0) = 0 (moving the line of inte-
gration to Imt = —(1/2+¢) and using $(—i/2) = 0), and ¢(x) = O(x~179)
and ¢ (z) = O(x=27°) for I = 1,2,3 as x — oo (using, for x very large with
respect to t, the asymptotic formula for the J-function and its derivatives,
and taking into account (19), we get in fact much stronger estimates). So
it is enough to prove that ¢ = 1. But the Corollary to Lemma A.9 below
shows that ¢ = ¢ and ¥(1/2 +2j) = 0 for j = 1,2,... So for the function

d(z) = (¢ — ¥)(x) we have

OSO d(x)F(z,2t,—1/2) d?:v =0

for each real ¢ with

F(x,2t,-1/2) = Jyu(x) cosm(it + 1/4) — J_oi(x) cosm(—it + 1/4),

and
< dx o
S d(x)Jaj-1/2() = 0 withj=1,2,...

But then d = 0, because d is easily seen to be orthogonal in L?((0, 00), 2~ dx)
to any compactly supported smooth function by the Appendix in [K].

COROLLARY. There is a fixed function @g satisfying the conditions of
Lemma 15 apart from (19) (writing ¢o in place of ¢ there), such that if ¢
is any other such function then Theorem B is applicable to the function

e@)— (| 2Ora/a+ira/a—i(shrod)go().

Proof. We take ¢y with

S Go(t)[(1/4 4 it)"(1/4 — it)(shat)tdt = 1

—00
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(if this integral is 0 for every function satisfying the desired conditions, then
we can take ¢y = 0).

APPENDIX: KUZNETSOV’S FORMULA FOR KOHNEN’S SUBSPACE

Here we prove Theorem B stated in Section 3. The proof is based on
the ordinary Kuznetsov formula for Maass forms of weight 1/2 (proved by
Proskurin [P]) and the fact that (just as in the holomorphic case) Kohnen’s
subspace is the invariant space of a certain self-adjoint operator L satisfying
a quadratic equation.

In Section A.1 we give some notations, in Section A.2 we state the basic
properties of the operator L and determine its action on Fourier coefficients
(which is important for the proof), and in Section A.3 we compute the
relevant Kloosterman sums. After these preliminaries we can easily prove
Theorem B in Section A.4. We have there a general test function on the
Kloosterman sum side and not on the spectral side; Section A.5 deals with
the inversion of the integral transformation involved.

A.1. Further notations. We define the symbol (5) for ¢ an integer,
and d an odd integer. For d > 0 this is the usual Jacobi symbol, and we
extend it by the formulas

(£)-5(5) wese

0 0
<d> =1 for d = £1, <d> = 0 otherwise.

C

A few basic properties are the following. We have (g) = 0 for (¢,d) > 1,
and the symbol is completely multiplicativegin both variables. If n is odd,
then (=) = (=1)(»=1D/2 and (2) = (=1)(»"~1/8 If A is an integer, then
for any integer ¢ and d odd one has (g) = (d++(40))’ but if 4|e¢, then
(5) = (ﬁ) is also true. If A and c are any integers, d is odd and d > 0,

C

then (3) = (#). Finally, the extended quadratic reciprocity law states
that if p and ¢ are odd integers, (p,q) = 1, and p > 0, then

(1;) (z) _ (—1)e-0/2 02,

(Proof. For ¢ > 0 this is well known, so we assume ¢ < 0. Then

- @)-cr(3)

hence (as —¢ > 0)
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<P> <q> (=)D 21y -/ (a2 _ (_qyr-D/2-(1-0)/2
q b

and (—1)" = (—1)~" for every integer n.)

For a complex number z # 0 we set its argument in (—m, 7], and log z =
log |z| + i arg z, where log |z| is real. We define the power z° for any s € C
by z® = exp(slog z).

For g1, 9o € GLT(2,R), we define

w(g1,92) = Jor (922)1/2j92 (2)1/2jg192 (Z)_1/2'

The right-hand side is indeed independent of z € H. Clearly w = 1. One
has

flgrgz = w(g1, 92)(flg1)lg2-

We will frequently (and sometimes tacitly) use the following lemma.

LEMMA A.l. Let g1,9o € GLT(2,R), g1 = (o Zi), g = (2 Zz) and
g192= (& 1)

(i) If c2 >0 and C > 0, then w(g1,92) = 1.
(ii) If c1 =0 and di > 0, or if cog =0 and dy > 0 (i.e. jg,(2) or jg,(2)
is a positive constant), then w(gy,g2) = 1.

Proof. We use the identity jg,4,(2) = Jg,(922)7g,(2). Statement (ii) is
trivial from this, but statement (i) also follows from z = = + i, * — oo
(because then arg jg, 4,(2) — 0 and arg jg,(2) — 0).

The function v defined in Section 2 is a multiplier system on I(4) (and
on every I((4N)) of weight 1/2, in the sense that |v| = 1, V((_Ol _01)) =
e~™i/2 and

v(g192) = w(g1, 92)v(91)v(g2)

for every g1,92 € I'p(4).

Let N be a positive integer. For a cusp a of I1(4N) denote the stability
group of a by I', = {vy € IA“O(4N) : va = a}. The scaling matrix of a is an
element o, € SL(2,R) such that 0,00 = a and o, 'I,0, = B, where B is
the group of integer translations. As a transformation on H it is determined
up to composition with a translation from the right. For a cusp a and a
multiplier system v one defines x, by

V<O.a<(:; 1>0a1> :e(_Xa)a OSXG,<1'

The cusp a is said to be singular for the multiplier system v if x, = 0.
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It is known that if f is a Maass form of weight 1/2 for I1(4N), then at
every cusp a of IH(4N) it has a Fourier development of the form

f‘o—a(z) = Cf, Z bfa Wl 1 sgn(n—xa) Zt(47r‘n Xa|y) ((TL—Xa)J,‘),
n=-—o00
n—xa7#0

where W is the Whittaker function, 1/4 + ¢* = —\, and cf4(y) = 0 if

Xa # 0, while for x, = 0 it is a linear combination of y'/?*% and y'/2-%,

The numbers by ,(n) are called the Fourier coefficients of f at the cusp a.

A.2. The operator L and its action on Fourier coefficients. Let
(up to Section A.4) N be an odd positive integer. The three relevant cusps
of I'H(4N) are oo, (N +1)/(4N) and (3N +1)/(12N). Now [ is obviously
the group generated by ((1) }), and it is not hard to check that

_(1-N(N+1) (N+1)%/4
T(N+1)/(4N) = —4N2 1+ N(N+1)
_(1-3N(BN+1) (3N+1)2/4
Y(3BN+1)/(12N) = —36N?2 1+3N(3N +1)

are generators of I\ n41)/n) and I'(3n41)/(12n), respectively.
For scaling matrices we can choose

(), C((1+N)2 1/2
oo T 0 1 ) (N+1)/(4N)_ 2N 2 )

(1+ 3N)/2 1/2
O(3N+1)/(12N) = 6N 9 .

In our case

_ —4N?
V(V(N+1)/(4N)) = EL4N(N+1) m )

_ —36N?
V(’Y(3N+1)/(12N)) = €143N(3N+1) 1+3N(3N + 1)

This shows that using the notations
(N +1)/(4N) if N=1 (mod 4),
(BN +1)/(12N) if N =3 (mod 4),
(3N +1)/(12N) if N=1 (mod 4),
(N+1)/(4N) if N =3 (mod 4),

we have x5 = 0, x4 = 3/4 (so s is a singular cusp of I'H(4N) for v, and q is
nonsingular).



142 A. Biré

If f is a function on H with f|y = v(v)f for every v € I1(4N), let

R TR [

w (mod 4)
1 ‘ (1 +Nw 1 /4)
2(1+1) o Od4) 4Nw 1

It is easy to check that the definition is correct and the second equation
holds.

LEMMA A.2. Let f be a function on H with f|y = v(y)f for every
v € I'h(4N). Then the same is true for Lf. The operator L : V — V is self-
adjoint (V = V1 ,9(4N)), commutes with Ay ;o and with the Hecke operators
T2, and satisfies the quadratic equation (L —1)(L+1/2) =0. We have V =
V+T@eV~ (orthogonal decomposition), where V' = ‘/172(4N) is the eigenspace
of L with eigenvalue 1, and V— = V1/2( N) is the eigenspace of L with
eigenvalue —1/2. For a Maass form f € V, we have f € VT if and only if
bfoo(n) =0 forn=2,3 (mod 4).

Proof. In the holomorphic case these statements are proved in [Ko3|,
and the modifications needed are not hard.

We now describe the action of L on Fourier coeflicients.

LEMMA A.3. Let f be a Maass form of weight 1/2. For n # 0 we have

1 1 n _
§bf7<>o(n) + mbﬁs <4> if n=0 (mod 4),
1 1 +3\ .
bLfoo(n) = ibf,oo(n)—i- 2(1+Z,)bf7q<n4 > if n=1 (mod 4),
1
—5br00(n) if n=2,3 (mod 4).

Proof. For w =2 in (A.1) we have

1+2N 1/4\ (142N —(1+3N)/2\ (1 3/4
8N 1 - 8N 1—-6N 0 1 ’

The first factor on the right-hand side is in IH(4N), 1 +2N = —1 (mod 4),

and (1-?-]2\71\/) = (ﬁ), which is —1. So the terms w = 0 and w = 2 in the

expression (A.1) for Lf give

1 1 1/4 1 3/4
Ul 1)+ l(o )
while the terms w = 1 and w = 3 give
1 2 0

From these last results we obtain the statement of the lemma.
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A.3. Kloosterman sums. We now determine (Lemma A.6 below) the
relevant Kloosterman sums. In general, if a1, as are cusps of a group I', v is
a given multiplier system of weight 1/2 on I', m and n are nonzero integers
and ¢ > 0, then the definition of the Kloosterman sum is

S a(mmic) = D" Va4 (7)e<(m ~XeJat (n = X‘”)d>;

a * c
'Y:(c d)

here the summation is over inequivalent elements ~ of o ' I'og, (in our case
I' = I'H(4N)) with lower left entry ¢, where v; and ~2 are equivalent if
Bﬁle = B’YQB; and Va17a2 (7) = V<0—01’70—a_21)w(0a17(7;2170—@2>@(0—a17’Y)' We
need ng(;im (m,n;c), S£724N)(m, n;c) and SQ,E;*N) (m,n;c).

If a; = oo, we can choose g,, = ((1] (1)), and then, since ¢ > 0, using
Lemma A.1(i) we see that the w functions are 1 provided the lower left
entry of o, is positive; but in our cases this condition holds, s0 v4, 4,(7) =
V(Ja170—;21)‘

In preparation of Lemma A.6 we need two lemmas.

LEMMA A.4. Suppose M is an odd positive integer, N | M, and a, b, ¢, d
are arbitrary (not necessarily integer) numbers with ad—bec = 1; furthermore

a by (A B (1+M)/2 1/2
c d) \C D 2M 2 )
Then a necessary and sufficient condition for (é g) € IH(4N) is

{2]|¢, N|e, 2]a, 2|d, ad =1 (mod (¢/2))} in the case M =3 (mod 4);
{2]l¢, N|¢, a=0 (mod 1), d=0 (mod 1), a(d —¢/2) =1 (mod ¢)}
in the case M =1 (mod 4).

Proof. First we seek the condition for (é g) € [y(4). Since (}l (1)) €
I'v(4), and

(- (0 ) )

we have (é g) € Iy(4) if and only if 2b is an integer, 2|d, 2|c and

2| (14 M)b—a. If these conditions are fulfilled, then a is an integer (because
2b| (1+M)b), ad—1 = (2b)c/2 is odd, and so 2 || ¢ and 2b is odd. This implies
that a is odd for M =1 (mod 4), and even for M = 3 (mod 4). It is easy to
get as necessary and sufficient conditions for ( é g) € I)(4) the conditions
stated in the lemma without N |c. But C' = 2¢ — 2Md, and N | M, so we

get the lemma.
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LEMMA A.5. If M is an odd positive integer, 6 = (é g) € IH(4N),

(-2 D) ()

and ¢ > 0, then

) E3¢/2 ccl/; for M =3 (mod 4),
e<(c/2)(d _80/2 — 1)> <cj2> for M =1 (mod 4).

Proof. We will repeatedly use the basic properties of the quadratic
residue symbol (see Section A.1).
First observe that (D) = (C+ ) Indeed, if D < 0, we must have C' > 0

D
since ¢ > 0, and (C+4D) = ( D)
(1+

( ) So we may assume D > 0. Then
C+4D)—4D <0, a contradiction.
(Q) We will use this observation twice.

XU\Q

C +4D > 0, as otherwise 2c =
But then (C’ir4D) — (C+4D) 5
Observe also that ¢ =2 (mod 4) and d is an even integer.

Assume first that M =3 (mod 4). Then since 4|1+ M, we have

(d@ B ((1 + M>C</o4/If D) - D)

(252)-(249)-(3)

On the other hand ep = €3,/ since 4|C, 4|1 + M, and this proves the
lemma in this case.

For M =1 (mod 4) set x = d — ¢/2. Then x is an odd integer, and we
will prove (%) = (%) Indeed, ¢ > 0, so

(2)= (=)= ()= (5)

We have 2 = d — ¢/2 = (1 — M)% + D. If this is positive, then d > 0
(as ¢ > 0), and then D > 0 (since 1 — M < 0). In this case, continuing the
computation, since 4|1 — M and d/2 = C/4 + D, we have

() (452)-(5)

If x =d—¢/2 <0, then as above,

(£2)-(452)- (9

again (see the beginning of the proof). On the other hand ep = €4_/2
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(again because 4|1 — M), so by quadratic reciprocity (¢ > 0!)

2 d—c/2
—= _1\(e/2=1)/2 - (d=c/2-1)/2 [ 2 */ =
V(é) 6d—c/2<d_c/2>( 1) ( 6/2 )

n—1

It is easy to check that én(%) = G(T) for every odd n, and this proves
the lemma.

We can now turn to the main result of this section.

LEMMA A.6. We have
SOF&(;N) (m,n;c) =0 if ¢ is not divisible by 4N;
SaoCN (m, s ¢) = SN (mynse) = 0

if the condition (2| ¢ and N |c¢) does not hold.

Moreover,
0 SRV (mnse) = Y %(C)e(”mm) if AN |¢;
z (mod c¢) r ¢
(z,e)=1
Zi
() ST ) =enn 3 <x>e<<m>wm>
7 z (mod ¢/2) C/2 C/2
(z,c/2)=1

if 2||c and N |¢;
(iii) SOFO,(;‘N) (m, ;) = Es2(=1) Z <C/2>e< )

C
z (mod ¢)

(z,c)=1
if 2||c and N |e,

where V. is the integer defined by

V.= { (6+c¢)/8  for 2 (mod 8),

6 (mod 8).

Cc =
C =

(6+3c)/8 for
Proof. The statement for Sgé),(é,N)(m,n;c) is obvious, and the others
are immediate consequences of the previous two lemmas, because o, and oy

have the form ((121\1\//[[)/2 142) with N | M, and M = 3 (mod 4) for s, while

M =1 (mod 4) for g. In the case of ng,(;w) (m,n;c) we write z = d/2. In

the case of S£’7%4N)(m, n;c) we write x = d — ¢/2, use the fact that x — 1 is

even, e((c/g)(;_x)> :€SC/2€<(3/4;VC)x>€<2>
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(22 (2

The following lemma gives another expression for the sums Sy (m,n;c)
introduced in Section 3.

LEMMA A.7. Let 4||lc, m=0,1 (mod 4), n=0,1 (mod 4), and let

for 2| ¢, and

Soo,00(m,n;c) = ngf;,‘g) (m,n;c),
Soc,s(myn;c) = SW (m,nic),  Seoq(m,nic) = SR (m,n;e),
so their explicit definition is given in Lemma A.6 with N = 1. Then

SK (m7 n; C)

2
Soo,00(m,n;c) + msoqs (m, g; ;) if n=0 (mod 4),
n+3 c

o 2
Soo,00(m,n;c) + msw,q <m,

In other words, we have
. n c
(1 —19)S0.s <m, e 2) for n=0 (mod 4),
3
(1—1)Se0,q <m, nts, c) for n=1 (mod 4).
Proof. By quadratic reciprocity, using the pairing = < x+¢/2, the fact

4 72
that if z =1 (mod 4), then x+¢/2 =3 (mod 4), and that x 4+ ¢/2 = T+c¢/2
(mod ¢), we have

Soo.00(m,n;c) =

Soo,00(m,m; )

— (14 i(—1) (/A0 /2mny 3 <C§4>e<mij>

y=1(mod4),y (mod c/4)
(y,c/4):1

where yy =1 (mod c¢). Since

(1) <o) () o=t i

and for m = 0,1 (mod 4)

(a2 @iy (M) e,

in the case n =0 (mod 4) we have

Soc,00(m,n;c) = (1 —1)Ss,s(m,n/4;¢/2).
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If n = 1 (mod 4) take an integer r with r = 2 (mod ¢/4), r = 1
(mod 4), and let 77 =1 (mod ¢). Then for y =1 (mod 4) we have

€<ny> _ €<((” +3)/4 - VC/2)W> (_1)(n+3)/4vc/2€<4V0/2 - 3y>’

c c/2 c

(M) = (7)o (-2),

because after writing every term in the form e(l/c) with some integer | we
have to prove a congruence mod ¢, which is easily proved mod 4 and mod ¢/4
(and (4,c¢/4) = 1) by our conditions.

Since
e(‘W(:/Z_Z”y) _i(—1)/a-n/2

c

and

for y =1 (mod 4), so by the substitution ry — y, using

2\ (L Vera(_1y(e/an/2 — g
() 0% ,

and the conjugate of (A.2), we get
Soc,00(m,n;c) = (1 —1)Ss,q(m, (n+3)/4;¢/2) forn=1 (mod 4).

A.4. Kuznetsov’s formula. First we state Kuznetsov’s sum formula
for the weight £ = 1/2 and for the group IH(4N) (N may be even here)
as given in [P] (see also [Du]). Proskurin actually derived the formula for
more general groups and weights, but considered only the case when the two
cusps are equal. The modifications for mixed cusps are straightforward. We
will need the case of mixed cusps, so state the formula in such a form.

Let N be a (not necessarily odd) positive integer. In addition to the
notations introduced in Section 3, let a;, as be two cusps of I'H(4N), and let
{ fij}fil be an orthonormal basis for the space of holomorphic cusp forms
for I'h(4N) of weight 1/2 425 (j = 1,2,...), with multiplier system v, and
with Fourier coefficients b;; o(n) at a cusp a.

For n,m > 1 set

Vi) = 4/l =)~ vae) 3 e,

Va(m,n) = Y OSO <"_Xaz)it

J=1 —oo NPT Xay

_ ) . o(t)
X goj7m7a1(1/2 + 1t) Q) m,a,(1/2 + it) wOIrGaAT e ™
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1/2 42 1/8+5/2
Vi(m,n) —42 (ar 1/2”]((/ le))j(l//4(nj_/>3a2)jl/4

d;
]'/2 + 2] Z Z]7a1 Z]7a2 (n)'

LEMMA A.8 (Proskurin). With the above notations, for n,m > 1 we have

SF0(4N)

‘e m — n — ’
Z 1,2 im,n, )(,0<47T\/( Xa;)( Xa2)>_2vl(m7n)_
=1

c>0

Proof of Theorem B. The case 2| N is a straightforward application
of Kuznetsov’s formula (Lemma A.8), so we assume that N is odd. By
Lemma A.7 we have

SRS

c>0

Nilec
1 Seo,s(m,n/4;c) m(n/4)
L 3 Sl (1 IOD)

c>0
Nlec

if n=0 (mod 4), and

3 3 Sl (/)

c>0
Nlec

1 Soo,q(m, (n+3)/4;c m((n+3)/4— xq
+1+¢Z ( (C )/ )(p<47r\/ (( C)/ x)>,

c>0
Nlc

ifn=1 (mod 4).
Now we apply Kuznetsov’s formula three times, and use Lemma A.3, to
get

jOO 1b]oo( +bLJ A
Z_4FZ A ueelt) e o) 4

This proves the theorem, because £bjo0(n) + bry, o0(n) is 0 for f; € V7,
and 2b; oo (n) for f; € VT,

A.5. Inverting the formula. The following lemma is important in
inverting the Kuznetsov transform ¢ — @. This lemma is in a sense the
converse of the theorem in the Appendix of [K]. We need only the case
a = —1/2 here.
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LEMMA A.9. Let h be an even smooth function on (—oo,00), and assume
that for some ¢ > 0 we have h)(t) = Oy(e™t=2%9) as t — oo forl =
0,1,2,... Define

F(z,t,a) = Jir(x) cos g(a —it) — J_j(x) cos g(a +it).
Then for any s > 0 we have

h(s) = — S F(x,s,—1/2)< S F(x,ci,;lﬂ)h(t) S;d;» dz

x

Proof. First we assume that h(t) = 0 for |t| > T with some posi-
tive T'. The lemma will follow from this by approximating a general h(t) by
h(t)wo(t/T) with T'— oo, where wy is a fixed smooth function on (—o0, o)
with 0 < wy < 1, wo(t) = 1 for |t| < 1/2, and wy(t) = 0 for |t| > 1. Using
the formula

1

_ (33/2)it 2\it—1/2
(A.3) Jit(x) = T2+ )12 Sl(l — )12 cos s ds

we see that if we know the theorem for functions with compact support,
this approximation gives the theorem for any h satisfying the conditions of
the lemma (for z small we replace cos sz by 1 in (A.3), and then we apply
partial integration two times in t).

So let h(t) = 0 for |t| > T. It is easy to see by (A.3) that the integral in x
is absolutely convergent. Let g, (y) be the function on (—o0,00) defined by

gn(y) =0 for y < an, gn(y) =1 for y > by, gn(y) = (y — an)/(by — ay) for

an <y < b,, where {a,} and {b, } are two sequences with lim,, ,, b, = —00
and lim,,_, (b, — a,,) = oo. Then it is enough to prove that
T T F(x,t,—1/2) tdt \ dzx
h(s) = — 1 w(log 2)F(z, 5, —1/2 h(t ly
(s) nggoég (log ) F(w, 5,1/ )<§ S ()Shm) -

so that

h(s) = _nli»ngo S < § gn(log ) F(x,s,—1/2)F(x,t,—1/2) C?) cfil(jr)t silCZt'

We now prove that for Rev > 0, v # —is we have

dx  2sinm(v —is)/2
r  7w(v—is)(v+is)

[ee]

nli_)rgo Sgn(logx)Jl,(:U)Ji (z)
0

Indeed, for Rev > 0 this follows from (B.37) of [I1], so it is enough to prove
that the limit also exists for Rev = 0, v # —is, and gives a continuous
function of v for Rev > 0, v # —is. To prove this we can integrate from 0
to 1, and here we can replace the J-functions with the first term of the power
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series expansion, obtaining S(l) gn(log )z dx/x. Applying the substitution
eY = z and then integrating by parts we get

: dz 1 1 P oey(vtis)

A4 1 viis 22— —
(A4) §gn(0g£)$ T V+is bn—ana v+is

dy.

The limit of this as n — oo is 1/(v + is) (see the conditions on a,, and b,,),
which proves the present assertion.
Then an easy calculation shows that for ¢, s > 0, t # s, we have

< dx

lim S gn(logx)F(z,s,—1/2)F(x,t,—1/2) — = 0.
n—oo
0

x
Let s and ¢ be bounded, t > 0, s > 0, t # s. Then
S gn(logx)F(x, S, —1/2)F($, ta _1/2
0

Jdo

o0

= lim S(gn —gn)(logz)F(z, s, —1/2)F(x,t,—1/2)

dr
N—oo T

showing by (A.4) that

S gn(logz)F(x,s,—1/2)F(x,t,—1/2) v _ ZRn(:tt, +s) + o, (1),

—=
0
where
9—i(T+5) o5 2(=1/2 —iT)cos 5(—1/2 —iS)
I +T)I(1 +iS)
b .
1 n _iy(T+S)
| c dy,
bn_an a Z(T+S)

R, (T,S) =

> (_1)1+T/|T|+S/|S|

and since
dt _ —H(S) S Ssinx

— 00

siny(t — s)

lim OSO H(t)

y——00

dx = —mH(s)

t—s x

for any smooth, compactly supported function H on [0,00) and for any
s >0, and

s L 9 s 1 . T 1 L L
=S S COS —| —=—18 )] COS | —=< 18| =¢C S
T(1+is)I(1—ds) 2\ 2 2\ 2 e

this proves the lemma.

COROLLARY. Let f be an even smooth function on (—oo, 00), and assume
that fO(t) = O)(t=B/2+9)) for some e > 0 ast — oo for | = 0,1,2,...
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Define

[e.o]

S Joit(x) cos(mit + m/4) f(£)[(1/4 +it) [ (1/4 — it)
chmt

2
P =~ 2 57)

tdt,

and assume that ©(0) = o1 (0) = 0, and p(z) = O(z~17¢) and ¢V (z) =
O(x727¢) forl=1,2,3 as x — oo. Then Theorem B is applicable to this p,
ie. (1/2+25) =0 forj=1,2,..., and f = ¢.

Proof. The condition ¢(1/2 +2j) = 0 for j = 1,2,... follows from
(B.37) of [I1], and f = ¢ by Lemma A.9 with

=t () (G- 15) 7 (5)

and the definition of the Kuznetsov transform.
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