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ABSTRACT

Let v and U be two Maass—Hecke cusp forms of weight 0 for the full
modular group. In this paper we express the inner product of v and \U\2
by a finite linear combination of triple products involving Maass forms of
weight 1/2.

1. Introduction

Let u and U be two Maass—Hecke cusp forms of weight 0 for the full modular
group SL(2,Z), i.e., u(z) and U(z) are SL(2, Z)-invariant functions on the open
upper half plane H vanishing exponentially as Imz — oo, and w and U are
eigenfunctions of the hyperbolic Laplace operator of weight 0 and of all the
Hecke operators. The triple products

(L1) /D U u(z)dps,

where D; is a fundamental domain of SL(2,Z) in H and g is the invariant
measure, are subjects of intensive research in several directions. We just mention
a few papers in the next paragraph.
The famous Quantum Unique Ergodicity conjecture of Rudnick and Sarnak,
stating that (1.1) tends to 0 if w is fixed and the Laplace eigenvalue of U tends
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to —oo, was very recently proved by Soundararajan (see [So]) proving a theorem
on multiplicative functions and using earlier ergodic theoretical work of Linden-
strauss ([L]). In the opposite case when U is fixed, the exact exponential decay
of (1.1) depending on the Laplace-eigenvalue of u was determined by Sarnak
in [Sal, and even more precise upper bounds were given later by Bernstein and
Reznikov (see, e.g., [B-R]) applying tools from representation theory. A very
important identity was proved by Watson ([W]), relating the square of the ab-
solute value of (1.1) to the central critical value of an automorphic L-function
of degree 8.

In the present paper we prove an identity for (1.1) itself (and not for its
absolute square), relating it to weight 1/2 Maass forms in the following way.
We show that (1.1) is a finite linear combination of triple products involving U,
the classical #-function and Maass cusp forms of weight 1/2 whose Shimura lift
equals u.

In the case when u is an Eisenstein series, a similar expression for (1.1) is
well-known; we will explain it in Remark 1. So the meaning of our new identity
is that (1.1) is closely related to weight 1/2 Maass forms also in the case when
u is a cusp form.

Before stating the theorem precisely, we give the necessary definitions. We

To(m) = {(“ Z) €SL(2,Z): ¢=0 (mod m)}.

c

write

Let Dy be a fundamental domain of SL(2,Z), and let Dy be a fundamental
domain of T'y(4) on H. Define

_ dxdy

dp ;
z y2

this is the SL(2, R)-invariant measure on H. Introduce the hyperbolic Laplace
operator of weight :

o2 82)71,@8

.2
A=y (8902 + 0y? ox’

For a complex number z # 0 we set its argument in (—, 7], and write log z =
log |z| + i arg z, where log |z| is real. We define the power z* for any s € C by

2% = e*l°8 % We write e(x) = 2%,
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For 2 € H we define

o0

(Im2)30(z) = (Imz)s > e(m?z).

m=—0o0

(1.2) Bo(z) :

Then ’
Bo(vz) = V(V)( 37(2) )1/230(2) for v € Ty(4)
|74 (2)]
with a well-known multiplier system v, where, for v = (‘Z 3) € SL(2,R) we write
Jy(2) = cz+d.

Let | = % or | = 0. We say that a function f on H is a Maass form of
weight [ for I' = SL(2, Z) or I'g(4) (but, if I = }, we can take only I' = T'g(4)),
if f is an eigenfunction on H of the operator Ay, it satisfies, for every z € H
and v € T, the transformation formula f(yz) = f(z) in the case [ = 0, and

Faz) = (1)) 1)

l3+(2)

in the case | = !, and f has at most polynomial growth in cusps. If f has

29
exponential decay at cusps, it is called a Maass cusp form. If f is a Maass
form of weight [ and A;f = s(s — 1) f with some Res > %, s= é + it, then one
has the Fourier expansion

(1.3) f(z) =cp(y) + %Pf(m)Wé sgn(m),ie (47 [mly) e (mz)

for z = x + iy € H, where W, s is the Whittaker function (see [G-R]), cs(y) is
a linear combination of y* and y'=%, and cf(y) = 0, if f is a cusp form; p¢(m)
is called the mth Fourier coefficient of f.

A very important tool in the paper will be the Theorem of [K-S]. Let V and
the operator L have the same meaning as on p. 195 of [K-S], and let VT be the
subspace of V' with L-eigenvalue 1. As on p. 224 of [K-S], let F; (j =1,2,...)
be an orthonormal basis of V¥ consisting of common eigenfunctions of A 1 and
the Hecke operators (of weight 3) T2, p # 2 (p is a prime; see also [K-S] for the
definition of these operators). The F}’s are cusp forms of weight % for the group
I'g(4). Denote the Fourier coefficients of F; by p;(m), i.e., pj(m) = pr;(m).

Introduce the weight 0 Hecke operators for every positive integer n:

(HnF) (Z) - \}n ad:n;nod dF(aZJ b),

where a and d run over positive integers.
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The Shimura lift ShimF} in the case p;(1) # 0 is defined in [K-S], pp. 196—
197. Tt is a Maass cusp form of weight 0 for SL(2,Z), which is a simultaneous
Hecke eigenform (i.e., an eigenform of every H,,), even and Hecke normalized
(i.e., for its Fourier coefficients a(n) we have a(1) =1 and a(n) = a(—n)).

THEOREM 1.1: Let w and U be cusp forms and simultaneous Hecke eigenforms
of weight 0 for SL(2,Z) such that

/ lu(z)|? dp = 1.
D

Assume that v is even and write ¢ = u/p,(1). Then

pull) /D U () u(z)dps

equals

(1.4) Vort/ 4 py (1) BO(Z)U(42)( Z pj(l)Fj(z)) dp.
Da ShimF;=¢

Remark 1: If U is as in the Theorem, but u(z) = E(z,s) (an Eisenstein se-
ries of weight 0), then (1.1) is a Rankin—Selberg integral, hence it essentially
equals (i.e., apart from a well-understood factor) L (U ® U, s), where this is the
Rankin—Selberg convolution L-function; see [I], (8.10). It is also well-known
that if ¢ is the Riemann zetafunction, then the quotient L (U ® U, s)/{(s) (this
quotient is closely related to the symmetric square L-function of U) essentially
equals the triple product of U, the classical f-function, and an Eisenstein series
of weight 1/2; see formulas (13.54) and (13.60) of [I2], at least for the completely
similar case when U is a holomorphic cusp form. This argument shows that the

Eisenstein series analogue of our Theorem was already known.

Remark 2: The sum in (1.4) is finite, and it may well be that it is in fact a
one-element sum, see remark (a) on p. 197 of [K-S].

We now give a brief sketch of the proof. We will give two different expressions
for an integral

(1.5) By(z) ( Z g(Imwz)e(qRevz)) f(z)dps,

Da V€T e \Io (4)
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where, using the notations of the Theorem,

(1.6) fE =Y. p)F(),

ShimF,;=¢

g is a smooth test function on (0,00) and ¢ is a positive integer. The first
expression for (1.5) is a linear combination of triple products involving By,
f and weight 0 Maass forms, and it is obtained by considering the spectral
expansion of the Poincaré series in (1.5). The other expression is obtained by
unfolding (1.5), and it has the form

(1.7) S prm? = q)Ty(m® — q)

meZ,m?—q#0

with some smooth function 7,. Now, we will combine a lemma of ours (see
Lemma 3.2 below, first occurring in a slightly different form in [B2]) with the
Theorem of [K-S] to express (1.7) as a linear combination of triple products
of the form (1.1). The equality of the first expression for (1.5) and this new
expression for (1.7) is a sum identity, and it turns out that the same test function
appears on both sides. Hence, localizing this sum identity, we get the theorem.
Of course there are many details related to the involved function transforms
and to oldforms and newforms on T'g(4).

The structure of the paper is the following. After introducing some notations
and quoting some basic facts in Section 2, we prove our most important lemmas
in Section 3. The proof of the theorem is completed in Section 4, but a few
necessary lemmas are proved only later, in Sections 5 and 6 (on automorphic
functions and on function transforms, respectively).

Our paper has two appendices. The reason for writing Appendix 1 is the
following. There are two constants in the theorem of [K-S], one for the d > 0
case and another for the d < 0 case. In our proof the value of the quotient of
these two constants is important. We observed that the constant stated in the
d < 0 case in [K-S] is not correct. We prove the theorem of [K-S] with correct
constants in Appendix 1. In fact we just give a modification of the proof in
[K-S] at a critical point, otherwise the proof remains the same.

In Appendix 2 we prove the precise exponential decay of a certain triple
product involving two half-integral weight forms (one of them is By defined
above). Similar results are well-known today, but since we have not found the
proof of the needed result in the literature, we present a proof in Appendix 2.
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2. Further notations and preliminaries

Let {U;(z) : I > 1} be a complete orthonormal system of cusp forms of weight
0 for SL(2, Z); let AgU;= S;(S; — 1)U, where S; = é +i7, and 7; > 0. Let Up(z)
be the constant function normed in such a way that {U;(z) : [ > 0} is still an
orthonormal system on D;. We assume that every U; is a simultaneous Hecke
eigenform with eigenvalues H,U; = \;(n)U;. We denote the Eisenstein series
of weight 0 for SL(2,Z) by E(z,s) (at the cusp oo; see [I], Chapter 3), and we
denote the H,-eigenvalue of E (z, j +it) by n:(n), as in [I], p. 128.

Let Vi, (m > 1) be a complete orthonormal system of newforms of weight 0
for T'9(2) and let W, (r > 1) be a complete orthonormal system of newforms of
weight 0 for T'g(4); see [I], pp. 128-129.

Let {u;(z) : j > 1} be a complete orthonormal system of cusp forms of weight
0 for T'(4), let Agu; = s;(s; — 1)u;, where s; = J +it; and t; > 0. (We tacitly
use the fact, just as above in the case of SL(2,Z), that there is no exceptional
eigenvalue for I'g(4).) Write bj(m) = py, (m). Up to some point in our reasoning
the concrete form of this orthonormal system will not be important, but at the
end of the proof a special sysem obtained from Uy, V;,,, W, (see Lemma 5.7) will
be used.

We introduce also notations for the Fourier coefficients of Eisenstein series
for To(4). If a is a cusp of I'g(4) (i.e., a is oo, 0 or — ), then the mth Fourier
coefficient (m # 0) of the Eisenstein series ELo® (z,s) of weight 0 at the cusp
a for T'o(4) (see again [I], Chapter 3) is denoted by S, s(m). For simplicity,

(4)(,2, s); it can be distinguished from the

we will write Eq(z,s) in place of Ey°
Eisenstein series E(z,s) for SL(2,Z), since in the I'y(4) case we always denote
the dependence on the cusp, but in the SL(2,Z) case we do not denote it.
We write
I'o ={y€8SL(2,Z): vyoo=00}.

We use the abbreviation I'(a £ b) =I'(a — b)I'(a + b).

For ¢ € [0, 2], write
cos¢p sing
ky = . .
—sing cos¢
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These matrices form the stability group of ¢ in SL(2,R).
If z € H is arbitrary, let T, € PSL(2, R) be such that T is an upper triangular
matrix and T.¢ = z. It is clear that T, is uniquely determined by z; for z = x+iy

o (v
0 Y 2

We note the well-known fact that By(z) is not just a Maass form of weight

we have explicitly

1/2, but it satisfies the additional transformation rule

o w() () (E) e

If s is a nonzero integer with s =0, 1(mod 4), let
Qs ={Q(X,Y)=AX*+BXY +CY?: A,B,C € Z,B* — 4AC = s} .

As usual, we say that Q,Q* € Qs are equivalent over SL(2,Z) if @Q*(X,Y) =
Q(aX +bY,cX +dY) with (¢Y) € SL(2,Z). Denote by A, a complete set of
representatives of these equivalence classes in Q).

If Q(X,Y) = AX2+ BXY +CY?is an element of Q4 with s > 0, and z; and
2y are the roots of A22 + Bz + C (if A = 0, one root is 0o, otherwise these are
real numbers), let [g be the noneuclidean line in H connecting z; and za, let

C(Q) = {7y € PSL(2,Z) : y21 = 21,722 = 22},

and finally let Co = C(Q) \ lg, i.e., we factorize by the action of Cgq.
If Q(X,Y)=AX? + BXY + CY? is an element of @, with s < 0, let zg be
the unique root in H of Az% 4+ Bz + C, let

C(Q) ={vy € PSL(2,Z) : v2q = 2q},

and Mg = |C(Q)|.
If n,t are integers, n > 0, let

b
Ipe= {(a d) : a,b,c,deZ,ad—bc:n,a—i—d:t}.
c

The group SL(2,Z) acts on this set by conjugation. If ~ =(‘Cl g) € 'y, let

Q+(X,Y) =cX?+ (d —a)XY — bY2. Then it is easy to see (cf. [B2], p. 119)
that this is a one-to-one correspondence between I',, ; and Qs with s = t2 — 4n,
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and also between the conjugacy classes of I',, ; over SL(2,Z) and the SL(2, Z)-
equivalence classes of (). We remark that if s < 0, v € I, ¢, then zg, is the
unique fixed point of v in H.

As in [B1], for A < 0 define the two special functions fx(#) and gx(r) in the
following way: fx(6) is the unique even solution of the differential equation

A T T
) (p) = _
1RO = 0. oe(=7.0)
with f1(0) =1, and gx(r) (r € [0,00)) is the unique solution of

9(2) (7’) T coshr (1)

() = Ag(r)

with g»(0) = 1.

3. Basic lemmas

We give two different expressions for a certain inner product on Dy in the next
lemma.

LEMMA 3.1: Let g be a smooth function on (0,00) such that g and
every derivative of g vanishes faster than polynomially at oo and at 0, i.e.,
gD (Y)Y +1/Y)4 is bounded on (0, 00) for every j > 0 and A > 0. Let q be
a positive integer. For z = x + iy € H let

V(z) = Bo(2)W(2),

where

W(z)= > g(Imyz)e(qReyz).
’YEFOO\FU(4)

Let f be a cusp form of weight ; for I'o(4) with
Asf=ss—1)f

for some Res = é, 5= é +it. Then, on the one hand, fD4 V(2)f(2)dp, equals

(3.1) S prm? = q)Ty(m® - q),

meZ,m?—q#0

where for 0 # r € Z we write

= —em -7 —27r
Tg(r) = Tg,q,t(r) :/0 g(y)e 2 qyy 4W};Sgn(7d),it (47T |r| y)e 2 ydy
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On the other hand, writing

I = / 9(y)Wo,ir (4mqy) 2
0

% 2)du, equals the sum of
S v ( [ wre B )
j=1 Pa

and

za: 4177 /0:0 B, yir (@) < /D4 Ea (Z ; + ") f(Z)BO(Z)d,Uz>Ird7’.

Proof. The function f(z)By(z) is invariant under I'g(4), and so

dad
/ Vi(z duz—/ / f(@ +iy)Bo(x + iy) zzy-

Taking into account the Fourier expansions of f and By (formulas (1.3) and
(1.2)) we obtain (3.1).

To prove the second statement, note that | Dy V(2)f(2)dp. equals the scalar
product (on Dy, with respect to the measure du.)

(X stmerarens) Bo)1(:)).

YET 0 \I'o (4)

If u is a Maass form of weight 0 for I'g(4) with Agu = S(S—1)u with S = } +iT,
real T', then by unfolding we see that

/D4 ( 'yeFooZ\Fr)M) g(ImVZ)e(qRQWZO U(Z)d'uz

equals
pu(q) | 9(y)Wo,r (4mqy) 2
0

By the spectral theorem (see [I]), noting that

f(2)Bo(2)dp= =0,

Dy

we obtain the second statement, hence the lemma.

The following lemma, together with the theorem of [K-S], will allow us to
express the sum (3.1) as an inner product on D;.
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LEMMA 3.2: Let n,t be integers, n > 0, and write s = t*> — 4n. Denote by m a
continuous function on [0, 00) such that m(u)(u+ 1) is bounded on [0, o) for
every A > 0. For z,w € H write

m(z,w) = m( |2 — wl* )

4ImzImw
For z € H define

M, +(z) = Z m(z,7z).
YEn ¢
Let u be a cusp form of weight 0 for SL(2,Z) with Agu = Au, A < 0, and let
S = |dz|/y be the hyperbolic arc length. Then, on the one hand, if s > 0, we

have
5 do
Z/C udS)/_2 (4n60820)f (9)00829'

/ Mnt dlu/z - (
D1 QEA

On the other hand, if s < 0, then

27 & [s] . .o .
M, ( z)dp, = ( E u(z )/ m( sinh r) gx(r) sinh rdr.
/Dl i Mg (z0) 0 dn (r)

QEA,

/ Mnt dﬂz =0.
D

Proof. The case s > 0 is essentially proved as [B2], Lemma 2 (take D = N =1
there, and take into account that m(z,w) is defined differently on p. 108 of

If s =0, then

[B2] than here). The only differences are that in [B2] we assumed that m has
compact support and ¢ > 0. However, the same proof may be applied under our
present conditions, because the convergence is assured also by this condition for
m, and ¢ > 0 may be achieved by taking —v for every v € I'j, ;.
Consider the case s < 0. We partition I';,; into conjugacy classes over
SL(2,Z), for y € T, ¢ let
W ={r""yr:7€SL2,Z)}.

If, for any v € ', ¢, we write C(v) = {7 € SL(2,Z) : v = 7y} and
T—Z mzéz Yu(z)dpz,

then we have

L = / m (z,vz) u(z)dp..
C(\H
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If s <0, v has a unique fixed point z, in H, and
C(v)={r€SL(2,Z) : T2, = z}.

This is a finite set; it has an even number of elements (since 7 € C(vy) if and
only if —7 € C(v)). Let |Cy| = 2M,,. Choose h € SL(2,R) such that h(i) = z;
then there is a ¢ € [0, 2] such that

3.2 hivhz = ky 2
by

for every z € H. We get
1
T, = / m (2, kg, z) u(hz)dp..
My Ju

Then, by the argument on pp. 326-327 of [B1] (see the part from line 13 of
p. 326 to line 5 of p. 327) we obtain

21

T,Y:M
¥

u(zy) /OOO m ((sin® ¢,) sinh? r) gx(r) sinh rdr.

It follows from (3.2) and v € T, 4 that |2cos ¢, | = t/y/n, so sin® ¢, = |s|/(4n).
By the remarks in Section 2 on the correspondence between I',, ; and Q,, we
obtain the assertion for s < 0.

If s =0, then any v € I',, ; has a unique fixed point z, € Q U oo, and

C(y) ={r€SL(2,Z) : v T =7y} ={7r €SL(2,Z) : 72y = 2,}

is again valid. Choose h € SL(2,Z) such that h(co) = z,. Then h='C(y)h =
I'w, and with some r € Z we have

hivhz =z +7r

for every z € H. Then (T}, is defined as in the s < 0 case)
T, = / m (hz,vhz)u(hz)dp, = / m (z,z + 1) u(z)dp, =0,
T \H T \H
since u is a cusp form. The lemma is proved.

In the next lemma we give the basic properties of the functions g4 for which
we apply Lemma 3.1. Recall the definition of T, , +(k) from Lemma 3.1.

LEMMA 3.3: Let ¢ > 0 be an integer, and let t and ty be real numbers. As-
sume that m(Y) is a holomorphic function in the half-plane ReY > 0, and
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m(Y)(1 + YY) is bounded in Y € (0,00) for every fixed K > 0. Assume also
that the function

m*(s) = /000 m(Y)Ysldy

satisfies that m*(s)/I'(s) is an entire function and, for arbitrary fixed real
numbers o < 09, the function m*(s)e™/?™sl|s|K is bounded in the strip
o1 < Res < o9 for every fixed K > 0. Then, if ReA < 2wq and (¢ > 0 is
arbitrary) for y > 0 we write

2 m*(s)

(33) o) = 9a) = e [ v taam

I'(s) ds,

then we have

= () [ son(T ).

4dmq qcos? 6/ cos? 6
for every integer k > 0 with A = — (; + (2t)?), and

(3.5) /OOO gV )Woit, (4mqY’) ;l/};

o0 2mqg — A 1 1
— (47Tq)1/4/ m(Y+ WZ']Tq )F(2 +it0, 9 — ito, ]., 7Y)dY
0

If A =2nq and g(y) is defined by (3.3) (with o > 0), then we have

VALIAN Y A L :
(3.6) Ty qi(k)= 2( q) /0 m( ¢ sinh r)g,\(r) sinh rdr

for every integer k < 0 with A = — (i + (2t)2).

Proof. By analytic continuation (we use that f)(6) is bounded ([B1], p. 336), we
apply trivial upper bounds for g and m using the properties of m*(s), using the
Mellin inversion (the case [ = 0 of (3.8) below) in the case of m, and we estimate
the W-functions by [G-R], p. 1015, 9.222.1, the hypergeometric function by [G-
R], p. 995, 9.111.1), it is enough to prove (3.4) and (3.5) for real A < 27q, and
we may assume that 2mrg — A is smaller than any given positive number.

If i < Res, and

9(y) = y*e,
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then for k > 0 we have, by [G-R], p. 816, formula 7.621.3, and p. 998, formula
9.131.1, that

D(s—§ +it)I(s— § —it)

3_s
T!](k) = F(S) (47Tk)4
1. 1 A —2mq
XF(S— 4+zt,s— 4 —1t, s, Ak )

Then, if g is given by (3.3), (taking } < o) we see that T, (k) equals

2 ()

1 1 A —2mq
xF(s—4+zt,s—4—zt,s, Ak )ds.

We use the power series representation for the hypergeometric function (this is
justified, if 2rg — A is small enough) and obtain

1 /A =2mg\! 1
(3.7) Tg(k):l;l!( 47r/fq) i

kni—s . T(s— i +it+00(s— ;5 —it+1)
X/(U)( ) m"(s) D(s)D(s + 1) ds.

By the definition of m*(s) for any [ > 0 and o > 0 we get

3.8 Oy 1 Y 57 tbm* (s)(s)ds.
(3.8) (~1)'mO(¥) = /@ (5)(s):

21

Indeed, for [ = 0 it is obtained by Mellin inversion, and then it follows for
general [ by differentiation. By [B1], Lemma 11 we have

I'(s— 1 +it)['(s— 1t —it) de
3.9 4
( ) 2 (S) / f)\ COS cos2 0
for J < Res with A = — (] + (2t)?). So assuming o > J, by the substitution

s+ 10— sin (3.9), and using (3.8) and (3.9), we get for any [ > 0 that

1 kni—s . T(s— i 4+it+0I(s— 5 —it+1)
2 '/@( ) m(s) D(s)0(s + 1) ds

equals

()0 [ om0 k) g
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and so, by (3.7),
ACR N MO

N1 A =2mg\t RN, k do
“1)'m® ( ) )
X(;l!( Atk ) (q) (=1)m qcos26/ ) cos?6
Summing the Taylor series (observe that k/(qcos®6) > 1/q, but 2rq — A is
small), we obtain (3.4).
If g is given by (3.3) and we take ; < o < 1, then, by [G-R], p. 816, formula
7.621.3 and p. 998, formula 9.131.1,

e dy
1 ::/ g(Y YW i, (4mqY) V2
0
equals
(4mq)"/* . T(s = L 4ito)D(s — L —ito)
, m”(s) )
21 J(y) I2(s)
1 1 2 A
X F(s ~ 4 + itg, s — 5 — 1tg, S, FZW—; )ds.
Using [G-R], p. 998, formula 9.131.2, we then obtain
1
3.10 I = (4mg)/* ( _ L+ 12),
(8.10) ( D(} +ito)L'(5 — ito)
where I equals
1 m*(s)r(s — 5 Fito)T(s — 5 —ito)I(1 —s)
21 (o’) F(S)
1 1 2mqg — A
X F(s— 5 + itg, s — 5 — ity, S, Zﬂq )ds

and I> equals

1 1 /2mq— A\1-s _ /1 1 2mq — A
/ m*(s) ( T ) F( +itg, . — itg,2 — s, 4 )ds.
270 J (o) s—1 4dmq 2 2 4dmq

In the case of I, we use the power series representation for the hypergeometric
function (everything can be seen trivially to be absolutely convergent, if 2mg— A
is small enough), and using that

1 / D(s — § +ito + k)T(s — § —ito + k)['(1 — s)
(@)

s—1
T(s+ k) Yoods

21
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equals
D(3 +ito+k)(5 —ito+ k) /1 1
F( ito + k, - —ito+ k, 1 k,—Y)
(4 0) , Fito ko —ito + k14
for every integer k > 0 and for every Y > 0 by [G-R], p. 647, formula 6.422.14,
we get, by the definition of m*(s), that Iy /(T'(§ + ito)I'(5 — ito)) equals
(3.11)
* = 2rqg — ANF _ /1 1
Y t,k( )F( to+k, - —ito+Fk, 1 k,fY) dy
| )<kz—oc(0 Y R (it it 1+

with the abbreviation
(5 +ito), (5 —ito),

to, k) =
C( 05 ) Fg(l —f—k)

Since, in general, differentiating in =z,

FOa.,7.2) = PO pa kg 4kt ),

(V)
so, summing the Taylor series, (3.11) equals
o 1 1 2mqg — A

3.12 Y F( to, - —ito, 1, fY)dY.
R A R

Similarly, in the case of Iy we also use the power series representation for the
hypergeometric function, and this is justified if 2rq¢ — A is small enough. We

L1 - )k 1
/ A—2)® oy _
0

k! (1 — S)k.;,_l
(which follows from [G-R], pp. 898-899, formulas 8.380.1 and 8.384.1) and (3.8),
and we obtain that Iy equals

Uomg— A < (4 +ito), (L —idto), (1—2)F /2mg — A\ k+1
—/Om(q x)z 0k Ok (q ) dx,

4d7q k! k! 4d7q

use the identity

k=0

which, by writing
2mqg — A
Y = x

)

4mq
is the same as

2mg—A

(Y)F(1+‘t L it 1
) m 2 7’072 1o, L,

By this relation, by (3.10) and (3.12), we get (3.5).

27rq—A7

Y) dy.
4mq



76 ANDRAS BIRO Isr. J. Math.

Finally, to prove (3.6) we note that if A = 27g in (3.3) and } < o< 1, then
for k < 0 we have, by [G-R], p. 817, formula 12 (note that there is a misprint
there, the factor I'(—k — p) should be read as I'(—k — v)),

AL lk[y—5 ., D(s—§ +it)[(s— | —it)

T, (k) = ( . ) )i /((,) ( . ) m*(s) FERC + 0 it I(1 - s)ds.

Then, using [B1], Lemma 11, we have (using I'(s)['(1 — s) = m(sinnws)™!)
= (591 (5 oo

for k < 0, where A\ = — (} + (2t)?). Using [B1], Lemma 11, and (3.8) with
[ =0, we get (3.6). The lemma is proved.

4. Proof of the theorem
The combination of Lemmas 3.1 and 3.3 gives the following lemma.

LEMMA 4.1: Let m be a function satisfying the conditions of Lemma 3.3 and
Lemma 6.1. Let g be a positive integer, and let f be a fixed cusp form of weight
! for T'o(4) with Ay f =s(s—1)f for some Res = 3, 8= 3 +it. Then, writing
A= —(} + (2t)?), the sum of

(4.1) Z pr(l? — q)2( =4 )Z /0OO m(‘l2 —d sinh? r)g,\(r) sinh rdr

l€Z,12<q q q
and
PZ-g\i1 [ 2—q\ db
42 12— ( ) / 0 ( )
2 162212:> Pt —a) q T2 —ng( m qcos? 0/ cos?
) q

equals the sum of (for the notation Hy, orq, see Lemma 6.1)

@3 )" b [ Bl ) o 1)
i=1 Da

and

CEVRNCEARED DUl I Ry

X < /D Eo (z ; +ir) f(z)Bo(z)d;Lz>Hm727rq (r) dr-
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Proof. Since the function g = g4 defined in (3.3) satisfies the conditions of
Lemma 3.1 if ReA < 0, hence applying Lemmas 3.1 and 3.3 we see that if
ReA < 0, then the sum of

> —4Tq—aT 2 —7
45 > Pf(l2—Q)/ A2 a2 g ()Y AW, (4 |12 = g|y) dy
1€Z,12<q 0

and

4o X o —o(C0N [ e (P Py @

47 cos2 6/ cos? 0
I€Z,12>q q q

equals the sum of
(4.7) (4mq)"/ Z b;(q) ( /D uj(z) f(z)Bo(z)duz> Hpm a (t5)

and
(4.8)

55y [ i@ ([ Bl i) S B ) a0

using the notation of Lemma 6.1.

We see that if m,q and f are fixed, then (4.5), (4.6), (4.7) and (4.8) are
functions holomorphic for ReA < 2mg and continuous on (—oo,2mq]. In the
case of (4.5) this follows from (3.3), the properties of m*(s)/I'(s), and from the
estimate that W_ }Uit(Y)eY/ % has at most polynomial growth at ¥ = 0 and at
Y = oo; this comes from [G-R], p. 1015, 9.222.1. In the case of (4.6) this follows
from (3.8) with { = 0, from the boundedness of f)(#) (see [B1], p. 336), and
from a polynomial (in [) upper bound for p¢(I?> — ¢) (which can be proved by
formula (83) of [P], using there the function ¢ from [D], Section 5). In the case
of (4.7) and (4.8) this follows from (6.1), Lemma A2, (8.5) and (8.27) of [I], and
the easily checked fact that if a real r is fixed, then H,, 4(r) is holomorphic for
ReA < 27q and continuous on (—oo, 27g].

So using (3.6) and the definition of T, in Lemma 3.1, by A — 2m¢ — 0 we
obtain the lemma.

We now give a new expression for the sum of (4.1) and (4.2) using our Lemma
3.2 and the Theorem of Katok and Sarnak. It is essential that the same test
function H,, 2rq which we had in (4.3) and (4.4) appears also in this new ex-
pression.
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LEMMA 4.2: Let m and q be as in the previous lemma, but assume now that q
is divisible by 4. Let u be a fixed even cusp form of weight 0 for SL(2,Z) which
is a simultaneous Hecke eigenform, let fDl lu(z)>dp. = 1 and Agu = Au. Then
we have, writing ¢ = u/p,(1) and

(4.9) = > pFG),

ShimF,;=¢

that the sum of (4.1) and (4.2) equals the sum of

g 1 ZAz() Hyar () [ 10 ()

and

(4.11) q_ig;(l) /_Z i (Z) Hm,27rq(t)</Dl E(z, ; —i—it) u(z)duz)dt.

Proof. By the Theorem of Katok and Sarnak (see our Theorem Al), the sum
of (4.1) and (4.2) equals (with f as in (4.9)) the sum of

g l24—q o
127 Z < Z / gde) / 10 qc0529) cos? 6

2

I€Z,12>q QeA
and
g o(Q)\ [ P —a| . o
6 Z < Z >/ m( sinh r)g,\(r) sinh rdr.
ez 2<q (¢ ¢) QEh_, Mg 0 q

Since (¢, ¢) = 1/]pu(1)]?, by Lemma 3.2 this sum, and so the sum of (4.1) and
(4.2), also equals

q i pu(l)
(4.12) Lo J/I <j£:ﬂiql ) 2)dp..

leZ
Since
S Myai(z) = > m(z72),
leZ 7:(3 3),a,b,c,dez,dcm:q/4

so, as on p. 194, lines 6-7 of [I] (we insert a factor 2 in (4.13) below, since for
every 7 the matrix —v is also present in the above sum, and gives the same
transformation; I think that this factor 2 is missing from the cited formula of



Vol. 182, 2011 TRIPLE PRODUCTS 79

[I], but this is not essential in our reasoning), we have, using (1.62’) of [I] and
the notation H,, 274 from Lemma 6.1, that (q/4)71/2 Y ez Myya(2) equals

(413) 23" A () UmHonomg (1) [0 ()
=0

+ 217r /,OO e (Z) (47 Hyn 2mg (1)) ‘E <z ; + z't>

o0

2
dt.

Together with (4.12) this proves the lemma.

The theorem will follow at once from the next lemma, which will be proved
by the combination of the preceding two lemmas.

LEMMA 4.3: Let u and ¢ be as in Lemma 4.2, and let Iy > 1 be a fixed integer.
Then

pull) /D Uiy (2)[2 () dss

equals

Vartto, ) [ (Baova) (X m0FE) )da

ShimF;=¢

Proof. Let T'=7,,. Let @) be a large positive number, and
h(t) = hQ(t) = efQ(th)z + e*Q(t+T)2.

For a given @ this function satisfies the conditions of Lemma 6.3, and apply-
ing Lemma 6.3 we see that for the function m defined there the conditions of
Lemmas 3.3 and 6.1 are satisfied. Hence we may apply Lemmas 4.1 and 4.2 for
this m and for any positive integer ¢ divisible by 4. We apply Lemma 4.2 with
our given u and ¢, and apply Lemma 4.1 with f defined in (4.9). Note that if
ShimF; = ¢, then the Ay o-eigenvalue of F}j is s(s — 1) with s = ; + it, where
t satisfies A = —} — (2¢)? with A defined in Lemma 4.2 by Aqu = Au (see, e.g.,
[B2], Theorem 1). Hence we can indeed apply Lemma 4.1 with this f and A.
Using the definition of m and H,, 2~4 in Lemmas 6.3 and 6.1, respectively, by
Mehler-Fock inversion (see, e.g., [R], Theorem 2) we have H,, 2-4 = h. From
the combination of Lemmas 4.1 and 4.2, we see that the sum of (4.3) and (4.4)
equals the sum of (4.10) and (4.11). Letting @ — oo in (4.3), (4.4), (4.10)
and (4.11), we get (using again for the upper estimations Lemma A2, (8.5) and
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(8.27) of [I], and we use also (8.33), (8.42) and Proposition 7.2 of [I]) that for
any positive integer ¢ divisible by 4,

(414) ol ZA () [ 1P utin.

equals

(4.15) (4mg)!* ;bj<q>< /

Indeed, because of the behaviour of hg, (4.4) and (4.11) disappeared completely
for @ — oo, and we are left only with the T-part of (4.3) and (4.10).
Let us consider for a while only the sum (4.15). Up to this point the con-

Uj(Z)f(Z)Bo(Z)duz)-

4

crete form of the complete orthonormal system {u;(z): j > 1} of cusp forms
of weight 0 for I'y(4) was not important, but to handle (4.15) we now take a
special system, obtained from newforms on SL(2,Z), I'g(2) and I(4).

We first introduce some notation. If u(z) is a cusp form for SL(2,Z) which
is a simultaneous Hecke eigenform with eigenvalues H,u = A\ u, let

uV(2) = u(dz), uP(2):=u(2z2)— \22/\2u(4z),
u(3)(z) =u(z) — \/\/2211, (22) + UJ(;LZ)

If v(z) is a newform for I'y(2) and

()l e

which is automatically true with some u (see [I], (8.38)) let

oW (2) == 0(22), v (2):=v(z) — g v(22).

Recall that {U;(z) : 1 > 1} is a complete orthonormal system of cusp forms of
weight 0 for SL(2, Z) consisting of simultaneous Hecke eigenforms with eigenval-
ues H,U; = N\;(n)Uy; V,, (m > 1) is a complete orthonormal system of newforms
of weight 0 for I'g(2), and W,. (r > 1) is a complete orthonormal system of new-
forms of weight 0 for I'g(4). Writing ||g|| = (fD4 l9(2)|? duz)1/2, it is proved in
Lemma 5.7 that the following functions together form a complete orthonormal
system of cusp forms of weight 0 for I'g(4):

1 2 3
v y®»  y®

1 ? 2 ? 3
o o1 1ul
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Véll) V7£12)

, (m>1),
VDl w2
W, (r>1).

Hence we choose {u;(z): j > 1} to be this special system.
We now show, using the results of Section 5, that if j > 1 is such that

(2 (3 1 2
_u® o v N
2 ’ 3 ’ 1 ’ 2
W2 U@ v 2]

Uj r

with some [, m or r, then

(4.16) w( [ 4 W Bl ) =0

where ¢ and f are as above.

Since ¢ is even, by Lemma 5.6 we see that in the cases when u; is a constant
multiple of some Ul(g) or V,%Q), we have b;(q) = 0. But the same is true when
u; equals some W,. Indeed, the operator z — z + % normalizes I'g(4), this
operator commutes with Hp,, p # 2, and leaves invariant the space of newforms;
hence W, (2 + }) is a constant multiple of W,(z). But this constant is —1, as
can be seen considering the first Fourier coefficients. Hence the even Fourier
coefficients of W, are 0.

We claim that if u; is a multiple of some Ul(z) or Vn(ll), then the integral in
(4.16) is 0. Indeed, from Lemma 5.3 and Lemma 5.6 we see, on the one hand,
that in these cases By(z)u;(2) is an eigenfunction of L of eigenvalue —}. On the
other hand, f is an eigenfunction of L of eigenvalue 1 using (4.9), since every
F} is such an eigenfunction. We use the well-known fact that L is self-adjoint,
hence two L-eigenfunctions with different eigenvalues are orthogonal to each
other. This proves that the integral in (4.16) is indeed 0 in these cases.

Hence the contribution of a function u; to the sum (4.15) may be nonzero
only in the case when u; is a multiple of some Ul(l). And if

UM Uidz)

o Ve
(see Lemma 5.1) for some I, then

Lo ()= ()

uj(z)

(4.17) bila) =
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(see [1], (8.5) and (8.36)). Using these relations (and that the Hecke eigenvalues
are real) we finally get that (4.15) equals

(ama S (D)oo ([ vi4) 1) Bo()a
3 . 1y ) Pu . 1 o(z)dpz |.
TI=
We then see by the equality of (4.15) and (4.14), substituting (4.9) for f, that

(4.18) 3o (Z) =0

for every positive integer ¢ which is divisible by 4, where Cj is the difference
between

pull) /D U3 (=) 2 u(2)dse

and

(4m) % i (1) /

D

(Bowi2) (X m0Fe ).
4 ShimF;=¢
We will prove that (4.18) implies that every C; is 0, and this will be enough for
the proof of the lemma, since 7, = T', and Cj, = 0 is just the statement of the
lemma.

Every Uj is either an even or an odd cusp form, since every Uj is a simultaneous
Hecke eigenform. We now group together the even and the odd cusp forms in
(4.18). We obtain, with the notation

1 1
uy = Z pUL(l)ClUl, ug = — Z pUl(l)ClUl

Ti1=T,Ui is even T1=T,Ui is odd

that u; and ug are two cusp forms (not necessarily Hecke-eigenforms!) of weight
0 for SL(2,Z), uy is even, usy is odd,

1 1
A0U1=—(4+T2)u1, A0U2=—(4+TQ>U2,

and by (4.18) and the second equality in (4.17), the positive Fourier coefficients
of u; and ug are the same. If u; = 0, this implies that every Fourier coefficient
of ug is 0, so us = 0, hence by linear independence of the functions U; we get
that every C; is 0. The situation is the same if us = 0, so we may assume
that uy # 0, ug # 0. We now apply [Bu], p. 107, Proposition 1.9.1. By our
condition on the positive Fourier coefficients we have L(s,u1) = L(s, uz) for
the L-functions defined in (9.7) of [Bu], hence for the quotient of the completed
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L-functions (defined in (9.10) of [Bu]; note that we can take this quotient since
A(s,uz) is not identically 0) we have (using that u; is even, ug is odd)
A(s,ul) F(s+iT)I‘\(sfiT)

(4.19) Q(s) = A(s, uz) = T (5—124-21'T) T (5—212—iT) )

and Q(1 — s) = —Q(s) for every complex s by (9.11) of [Bu], which implies
Q(1/2) = 0. But Q(1/2) is a nonzero finite number by (4.19), hence this is a
contradiction. So u; = 0 or us = 0; the lemma is proved.

5. Lemmas on automorphic functions

Our goal in this section is to prove the basic properties of the special complete

orthonormal system of cusp forms for I'g(4) used in the proof of Lemma 4.3.
Note first that if D; is a fundamental domain of SL(2,Z), then it is easy to

see that a fundamental domain D4 of I'g(4) can be given in the following way:

5
D4=U7jD1,
=0
where
0 -1
= 0<5<3
Y (1 j> (0<5<3),
and

(10 (10
o 1) P 2 1)

LEMMA 5.1: Let u(z) be a cusp form for SL(2, Z) which is a simultaneous Hecke
eigenform with eigenvalues H,u = A\, u, and let fDl |u(z)|” dp. = 1. Then

(5.1) /D fu(2)| sz = /D u(22)|? dps = /D fu(42) dps= = 6,

(5.2) /D u(z)u(2z)dp, = /D w(22)u(42)dp. = 2v2)s,

(5.3) /D u(z)u(dz)dp, =224 — 1.
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If u*(z) is another cusp form for SL(2, Z) which is a simultaneous Hecke eigen-
form, and [}, u(z)u*(z(dp. =0, then

(5.4) /D u(riz)u*(rez)du, = 0,

ifri,ry € {1,2,4}.

Proof. We prove just (5.1), (5.2) and (5.3), since the proof of (5.4) is completely
similar: one carries out the same steps, writing ©* in place of one copy of u.
Let us first remark that if Dyg is a fundamental domain of I'g(16), then for

S LT

is a subgroup of I'g(4), a fundamental domain for G, is rD¢, and the index of

r =1,2,4 the group

G, in T'g(4) is the same for every r (e.g., since the fundamental domains have
the same area). Denote this index by m; then

1 1
[ @l = [ P = [ )P de.
Dy M JrDig M JDie

— [ tutrs) .
Dy

and similarly [}, u(2)u(2z)dp. equals

1
/ u(2z)dp, = / u(2z)u(4z)dp, = / w(22)u(4z)dp, .
m DlG m JpDig Dy

To proceed further, observe that for r = 1,2, 4 we have

/D4 u(2)u(rz)dp, = /D1 U(Z)(iu(r(fyjz))>dMZ.

7=0

Then (5.1) is trivial, and we easily see that

iu ( (2z)+u(;)+u(z—;1)):2\/2(H2u)(z),

Jj=

5

Zu(4(vjz))=u(4z)+u< )+Z (Z“) —u(z) + 2 (Hau) (2).

§=0
Since the Hecke eigenvalues are real, the lemma follows.
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LEMMA 5.2: Let v(z) be a newform for T'y(2), let

(5.5) U(;)-FU(Z;Ll) = pv(2)

(note that it is automatically true with some u; see [I], (8.38)), and let

/ =) 2 dpis = 1
D>

where Dy is a fundamental domain of T'y(2). Then

(5.6) /D [o(2) 2 dps = /D [0(22) 2 dpz = 2,

(5.7) / v(2)v(22)dp, = p.
Dy
If v*(z) is another newform for I'y(2), and [}, v(2)v*(2)du. =0, then

(5.8) / v(r12)v*(rez)dp, =0,
Dy
ifry,re € {1,2}.

Proof. As in the previous proof, we just prove (5.6) and (5.7); the proof of (5.8)
is completely similar.

Note first that T'o(2) = To(4)UTo(4) (3 9) (disjoint union). The proof of (5.6)
is the same as the proof of (5.1). On the other hand, let

GZ{(Z Z) eTy(4): biseven}.

Then for j = 0,1 we have that

(1N (N
Gj<0 2>G<O 2) <Ty(4),

so, if D is a fundamental domain of G, then ( é %) D is a fundamental domain
of G;. Hence if m is the index of G in T'g(4) (which is the same as the index of
any Gj), then [, v(2)v(2z)dp. equals

m/ v(2z)dp. = m/ (zﬂ) v(2)dp.
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for j =0 and for j = 1, and, averaging over j = 0, 1, using (5.5), this is

dziv
2m/ [z = pu

since the index of G in I'g(2) is 2m. The lemma is proved.

LEMMA 5.3: Let f be a Maass form of weight 0 for I'y(4) with the additional
property that f(z+ 3) = f(2). Let g(z) = Bo(2)f(z). Then we have

(Lo) (= if( 1/(4z) +y)

7=0
Proof. By (1.2) we have
3 1 e o) 2 3 . 2 -
z+] (y) 4 m°z z+) m<)
(1) =07 X () () ()
7=0 m=—00 7=0
Here the inner sum is 0 if m is odd, because f is periodic with respect to %
3 . 3 .
z+7 1 z+7
Sa(*1) = ma> s (717)
3=0 4 V2 J=0 4
From the definition of L in [K-S] and (2.1) we obtain the lemma.

Hence

LEMMA 5.4: Let v(z) be a newform for I'y(2), and f(z) = v(2z). Then

]23: ( 1/4z ):—Qf(z).

Proof. Since the left-hand side is

it is enough to prove that

_ jz;‘)v <412 + ;) — _u(2).
Here V() = k (—1/(22)), where
21:?) <z+3)

j=0
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We know by [I], (8.38) that k is a constant multiple of v. It is easy to verify

h(z) = h (—212)

maps ['g(2)-invariant functions to I'g(2)-invariant functions, and it is easy to

that the operator

prove that this operator commutes with the Hecke operators H, with p # 2,
and leaves invariant the space of newforms. Hence the image of a newform is
again a newform with the same Hp-eigenvalues for every p # 2, so the image of
a newform is a constant multiple of this newform. Therefore we see that V is a
constant multiple of v. On the other hand,

()= (6 2 (-2) = (-d)

and
Cae ) (5 ) G) - ()
/()lv(_4(zl+z>)e<_x)dx:o,
/01“<4(21+x) Jr;)e(z)dz/olv(erz)e(:c)dz,
hence

/OlV(z—i-:E)e(—:c)d:c:—/Olv(z_,_x)e(_w)dx’

and since the first Fourier coefficient of the newform v is nonzero, this implies
V = —v. The lemma is proved.

LEMMA 5.5: Let u(z) be an SL(2, Z)-invariant function with Hou = Agu.
(i) If f(2) = u(2z), then

3
(5.9) s ( 1/(42) +‘7> = 2V2)\pu(dz) — 2u(22).

j=0

<.
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Proof. By Hou = Aau we have

z z+1
u (2) +u < 9 ) = V2 u(z) — u(2z).
So the left-hand side of (5.9) is
—1/(42) ~1/(42) + 1\ _ 1 1Y\
2 (u ( 9 ) +u ( 9 =2V2\u i 2u 9, )
(5.9) follows. Formula (5.10) is trivial; the lemma is proved.

LEMMA 5.6: (i) Let u(z) be a cusp form for SL(2,Z) which is a simultaneous
Hecke eigenform with eigenvalues H,u = \,u. Then
2
uV(2) = u(dz), u®(2):=u(2z)— \g Aou (42)

Ao u(4z)

u®(2) == u(z) — \/21; (22) + 5

is an orthogonal system on Dy,
(5. 11)

Z (1)( 1/(4z) +J) 4V (2 Z (2)( 1/( 42)"‘3) = —2u@(z),

and the even Fourier coefficients at oo of u(®)(z) are 0.
(ii) Let v(z) be a newform for I'y(2) satisfying (5.5). Then

oW (z) = 0(22), vP(2):=v(z) - gv(2z)

is an orthogonal system on Dy,
1/(4
(5.12) Z o) ( /(4z) +J) —2pM(2),

and the even Fourier coefficients at co of v(?)(2) are 0.

Proof. The orthogonality statements follow from Lemmas 5.1 and 5.2, using
As = A3 — 1. Formula (5.11) follows from Lemma 5.5, and formula (5.12)
follows from Lemma 5.4. The statement about the even Fourier coeflicients
follows easily from (5.5) in (ii), and from

An
un:ul , )\2712
pulm) =pulD) G0 Roda= 37 auga

d|(2,n)

(see [1], (8.5), (8.36) and (8.39)) in (i). The lemma is proved.
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1/2
LEMMA 5.7: Write, in general, ||g|| = (fD4|g(z)|2 d,uz) . Then the following
functions together form a complete orthonormal system of cusp forms of weight
0 for I'y(4):

(1) (2) (3)
w1 o2 1o
Vy%l) Véz)
, (m>1),
1 2
vl vl
W, (r>1),

where we have used the notation of Lemma 5.6.

Proof. By using (5.4), (5.8) and Lemma 5.6, and also Atkin—Lehmer’s theory
(see [I], pp. 128-129), we see that the only thing that requires a proof is the
following: if [,m > 1, then

/ Us(r12)Vin (r22)dpa = 0,
Dy

for r1€ {1,2,4}, o € {1,2}. If ro = 2, then for 1 = 2,4 this follows easily from
the newform property of V,,,. If ro =2, r1 = 1, then

1
/ Uy(2) Vin (22)dp = / U=+ , ) Vin(22)ds.
D4 D4 2
(since z — z 4+ } normalizes I'¢(4)), and

1
Ul(Z) + U (Z + 2) + Ul(42)
is a constant multiple of U;(2z) (using the Hecke operator Hs); hence the state-
ment follows also for ro = 2, r;1 = 1 from the cases already proved. If ro = 1,
then the newform property of V,, gives the statement at once for ry = 1,2.

Similarly as above,

1
/ Ui(42)Vi(2)dp, :/ Ui(42)Vp, (er 2)dﬂz,
D4 D4
and since
1
Vin(2) + Vi (z + 2)

is a constant multiple of V;,(2z) by [I], (8.38), the 7o = 1, 1 = 4 case follows
from the already proved cases. The lemma is proved.
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6. Lemmas on function transforms

LEMMA 6.1: Let m be a function defined for ReY > 0 and for Y = 0 satisfying
that m(Y') is a holomorphic function in the half-plane ReY > 0, m(Y) is a
smooth function on [0,00), and there are constants c¢;, > 0 for every integer
pair l,r > 0 such that

)1+ vy

S Cl,r

for every ReY > 0 and also for Y = 0. Let q be a fixed positive integer. For
ReA < 2mwq and also for A = 27q, define

Hopoat) = /Ooom(y+ 2mq -~ A)F(

1 1
it —it 1, —Y) dy.
4dmq t 2 !

2

Then for every such A the function H,, 4(t) is even, entire, and satisfies that
for every integer pair L, R > 0 we have numbers dy g > 0 such that

(6.1) |Hpoa(t)| < dp r(L+[t)~ %  for [Imt| < R.

The number d, g depends only on L, R and the numbers ¢, (I,7 > 0), hence
does not depend on A.

Proof. Everything follows at once from Lemma 6.2 below.

LEMMA 6.2: Assume that k is a smooth function on [0,00) and ¢;, > 0 is a
number for every integer pair [, > 0 such that

’k(l)(u)’ <crl+u)"

for every u > 0, [,r > 0. Let

o 1 1
h(t) = / kE(uF|( , +it, . —it,1,—u )du.
A (2 2 )

Then h is an even entire function, and for every integer pair L, R > 0 we have
numbers dr, g > 0 such that

|h(t)] < dp r(1+ [t))~F for|Imt| < R.
The number dy, g depends only on L, R and the numbers ¢;, (1,7 > 0).

Proof. By (1.62) and (1.62") of [I] (the function Fs(u) is defined by the formulas
on p. 26, line 7, and (B. 23) of [I]), we have

(6.2) no = o [ et g()dp,

— 00
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where

9(p) = 2q (sinn® 7).

qv) = /000 k(u+ v)uiédu.

We see, for every L > 0 and real p, that

L
9P p) <1 ; g (sinn? )

el

and since
D) = / kW (u + U)u_édu,
0
we have

‘q(l)(v)‘ < Cl,r/ (1 —HH—v)‘Tu_%du
0

for every I,r,v > 0. Applying partial integration L times in (6.2), we get the

lemma.

LEMMA 6.3: Assume that h is an even entire function satisfying that for every
fixed A, B > 0 the function |h(z)|e/*! is bounded on the strip |Imz| < B. Then
the function

o0 1 1
m(Y) ;:/ F (2 ity it 1, —y) h(t) (tanhrt) tdt

— 00

satisfies the conditions of Lemma 3.3. Moreover, m(Y') is a smooth function on
[0,00), and there are constants ¢;, > 0 for every integer pair I, > 0 such that

D)@+ vy

S Cl,r
for every ReY > 0, and also for Y = 0.

Proof. Using [G-R], p. 999, formula 9.132.2 in the case [Y'| > } for our hyper-
geometric function, and using the integral representation [G-R], p. 995, formula
9.111 for the two new hypergeometric functions, estimating trivially, we easily
see that the double integral

o (1 1
/ / F (2 —it, , +it, 1, Y> h(t) (tanhrt) Y~ dtdY
0 —0o0
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is absolutely convergent for 0 < Res < é Hence in this strip we can apply
[G-R], p. 806, formula 7.511, and get (with m* as in Lemma 3.3)

oy D(s) [or(+it—s)T(5—it—s)
(6.3) m*(s) = I'(1—s) Lm (L i) T (L —it) h(t) (tanhwt) tdt.
By the identity

FZ(S)S) = 217TF2 () (f(st) + f(s,—1)),

where

T (t)T (1 —4t)
FED= 01 e (0
3 +zt75)F(2 —thrs)
(this is true, since for fixed ¢ the right-hand side divided by the left-hand side

is easily seen to be a bounded entire function of s periodic with respect to 1,

1

and for s = ,

we have equality), using

(5 +at)T (5 —it)
tanht = Gy T (1=t

we also get for 0 < Res < é that

(6.4) m(s) = T &) /oo P =it =)
T J_oo T (5 —it+s)

When 0 < Res < %, we can replace here the line of integration to Imt = FE with
any positive number E. Using (6.3) for Res < 1, and (6.4) for Res > 0, we
obtain that wliéj) is entire and, for arbitrary fixed real numbers o1 < o9, the
function m*(s)e 2 "™sl|s|% is bounded in the strip o; < Res < o for every fixed
K > 0. By Mellin inversion and by differentiating, for any [ > 0 and ¢ > 0
we get (3.8) for Y > 0. By shifting the contour there appropriately, using the
already proved properties of m*(s) we get the required properties of m. The

lemma is proved.

Appendix 1

We show the following form of the theorem of [K-S] (with a modified constant
in the s < 0 case).

THEOREM Al (Katok-Sarnak): Let ¢ be an even Hecke normalized Maass
cusp form and simultaneous Hecke eigenform of weight 0 for SL(2,Z) with
Agp = Ao, and let s be a nonzero integer, s = 0,1 (mod4). If we write
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(9,0) = [p, |¢(2)|?du., then, if dS = |dz|/y is the hyperbolic arc length, we

have
<¢1¢> Z/C pds =12rtst S pi(s)py(1)
’ Q

QeAs ShimF;=¢

for s > 0, and
0 2 ") <zl o ne)
for s < 0.
Proof. As in [K-S], formula (2.9), for z = u+iv € H and g = (2}) € SL(2,R)
let
O(z,g) = vi > e (u (h3 — 4hih3)) f3 (Vog~'h)

h=(h1,h2,h3)€Z?

where, since

by (2.8) of [K-S] we have

d? —bd b? hy
g 'h=|—-2cd ad+bc —2ab| |hs]|,
2 —ac a? hs

and f3(z1, 22, 3) = exp (—27 (221 + 23 + 223)).
For z=u+iv € H and w =x +iy € H let

O(z,w) = O(2z,Ty).
An easy computation then shows that
f3 (\/vTujlh) = exp (— 2771)(2(

It is not hard to check the identity

hl — hQZC + thCQ

\ )2+(h2 —2xh3)2+2(yh3)2)).

hi — hox + haz?\ >
2< ! 2; 3% > + (h — 2ahs)? + 2 (yh3)?
_ 2 |h3’LU2 — h2w+h1

Im?w

2
" (h3 — 4hyhs) .
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Hence, O(z,w) equals

vi Z e (u (h% — 4h1h3))

hi,hs.hs€Z
2 |hgw? — how + ha|”
X exp (27TU <h§ —4h1hz — 3w 22w 1| .
Im~“w

F(z)= O(z, w)p(w)dpty,

D

For z € H let

and for v > 0 define

us(v)/o F(u+ iv)e(—su)du.

Then from the above considerations, we have

. —4rv|hgw? — how + hy 2
f1s(v) = vie? / ( > exp < | 2 | )(b(w)duw.
D

hi,ha,ha€Z T
h3—4h1hz=s

Let t and n be positive integers such that s = ¢ — 4n. Then, from the corre-
spondence between I';, ; and Q)s, using that for v = ( ) € I'y,+ we have

lw — ywl|? B }cw2+(dfa)wfb}

4ImwIm~yw 4nIm*w

3

we see that

hsw? — how + hy |’ — w)?
S TR D DR (ki
Iy hahs€Z Tm*w STy iyt
h3—4hihz=s
with
m(t) = exp (—16mnut)
for t € [0,00). Then, by Lemma 3.2, for s > 0 we have
4dmsv do
271'.911
s dsS 0 ,
ps(v) = ( Z / ¢ )/ exp( 00829) A )C0829
QEA,

while for s < 0 we have

ws(v) = 1;262“”< Z ]2\; 1) (ZQ)) /O exp (—4m|s| v sinh? r) gx(r) sinh rdr.

QeA, @
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Now, by the substitution z = VAmsv z;‘;‘z we have

2 4sv do e dmsv o0 2 x
e — 0 = e ” arctan dx,
/0 *P ( cos? 9) A )C082 0  Virsv /0 e ( \/47rsv)

and by the substitution z = /47 |s| vsinhr we have

/ exp (—4 |s| vsinh® ) gx(r) sinhrdr
0
— 9a(r)

1 /OO 2 L
= e ars xdz,
dr|s|lv J, 93 \/471- |s| v
coshr*

oo oo 1
/ e dy = \/ﬂ, / e rdr = ,
0 2 0 2

using that the functions f1(f) and g)(r) are bounded (see [Bl], p. 336), we
finally get, as v — oo:

(o) = (L of1) ) vie (QZ / ¢ds>

where g} (1) = Since

for s > 0, and

ps(v) = (1+0(1)) 4|15| —1¢g—27ls |v< Z ¢ (2 >

QEA,

for s < 0. The relation for s > 0 is in accordance with (3.28) of [K-S]. However,
we see that the relation for s < 0 differs from (3.13) of [K-S]. Following the
steps on pp. 224-225 of [K-S], we get the theorem.

Appendix 2

In this appendix we use the Maass operators

B B )
Kp=(2-2), tk=iy, +vy

0z Ox Oy +

0 .0 0

and the identities involving these operators in [F|, pp. 145-146.
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LEMMA A2: Let f be a fixed cusp form of weight é for I'g(4) with
Aif=s(s—1)f
s = % + it. Then there is a constant C' such that
[ w@) @) Ba(ad: < 3 (14 1)
Dy

as j — oo, and for any cusp a

/ E, (z ; + z‘r) F(2)Bo(2)dp. < e 37 (1+7)°
Dy

for some Res = é,

as r — +oo.

Proof. Let
Z k(vyz,w),
Y€ETo(4)
where | 2
z—w
k(z,w) = k <4Imzlmw>
with
(A2.1) k(y) = ! /OO F (1 — i, ! + 47,1, —y) h(7)7 tanh wrdr
an |7 2 2

as in [I], (1.64"), and let here

h(r) = e (=T 4 o= (THT)°
with a fixed (large) real T. Tt is not hard to see that it is enough to prove that
if

(A2.2) M(w) := i f(2)Bo(2)K (2, w)dpu,

then for T' < t;,r < T + 1 we have
(A2.3) M (w)uj(w)dp, < e 2T (1+T)°
Dy

and we have
1 -
(A2.4) M (w)E, (w, ot ir> Ay < e 3T (14 7T)°
Dy
By unfolding we see that (A2.2) equals 2 times

(A2.5) /f )Bo(2)k(z, w)dp..
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The integrand here can be written as

(0 (7)) (0 () Ve ()

We now use geodesic polar coordinates around w:
Z—w T\
= tanh ( >e“¢’.
z—w 2

tanh?(})

Using the substitution

we get that (A2.5) equals

weey 2 [Tk ([ (me (5" N <f<z> () i) 5 ) ay.

where 0 < 7 < oo and z € H are determined from y and ¢ by the above
relations. By [F], Theorems 1.1 and 1.2 we have

o (57) =5 o (7)) (- o 7)) o

and

1 (57) = T DawEn e,

w—z
where
1
Bu= Ew-vs+y - K3 Ky Bo;

and for any [ > 0 we have

P e = (an (3))' (1 )

1 1
><F<S4,s+4+l,1+l,tanh2 (;)),

and so by [G-R], p. 998, 9.131.1 we finally get that (A2.6), and so (A2.5), equals
(A2.7)

= > 3 3
4> Bi(w) (f), (w) [ y'k@)F (| —it+1, +it+1,1+1,—y ) dy.
g 0 4 4



98 ANDRAS BIRO Isr. J. Math.

If 7 is a real number, then in the integral
(A2.8)

o 1 1 3 3
1 . . . .
F(_- 1,—y | F|  —it+1 t+0L,1+1l,—y|d
we express the first hypergeometric function by [G-R], p. 995, 9.113 as

1 1 / I (; £it+S)I(=S)
(o)

S
ds
T (L +ir) 2mi ra+s) 7

with a 75 < o < —}. Then we compute the resulting integral in y by [G-R],
p. 806, 7.511, and attain that (A2.8) equals

L(1+41)
2mil (5 £47) T (3 £it +1)

/ D(y+ir+S)0 (=) £it—S)
X
(o)

F(1+5) I(1+1+9)ds.

We use the identity

P(1+1+5) o (D PG+ )T (<5 it 45— 5)
I'(1+58) =2.(-1) i) T(§+it+4)T (=] +it—259)

)

which follows from [S], (1.7.7), and computing the integral for every given j by
[G-R], p. 644, 6.412, we get that (A2.8) equals

PA+DT () £irdir) (3 +it), <—l,i—i7’+it,i+ir+it.1>
) .

DT (L +in)T (3 £it+1) 55 it ’

It then follows by (A2.7), (A2.1), (A2.2), (A2.5), [F], Theorems 1.1 and 1.2 and
by Corollary 3.3.5 of [A-A-R] that

(KHQ KK f) (w)

U (L+0)T (3 +it) My

(A2.9) M(w)=C i By(w)
=0

with a nonzero absolute constant C', and

00 5l —in b air \ T (L dir+it
Ml:/ F3o 52 _”3’2—’__”;1 ¢ 1”_ l)h(T)Ttanhﬂ'TdT.
4 ity ot F(Q:tzr)

Since
L (3 +ir)

tanh 7 =
Ttanh w1 T (dir)
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we have that M; equals a nonzero absolute constant times

(A2.10)
1 > I (3 +ir)T () +ir +it) 11 1
h 2 y Sy 2 — it it ) d
(jiit)l/oo ™ T (+2i7) ’(7’2’4 2’4“) !

with a continuous dual Hahn polynomial (see, e.g., [N], the beginning of Section
4, or [Ko-S]). We use the well-known difference equation for continuous dual
Hahn polynomials (see [N], (4.1)):

1S (%) = B(1)S, ((t +1)?) — (B(r) + D(1)) S; (%) + D(1)S ((r —i)?) ,

where we write

11 1
S (7‘2) =5 <T2;2,4—’it,4+’iﬁ>,

~ (a—it)(b—iT)(c—1iT) ~ (a+iT)(b+iT)(c +iT)
B =" Laina-2n 0 PO einasain
1 b= 1 it 1 ”
a_2, —4—2, c—4+z.

Substitution into (A2.10) and shifting the integration to Im7 = —1 in the case
of S ((t+1i)?), and to Imr = 1 in the case of S; ((7 —4)?) (we do not cross
any pole), we can express [M; by an expression of type (A2.10), but with a new
(even entire) function in place of h. We iterate this step many times, and then
we apply Cauchy—Scwarz inequality and use

o 1 ; T 1 : :
1 / (5 £i7) (4:|:W:tn)512(72)d7I‘<l+1)‘r<l+3+it)
0

o T (£2i7) 2 4

2
I

3

see, e.g., [Ko-S]. We can prove in this way that for any A > 0 we have a B > 0
such that

M<e 3T+ a+0".
Therefore, it follows from (A2.9) that for the proof of (A2.3) and (A2.4) it is
enough to see that there is a C' such that for ' < t;,r < T 4 1 we have

(Kz—1+31"'K3Kif) (w) .
| B () dpy < (1414 T)°
Dy

r(i+1)

(KI,HI ~-~K5K1f) (w) )
By(w ‘ ‘o Ea<w, +ir>dw<< 1+1+7)°.
/D4 l() F(%-ﬁ-l) 2 1% ( )
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We write every w € Dy as w = v;z, z € D1 (see the beginning of Section 5),
where D; is the standard fundamental domain of the full modular group. It is
easy to see that there is a C' such that

uj(w) < (1+1)°

for every w € Dy, and
1
E, (w, ) +ir> <(1+1+T17)°

for w € Dy, Im2z< ['° (say). Then the required estimates on these sets follow
by Cauchy’s inequality and [F], p. 146, formula (11). It remains to estimate the
second integral for Imz > [19. If Imz > I'0, then we have

(Kz—1+}1 "'KgKif) (w)

1
E, (w, ir) < (14+1+T1T)¢
F(§+l) (w 2+zr) (1+1+7T)

with a C. In fact, we have a much better estimate, since the first factor is
very small there, as one can see by a polynomial upper bound for the Fourier
coefficients of f (which can be proved for positive Fourier coefficients by formula
(83) of [P], using there the function ¢ from [D], Section 5; the negative Fourier
coefficients can be estimated in the same way, considering L f in place of f), by
the description of the action on Fourier coefficients of the Maass operators on
p. 78 of [D] (use also K_jf=Lyf), and by a very small upper bound (obtained
trivially from [G-R], p. 1015, 9.223) for the involved W-functions. The required
estimate follows then again by [F], p. 146, formula (11).
The lemma is proved.

References

[A-A-R] G. E. Andrews, R. Askey and R. Roy, Special Functions, Cambridge University
Press, Cambridge, 1999.

[B1] A. Bir6, On a generalization of the Selberg trace formula, Acta Arithmetica 84
(1999), 319-338.

[B2] A. Biré, Cycle integrals of Maass forms of weight 0 and Fourier coefficients of Maass
forms of weight 1/2, Acta Arithmetica 94 (2000), 103-152.

[B-R] J. Bernstein and A. Reznikov, Periods, subconvexity of L-functions and representa-
tion theory, Journal of Differential Geometry 70 (2005), 129-142.

[Bu] D. Bump, Automorphic Forms and Representations, Cambridge University Press,

Cambridge, 1998.



Vol. 182, 2011 TRIPLE PRODUCTS 101

(D]
(F]
[G-R]
M
(12]
[K-S]

[Ko-S]

(L]
(N]

[P]

(R]
[Sa]
(]

[So]

(W]

W. Duke, Hyperbolic distribution problems and half-integral weight Maass forms,
Inventiones Mathematicae 92 (1988), 73-90.

J. D. Fay, Fourier coefficients of the resolvent for a Fuchsian group, Journal fir die
Reine und Angewandte Mathematik 294 (1977), 143-203.

I. S. Gradshteyn and I. M. Ryzhik, Table of Integrals, Series and Products, 6th
edition, Academic Press, New York, 2000.

H. Iwaniec, Introduction to the Spectral Theory of Automorphic Forms, Revista
Matématica Iberoamericana, Madrid, 1995.

H. Iwaniec, Topics in Classical Automorphic Forms, American Mathematical Society,
Providence, RI, 1997.

S. Katok and P. Sarnak, Heegner points, cycles and Maass forms, Israel Journal of
Mathematics 84 (1993), 193-227.

R. Koekoek and R. F. Swarttouw, The Askey-scheme of hypergeometric orthogonal
polynomials and its g-analogue, Delft University of Technology, Faculty of Informa-
tion Technology and Systems, Report no. 98-17, 1998.

E. Lindenstrauss, Invariant measures and arithmetic quantum unique egodicity, An-
nals of Mathematics 163 (2006), 165-219.

Yu. A. Neretin, Index hypergeometric transform and imitation of analysis of Berezin
kernels on hyperbolic spaces, Sbornik, Mathematics 192 (2001), 403-432.

N. V. Proskurin, On general Klosterman sums (in Russian), Rossﬁskaya Akademiya
Nauk, Sankt-Peterburgskoe Otdelenie. Matematicheskii Institut im. V. A. Steklova.
Zapiski Nauchnykh Seminarov 302 (2003), 107-134.

P. Rosenthal, On an inversion theorem for the general Mehler-Fock transform pair,
Pacific Journal of Mathematics 52 (1974), 539-545.

P. Sarnak, Integrals of products of eigenfunctions, International Mathematics Re-
search Notes, no.6 (1994), 251-260.

L. J. Slater, Generalized Hypergeometric Functions, Cambridge University Press,
Cambridge, 1966.

K. Soundararajan, Quantum unique ergodicity for SL(2,Z) \ H, Annals of Mathe-
matics, to appear.

T. Watson, Rankin triple products and quantum chaos, Thesis, Princeton University,
2002.





