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Preface

The main topic of the book is how Geometric Isoperimetric-type inequalities inter-
vene with functional inequalities such as the Prekopa-Leindler inequality, the Sobolev
inequality, Poincaré inequality, on the one hand, and also with the uniqueness of the
solution of certain Minkowski-type Monge-Ampere equations on the sphere, on the
other hand. Various related ideas are discussed. Among others, we discuss proofs of
the Brunn-Minkowski inequality using combinatorial ideas (a la Hadwiger-Ohmann),
optimal transport, and spectral theory (a la Hilbert and Aleksandrov).

We would like to express our deepest gratitude to people whose remarks shaped the
formation of this book, among them Shibing Chen, Matthieu Fradelizi, Pal Hegedds,
Jinrong Hu, Agnes Koviécs, Qi-rui Li, Galyna Livshyts, Emanuel Milman, Assaf Naor,
Liran Rotem, Rolf Schnedier, Elisabeth Werner, Dongmeng Xi, Gaoyong Zhang.
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Basic notation 1
0.1 Basic notation

C.(X) denotes the space of continuous real functions of compact support (zero out-
side of a compact set) for a topological space X. In addition, C Z‘ R, k=1,2,...,
denotes the space of real C* functions on R" with compact support, allowing
k = oo.

Minkowski sum:

X+Y={x+y:xeX&yeY}forX,Y cR"
aX+pY ={ax+By:xeX&yeY}fora,p ek
Origin in R™:
O = ORn.
Scalar product and €, norm in R":
(»-) and [lx|| = v/¢x, x).

Orthogonal complement in R":

L+ ={x € R": {(x,y) =0Vy € L} for a linear subspace L C R".
ut = {x e R": {x,u) =0Vy € L} foru € R"\{o}.

Orthogonal projection in R™:

X|L =T (X)=LnN(X+L"*) for X ¢ R" and a linear subspace L C R".

Topology in R":
int X, 0X, and cl X denote, respectively, the interior, the boundary, and the closure
of aset X Cc R".

Relative topology in R":
relint C and relbd C denote, respectively, the relative interior and relative boundary
of a closed convex set C C R with respect to the affine subspace aff C generated
by C (cf. Lemma 1.1.9).

Lebesgue measure, integration in R":
| X| is the Lebesgue measure for a measurable X c R”.
fx f= fx f(x) dx denotes the Lebesgue integral for measurable f : X — R (if the
integral exists).

Unit (Euclidean or >) ball in R":
B"={x e R":||x|]| £ 1} and w,, = |B"|.

Hausdorff measure:
H, normalized so that H¢(X) = | X| for Lebesgue measurable X c R (see Sec-
tions 1.B and 10.4).

Unit sphere S"~' in R", and integration on S"~':
sl ={x eR": x| =1}.
/X f(x)dx = /de?{"_l for H"~! measurable X ¢ $"~ ! and f : X — R (if the
integral exists).



2 Contents

&-net:
Given X c R" and &€ > 0, an e-net E C X is a discrete set such that, for any x € X,
there exists y € E with ||x — y|| < &. Here, E is finite if X is bounded.

Support function:
hk (u) = max{{x,u) : x € K} for a compact convex K c R" and u € R" (see
Section 1.6).
When speaking about compact convex sets, we always assume that the sets are
non-empty.

Convex body:
K c R is convex body if it is compact, convex, and int K # 0.

* K7 is the family of convex bodies K ¢ R" such that o € K.
e K Zlo) is the family of convex bodies K c R" such that o € intK.

Radial function:
For K € K" and u € "', ox (1) = max{t > 0 : tu € K} is the radial function
(see Section 1.9 if 0 € int K, and Section 2.6 in general).

Polar (dual) body K*:
K'={xeR":{x,y)<1VyeK}forK e 7(("0) (see Section 1.9).

Norm ||x||k:
lx||lxk =max{t e R:tx € K}ifx e R"and K c R" for K € ‘K("O) (see Section 1.9).

In this case, ||x||x = hk+(x), and ||lu||x = 1/ ok (u) for u € S*~1.

Regular boundary points, 0’ X, vx(x):
For a closed set X ¢ R" with non-empty interior and locally Lipschitz boundary,
x € 0X is aregular boundary point (equivalently, x € 8’ X) if X is differentiable at
x and therefore there exists a unique exterior unit normal vx (x) atx (see Section 1.5
if X is convex, and Chapter 4 if X is locally Lipschitz).

Surface area measure Sk :
For a compact convex K C R", the surface area measure Sk is a Borel measure on
§"~1 such that Sk (w) = H"! (vi! (w)) if K is a convex body (see Section 2.5).

Cone volume measure Vi:
For K € K}, the cone volume measure Vk is a Borel measure on S with dVk =
%hK dSk (see Section 2.6).

L, surface area measure Sk :
For K € K}, the L), surface area measure Sk, is a Borel measure on S with
1-p .
dSk.p = hy © dSk (see Section 9.3).

Derivative of Lipschitz functions on R":
Dp(x) is the n X m matrix derivative of a locally Lipschitz function ¢ : Q — R,
for open Q C R” and x € Q where the derivative exists (so, for H" a.e. x € Q).
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Hessian of C? or convex functions on R™:
D?(x) is the Hessian of the function ¢ : Q@ — R for open Q ¢ R” and x € Q
where ¢ is CZ, or ¢ and Q are convex and D?¢(x) exists (so, for H" a.e. x € Q,
see Section 10.6).

Spherical gradient and Hessian:
For a C? function & : "~ — R, let h(tu) =t - h(u) and h(tu) = h(u) for t > 0
and u € $"~!; then (see Definition 8.1.6)

Vh(u) = Dh(u)|yr = Dh(W)]ye,  V2h(u) = D*h(u)],e,
D?h(u) = D*h(u) = D*h(u)|ur = V2h(u) + h(u)L,_;.

Subdifferential of a convex function
0p(z)={ueR": ¢(x) — p(z) = (u,x — z7) Vx € Q} for z € Q, for a convex and open
set Q c R™ and a convex function ¢ : Q — R. In particular, d¢(z) is nonempty,
convex, and compact.

Log-concave functions and measures:
For a convex set C ¢ R", a function f : C — [0, ) is log-concave if f((1 —
Dx +Ay) > f(x)'"1£(y)* holds for x,y € C and A € (0, 1); or in other words,
f = e~ ¢ for a convex function ¢ : R" — (—o0, c0]. If int C # 0, then du = f dH"
is a log-concave measure (cf. Section 10.9).






Chapter 1

Closed convex sets in [R”, Support function

In this chapter we introduce the basic notions in convexity - bounded and unbounded
closed convex sets, supporting hyperplanes, closest point map, convex polytopes and
polyhedra, centroid, polarity, almost everywhere differentiability of the boundary of
a convex body, convex functions, and encoding a compact convex set with the help
of the convex and 1-homogeneous support function. Via Steiner symetrisation, we
also prove two funcdamental geometric inequalities, namely, the Brunn-Minkowski
inequality and the Isodiametric inequality (the latter also for non-convex sets).

1.1 Affine hull, Convex hull

In this section we introduce the basic notions of affine geometry.

Definition 1.1.1 (Affine subspace). A C R" is an affine subspace of dimension d if
there exists w € A such that A — w is a d-dimensional linear subspace.

If A c R" is a d-dimensional affine subspace, then A — x is a d-dimensional linear
subspace for any x € A where points, lines and hyperplanes are the 0-dimensional,
1-dimensional and (n — 1)-dimensional affine subspaces, respectively. In addition, a
non-empty intersection of affine subspaces is an affine subspace.

Definition 1.1.2 (Affine hull). For X c R”, aff X is the smallest affine subspace con-
taining X.

We observe that if xq, ..., x; € R", then

k k
aﬁ“{xl,...,xk}:{z/lixi; i:]}‘
i=1 1

i=

Definition 1.1.3. We say xy, ..., x4 € R" are affinely independent if Zfl:o Aix; =0
and Zflzo A; =0for Ay, ..., 4, € Rimply that each 4; = 0.

Remark. When d > 1, it is equivalent to saying that the vectors x; — xq, ..., Xg —
xo are independent. In this case, aff {x, ..., x4} is of dimension d, and for any z €
aff {xo, ..., x4} there exist unique Ay, ...,dg € Rwith z = Zf.‘zl A;x; and Zf.‘zl Ai=1.

Definition 1.1.4 (Convex sets). We say that X ¢ R" is convex if (1 — )x + 1y € X
forany x,y € X and 2 € [0, 1].

As the intersection of convex sets is convex, the following definition makes sense.
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Definition 1.1.5 (Convex hull). For X c R” the smallest convex set containing X is
its convex hull conv X; namely,
k k
coan:{Z/lix,- :Vx; € XandV2; > 0and Za,:l}. (L1.1)
i=1 i=1

Proposition 1.1.6 (Carathédory). If X C R" and x € conv X, then there exist an integer
l1<k<n+landx,...,x; € X suchthat x € conv{xy,...,xr}.

Proof. The Proposition follows from (1.1) and by applying iteratively the following
Claim:Ifx = 37" Aix; forxy, ..., x, € Xand A; > Owithm > n+2and 3,12, A; = 1,
then there exist j € {1,...,m}and A; > O fori € I;, where I; = {1,...,m}\{j}, such
that x = Xeq, Aix;.

So, to conclude the proof, it suffices to prove the claim. To this aim, we observe
that there exist 1, ..., 4, € R not all zero with 37", uix; = o and 72| u; = 0 (since
m > n + 2). In particular, up to changing the sign of all y;’s, there exists at least one

index i € {1,...,m} such that y; > 0. Let t = min {— Wi > 0} > 0, and choose

J €{l,...,m} such that u; > 0 and ¢t = ==, Then, for i = 1, ..., m, it follows that
A=A —tp; 20,37, A =1,and x = Zl l/l’x, As /l’ = 0, this proves the claim. m

For compact X c R", its diameter is
diam X = max{|ly — z|| : y,z € X}.

Proposition 1.1.7. If X c R" is compact, then conv X is compact, and diam conv X =
diam X.

Remark. If X ¢ R" is closed, then conv X may not be closed; for example, if X =
{(t, %1) 1> O} c R?, thenconvX = {(t,s) : t >0 & s € R}.

Proof. X =conv X is compact as a consequence of Proposition 1.1.6. Now, let D =
diam X, and let y, z € X. We have y € X + DB" for x € X because X is the intersection
of all convex sets containing X, and hence X C y + DB", which in turn yields Xc
y + D B". Therefore, ||y — z|| < D. n

The following statement is essentially equivalent to the Carathédory’s result (Pro-
position 1.1.6).

Proposition 1.1.8 (Radon). If xi,...,x;x € R" with k > n + 2, then there exists [ C
{1,...,k} with 1 < #I < k such that conv{x; };e; N conv{x;};¢; # 0.

Proof. Foreachi,lety; = (x;,1) € R*™!. Since k > n+2, there exist ay, . . ., @ not all
zero with Zl | @iy;i = Ogn+1; OF equivalently, Z, | @;x; = o0 and Zl L@ = 0 It follows
that | <#I < kforl={ie{l,...,k}:a; >0}. Inaddition, we have A = };.; a; =
Yiigr(—a;) > 0and z € conv{x;}ic; Nconv{x;}igr forz=3;; %xi =Ygl _mei- ]
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Lemma 1.1.9. If X c R" is a closed convex set and d = dim A for A = aff X, then its
relative interior relint X (with respect to the topology of A) is non-empty and convex
and X is its closure.

Remark. We write d = dim X where | X| > 0 if and only if d = n.

Proof. We may assume that A =R", hence there exist affinely independent x, . . ., x, €
X.Fori=0,...,n, there exists (unique) u; € S"~1 quch that (ui, x;) > (u;, xj) for
J # i, and (u;,xx) = (u;,x;) for k, j # i. Choosing s > 0 such that (u;,x; —x;) > s

for all j # i, and setting r = -5, we have zo +r B" C conv{x,...,x,} C X for z9 =
n—}rl (xo + ...+xy). In particular, the convex set intX is non-empty.

Finally, for any y € dX and A € (0, 1], we have that (1 — )y + Azg + Ar B" C X;
therefore, X = clintX. [

1.2 Closed convex sets in R”"

While one of the main topics of this book is to understand properties of compact convex
sets in R”, we will need many properties of possibly unbounded closed convex sets.

Lemma 1.2.1 (Unbounded closed convex sets). Let X C R" be a convex closed set.
Then X is unbounded if and only if there exists u € S"~' such that x + [0, c0)u c X
for any x € X, this, in turn, is equivalent to saying that X contains a half line.

Proof. The only non-trivial implication is the fact that if X is unbounded, then there
exists u € §"~! such that x + [0, c0)u C X for any x € X.
Since X is unbounded, there exists a sequence {xj } C X with ||xg|| — oo.Fixy € X,

and up to a subsequence assume that iy, = ﬁ € "~ ! converges tou € S"~!. Since

e = yIl = llx =yl < e = [l < e =yl + [lx =yl

for any x € X, this also implies that limy_,, ﬁ = u. Then, for any ¢ > 0, it follows
from the convexity of X that x + ru; € X whenever ||x; — x|| > ¢. Therefore, since X

is closed, letting k — oo we deduce that x + fu € X, as desired. [

Lemma 1.2.2. Let X C R" be convex closed, and let 7 ¢ X. Then there exists a unique
closestpointy e Xtoz,and X CH* ={x e R" : (x,z—y) < (y,z2— )}

Proof. The existence of a unique closest point y € X to z follows from the fact that the
function X 3 y — ||y — z||> has a minimum on X, as X is a closed.

Now, given x € X, it follows that y +t(x —y) = (1 —t)y +tx € X forr € [0, 1] as
X is convex, therefore ||z —y — t(x — y)||> > ||z — y||* for t € (0, 1); this is equivalent
to saying that

(z=y,2=y) =2z =y, x = y) + 1 (x =y, x = y) = (z =y, 2 - y).
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Letting r > O tend to zero, we deduce that (z — y,x — y) < 0, hence x € H". Finally, if
x € X withx # y, then (z — y,x — y) < Oyields that ||x — z||> = [[(x = y) + (y = 2)||* >
|ly — z||%, showing the uniqueness of y as closest point. [

The rest of the section collects various consequences of Lemma 1.2.2.

Lemma 1.2.3 (Exterior normal). Let X C R" be convex closed andy € 0 X. Then there
exists u € R"\{o} such that {(x,u) < {(y,u) forx € X.

Remark. Any such u is called an exterior normal at y, and y + u~ is called a supporting
hyperplane, which then exists at any boundary point. It follows that X is the intersection
of "supporting half spaces".

Proof. Let z; € R™"\X a sequence tending to y, and let y; be the closest point of X
to zx (cf. Lemma 1.2.2). As ||yx — zk|l < |ly — z«||, also the sequence yj tends to y.
Since §”~! is compact, we may assume that u; = ”Z:ﬁ” tends to u € S"~!. Using
Lemma 1.2.2, we deduce that if x € X then (u,x — y) = limp o ug,x —yx) < 0. =

Definition 1.2.4 (Face). For a convex closed X ¢ R" and u € R"\{o}, let us assume
that there exists a y € d X where u is an exterior normal. Then Fx (u) ={x € X : {x,u) =
(y,u)} is the face of X with exterior normal u.

Remarks.

¢ Itfollows from Lemma 1.2.3 that Fx (1) C X, and the condition on u is equivalent
to saying that X contains no half line in the direction of u.

* Anequivalent definition of a face of X is that it is the intersection with a supporting
hyperplane.

e What is called face here, following for example, Griinbaum [277], is frequently
called exposed face in the literature (see, for example, Rockafellar [498]).

Lemma 1.2.5 (Separation of a closed convex set and a compact set). Let X C R" be
convex closed, and K c R" compact convex with X N K = 0. Then there exist v € S™~!
and « € R such that {v,x) < a forx € X and (v,y) > a fory € K.

Proof. Since K is compact and X is closed, there exist xog € X and yg € K such that ||xo —
vol| is the minimum of the distances of points of X and K. Therefore, the hyperplane
normal to x¢9 — yo and passing through xogy % strictly separates X and K (thanks to
Lemma 1.2.2). [ ]

Lemma 1.2.6 (Separation of closed convex sets). If X,Y C R" are convex closed,
intY # 0, and X NintY = 0, then there exist v € S"~' and a € R such that (v, x) < «
forx € X and (v,y) > aforye?.
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Proof. We may assume that o € intY, and chose a xg € X. Using Lemma 1.2.5, for
k > ||xo]| the disjoint compact sets Yz = kB" N (1 — %)Y cintY and Xy = kB" N X
can be separated by a hyperplane Hy intersecting conv{0, xo} in a point z;. Then, it
suffices to consider a subsequence {Hy} such that zz- tends to z € conv{0, xo} and
some exterior unit vector uy of Hy tendsto av € S"~!, and choose a = (v, z). [ ]

Lemma 1.2.3 ensures that the normal cone below is not empty.

Definition 1.2.7 (Cone and Normal Cone).

(a) C c R™is a convex cone if ax + By € C for any x,y € C and a, 8 > 0. We say
that C is non-trivial if C # {0} and C # R".

(b) If X c R is closed convex and y € X, then the normal cone at y is
Nx(y) ={u € R" : (u,x —y) < 0 Vx € X}

which is either a non-trivial closed convex cone, or Nx (y) = R" inthe case X = {y}.

Remarks.
* v e Nx(y)\{o} for y € 9X if and only if v is an exterior normal at y.

» IfC c R"isaclosed convex cone with C # R”, then U = S"~! N N¢ (o) satisfies
C={xeR":{u,x) <0VuecU}.

Lemma 1.2.8. If X c R" is closed and convex, y,,,y € 0X with y,, = y and u,, €
Nx(ym) N S™L, then u € Nx(y) for any accumulation point u of {u,}.

Proof. We may assume that lim,;, o ,,, = u. For x € X, we have (u;,, x — y,,) < 0 for
any m; therefore, (u,x — y) < 0 also in the limit. n

Next, we show that there always exists an exterior unit normal vector such that the
opposite vector points inward.

Lemma 1.2.9. Let X C R” be closed, convex, with intX # 0, and let x € 0X. Then
there existu € S"~' N Nx(x) and t > 0 such that x — tu € int X.

Proof. We may assume that x = 0. Let C = cl{[0, o)z : z € int X}, that is a closed
convex cone. Then the statement of the lemma is equivalent to proving that Nx (o) N
int(-C) # 0.

By contradiction, we suppose that Nx (o) Nint(—C) = 0. Then Lemma 1.2.6 provides
ave §" ! such that (v, y) > 0 for y € —C and (v, z) < 0 for z € Nx(0). Hence, the
first property of v yields that v € Nx (o), which combined with the second property of
v implies that 1 = (v, v) < 0. This contradiction proves the result. ]

Lemma 1.2.2 makes it possible to consider the closest point map.
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Definition 1.2.10 (Closest point map). If X c R" convex closed and z € R", then the
unique point y € X closest to z given by Lemma 1.2.2 is [1x(z) = y.

Remarks:
(a) For z € R"\X, we have [1x(z) = y € dX ifand only if z € y + Nx(y);
(b) For a linear subspace L c R", Iy, is the orthogonal projection.

The closest point map is actually a contraction, as we show now.

Lemma 1.2.11. If X Cc R" is convex and closed and 71,75 € R", then
IMx (z1) — Mx(z2)]] < [lz1 = 22l

Proof. We set y; = Ilx(z;) and u; = z; — y;. Then (u;, y; — x) > 0 for x € X by
Lemma 1.2.2 for i = 1, 2. Hence, the substitution z; = y; + u; implies

izt = 22112 = lly1 = vall* + llur = uall® +2¢ur, y1 = y2) + 2(ua, y2 = y1) = lly1 = y2l1*.

1.3 Additional properties of convex cones
As the normal cones at a boundary point of a closed convex set is a closed convex
cone, we need some better understanding of the properties of cones.

Definition 1.3.1 (Pointed convex cones). A closed convex cone C C R" is pointed if
it contains no line.

Remark. Pointed convex cones are also frequently called strongly convex cones.
As the convex hull of two linear subspaces is their sum, we have the following
statement.

Lemma 1.3.2. Any closed convex cone C C R" of dimension at least 1 can be written
as L + C’ where L is a linear subspace and C' C L* is a pointed convex cone.

Remark. If X ¢ R" is a closed convex set with int X # (, then the normal cone Nx (x)
is pointed convex at any x € 0X.

Definition 1.3.3 (Dual cone). For a closed convex cone C C R”, its dual cone is
C'={xeR":{x,y) <0Vy¢C}.

Lemma 1.3.4. If C C R" is a closed convex cone, then C* is a closed convex cone,
and C** = C.
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Proof. 1t is immediate to check that C* is a closed convex cone and C ¢ C**.
If z ¢ C, then Lemma 1.2.5 provides v € §"~! and @ € R such that

(v,z) >a and (v, x) <aVxeC.

As C is a cone, choosing x = 0 we deduce that @ > 0. Also, replacing x with zx and
letting t — oo, we get (v,x) < 0 for all x € C. It follows that v € C* and (v, z) > 0,
therefore z ¢ C**. ]

Now we establish various ways to characterize pointed convex cones.

Lemma 1.3.5 (Pointed convex cones). For a closed convex cone C C R", the following
statements are equivalent:

(i) €N (=C) = {o};

(ii) C contains no line (and hence it is a pointed convex cone);

(iii) dim C* = n;

(iv) C # R" and for any z ¢ C there exists w € R" such that
(w,z) >0 and (w,x) <0Vx e C\{o}.

Remark. It follows that a closed convex cone C is pointed convex if and only if there
exists a supporting hyperplane H such that H N C = {o}. Because of this property, o
is sometimes called an apex of the pointed convex cone.

Proof. (i) = (ii): If £ c C is a line, then Lemma 1.2.1 implies that ¢’ c C for the
parallel linear 1-subspace by Lemma 1.2.1. Therefore, ¢’ ¢ C N (-C).

(il) = (iii): If C* c u* foru € "', thenRu c C** = C.

(iii)) = (iv): As z ¢ C, Lemma 1.2.5 implies that there exists wy € R" such that

{wo,z) >0 and (wy,x) <0VxeC.

Hence wy € C*. By continuity, it follows that there exists a w € int C* such that
{w, z) > 0. Now, for x € C\{o} it follows that w + ex € C* for some small £ > 0.
Thus (x, w + ex) < 0, which implies that (x, w) < 0.

(iv) = (i): Since there exists w € R" (w,x) < 0 for all x € C\{o}, we deduce that
Cn(-C)={o}.

Finally, we consider a natural method to construct convex cones.

Definition 1.3.6 (Positive hull). If X c R", then its positive hull is

k
pos X = {Z/l,-xi :Vx;eXandVAa; > O},
i=1
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which is a convex cone.

Since any finite set of vectors in R” of cardinatlity at least n + 1 is dependent, we
have the following analogue of the Carathédory’s Proposition 1.1.6.

Lemma1.3.7. IfX cR" and z € pos X, then there existxy,...,x, € XandAy,...,4, >
0 such that 7 = Zflzl Aix;.

Lemma 1.3.8. If X c R" is compact and o ¢ conv X, then the convex cone pos X is
a closed set.

Remark. As X is compact, o ¢ conv X is equivalent with the property that there exist
a > 0 and v € R" such that (v,x) > a forx € X.

Proof. Leta > 0andv € R" such that (v,x) > a for x € X. We consider z = limg_ Z%
for z; € pos X, and hence zx = 3", Ak;xk; for Az; > 0 and x; € X by Lemma 1.3.7.
There exists ay > 0 such that (v, zx) <y foreach k, and we may assume that limg e Xz; =
y; € X fori =1,...,n by the compactness of X. The first property and (v, x;;) > «
imply that each Ax; < y/a, which in turn yields z € pos{yi,..., ¥} C pos X. ]

We note that if X ¢ R" is compact and o ¢ X, then pos X may not be closed.

Example1.3.9. If X = {(x,y,z) €R*:|x|=1 and y*>+ (z — 1)> =1}, then X is compact
and o ¢ X, but pos X is the union of the open half space {(x,y,z) € R? : z > 0} and
the x axis; therefore, it is not closed.

Lemma 1.3.10. If X C R" is finite, then pos X is a closed convex cone.

Proof. Since pos X is aconvex cone, the only issue is whether it is closed. We prooceed
by induction on n > 1 where the case n = 1 trivially holds as a positive hull in R is
either a point, or a half line, or R.

Inthecasen >2,let P=conv X.Ifo ¢ P,then Lemma 1.3.8 verifies Lemma 1.3.10.
If 0 € intP, then pos X = R”, and hence closed.

Therefore the only case left open is whenn > 2 and 0 € 9P, and let u € Sn=1 pe
an exterior normal at o to P. For Xo = X Nu*, Cy = pos Xj is a closed convex cone
by induction, thus we may assume that X, = X\u™ is non-empty. Here (—u, x) > 0 for
x € X,, and hence the finiteness of X, yields that o ¢ conv X, and there existsa 8 > 0
such that (x, —u) > B||x|| for x € X,. In particular, C, = pos X, is a closed convex cone
by Lemma 1.3.8, and

posX = Cp + C;. (1.2)

It also follows by the triangle inequality for || - || that (y, —u) > B||y|| for y € C;.
Finally, to prove that pos X is closed, let z; € pos X tend to a z € R”; in particular,
(—u, zx) < 7y for some constant y > 0. According to (1.2), we have z; = wyg + wi+ for
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wio € Cop C ut and wiy € C; where
Y 2 (U, 2k) = (~u, wey) 2 Bllwi]|.

Therefore, we may assume that wg, tends to w,, and hence wyg = zx — wg4 tends to
some wg. We have w, € C, and wy € Cy as these cones are closed sets, and hence
Z € pos X by (1.2). |

We note that the sum of two closed convex cones, which is always a convex cone,
may not be closed.

Example 1.3.11. For the closed convex cones C = {(-t,—t,0) : t > 0} and C =
{(x,y,2) €eR¥:x >0 & y> + 22 < x?}, we have that p = (0,0,1) ¢ C + C, but

p=lim;_o(g; + ;) where g, = (—t,—t,0) € C and §; = (‘/t2 +(1+ %)2, t, 1+ %) eC.

1.4 Polyhedra, polytopes

Definition 1.4.1 (Polyhedron). A polyhedron P ¢ R" is the non-empty intersection
of finitely many closed halfspaces in R", allowing P = R" (empty family of closed
half spaces). A O-dimensional and a 1-dimensional face are called vertex and edge,
respectively. If dim P = n and P # R", then the (n — 1)-dimensional faces are called
facets.

The following properties (including Lemma 1.4.2) are immediate from the defin-
ition:
* Any linear subspace is a polyhedron, and
* non-empty intersection of a finite family of polyhedra is a polyhedron.
Lemma 1.4.2. If P = H{ N...N H] is a polyhedron for closed half spaces Hf c R",
and L C R" is a proper linear subspace, then the orthogonal projection I1;. P is a

polyhedron. In the case TILP # L, P is the intersection of all Hf N L such that H}
contains a translate of L.

Next we consider the "face lattice" of a polyhedron P; namely, the partially order
set whose elements are the faces of P, and the ordering is by inclusion.
Proposition 1.4.3. Let P c R" be a polyhedron.
(a) Any face of P is a polyhedron, and the number of faces is finite.
(b) Any face of a face of P is a face of P.

(c) If dim P = n and P # R", then OP is the union of the facets, any face F of P of
dimension at most n — 2 is the face of a facet, and F is the intersection of the facets
containing it.
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(d) Ifdim P = n and P # R", then any (n — 2)-dimensional face is contained in exactly
two facets.

Proof. We prove Proposition 1.4.3 by induction on n where the cases n = 1, 2 trivially
hold. We may assume that n > 3, 0 € int P, and P = ﬂf.‘le;r where HY, ..., HZ is a
minimal family of closed halfspaces whose intersection is P. Let H; = 0H .

For the first half of (a), any supporting hyperplane H of P, HN P = ﬁle (HNHY),
and hence the face H N P is a polyhedron.

Turning to (c), for any z ¢ P, there exists an H; such that z ¢ H, and hence the
segment conv{o, z} intersects H;. It follows that 9P = Uf.‘lei where F; = PN H;. The
minimality of HY,. .., H; yields that for any H]+., thereexistsaz; € ﬂl’;jH;r withz; ¢ P.
Then conv{o, z;} intersects F; in a w; that is the center of a (n — 1)-ball contained in
F; as o € int P, thus each F} is a facet.

For the second statement in (c), if F = H N P is a face for a supporting hyperplane
H, then let z € relint F'. Here z € F; for a facet F;, and hence F' C H;, which in turn
yields that F = (HNH; N P)N ﬂf;j(H NH; NH)=HnN F;, that is a face of F;.

For the third statement in (c), we observe that F; = N;.;(H; N H}), and let I; C
{1,...,n}\{j} be minimal such that F; = Niel; (H; N H),and hence G ;; = H; N F},
i € I}, are the (n — 2) faces of F;. Here G;; = PN H; N F; = F; N F;, and hence the
induction hypothesis implies that

F =0FrcG;;Gji =NFcrnr Fi N Fj =NFpcF, Fi.

This completes the proof of (c), and turn the proof of (a) by induction.

For (d), let F be an (n — 2)-dimensional face of P, and let L C R" be the two-
dimensional linear subspace orthogonal to aff F, and hence IIy P is a polyhedron
according to Lemma 1.4.2. The vertex Iy F' of Iy P is contained in two edges fi
and f, of Iy, thus F is contained in exatly two facets of P by Lemma 1.4.2; namely,
fi+aff Fand f, +aff F.

For (b), let G be a face of F for a face F of P. According (c), there exists a facet F;
such that F is either a face of F; or F = F;, and hence G is a face of F; by induction. In
particular, A N F; = G for an (n — 2)-dimensional affine subspace A ¢ H;. If L c R" is
atwo-dimensional linear subspace orthogonal to A, then v = II; G is an endpoint of the
edge Iz F; of the polyhedron ITz P. It follows that v is a vertex of Iz P by induction,
and v = ¢ NII. P for aline £ C L; therefore, G = PN (£ + A). ]

Definition 1.4.4 (Polytopes). A polytope is a bounded polyhedron.

In other words, a polytope is a bounded intersection of finitely many closed half-
spaces. Now we show that this property is equivalent with the dual definition; namely,
the convex hull of finitely many points.
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Proposition 1.4.5. A P C R" is a polytope if and only if it is the convex hull of finitely
many points.

Remark. The polytope is actually the convex hull of its vertices.

Proof. We use induction on n > 1 where the case n = 1 is trivial.

To show that a polytope P C R" is the convex hull of its vertices follows, we may
assume thatdim P = n. For any x € P, aline ¢ through x intersects 0Piny; € Fj and y; €
F, for some facets Fi, F, of P by Proposition 1.4.3 (c) (possibly | = F,), and hence x €
conv{yy, y>2}. Now y; is the convex hull of the finitely many vertices of F; by induction
and Proposition 1.4.3 (a), which are vertices of P, as well, by Proposition 1.4.3 (b).

Nex let P = conv X for X = {x{,...,xx} € R". We may assume that dim P = n
and o € int P. For any supporting hyperplane H = {x € R" : (x,u) = a foru € $"~!
and @ € R where (x;,u) > a for x; € X, any z € H N P is of the form z = Zle Aix;
where Zle A; = 1 and each A; > 0. Since (z, u) = @ and each {(x;, u) > @, we deduce
that A; = 0if x; ¢ H; or in otherwords, the face H N P is the convex hull of H N X. It
follows that P has only finitely many faces.

Let 2 be the union of linF over all faces F' of P with dimF < n — 2, and hence |E| =
0. For any z € P\E, the halfline pos z intersects d P in a point y, which is contained in an

(n — 1)-dimensional face of P. Writing F1, ..., Fy, to denote the (n — 1)-dimensional
faces of P, and H to denote the "supporting" half space containing P with P N 0H =
F;, we conclude that P = N HY. n

These two dual representations of a polytope; namely, intersection of finitely many
half spaces or convex hull finitely many points, are used in different setups. For example,
given two polytopes P, Q c R",

P n Q is apolytope provided PN Q # 0 (1.3)

because of the representation as a bounded intersection of finitely many half spaces,
and the Minkowski sum
P + Q is a polytope (1.4)

because of the representation as a convex hull of finitely many points.
Let us consider some basic examples of polytopes that will be used in this book.
Example 1.4.6 (Polytopes). Let ey, ..., e, form an orthonormal basis of R".

Cube, Parallopiped: Cube is congruent to [—a, a]" for a > 0, with 2n facets (each is
an (n — 1)-cube) and 2" vertices. In particular, [—1, 1]" = BZ is the unit ball of
the /o-norm.

A parallopiped is of the form x + ®[-1, 1]" for ® € GL(n) and x € R".

Crosspolytope: conv{=xey, ..., +e,} is the unit ball of the /;-norm.

Simplex: Convex hull of (n + 1) affinely independent points in R”.
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Regular simplex: Simplex whose edges have the same length, for example, conv{ey,. .
is the regular (n — 1)-simplex of edge length V2
Ifor,... 0041 € S" ! satisfy (vi,vj) = _71 fori # j, then conv{vy, ..., 0,1} is the
regular simplex insribed into B, and {x e R" : {x,v;) < 1,i=1,...,n+ 1} isthe
regular simplex circumscribed around B”

Pyramid or "Cone": Congruent to C = conv{o, F'} where F is an (n — 1)-dimensional

polytope with o ¢ aff F with exterior unit normal u, and hence |C| = % h-H"'(F)
where 4 is the distance of aff F' from o.

Definition 1.4.7 (Polyhedral Cone). A C = N7! H; where each H; is a half space of
R"™ with 0 € dH, is called a polyhedral cone. Writing d = dim C, the "normalized
angle" of C is

HY(CNB") HI'(Cns
wa - dwg ’

B(C) = /C eI g (x) = (1.5)

and hence S(R") = 1.

The dual representation of polyhedral cone is the positive hull of finitely many
vectors. We observe that if L c R”" is a Inear subspace of dimension ¢ > 1, then L =
pos{%xy, ..., +xs} for any basis xy,...,xs of L.

Proposition 1.4.8. C c R" polyhedral cone if and only if C = pos{xi,...,xx} for
X1,..., X € R

Proof. Both in the cases if C is a polyhedral cone or if it is the positive hull of a
finite set, C is a closed convex cone (cf. Lemma 1.3.10), thus Lemma 1.3.2 yields
that C = L + C’ where L is a linear subspace and C’ c L* is a pointed convex cone.
We may assume that d = dimC’ > 1, and let A ¢ L+ be a (d — 1)-dimensional linear
subspace such that A N C = {o} (cf. Lemma 1.3.5). It follows that if z € relint C’, then
P’ = (A +z) N C’"isbounded, thus it is a compact convex set satisfying that pos P’ = C’.

Now if C is a polyherdral cone, then P is a polyhedron, and hence polytope, that
is the convex hull of its vertices vy, ..., v, by Proposition 1.4.5. Therefore C is the
positive hull of vy, ..., v, and a finite set of vectors whose positive hull is L.

Next we assume that C = pos{x, ..., xx}. We may assume that for some m with
1 <m <k, x; € Lifandonly ifi > m. It follows that C’ = pos{x},. .., x; } forx; =TIy x;.
Lety; =t;x; € A+ z for suitable #; > 0. It follows that P = conv{yy, ..., ym}, and hence
P is a polyhedron by Proposition 1.4.5, which in turn yields that C’ = ﬂle H!™ where
each H* is a closed half space of L* and o lies on the relative boundary of H*.
Therefore C = N/ H} where Hf = H/* + L. "

Next we show that the dual of a polyhedral cone is also a polyhedral cone.

-,en}
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Lemma 1.4.9. For uy,...,ur € R"\{o}, C={x e R" : (x,u;) <0, i=1,...,k}
satisfies C* = pos{uy,...,ur}.

Proof. Wehave pos{ui,...,ur} C C* by the definition of adual cone.If z & pos{uy, .. .,ur},
then Lemma 1.2.5 yields the existence of a v € R" such that (v, z) > 0 and (v, u;) <0
fori =1,..., k. It follows that v € C, and hence z ¢ C*. n

It follows from the definition of the normal cone and the dual cone that for any
compact convex set K C R" and z € 9K,

Nk (z) = C* for the closed convex cone C = clpos(K — z). (1.6)

We deduce (i) of Lemma 1.4.10 below from (1.6), Proposition 1.4.3 and Lemma 1.4.9,
(1) yields (ii), (ii) yields (1.7) and in turn (1.7) yields (1.8) where possibly dim P < n
in (i1) and (ii1).

Lemma 1.4.10 (Normal cone of at a face). Let P C R" be a polytope.

(i) If dim P = n, Fy, ..., Fi are the facets of P and u; is the exterior unit normal to
F;, then for any face F of P and z € relint F, we have

Np(z) =pos{u; : F C F;}.

(ii) If F is a face of P, or P is lower dimensional and F = P, then we can set Np(F) =
Np(z) for any z € relint F, and y € (relint F) + Np(F) if and only if TIp(y) €
relint F.

(iii) If o > O, then using U for disjoint union, we have

P+oB" =relint P L L| ((Np N oB") +relint F);  (1.7)
F face
[(Np 0 oB™) +relint F| = 0" %w,_qB (Np) HE(F) ifd =dimF.  (1.8)

1.5 Regular boundary points of closed convex sets and Convex
functions

At a boundary point of a closed convex set X C R”, there might be various supporting
hyperplanes; or in other words, various exterior unit normals (think about the vertices
of a polytope). However, as we will soon see, there is a unique supporting hyperplane
at a typical boundary point provided int X # 0 (like at the points in the relative interior
of a facet of a polytope).

Definition 1.5.1 (Regular boundary points). For a closed convex set X ¢ R" with
int X # @, we say that x € X is a regular boundary point if there exists a unique
supporting hyperplane at x; or equivalently, there exists a unique exterior unit normal
vx(x) € Nx(x) N 8" 1. Let X c 9X be the set of regular boundary points.
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Actually H"~! a.e. boundary points are regular.

Theorem 1.5.2. Fora closed convex set X C R" withintX # (0, 0X\0'X is o--compact
with o -finite H"~2-measure, thus 8’ X is Borel and H"~'(dX\d'X) = 0.

Proof. We may assume that X is bounded (compact) and o € X.

Letuy,...,u, be an orthonormal basis of R”, and let u;,,, = —u; fori =1,...,n.
For an integer a > diamX + 2, let W = [—a, a]", and let F; be the facet of W with
exterior unit normal u;, i = 1,...,2n. For k > 2, let I'y € OW be the subset such that

I'tNF;= {xeFi:EIuj euiL such that (x,u;) € ﬁZ} fori=1,...,2n.

It follows that H" 2(I'y) < oo, relbd F; c Ty fori =1,...,2n and if s C F; for a
segment of length at least %, then s c I’y # 0.

Let X;, C X be the set of points of x € X such that there exist u,v € S"~! N Nx (x)
with Z(u,v) > % Then X} is compact (cf. Lemma 1.2.8), and as any point of W
is of distance at least 2 from X, the properties of I'y yield that Nx(x) N Ty for x €
X In particulr, X c ITx ('), and hence H"%(X;) < o as Il is a contraction by
Lemma 1.2.11. We conclude Theorem 1.5.2 from dX\0’X = U Xj. [ ]

Lemma 1.2.8 yields that vy is continuous on regular boundary points of X.

Lemma 1.5.3. I[f X Cc R" is a closed convex set withint X # 0, then vx : 0’ X — gn-1
IS continuous.

Definition 1.5.4 (Subdifferential of a convex function). If ¢ : Q — R convex for a
convex and open Q ¢ R and x € Q, then

dp(x) = {z € R : ¢(y) > (x) + (z,y — x) forany y € Q}.

Remarks.
e Jp(x) # 0 and is compact for x € Q.
For the convex epi-graph X = {(x,7) e R¥! : x e Qandt > ¢(x)}, of ¢, x € Q
and y = (x, ¢(x)) € X, we have z € dg(x) if and only if (z,—1) € Nx(y) c R¥*1L,
e Jp(x) is one point if and only if Dg(x) exists and dp(x) = {Dg(x)}.
Theorem 1.5.2 yields a stronger form of the Rademacher theorem about differen-
tiability of convex functions.

Corollary 1.5.5. For a convex ¢ : Q — R on an open convex Q c R?, ¢ is differen-
tiable at every x € Q but at a o-compact subset of Q with o-finite H ™ -measure.

Proof. Write Q as the countably union of the sets z; +r;B" C Q, j € N, where z; €
Q and r; > 0, and apply Theorem 1.5.2 to the sets X; = {(x,1) e R¥”! :x € z; +
riB"andt > ¢(x)}. [
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The Remarks after Definition 1.5.4 of the subdifferential yield the following corres-
pondence between regular boundary points and differentiability of convex functions.

Lemma 1.5.6. For closed convex X C R™ with intX # 0 and X # R", X is locally
Lipschitz, and if a relatively open U C 0X is the graph of a convex function ¢ on Q C v*
forve S" ! theny = x + ¢(x))v € U is a regular point if and only if Do(x) exists.

Lemma 1.2.8 yields that an everywhere differentiability convex function is C'.

Proposition 1.5.7 (Differentiable and convex is C).
(i) If ¢ : Q — R convex and differentiable for open convex Q c R, then ¢ is C'.

(ii) If every x € 0X is regular for a closed convex X C R" with intX # 0, then 0X is
C' a manifold.

1.6 Support function of a compact convex set

As we are going to see throughout this monograph, the support function encodes a

compact convex set in a rather natural manner, and builds an very signicant bridge

between Geometry and Analysis.

Definition 1.6.1 (Support function, Faces). Let K C R" be compactconvex andu € R".

*  hg(u) =max{{x,u) : x € K} is the "support function".

e Foru+#o, Fxk(u) ={x € K: {(x,u) = hg(u)} is the face with exterior normal u.
The following properties directly follow from the definition and the fact that any

point not contained in a compact convex set is cut off by a supporting hyperlane (cf.

Lemma 1.2.2).

Lemma 1.6.2. Let K, C C R" be compact convex and u,v € R".

*  hg is convex and one-homogeneous; namely, hig (yu) = yhg(u) for y > 0, and
forany a, B > 0, we have

hg (au + Bv) < ahg (1) + Bhg (v).
e Forx € 0K, u € Ng(x) if and only if hg (u) = (u, x).
e K={xeR":(x,u) <hg(u)VueR"} ={x eR": (x,u) < hg(u) Yu € S""'}.
o hok(u) = hg(®'u) for ® € GL(n,R).
* haokipc=ahg+pPhcand Foxipc(u) =a Fg(u) + B Fc(u) fora, g > 0.
*  hg(u) = hi|1(u) for a proper linear subspace L C R" and u € L.

Let us consider some fundamental examples of a the support function.
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Example 1.6.3. In these example, we always have u € R".

Polytopes: hp(u) =max{{u,v;):i=1,...,m} forapolytope P =conv{vi,...,Um};
for example, if vy, . . ., v, are the vertices of P.

Euclidean ball: h,gn(u) = r - ||u|| for r > 0.

Unit ball of [, norm: Let1 < p < 0.

B ={x eR": [Ix|l, <1} ={(x1,...,xn) €R": |x1]P + ...+ [x,|P < 1} if
p€[l,o),and B, ={x e R" : ||x]|o < 1} = [-1,1]".

For g > 1 with % + é =1 (e.g. g = 0o if p = 1), we claim that

g () = [ully- (1.9

On the one hand, Holder inequality yields that (x, u) < |[x||,[lullg < [|lull, for
x € B}, and hence hp (u) < |lullg. On the other hand, there exists x € 9B}, with
(x,u) = ||x|| pllullgy = llullg, which in turn yields (1.9).

Zonotopes, Zonoids: Zonotopes are Minkowski sums of finitely many segments,
and zonoids are limits of zonotopes (limits are discussed in the next Section 1.7).
Zonoids are always centrally symmetric, and an o-symmetric convex body K ¢ R”
is a zonoid if and only if there exists a finite even Borel measure u on S"~! not
concentrated on any great subsphere such that

() = [ ol duto).

Here K is a zonotope if and only if y is discrete.

Any planar centrally symmetric convex body is a zonoid, but this property fails
in higher dimensions. A typical example for zonoids is the projection body, see
Section 2.B. For "classical" properties of zonoids, see Schneider, Weil [525].

Extreme points form a small subset of a convex compact set K such that for any

u € R", the maximum of the linear function x — (u, x) over x € K; namely, the value
of the support function hg at u, is realized at an extreme point.

Definition 1.6.4 (Extreme point). If K c R" is convex, compact, then an x € K is called
an extreme point if x = (1 —A)y+Azfory,z € Kand 1 € (0, 1) implies y =z =x
(and hence x € JK). The set of extreme points is ext K.

Lemma 1.6.5. Let K C R" be convex, compact.

(i) If F C K is a face, then ext FF C extK.

(ii) The set ext K is non-empty, and is smallest set such that K = convext K.

Proof. For (i), there exists a halfspace H* ¢ R" suchthat K ¢ H* and F = 0H* N K.
IfxeextFandx=(1-Q)y+Azfory,ze€ Kand A€ (0,1), then y,z € 0H*, and
hence y = z = x.
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For (ii), if K = conv X, then X C extK, as conv X is the family of all convex linear
combinations of the points of X.

Finally we show that K = conv ext K by induction on dim K where the statement
readily holds if dim K = 0. If dim K > 1 and x is a point of the relative boundary of
K, then x € F for a face F C K; therefore, x € convext F' C conv ext K by induction
and (i).

]

Remark. K = convext K can be proved applying induction to the faces of K, and for
Z c K,K =convZifandonly ifext K C Z. In particular, for any u € R", hg (u) = (u, x)
foran x € extK.

Next we show how the support function encodes the facial structure of a compact
convex set.

Lemma 1.6.6 (Faces are subdifferentials of the support function). If K c R" is com-
pact convex and u € R"\{o}, then dhg (u) = Fk (u).

Proof. If z € Fx(u),then {(z,u) = hg (1), and hence hg (v) — hg (1) = {(z,v) — {z,u) =
(z,v — u) for any v € R". Therefore, z € dhk (u).
On the other hand, if z € dhg (u), then for any ¢ € (0, 1), we have

o t-hg(u)=hg((1+t)u) — hg(u) > {z, (1 +t)u —u) = t{z,u) and
o —t-hg(u) =hg((1=tu) — hg(u) 2 (z,(1 = )u —u) = —t(z, u),
thus (z, u) = hg (u). In addition, for any v € R", z € dhg (u) yields that

hi (v) = hi (u) + (hg (v) = hx (W) 2 {2, u) + (2,0 —u) = (z,v),
and hence z € Fx (u). [

hk is typically not diferentiable at o for a compact convex set K (unless K is a
point), and next we characterize when hg is differentiable on R"\{o0}.

Lemma 1.6.7. Let K C R" be compact convex. Then hk is C' on R"*\{o} if and only
if intK # 0 and 0K contains no segment, that is in turn equivalent to saying that
l|lu+vllk-z > lullk-z + |lvllk - for any z € int K and independent u,v € R"\{o}.

Remark. Such convex bodies are called strictly convex. In this case, Dhg (u) = x if
x € 0K and u # o is an exterior normal at x by Lemma 1.6.6.

Proof. As hg is convex, hg is C' on R"\{o} if and ly if 0 hg (1) = Fx (u) is a unique
point for any u € R"\{o} (cf. Lemma 1.6.6), that is equivalent to saying that 9K con-
tains no segment. This in turn yields that || - || x— is "strictly convex" for z € int K. m
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Next we prove that support functions are characterized by the properties convex
and one-homogeneous.

Proposition 1.6.8. Let h: R" — R. There exists compact convex set K C R" satisfying
h = hg if and only if h is convex and h(yu) = yh(u) holds for u € R" and y > 0.
In addition, the compact convex set K C R" satisfying h = hg is unique.

Proof. If h = hg for a compact convex set K Cc R", then hg is convex and one-
homogeneous by Lemma 1.6.2, which also yields the uniqueness of K.
Therefore let i be convex and one-homogeneous. If z € dh(u) for u € R™\o, then
any v € R satisfies
h(v) — h(u) > (z,v — u). (1.10)

Applying this with v = 2u, we deduce h(u) = h(2u) — h(u) > {z, u). On the other
hand, using v = %u, it follows that ‘71 h(u) = h(% u) — h(u) > (z, _71 u), and hence
h(u) < (z,u). In particular, if z € dh(u) for u € R"\o, then

(z,u) = h(u) and h(v) = (z,v) forv € R" (1.11)

We deduce that z € K = {x e R" : {x,w) < h(w) Yw € R"}, and hence dh(u) C K for
any u € R".

Therefore, K is non-empty, and its definition shows that hg (u) < h(u) for any
u € R". In addition, if u € R" and z € dh(u) C K, then hg (u) > (z,u) = h(u), proving
hk (u) = h(u) for any u € R". [

Next we describe the normal cones of the Minkowski sums of polytopes (see Pro-
position 1.4.3 for face structure of a polytope).

Lemma 1.6.9 (Normal cones of at a Minkowski sum). If P, O C R" are polytopes,
then the family of normal cones of P + Q is the family of all Np(F) N No(G) with
Np(F)NNg(G) # {o} where F (G) is a face of P (Q), or P is lower dimensional and
F = P (or Q is lower dimensional and G = Q).

Proof. If F (G) is aface of P (Q), or P is lower dimensional and F' = P (or Q is lower
dimensional and G = Q),and Np(F) N No(G) # {o},then F = Fp(u) and G = Fo(u)
for some u € Np(F) N No(G) N S"~!, and hence F + G = Fp,(u) is a face of P+ Q
with NP+Q(F +G)=Np(F)N NQ(G)

On the other hand, for any face M of P+ Q, we have M = Fp,o(u) fora u €
S"=1; therefore, M = F + G and Np,oM = Np(F) N No(G) for F = Fp(u) and G =
FQ(M). ]
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1.7 Hausdorff distance of compact convex sets

In this section, we equip the space of compact convex subsets of R with a natural
topology. The easiest way to do this is to provide a very useful metric.

Definition 1.7.1 (Hausdorff distance). The Hausdorff distance between non-empty
compact convex sets K, C ¢ R" is

6g(K,C)=min{p >20: K CcC+pB"and C C K + oB"}.

on (K, C) is a metric on the space of compact convex subsets of R” (see Section 3.7
for the version on the space of compact subsets). We always consider the space of
compact convex sets with the topology induced by d (where we always assume that
the compact convex sets are non-empty), and write K,,, — K or lim,;,_, K, = K to
signal that lim,,—c 07 (K, K) = 0.

Remark. Abusing the notation, even if hg, h¢ are functions on R” for convex compact
sets K, C c R", we write

lhk = helleo = max {|hx (u) = he (u)| 1 u € S"'} = 6u (K, C). (1.12)
Lemma 1.7.2. I[f K C R B" compact convex for R > 0, then
|hg (u) — hg (v)| < R||lu —v|| for u,v e R".
Proof. If y, z € K satisty (y,u) = hg (u) and (z,v) = hx (v), then {(z,v) > (y,v), and
hi (u) — hi (v) = (y,u) = (z,0) = (y,u = v) +{y = 2,0) < (y,u —v) < Rfju —o||.
Similar argument shows that hg (v) — hg (1) < R|lv — ul|. ]

Theorem 1.7.3 (Blaschke Selection Theorem). Any bounded sequence {K,,} of com-
pact convex sets in R" has a subsequence that tends to a compact convex set.

Proof. Assume that each K,, ¢ RB" for R > 0, set EKM = hg,, |sn-1, and choose a
countable dense set X ¢ S~ 1. As fle < R, there exists subsequence {fsz,} such
that & K, (x) is convergent for any x € X. It follows from Lemma 1.7.2 that {h jaat
a Cauchy sequence with respect to || - ||, and hence & K, tends to a continuous hon
§"=1 uniformly.

We define h(tu) = th(u) foru € S" ' andr > 0. As hk,, tends pointwise to 4 on
R", we deduce that / is convex and one-homogeneous; therefore, i = h¢ for a compact
convex set C. In turn, K,,» tends to C by (1.12). ]

Lemma 1.7.4. The volume (Lebesgue measure) is continuous as a function of compact
convex subsets on R".
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Remark. As we will see in Section 3.7, Hausdorff distance can be naturally extended
to compact subets of R"; however, the Lebesgue measure is readily not continuous as
a function of compact subsets.

Proof. Let K,,, — K for compact convex sets K, K;;, C R". We may assume that o €
relint K. If dim K = n, then rB" C K for some r > 0, and hence oB" C % K for any
0> 0.1f 6 (K, K) < o for o € (0,r), then (1 — £) K C K, C (1 +£) K; therefore,
|Knl — |K]|.

On the other hand, if dim K < n, then K C u* for some u € $"~!. Foran R > 0
such that K ¢ RB", if 6 (K, K) < o for o € (0,1), then K,, € (R+ 1)(B" Nut) +
[-0, o]u, and hence |K,,| < (R +1)"'w,_; - 20. In particular, |[K,,|] = 0=|K|. =

Any compact convex set K C R” can be arbitrarily well approximated by polytopes
(see (1.13) and (1.14) below and Section 1.13 for more precise estimates), and by con-
vex bodies of C}° boundary (see Theorem 8.1.10) in terms of the Hausdorff distance.
g-nets (cf. Section 0.1) are simple tools to handle polytopal approximation; namely, if
g > 0, then

0 (K, P) < & forany e-net 2 C K and P = conv E. (1.13)

Sometimes we need approximation by full dimensional polytopes containing the com-
pact convex set K ¢ R". If ¢ > 0, P is a polytope with 6y (K, P) < =, then

S

(5H(K,Q)<sandPCinthorthepolytopeQ:P+[ £ 8]" (1.14)

T 2n°2n

where both the P in (1.13) and the Q in (1.14) can be assumed o-symmetric if K is
o-symmetric.

1.8 Simple polytopes and Strongly Isomorphic polytopes

The main goal of this section is to introduce the families of strongly isomorphic simple
polytopes. We will need the following special case of Lemma 1.6.9:

Lemma 1.8.1. IfP,Q c R" are n-polytopes, then the family of normal cones of P + Q
is the family of all Np(F) N No(G) with Np(F) N No(G) # {o} where F (G) is a
Jace of P (Q).

According to Proposition 1.4.3, it P C R" is an n-dimensional, then any vertex v
is the interesection the facets containing v; therefore, v is contained in at least n facets.
It follows by induction on the dimension # that v is also contained in at least n edges.
It also follows that exactly n facets meet at v if and only if exactly n edges meet at v,
and in this case, any (n — 1) of these edges are edges of one of the facets containing
v, as well.
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Definition 1.8.2 (Simple polytopes). We say that a d-dimensional polytope P C R"
is simple, 1 < d < n, if exactly d edges meet at any vertex of P.

Remark. The considerations above and Lemma 1.4.10 show the following properties:
* Any at least one-dimensional face of a simple polytope is simple.

* For an n-dimensional polytope P C R", P is simple if and only if the normal cone
at any vertex is simplicial; namely, it is the positive hull of n independent vectors.

We note that Lemma 1.4.10 yields the property that if uy, ..., u; are the facet
exterior unit normas of an n-polytope Q with corresponding facets Fi, ..., Fi, and F
is a face of Q, then

NoF =pos{u; : F C F;}. (1.15)

Next, we show that any n-polytope can be approximated by simple polytopes with
the same the facet unit exterior normals:

Lemma 1.8.3. If P ¢ R" is an n-polytope and & > 0, then there exists a simple n-
polytope P’ such that g (P, P’) < ¢ for the Hausdorff distance, the families of unit
exterior normals to the facets of P and P’ coincide, and the normal cone at any vertex
of P’ is contained in the normal cone of some vertex of P.

Proof. Letuy,...,uy be the facet exterior unit normas of P, and for r = (7y,...,7¢) €
R¥ let P = {x e R" : {x,u;) <7; i=1,...,k}. Thus there exists a £y > 0 such that
if 6y (P, P;) < &g, then P is an n-polytope and uy, ..., uj are the exterior normals
of the facets of P..

If 5y (P, P;) < & and P is not simple, then there exist a subset I C {1,..., k}
of cardinality n + 1 and a vertex v of P, such that (v, u;) = 7; for i € I; therefore, the
determinant of of the (n+ 1) X (n + 1) matrix made up from the vectors (u;, 7;),i € I,
is 0. This shows that except for the 7 € R¥ lying in the union of certain (,*,) proper
linear subspaces of R¥, any 7 € R¥ such that 5 (P, P+) < & gives us a simple polytope
P..

Finally, indirectly, we suppose that there exist (™) = (Tl(m), e T,Em)) € R¥ such
that limy;, 0 Ti(m) =hp(u;) fori=1,...,k, and each P_(m has a vertex v(™) where
the normal cone is not contained in the in the normal cone of any vertex of P. As P _(m)
tends to P, we may assume that v(™) tends to an xo € AP, and hence xg € relint F for a
face F of P. According to (1.15), Np(xg) = N is the positive hull of a subset of U C
{u1,...,ux}. Italsofollows from (1.15) (withQ =P () andeT(m) (v"™) ¢ NpF that
we may assume that there exists au; ¢ U such thatu; ¢ Np butu; € NPT(m> (v'™)) for
each m. However, the last property yields u; € Np(xo) = Nr, which is a contradiction,
completing the proof of Lemma 1.8.3. ]
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Strongly isomorphic have similar face structures, which is very useful in certain
calculations (see for example the proof the Aleksandrov Fenchel inequality in Sec-
tion 7.A).

Definition 1.8.4 (Strongly Isomorphic Polytopes). The polytopes Py, ..., Pr C R"
are strongly isomorphic if for any 1 <i < j < n, P; and P; have exactly the same set
of normal cones; or equivalently, dimFp, (u) = dimFp, (u) for any u € § n=l,

It follows that if the polytopes Py, ..., Pr C R" are strongly isomorphic, then they
have the same dimension, if the common dimension is less than n, then their affine
hulls are parallel.

Proposition 1.8.5. For compact convex sets Cy,...,Cr C R" and &€ > 0, there exist
strongly isomorphic simple n-polytopes Py, . .., Px C R" such that 6y (C;, P;) < & for
i=1,...,k

Proof. Choose R > O suchthatCy,...,Cy C int RB". According to (1.14), there exist
n polytopes Q1,...,Qr C RB" such that 65 (C;,Q;) < g/3fori=1,..., k. It follows

from Lemma 1.8.1 that O, Q1,. . ., Qk are strongly isomorphicfor Q =Q1+...+ 0y C
int(kRB™) and
~ e
i=dit = B
0i=0i+ 57 ; Q;

and hence 65 (Q;, 0;) < €/3 and 65 (C;, Q;) < 2¢/3fori=1,...,k.

Finally, Lemma 1.8.3 provides a a simple n-polytope Q’ C kRB" such that the
families of unit exterior normals to the facets of Q and Q’ coincide, and the normal
cone at any vertex of Q’ is contained in the normal cone of some vertex of Q. Readily,

Q/

~ e
P=0;+—"

1 Ql 3kR
satisfies that 6y (C;, P;) < e fori =1,..., k. As Q is strongly isomorphic to Qi, i=
1,...,k, we deduce from that the normal cone at any vertex of Q is contained in the
normal cone of some vertex of Q;, and hence Lemma 1.6.9 for the Minkowski sum of

polytopes yields that P; is strongly isomorphic to the simple polytope Q. |

Simple polytopes have the advantage that local deformations keeping the exterior
unit normals of the facets do not change the face structure (see Lemma 1.8.6). For inde-
pendentuy,...,u, € R", letuj,...,u, * = € R" be the dual basis; namely, (ui,uj)=0
ifi # j,and (uj,u;) = 1,and let R =max" | |lu;}. It follows thatif p, g € R" satisfy that
(p,u;)=tiand (q,u;) =s;fori=1,...,n(andhence p = 37" | t;u; and g = 3", s;u}),
then

Ip - qll < nR max |t; = s;]. (1.16)

..... n
Since any vertex of a simple polytope is contained in n facets, (1.16) yields the folow-
ing:
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Lemma 1.8.6. For a simple n-polytope P C R", there exists gy > 0, such that if
Ui, ...,u, are the unit exterior normals of the facets of P, and |t; — hp(u;)| < &
fori=1,...,k, then P = {x € R" : {x,u;) < t;} is a simple n-polytope strongly iso-
morphic to P.

1.9 The polar (dual) of a convex body

We call acompact convex set K C R" with non-empty interior a convex body. Whenever
o € int K, then we can consider it as the unit ball of a norm type function.

Definition 1.9.1. For a convex body K C R" with o € intK, if x € R", then let
|lx||x = min{r > 0:x € tK}.

Remarks. x — ||x||g is convex and ||[1 x| g = A||x]||x for A > 0.
| - ||k is an actual norm if and only if K = —K (K is origin symmetric).

Definition 1.9.2 (Polar (dual) of a convex body). If K c R" is a convex body with
o € int K, then its polar is

K'={xeR":(x,y)<1VyeK},

which is a convex body with o € int K*, and is o-symmetric if K is o-symmetric.

In particular, if K is o-symmetric, then || - || g+ is the norm of the space dual to the
one with norm || - || x. In general, the following statement summarizes the fundamental
properties of polarity of convex bodies.

Proposition 1.9.3. Let K C R" be a convex body with o € int K.

(i) z € 0K and y € R" is an exterior normal at z to K with (y, z) = 1 if and only if
y € 0K* and z is an exterior normal at y to K*;

(ii) (K*)* = K;
(iii) hi-(u) = |lullk and hx (u) = ||ul
(iv) (D K)* = ®'K* for ® € GL(n).

K foru € R"*;

Remark. ik (y) = hg-(z) = 1 in (i).

Proof. If z € 9K and y € R" is an exterior normal at z to K with (y, z) = 1 in (i), then
(y,x) <(y,z) =1forx € K, and hence y € K*, and (w, z) < 1 = (y, z) forw € K*,
which in turn yields that z is exterior normal at y € K™, proving half of (i).

For (ii), readily K c (K*)*.If p ¢ K, then p = Az for A > 1 and z € dK, and hence
(p,y) =4 > 1 where y is an exterior normal at z to K with (y,z) = 1. Since y € K*,
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we have p ¢ (K*)*. Having (ii), interchanging the role of K and K* verifies the other
implication in (i).

For (iii), hx (y) = 1 is equivalent to ||y||gx+ = 1 by (i).

For (iv), (® "x, ®y) = {x,y) for x,y € R". m

We deduce the following examples for polars from Example 1.6.3 for support func-
tions and Proposition 1.9.3.

Example 1.9.4. [,-balls: (B)* = B} if % + 37 =1for p,q € [1,00].
Polytopes: If P={x e R" : {x,v;) <1, i=1,...,k} is bounded for vy, ..., v €
R™"\{o}, then o € int P and P* = conv{vy,...,vr}.

Definition 1.9.5 (Radial function). For a convex body K ¢ R" with o € intK, ifu €
§"~1 then ok (1) = max{r > 0: tu € K}.

Remark. In particular, ok (1) u € 0K foru € S*~1.

Proposition 1.9.3 yields that if K ¢ R” with o € intK and u € §"~, then

1 1

k() = e = )

(1.17)

We observe that u — ok (1) - u = (||u]|x)~" - u parametrizes 0K for u € S"! (see
Section 2.2).

Polarity (cf. Proposition 1.9.3), the parametrization of the boundary by the radial
function and the characterization of the differentiablity of the support function by
Lemma 1.6.7 yields the following:

Lemma 1.9.6. Let K C R" be compact convex. ThenintK # 0 and 0K is a C' manifold
if and only if || - ||k—; is C' on S"7! for z € int K, that is equivalent to saying that
hg (u+0v) > hg(u) + hg (v) for independent u,v € R™.

The next statement follows from Proposition 1.9.3 viaLemma 1.6.7 and Lemma 1.9.6.

Corollary 1.9.7. Given convex body K c R" with o € intK, its boundary 6K is a C'
manifold if and only if K* is strictly convex.

We note that the polar body satisfies various fundamental inequalities. The prob-
ably most widely used is the Blaschke-Santal6 inequality and its reverse form (see
Sections 6.5 and 6.6) stating that if K ¢ R” is a centered convex body, then

47" B> < |K|-|K*| < |B"|

where equality holds in the upper bound (the Blaschke-Santal6 inequality) if and only
if K is a centered ellipsoid, and the lower bound actually holds whenever o € int K.
For related inequalities for the so-called projection body, see Section 2.B.
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1.10 Steiner and Schwarz symmetrizations of convex bodies in R", and
the Isodiametric and the Brunn-Minkowski inequalities

In this section, we discuss two classical symmetrization methods, the Steiner sym-
metrization (the "mother of all symmetrizations") and a variant of it, the Schwarz
symmetrizations. The main use of a symmetrization is that when proving an inequality,
the symmetrization reduces the problem to more symmetric objects. We demonstrate
this method by proving the Isodiametric and the Brunn-Minkowski inequalities via
Steiner symmetrization. We recall that X|L is the orthogonal projection of an X c R”
into a proper linear subspace L C R”.

Definition 1.10.1 (Steiner symmetrization). Let K ¢ R” convex body, and letu € S"~!.
The followings are equivalent definitions of the Steiner symmetrial ©,. K.

(a) ©,.K = U {x+ [-¢,qlu : x € K|u* and H' (Kn (x+Ru)) = Zq} .

t_

(b)@ule{x+ su:xeKluJ‘andx+tu,x+su€K}.

() If f,g : K|lu* — R concave such that
K:{x+tu:x€K|uLand —g(x) Stsf(x)},

then

f(x)+g(x) f(x)+g(x)}
2 2 '

®u¢K={x+tu:x€K|uland— <t<

Definition 1.10.2 (Inradius and circumradius). For a convex body K c R”", r(K) is
the maximal radius of any ball contained in K, and R(K) is the minimal radius of any
ball containing K.

Remark. There exists a unique circumscribed ball of radius R(K) containing K, but
there might exist several balls of radius r(K) contained in K. If K is o-symmetric, then
r(K)B" c K c R(K)B".

Proposition 1.10.3. Let K, C C R" be convex bodies, and let u € sn-1

(i) ©,.K is symmetric through u*, and ©,.K = (w|lut) + rB" if K = w + rB" for
r>0andw e R";

(ii) ®,.K is a convex body;

(iii) @y (1K) = 1- @K if 1 € R\{0};

(iv) r(®,.K) > r(K) and R(0,.K) < R(K);

(v) 1©,:K] = |K];

(vi) diam ©®,. K < diamK;

(vii) |a®,.K + 8O,.C| < |aK + BC| for a, 5 > 0.
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Proof. (1), (i1) and (iii) follow by definition (b), (iv) by (i) and containment, and (v) by
Fubini and definition (a).

For (vi), let diam ©,. K = ||z1 — z2|| where z; = x; + %(ti —si), x; € Klut, y; =
x;+tiue Kandw; =x; +s;u € K fort;,s; €R.Sincez; — 20 = %(yl —y2+wy —wp),the
triangle inequality yields that either ||z; — z2|| < |ly1 — 2]l or |lz1 — z2]| < |ly2 = y1ll-

For (vii), it is sufficient to prove that ®,. K + 0,,. C C O, (aK + BC) according
to (v), which in turn follows from definition (b). ]

We say that a convex body K ¢ R” is unconditional with respect to an orthonormal

basis uy, ..., u, of R" if it is symmetric through uf, e U
Lemma 1.10.4. [fuy,...,u, forman orthonormal basis of R" and K c R" is a convex

body, then ©,1 o ... o0 @)u]lK is unconditional, and hence it is o-symmetric.

Proof. We observe that if C ¢ R” convex body and j = 2,...,n, and C is symmet-
ric through u;- for i = 1,...,j — 1, then G)ujC is also symmetric through u;- for
i=1,...,j-1 [

We now demonstrate how Lemma 1.10.4 leads to the Isodiametric Inequality.

Theorem 1.10.5 (Isodiametric Inequality for convex bodies). If K ¢ R" is a con-
vex body with |K| = |rB"| for r > 0, then diamK > 2r; or in other works, diamK >
20, " K|V,

Proof. Letuy,...,u; form an orthonormal basis of R”, and hence K’ = Q,i0...0
G)MILK is an o-symmetric convex body by Lemma 1.10.4 with diamK’ < diamK by
Proposition 1.10.3 (vi). Since |K’| = |rB"| by Proposition 1.10.3 (v), it follows that
K’\int(rB") # @, which in turn yields that diamK’ > 2r. [

For a bounded measurable set X c R”, its diameter is diam X = sup{||x — y|| :
x,y € X}. Since diam conv ¢l X = diam X by Proposition 1.1.7, Theorem 1.10.5 directly
yields its extension to measurable sets.

Theorem 1.10.6 (Isodiametric Inequality). If X C R" is bounded and measurable,
then diam X > 2w, /™| X|1/",

The Isodiametric Inequality indicates what the right normalization of the Haus-
dorff measure is in order to conincide with Lebesgue measure (see Section 1.B).

Typically, Steiner symmetrization is useful to prove inequalities where balls are
extremizers because iterated Steiner symmetrizations can lead to a ball.

Theorem 1.10.7 (Iterated Steiner symmetrizations). If K C R" is a convex body with
|K| = |rB"™| forr >0, and ¢ € (0, %), then there exist finitely many Steiner symmetriza-
tions starting with K producing a convex body K’ with (1 —)rB" c K’ c (1+¢&)rB™.
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Or equivalently, there exists a sequence {K,,,} of convex bodies tending to r B" where
Ko = K and K41 = O, Ky, for some uyy, € sn-l

Remark. Klartag [370] proves that cn*|log £|* Steiner symmetrizations are enough
for an absolute constant ¢ > 1.

Proof. According to Lemma 1.10.4, we may assume that K is o-symmetric and K #
rB". Writing Fk to denote the family of convex bodies resulting from finitely many
iterated Steiner symmetrizations starting from K, Proposition 1.10.3 (v) yields that
Theorem 1.10.7 is equivalent proving that

E=sup{|CNrB" :C e Fx}=|rB"|. (1.18)

The argument is indirect, so we suppose that E < |rB"|, and seek a contradiction.
For k > 2, let Cy € Fk such that |Cy| > E - % As Cr € R(K)B™, we may assume
that Cy — Cp for an origin symmetric convex body Cy by the Blaschke Selection
Theorem 1.7.3 where |Cy| = |rB"| by the continuity of volume (cf. Lemma 1.7.4). As
|CoNrB"| =2 < |[rB"|, there existballs z; + oB" C intB"\Cp and z; + 0B" C intCy\B"
for some o > 0. There exist k large enough such that % < |oB"|, z1 + oB™ c B"\Cy
and 7, + oB" c C;\B"; therefore, if u = ﬁ and ||x — xg|| < o for x € ut and
xo = zi|lu*, then £, = x + Ru satifies

H' (6 NrB" N ©,:Ck) = min {H" (¢, N rB"), H' (£, N Ch)}
> H' (e NrB" N Cr) +H' (L N (22 +0B")),

and hence
|rB" N ©,:Ci| > |Ck| + |0oB"| > E,

which is a contradiction verifying (1.18). [

Remark 1.10.8. According to Theorem 1.A.3, we can choose a sequence of Steiner
symmetrizations whose results tend to a ball in a way such that the hyperplanes are
chosen independently of the convex body. Let vy, ..., v, € S*~! be independent such
that Z(v;,v;)/m is irrational for i # j, and let ug,,; = v; for k € Nandi € {1,...,n}.
Now if K c R" is an o-symmetric convex body with |K| = |rB"| for r > 0, then K,
tends to rB" where Ko = K and K41 = 0,1 K.

As an example for how to use Steiner symmetrization to prove geometric inequal-
ities, we provide the proof of the Brunn-Minkowski inequality.

Theorem 1.10.9 (Brunn-Minkowski inequality). If K,C c R" are convex bodies and
a,fB >0, then 1 ] 1
laK + BC|" > a|K|" + B|C|~=. (1.19)
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Proof. We may assume that @« = 8= 1. Let |K| = |[rB"| and |C| = |RB"| forr, R > 0.
We apply simulatanious iterated Steiner symmetrization to K and C, which does not
increase the volume of the Minkowski sum by Proposition 1.10.3 (vii). We may assume
that K and C are unconditional according to Lemma 1.10.4.

According to Proposition 1.10.3 (iv), Steiner symmetrization does not increase
the Hausdorff distance from »B" or RB". Therefore, when we apply iterated Steiner
symmetrizations simultaniously to K and C in stages, and at each stage, we apply
finitely many Steiner symmetrizations based on Theorem 1.10.7 to make sure that
either the image of K, or the image of C (always just one of them), gets closer to the
respective ball. Eventually, we construct a sequence {©,,. } of Steiner symmetrizations
such that writing Ko = K, Co = C, K;u+1 = 0,2 Ky and Cy41 = ©,,1 Cpy, the sequences
{K,,} and {C,, } tend to r B" and RB", respectively. It follows from Proposition 1.10.3
(vii) and the continuity of volume Lemma 1.7.4 that

IK+C|7 > lim |Km +C|# = [rB" + RB"|% = |rB"|» + |RB"|7 = |K|# +|C]7.
m—0o0
|

It is not hard to see (using triangulations similarly as in Remark 1.10.10) that
Steiner symmetrization produces polytope from a polytope; however, the result has
typically more vertices. Lemma 1.10.11 exhibit some special cases when the number
of vertices does not grow during Steiner symmetrization.

Remark 1.10.10. Given a polytope P C R" and some facets Fj, ..., F, of P, a trian-
gulation ¥ of {Fi, ..., F,} is a finite family ¥ of (n — 1)-simplices whose union is
FyU...UF,, each vertex of simplex in ¥ is a vertex of some £, and the non-empty
intersection of any two simplices in ¥ is a common face. ¥ can constructed by con-
structing a triangulation ¥, of the family of m-dimensional polytopes that are faces
of some F; into m-dimensional simplices by induction on m =0, ...,n — 1 in a way
such that if F is a face of some F;, and G € ¥, intersects F in a k-dimensional set,
0<k<m,then FNG € ¥y.

Lemma 1.10.11. For an n-dimensional polytope P C R", assume that there exists
u € "1 such that if v is a vertex of P, then either (v+Ru) N P = {v}, or (v+Ru) N P
is a segment whose other endpoint is also a vertex of P. Then the Steiner symmetrial
©,.L P is a polytope with the same number of vertices as P.

Proof. We use the notations as in Definition 1.10.1 (c) of the Steiner symmetrization,
only with K = P. Let ¥ be a triangulation of the faces of P lying in the graph of f, and
let ¥’ be the family of the projections of the elements of ¥ into u*. Now elements
of ¥’ partition Plu*, and the condition in Lemma 1.10.11 yields that for any S € ¥’
with vertices x1, . . ., X, x; + f(x;)u and x; + g(x;)u are vertices of P, and both f and
g are linear on S. In turn, %(f + g) is linear on S for any S € ¥/, and x; + w u
is a vertex of ®,. P, and any vertices of P and ®,. P can be obtained this way. ]
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A close relative of the Steiner symmetrization is the Schwarz symmetrization. We
recall that w,, = |B"|.

Definition 1.10.12 (Schwarz symmetrization). If K ¢ R" is a convex body and u €
S§"=1 then the Schwarz symmetrial is

Or, K = U{tu+(uJ‘ﬂr,B"):teR, (tu+u™)NK #0,

7—{"‘1(1(0 (tu +ul)) =" oy, 7 2 0} .

Lemma 1.10.13. For a convex body K C R" and u € S""', there exists a sequence
{®,z} of Steiner symmetrizations for vy, € u* N S"V such that if Ko = K and K41 =
0, K, then {K,,} tends to Op, K.

Proof. Let K|Ru = [a, blu for a < b. According to Lemma 1.10.4, we may assume
that K is unconditional with respect to a basis involving u, and hence K N (tu + ut)
is symmetric through ru for t € (a, b).

Fork >2andi=1,...,2% — 1, consider the hyperplanes Hy ; = ut +(a+i-
b{—,f‘)u, and apply finitely many Steiner symmetrizations based on Theorem 1.10.7
using vectors from u* to ensure that the ratio of the relative circumradius and inradius
of Hy ; N K becomes less than 1 + 27k foreachi=1,...,2% — 1, and then let k tend
to infinity to complete the proof of Lemma 1.10.13.

Alternatively, one may apply Theorem 1.A.3 instead of Theorem 1.10.7 in the
following way. We deduce from Theorem 1.A.3 (cf. Remark 1.10.8) that choosing
independent vy, ...,v,-1 € ™~ N u* such that Z(v;, v;)/m is irrational for i # j, the
iterated Steiner symmetrizations through vll, el v,fl lead to a convex body K’ such that
K’ N (tu+ut)isan (n— 1)-ball centered at tu fort € (a,b),andhence K’ =Op, K. =

Corollary 1.10.14. K,C c R" convex body, u € sn-1,
(i) Ory K has axial rotational symmetry through Ru, and Og,, (r B") = rB" forr > 0;
(ii) Or, K is a convex body;
(iii) Or, (1K) = A0, K if A € R\{0};
(iv) r(Or,K) = r(K) and R(Or,K) < R(K);
(v) |®ruK| = |K|;
(vi) diam O, K < diam K;
(vii) |a®r, K + O, C| < |aK + BC| for a, > 0.

Similarly argument to the one leading to Theorem 1.10.7 yields

Theorem 1.10.15 (Iterated Schwarz symmetrizations). If K C R" is a convex body
with |K| = |rB"| for r > 0, then there exists sequence {K,,} of convex bodies tending
to rB" where Ko = K and K;,+1 = ®Ory,, Ky, for some uy,, € sn-1,



34  Closed and compact convex sets
1.11 Centroid

In physics, in many circumstances, we can replace a body by a single point; namely, by
the body’s centroid having assigned the same mass. In mathematics, centroids prove
to be the most natural "centers" a convex body, even if there are some other useful
candidates. In this section, we prove the elementary properties of the centroid that
are sufficient for most of the applications, and point to references for some advanced
properties.

Definition 1.11.1 (Centroid). For a convex body K c R", its centroid is

1
O'K:—/xdx,
K| Jx

(u, o) = % /K(u,x) dx = % /Rtﬂ-(”_l(l( N (ut +tu)) dt. (1.20)

and hence if u € R", then

The convex body K is called centered if ox = 0.

Lemma 1.11.2 (Affine equivariance of the centroid). If K C R" convex body, then
ook = Pog where ®x = Ax + b for A € GL(n) and b € R™.

Examples

e If K c R" o-symmetric convex body, then ox = o by affine equivariance.

e If C =conv{o, F} where F C u™ + hu is an (n — 1)-dimensional compact convex
set for u € $"~! and h > 0, then for ¢ € [0, 1], we have H" ' (C N (u* + tu)) =
(t/h)""'H"~1(F), and hence (1.20) yields

(u,0¢) " (1.21)

{x € C: {u,x) <{u,oc)} )" |Cl. (1.22)

S

Il
—
3

The centroid is also equivariant under Steiner and Schwarz symmetrizations.

Lemma 1.11.3. IfK c R" is a convex body and u € S"~', then
O'@MJ_K = O'KluJ' and Oep, K = 0'K|Ru

Proof. Affine equivariance (cf. Lemma 1.11.2) yields that og , k € ut and o,k €
Ru. On the other hand, (1.20) and Definition 1.10.1 (a) of the Steiner symmetrization
imply (v, 00, k) = (v, 0k ) forv € ut,and (1.20) also yields (u, 0o, k) = (U, 0k). =

Now we show that the centroid is sitting in the "middle" of a convex body.

Lemma 1.11.4. Let K C R" be a convex body.
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(i) If ox = o, then —K C nK;
(ii) If H is a closed halfspace with ox € H*, then |H" N K| > (17)"|K| > % |K]|.
Remark. Simplices are optimal for (i) and (ii) (cf. (1.21) and (1.22)).

Proof. According to Lemma 1.11.3, we may assume that Or, K = K; namely, K has
axial rotational symmetry through Ru.

Concerning (i), it is equivalent to saying that if u € S"7!, then hg_ o, (—u) <
nhi_ o (u); orinother words, using that hx _ o (—ut) = hx (—u) + (ok,u) and hg _ o (1) =
hi (1) — {0k, u), for any convex body K ¢ R” and u € §"~', we have

if hg (—u) = 0, then {0k, u) < -5 hi (u). (1.23)

Let C = conv{o, F} be the "bounded cone" with axial rotational symmetry through
Ru with |5| = |K| where Fcut+ hg (u)u is an (n — 1)-dimensional ball centered at
hi (u)u. It follows that hiz(u) = hg (u) and hz(-u) = 0, |C\K| = |[K\C|, and using
axial rotational symmetry through Ru and the convexity of K and C, we deduce the
existence of a 7 € (0, hx (u)) such that (x,u) > 7ifx € C\K, and (x,u) < 7ifx € K\C.
In particular, (o, u) < (og,u) = 725 hg (u) (cf. (1.21)), which in turn yields (1.23).

n+l

(oK, u) + hg(—u)
< 5 (hi(w) + hg (-u)) .

|KNH,|=[CnH,|=]|Col

For (ii), we may assume that og = 0, and H* = {x : (x,u) > 0} forau € S"~!,
Let H™ = {x : (x,u) < 0} where o = o € intK for example by (i).

Letg > Osuch that|Cy| = |K N H*| for Cy = conv{qu, K Nut},and hence |Co\ (K N
H*)| = (K n H*)\Cy|, and using axial rotational symmetry through Ru and the con-
vexity of K, there exists a t; € (0, hg (u)) such that

(x,u) > t1ifx € Co\(K N HY), and (x,u) <11 if x € (KN H")\Cy. (1.24)
K|

e
KNH*|7w
of C and |C| = |K]|. It follows that (CNH )\(KNH™)|=|(KNH )\(CNH")|and

Nextlet C = qu + (Co — qu) be the bounded cone such that gu is the apex
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for t, = —h¢(—u), we have

xyuy >ty if xe(CNnH )\(KNH),

(xyuy <, if xe(KNH)\(CNH). (1.25)

We deduce from (1.24) and (1.25) that {(o¢,u) > (ok,u) =0, and hence (1.22) implies
[KNH|=|[CNH| 2|Cn(oc+H)|=(GH)"ICl = Gi)"IK]

The following statement is proved in Kannan, Lovasz, Simonovits [361] where the
factor n is optimal for example for simpleces.

Lemma 1.11.5 (KLS ellipsoid). If K ¢ R" is a convex body, then there exists an o-
symmetric ellipsoid E with ox + E C K C o +nE.

Remark. See Proposition 6.4.9 for a more precise statement. In particular, E is a ball
if the ellipsoid of inertia of K is a ball; namely, if fK_UK (u, x)? dx is the same value

for any u € S"~!,

The proof of Lemma 1.11.6 uses polar coordinates; namely, the formula that if

f € L{(R"), then
_ ® n-1 n-1
/R = /Snl /0 Fruyr = dr dH (w). (1.26)

Lemma 1.11.6. If K C R" is a convex body with o € int K, then

1
K= [ oxtdu

(ii) ox = o if and only lf/ u- ok W) du =o.
Ssn-1

Proof. For (i), take f = 1k in (1.26).
For (ii), ok = o if and only if ./R" (v,x) - 1 (x) dx =0 forv € R", which is equivalent
to (ii) by taking f(x) = (v,x) - 1x(x) in (1.26). [

The following statements are proved by Milman, Pajor [453].

Theorem 1.11.7 (Milman, Pajor). If K, C C R" are centered convex bodies (og =
oc =o0), then

IK-C|-|[KNC|=>|K||C|and |K N (=K)| = 27"K]. (1.27)

Remark. Here |K - C| - [K N C| < (*')|K| - |C| < 4"|K| - |C] by (1.28) below.

While do not provide the proof of Theorem 1.11.7, we verify the following variant.
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Theorem 1.11.8 (Rogers-Shepard). If K,C C R" re convex bodies, then

IK||IC| < |K-C]|- max KN (x+0O)| < (2:)|K| |C| < 4"|K||C]|; (1.28)
xeR”
K - K| < (*)IK| < 4"[K], (1.29)
|K N (-K)| > 27"K| for some K =K —w, w € K. (1.30)
Remarks.

* w = o0k works in (1.30) by (1.27).

e |K-K|= (2:)|K| if K is a simplex in (1.29).

e IfK, C o-symmetric, then |K N C| = maxyegrn |[K N (x + C)| by the Brunn-Minkowski
inequality (1.19).

Proof. Taking convolution, 1x = 1_¢(x) = ./R" 1x(y) - 1_c(x—y)dy=|KNn(x+C)|
for x € R" where K N (x + C) # 0 if and only x € D = K — C; therefore,

|K|-|C|:/ 1K*1_C=/ IK N (x +C)| dx. (1.31)
R D

Now (1.31) yields the first inequality in (1.28).

For the second inequality in (1.28), assume that |K N C| = maXern |K N (x + C)|,
and hence o € intD. For x € D, there exists z € dD withx = ||x||p - zwherez=a - b
fora € K, b € L, thus x = ||x||p(a — b). We deduce the containment relation

lxllp - a+ 1= llxllp)(KNC) c KN (x+C)

implying that |K N (x + C)| > (1 — ||x|]|p)"|K N C|, and in turn we conclude from

(131)and £ [ (1 - |lxllp)" dx = D|(1 - 1)"¢"~" for t € (0, 1) that

1
|K|-|C| = |KNnC|- |D|/ (1-0)""dr = (2,?)_1|Kﬂ C|l-|K-Cl|.
0
)_l < 4" follows by the Stirling formula, and finally (1.28) implies (1.29) and
(1.30). ]

If K c R" is convex body, then the Brunn-Minkowski inequality (1.19) and the
Rogers-Shepard inequality (1.29) yield that

2"K| < |K - K| < (*")IK]| < 4"|K].
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1.12 The Brunn-Minkowski and the Isodiametric inequalities with
equality for convex bodies

We note that we have already proved the Brunn-Minkowski inequality
leK +BC|" > a|K|" + B|C|7 (1.32)

for convex bodies K, C ¢ R" and «, 8 > 0 via Steiner symmetrization in Theorem 1.10.9.
In this section, we provide Brunn’s original ideas in [ 13 1] at the end of the 19th centrury
that also leads to the characterization of the case of equality (see Theorem 1.12.3).
While the Brunn-Minkowski inequality is one of the most widely used estimates in
convexity, Theorem 1.11.7 shows that it is far from optimal if for example |K| = |C|
and |K N C| is small for centered convex bodies K, C c R”".

Before proving the Brunn-Minkowski inequality, we state some useful equivalent
forms of it.

Definition 1.12.1 (Homothetic convex bodies). Convex bodies K, C ¢ R" are homothetic
if there exist y > 0 and x € R" such that K =y C + x (itis readily a symmetric relation).

Lemma 1.12.2 (Equivalent forms of Brunn-Minkowski). The following are equivalent
assuming that they hold for any convex bodies K,C C R".

(i) @K +BC|s > a|K|n +BIC|w for a, B > 0;

(ii) |K + C|w > |K|% +|C|w;

(iii) (1 = D) K + AC|7 > (1 — )|K|7 +A|C|7 for A € (0, 1);

(iv) (1 =D K+AC| > |K|'""YC|* for A € (0,1);

v) ft) = |C+tK|% and g(t) = |(1 - t)C+tK|% are concave fort € [0, 1].

Equality holds in (i), (ii) or (iii) if and only if K and C are homothetic, equality holds
in (iv) if and only if K and C are translates, and f or g in (v) is linear if and only if K
and C are homothetic.

Proof. (i), (ii) and (iii) are equivalent as |aK| = o"|K| for @ > 0, and (iii) yields (iv)
by the AM-GM inequality.

To show that (iv) implies (i), set g = |X|%, Bo = |Y|%, Xo=X/apand Yy =Y /By,
and hence | Xo| = |Yo| = 1. Setting A = —282 _ (iv) yields |[(1 =) Xo + A Yol > 1,

aap+BBo

l n
thus o X + BY|!' = (¢ap +BPo) | gammse X + 7200 ¥ " > aao + .

(v) yields either (ii) (if f is concave) or (iii) (if g is concave).

To show that (i) implies (v), we observe that the convexity of K and C yields
that 3(C + sK) + (C +rK) = C +tK and ((1 - 5)C + sK) + 3((1 = r)C +rK) =
(1-t)C+tKfors,r >0andt = %(s+r).

Concerning equality, the conditions for (i), (ii), (iii) and (iv) are readily equivalent.
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In (v), f is linear on [0, 1] if and only if |C + L K| = L|C| + 1|C + K|, which
in turn equivalent with C + K = yC + z for y > 0, z € R". In other words, h¢ + hx_, =
yhc, and since there exists u € §"~! with h¢c (1) > 0and hg _,(u) > 0, we deduce that
y>landK = (y-1)C +z.

In addition, g is linear on [0, 1] if and only if |1 C + L K|w = 1 |C|w + 1 |K |, that
is equivalent to saying that K, C are homothetic. |

Theorem 1.12.3 (Brunn-Minkowski with equality). If K}, K, C R" are convex bodies
and ay,ap > 0, then |1 Ky + ap K2|% > a1 |K |% + a/2|K2|nl, and equality holds if and
only if K| and K, are homothetic.

Proof. The argument is by induction on n > 1 where the case n = 1 trivial.

Letn > 2, and assume that @] + a2 = 1, moreover |K;| = 1 and ok, = /K xdx=o0
fori = 1,2. Therefore writing K = a1 K| + a; K>, the Brunn-Minkowski 1nequa11ty with
characterization of equality is equivalent to saying that

IK| = a1 Ky + a2 Ka| > 1, (1.33)

with equality if and only if K| =
As afirst step, forafixedu € ST we prove (1.33) using the sections of K| and K3
orthogonal to u, and verify the claim that equality in (1.33) yields that kg, (1) = hk, (u).
If —hg,(—u) <r; < hg,(u) fori =1,2 and —hg(—u) < s < hg(u), then let

Vi(ri) = [{x € K; : {x,u) < ri}];
Ci(ri) = Ki 0 (riu +u);
C(s) =K N (su+u").

In particular, | ki (u) 7{" Y(Ci() dt =1, a;V (1) = H" Y (C;(¢)) and @, Cy (ry) +

a2Ca(r2) C C(am + azrz)- _

The key idea of the argument is that the level sets C;(r;) of K; are parametrized
by the volume v € (0, 1) below the level set. Thus for v € (0, 1), we define #;(v) € R
by V;(¢;(v)) = v, and set C;(v) = C;(#;(v)), and hence

1

0
%ti(v) =

Using substitution ¢ = a1 ¢1 (v) + @212 (v), the notation A; (v) = H"~'(C;(v)) and the fact
that the Brunn-Minkowski inequality (1.32) is known in dimension n — 1 by induction,
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we deduce that

a1 hi (u)+azhi, (u) -
K| = / H"L(C(1)) dt

ahg, (—u)—azhi, (-u)

=/1ﬂ”‘l(C(altl(v)+a2t2(v)))( @, ® )dv
0 Ar(v)  Ax(v)

1 Ll %n_l aq (0%)
> /0 (0141077 + @2 42(0) 7T (A1<v)+Az<v>)dU'

-1
1 1\

. -1 n-1 ay [e%) (o731 [¢%)
Since |a1 A" + @2A] > AAS > (_A1 + _Az)

1
for A1, Ay > 0 by the AM-
GM inequality where equality yields A; = A,, we conclude that

1
|C¥]K1+C¥2K2|Z/ ldv=1,
0

proving the Brunn-Minkowski inequality (1.33).

Equality in Brunn-Minkowski in (1.33) implies that A;(v) = A, (v) for v € (0, 1),
and hence (1.34) yields that the existence of a constant ¢ € R with #,(v) = #; (v) + ¢ for
every v € (0, 1). Using ok, = 0k, = 0 and H 1 (Co(1;(v))) = A; (v), it follows from
(1.20) that

hi, (u) _ 1 1
_ _ . qqn-1 - . —_
0= Lz(x, uydx = /_th(_u) t-H" " (Cy(2)) dt = /0 tr(v) - Ap(v) WD) dv

1 1
=/ tl(v)+cdv=c+/ ti(vydv=c+ (x,u) dx = c.
0 0 K

We deduce that #; (v) =¢; (v) forv € (0, 1), and hence hg, (1) =lim,—1- 2 (v) =limy—1- #1 (v) =
hi, (1), completing the proof of the claim for a fixed u € §"~!.

Finally equality in the Brunn-Minkowski inequality (1.33) implies hg, (1) = hg, (1)
for every u € S"~! by the claim; therefore, K| = K. ]

Finally we show how the Brunn-Minkowski inequality with equality yields the
characterization of the equality case in the Isodiametric Inequality Theorem 1.10.5.

Theorem 1.12.4 (Isodiametric Inequality for convex bodies with equality). If K c R"
is a convex body, then diamK > 2w;l/"|K| n with equality if and only if K is a ball.

Proof. Let |K| = |rB"| for r > 0, and let us consider the o-symmetric convex body
K = %(K — K). As diam C = max,,cgn-1 hc (1) + he(—u) for a convex body C ¢ R”,
we deduce that diamK’ = diamK. It follows from the Brunn-Minkowski inequality
Theorem 1.12.3 that |K’| > |K|. Since K’\int(rB") # 0, we deduce that diamK =
diamK’ > 2r.
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If diamK = 2r, then K’ = rB", and hence |K| = |% K+ %(—K)l. It follows from the
equality case of Brunn-Minkowski inequality Theorem 1.12.3 that K’ is a translate of
K; therefore, K is a ball. [

Let us discuss the rather simple extension of the equality case of the Isodiametric
Inequality to any bounded measurable set X C R" where the diameter of X is

diam X = sup{|jlx — y|| : x,y € X}.

Theorem 1.12.5 (Isodiametric Inequality with equality). If X c R" is bounded, meas-
urable and diam X > 0, then diam X > 2a);1/n|X| n with equality if and only if there
exists a Euclidean ball B > K with |B\X| = 0.

Proof. We consider the following equivalent form: If diam X = 2r > 0, then |X| <
|rB"|. It follows from the definition that diam cl X = diam X, and X = conv cl X is
a compact convex set with diam X = diam X by Proposition 1.1.7. We deduce from
Theorem 1.12.4 that |X| < |X| < |rB"|.

If | X| = |[rB"|, then |§| = |rB"|, and hence Theorem 1.12.4 yields that X is a ball
of radius r. As |X| = |X|, we conclude that |X\X| = 0. [

1.13 Hausdorff distance from a polytope

We have already seen (cf. (1.13)) that a compact convex set can be arbitraily well
approximated by polytopes in terms of the Hausdorff distance. This section discusses
approximation by low complexity polytopes where estimates on the the cardinality of
g-nets have a key role. We recall that according to Section 0.1, if X ¢ R" and & > 0,
then an g-net 2 C X is a discrete set such that for any x € X there exists a y € =
with [|x — y|| < &. We start with polytopal approximation of B" by inscribed polytopes
because in this case, we have the following direct correspondence with -nets in S~

Lemma 1.13.1. If ¢ € (0, V2) and P = convE for a discrete set & C §"~', then the
Jollowing three statements are equivalent.

 Eisane-net;

« (1-&)B"CP;

« Su(B",P)< %

Proof. Ttfollowsas S" ' N (y+&B") ={ze S (z,y)>1- ‘972} foryeS" ! m

For g-nets in $”~! of minimal cardinality, a simple argument gives estimates of
the right order in terms of €.

Lemma 1.13.2. Ler & € (0,V2).
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(i) #E < \/nn\/in &~ for some s-net 2 c §"1;

(I)#=>2(1 - %Z)Vﬁs*("’l)forany g-netE C §" ' in particular, #2 > \Jne~ ("1
ife <1

Remark. See Theorem 1.13.6 for improvements.

Proof. For any z € §"~!, projecting the cap B.(g) = S*~! N (z + £ B") to z* results
in an (n — 1)-ball of radius between &/V?2 and &, and hence

n—-1 2\7!
18" 1 (B (e)) < (1 _ %) wn1&". (1.35)
V2
For (i), letE={zy,...,zn } € $"~! be maximal with the property that ||z; — z,|| > &

fori # j, and hence E c $"~! is an &-net, and the caps B, (¢), z; € E cover S"~!. It
-1
follows from (1.35) and H" ! (§"~!) = nw, that N < 222v2" == < 2"
g~ ("D by o < X (cf. (10.1)).
For (ii), if 2 ¢ §"~! g-net, then §"~! = U,=B,(¢), and hence (1.35) yields that
N> (1- %2)%3*"—1) > 2(1 - %z)vﬁg*"-l) by g2 > J2E (cf. (10.1)). m

n+l

Combining Lemmas 1.13.1 and 1.13.2, and using polarity for circumscribed poly-
topes, we deduce that following estimates:

Corollary 1.13.3. For c =90 and k > 2", we have the followings:
(i) If Px C B™ polytope with k vertices minimizing 6 g (B", Py), then
¢ km T < 6 (B, Py) < ckiT.
(ii) If k > 2" and Py D B" polytope with k facets minimizing 6 (B", P (1)), then
¢! k";-zl < 6y(B", P(k)) < ckn;—zl,
Given the estimates of Lemma 1.13.2 for g-nets, we are ready to construct for any
convex body a well approximating polytope of low complexity.

Theorem 1.13.4. If C C R" convex body and k > 4"n", then there exists polytope
Py C C with at most k vertices and Py D C with at most k facets with

61(C. Pr), 61 (C.Py) <600 - diamC - ki1

Remarks. Bronshtein, Ivanov [128] proved the existence of a polytope containg C,
having at most k vertices and satisfying a similar estimate. The estimates of The-
orem 1.13.4 are of the right order in general by Corollary 1.13.3. We note that if
C is a convex body with C? boundary, then the limits limg_,co k1o u(C, Py) and
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limg 0 kw16 H(C, P (1)) exist and are positive for the best approximating polytopes
Py C C with at most k vertices and P ;) O C with at most k facets (see Section 8.10
and Boroczky [90]).

Proof. Assume that diamC =1 and C c B", and hence C + B" C 2B".
Letk = [3"4 J fore € (0, ] where | ] is the largest integer not larger than ¢, and

hence Lemma 1.13.2 yields that the existence of an £-net 2= {z1,...,z5} c 287!
with N < k. In turn Lemma 1.2.11 yields that 2= {y,...,yny} € d(C+ B"), N < k,
is a e-net where y; = [1¢4pnz; the closest point.

Next let x; = I1¢y;, and hence y; = x; + u; for some u; € S"~! where (u;,x; — p) >0
for p € C. It follows that Py = conv{xy,...,xy} C C, and for 6 = 6y (C, Py), there
exists an x € dC such that ||x — w|| = ¢ for w = I1p, x where

(u,x—p)>6foru=p=t; €8 andp € Py. (1.36)

Since x is a farthest point of C from Py, u is an exterior normal to C at x, thus y =
x+u € 0(C + B™), which in turn yields that the existence of a y; € Ewith ||x — y;|| < &.
It follows using (1.36) at the end that

&2 2> |ly = yill* = Ilx = xi|1? + o — 1> + 20w, x — x;) + 2z x; —x)  (1.37)
> 2{u,x — x;) > 26,

2
and hence 65 (C, Py) < 8 < L;lm < 32'

Nextlet Py ={p € R” v (p,u ) < (xi,u;)}, and hence the facets of P touch
C at xl, .. xN) For z € P(1)\C, we have z = x + 6u for § > 0 where x = IIcz and
u= ”Z < ‘ € §"~!, and our task is to provide a good upper bound on 6. Since y = x +u €
0(C + B"), there exists y; € E with ||x — y;|| < &, and (1.37) yields that

llu = i |* + 2Qui x; — x) < &%

We deduce that (u;,up = 1= 3 Dl —ui? = 1= 5 > L thus (ug,xi) > (ug,2) = (i, x) +
O(u;, u) yields 5 > (u;, x; —x} > 6<u,,u> > 45 As 7 € P(j)\C was an arbitrary point,
we conclude that 65 (C, P(x)) < &% < 600k‘f. ]

Next we show that any compact convex set can be reasonable well approximated
by n-dimensional polytopes containing the set.

Remark 1.13.5 (Approximating by n-polytopes containing the compact convex set).
Given a compact convex set C C R", the simple construction in (1.13) and the more
sophisticated Theorem 1.13.4 provides a polytope Q C C with at most m vertices such
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that 6 = 6 (Q, C) is small (and it is possible to ensure that Q is o-symmetric if C is
o-symmetric), and hence

C C Q + M for the n-polytope Q + M with at most 2nm vertices (1.38)
and satisfying 6 (Q + M,C) < Vné

where for an orthonormal basis e, . . ., e, of R", M = conv{++yné - ei}?zl 18 a cross-
polytope with 2n vertices and 6 B" c M.

In particular, if imC = d > 2 and k > 214949, then Theorem 1.13.4 and (2d) -1 <
8 yield an n-polytope PioC (o-symmetric if C is o-symmetric) with at most k vertices
and satisfying the estimates

61 (C, Pr) < 4800vn - diamC - k@1, (1.39)

In the second half of this section, we discuss approximation of B” by polytopes of
reasonable compplexity in detail because very good estimates and even exact solu-
tions are known in many cases. We note that the inscribed regular crosspolytope
C, =conv{zxey,...,+e,} C B" for an orthonormal basis ey, . . ., e, is a polytope has
2n vertices and Ln B™ c C,,. Therefore, first we consider the case when the number
of vertices is at least 2n. The following estimates were proved by Boroczky, Wintsche
[120]:

Theorem 1.13.6. If n='/2 < r < 1, then there exists a polytope Py with k vertices
satisfying rB" C Py C B" (and hence 6y (Py,B") <1 —r)and

k<c-r(l- rZ)PT" n3 log(1 +72n)
where ¢ > 1 is an absolute constant. In particular, if 0 < € < 1, then the minimal
cardinality N of an e-net in S"~! satisfies

n'2e==D < N, < cn’? logn - e~ (=),

and even N, > ¢~ 'n?2e= (=D jf0 < & < \/Lﬁ
Remarks. Lemma 1.13.2 (ii) implies that k > ¢~'r(1 = r2)'3" - n2.
Theorem 1.13.6 yields the lower bound in (1.40), and the volume estimates in

Theorem 6.8.3 imply the bound in (1.40), and (1.41) follows by polarity.

Theorem 1.13.7. For an absolute constant ¢ > 1 and2n < k < 2", if oy is the maximal
o > 0 with the property that there exists a polytope Py C B"™ with k vertices and
oB" C Py, and Ry, is the minimal R > O with the property that there exists a polytope
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Py D B" with k faces and Py C RB", then

log £ log £
Y A ok <c g"; (1.40)
n n
< R <o | (1.41)
log & log &

Finally, let us discuss approximation by inscribed polytopes of at most 2n vertices.

Proposition 1.13.8 (Steiner). If P C B" is a simplex and rB" C P for r > 0, then
r< %, with equality if and only if P is an inscribed regular simplex.

Remark. The proof of Lemma 1.13.8 yields r(P) < ﬁ

Proof. If Q C B" is an inscribed regular simplex, then r (Q) = %, and the origin is the

center of the inscribed ball. Therefore, it is sufficifient to prove that r(P) < % for a
simplex P C B" with equality if and only if P is an inscribed regular simplex.

We may assume that P has maximal inradius, and hence each vertex of P lies
on $"~'. We suppose that there exist vertices xg, x1, x> of P such that ||x; — xo|| #
||x2 — xo||, and seek a contradiction. We apply Steiner symmetrization with respect to
u* forof u = % Then P’ = ®, P C B" is a simplex according to Lemma 1.10.11,
r(P’) > r(P), and the vertex xo|u™ of P’ lies in intB". Therefore the simplex P’ C B"
does not have maximal inradius, which is absurd. [

Proposition 1.13.9. If P C B" is a polytope with at most n + 2 vertices and rB" C P
-1

Jorr >0, thenr < ([%]2 + L%Jz) 72, with equality if and only if P is the convex hull of

a [5]-dimensional and a | 5 |-dimensional centered regular simplex of circumradius

one whose affine hulls are orthogonal.

Remark. The proof of Proposition 1.13.9 yields r(P) < (%1% + L%Jz)%}.

Proof. If Q c B" is an optimal polytope, then r(Q) = ([%]2 + ngz)% that is larger
than the inradius of any simplex in B" according to Proposition 1.13.8, and the origin
is the center of the inscribed ball of Q. Therefore, it is sufficifient to prove that r(P) <
(T2 +121% 7 fora P C B" a polytope with at most 1 + 2 vertices with equality as
in Proposition 1.13.9.

We may assume that P has maximal inradius, which is than larger the indarius of
any simplex in B". Therefore, P has n + 2 vertices, and for any ball of radius »(P) in P,
each vertex of P lies in a facet touching that ball, and hence each vertex of P lies on §”~!
by the maximality property of P. According to Radon’s Theorem Proposition 1.1.8,
there exist m, k > 1 with m + k = n such that the vertices of P are xg, . . ., X, Y0, - -, Yk
and SN S’ # 0 for S = conv{xg,...,xn}and S" = {yo,..., yr}.
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We suppose that there exist vertices x;,x; and y, such that |[x; — ye|| # llx; — yell,
and seek a contradiction. We apply Steiner symmetrization with respect to u* for
of u = ﬁ Then P’ = ®,P C B" is a polytope with n + 2 vertices according to
Lemma 1.10.11, 7(P’) > r(P), and the vertex y,|u’ of P’ lies in intB". Therefore the
simplex P’ C B™ does not have maximal inradius, which is absurd.

Similarly, [|y; — x¢|| # ||y; — x¢|| for any y;, y; and x¢, and hence S is a centered
regular m-simplex and S’ is a centered regular k-simplex of circumradius one, and their

affine hulls are orthogonal. As the relaive indarius of S is i, and the relative inradius
of S’ is %, the symmetries of P yield that 7(P) = (k* + m?) 7, which is maximal when

{k’m}: {I—%—I’L%J} |

If the number of k vertices satisfy n + 1 < k < 2n, then Tikhomirov [552] managed
to find the essentially optimal estimates.

Theorem 1.13.10 (Tikhomirov). For some absolute constant ¢ > 1, ifn+1 <k <2n
and ry is maximal with the property that there exists a polytope Py with at most k
vertices satisfying rpB" C Py C B", then

-1 k—n k—n
. <rg<c- .
n n

(1.42)

Remark. The lower bound follows from considering polytopes that are direct sums of
lower dimensional centered regular simplices of circumradius one whose dimensions
are either [ =1 or [ 2 |. This polytope might be extremal in (1.42).

1.14 Comments to Chapter 1

Concerning additional properties of the closed and compact convex sets and the sup-
port function, see the monographs Bonnesen, Fenchel [81], Gruber [276], Hug, Weil
[343] and Schneider [522]. For properties of the polar body, see Artstein-Avidan,
Giannopoulos, Milman [28, 29] and Schneider [522]. For more advanced properties
of normal cones, polytopes and polyhedral sets, see Barvinok [55], Griinbaum [277]
and Ziegler [582].

Families of strongly isomorphic polytopes have been already used by Aleksandrov
[5,7] in one of his proofs of the Aleksandrov-Fenchel inequality (see Section 7.A and
Schneider [522]). The main idea is that mixed volumes of strongly isomorphic poly-
topes can be interperted as a multilinear forms of the values of the support functions at
the common exterior unit vectors of the facets (see Theorem 7.A.7). This idea has been
generalized into his polytope algebra by McMullen [445,447]. Putterman [495] used
strongly isomorphic polytopes in his argument about the Logarithmic (Lg) Brunn-
Minkowski conjecture for p € [0, 1) origin symmeric convex bodies (see Section 8.7).
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Strongly isomorphic polytopes can represent ample divisors on projective toric vari-
eties (see Cox, Little, Schenck [179], Ewald [207], Fulton [250] and Oda [477]), or
certain properties of compact hyperbolic manifolds (see Fillastre [230]),.

For in depth studies on Steiner symmetrization and Schwarz symmetrization, see
Bianchi, Gardner, Gronchi [71,72]. They provide a broader class of n hyperplanes for
the iterated Steiner Symmetrization than Theorem 1.A.3; namely, vy, ...,v, €S n=1are
independent in a way such that (v;,v;) # 0 fori # j, and Z(v1,v2) = an for irrational
a € (0,1).

The Brunn-Minkowski inequality (see Section 1.12) for convex bodies was proved
by Brunn [131] in dimensions n = 2, 3, and by Minkowski in any dimensions (see Sec-
tion 3.B for their argument). It was Minkowski’s work [465] where the importance of
the inequality was recognized, and it has found its place within a whole, now called
Brunn-Minkowski, theory as reviewed by the thorough monograph Schneider ??. Vari-
ous natural strengthened versions of the Brunn-Minkowski inequality for convex bod-
ies are known or conjectured, like the stability version Theorem 8.6.4 essentially due
to Figalli, Maggi, Pratelli [225], and the Logarithmic Brunn-Minkowski conjecture for
o-symmetric convex bodies (see Section 8.7). Dar’s conjectured strengthening of the
Brunn-Minkowski inequality states in [186] that if K and C are convex bodies in R",
and ©® = max,cre V(K N (x + C)), then

M) (1.43)

1 1
K+Cl|n 20" +
K+l H5

Dar’s conjecture is only known to hold in the plane (see Xi, Leng [570]), and in some
very specific cases in higher dimension (see Dar [186]). For extensions of the Brunn-
Minkowski inequality to non-convex sets or to functions - that is, the Prékopa-Leindler
inequality - see Chapter 3.

Concerning best approximation of a convex body K with C? boundary by polytopes
of high complexity, if P,,, C K polytope with at most m vertices, and P ,,,) O K polytope
with at most m facets minimizing 6 (K, P,,) and 65 (K, P (,,)), then Boroczky [90]
determine the finite positive limits lim,,— ., m = a(K,P,,)andlim,, .., m =r H(K,P(m)).
For the earlier history of polytopal approximation of smooth convex bodies in terms of
the Hausdorff metric, see Gruber [275,276]. More recently, Naszédi, Nazarov, Ryabo-
gin [471] prove an estimate for any centered convex body in terms of dilation distance
that works for polytopal approximation using reasonably large number of vertices.

Concerning related polytopal approximation of a ball using smaller number of ver-
tices, Barany, Fiiredi [46] contains many estimates (see also Boroczky, Wintsche [120]
and Galicer, Litvak, Merzbacher, Pinasco [261]). A related and even more intensively
investigated topic is polytopal approximation in terms of volume difference that is
discussed in Section 6.8 (see also Prochno, Schiitt, Werner [494]).
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1.A Supplement: Iterated Steiner symmetrizations with respect to n
fixed hyperplanes

The main goal of this section is to prove Theorem 1.A.3. Lemma 1.A.1 and Lemma 1.A.2
are needed in the proof of Theorem 1.A.3.

Lemma 1.A.1. Let K € R" be a convex body with o € K, and let u € S* .
(i)If o > 0, then |0B" N ©,.K| > |oB" N K|;

(ii) If K is not symmetric through u™, then there exists o > 0 such that |oB" N ©,. K| >
loB™ N K|.

Proof. (i) follows from the fact that (x + Ru) N rB" is symmetric through u* for any
x € Klu*.

If K is not symmetric through u*, then there exists x € (intK)|u* such that x +
tu,x + su € 0K where t > |s|. Let ||x + su|| < o < ||x + su||. Thus for some n > 0,
H'((z+Ru) N eB") < H'((z+Ru) N K) holds if z € u satisfies ||z — x|| < n, which

in turn yields (ii). ]
Lemma 1.A.2. [fvy,...,v, € S, n > 2, are independent such that / (v;, vj) = aj;m
fori # j and irrational a € (0, 1), and non-empty o-symmetric X c S*~! is compact
and symmetric through v;- fori =1,...,n, then X = sn-1

Proof. The proof is by induction on n > 2. If n = 2, then the composition of the reflec-
tions through vf and sz is a rotation of angle @,2m; therefore, it is suffiicient to prove
that numbers of the form {mai,} for m € N are dense in (0, 1) where {¢t} =t — |¢]
is the fractional part of a t € R. In turn, this follows from diophantine approximation;
namely, that there exists arbitrary large integer ¢ such that |ajy — §| < q—12 for some
integer p.

Now let n > 3, and assume that Lemma 1.A.2 is known in R”~!. Fori=1,...,n,
let w; € S"~! be such that (w;, v;) =0for j # i, and hence wy, . . ., w, re independent.

We suppose that there exists z € $”~'\ X, and seek a contradiction. Let x € X such
that @ = max{{x, z) : x € X} = {x9,z),and hence @ € [0, 1) as X is o-symmetric. Choose
w; ¢ lin{z,x0}. The set S = {y € "1 : (y,w;) = (xo, w;)} is an (n — 2)-dimensional
sphere that is symmetric through each vjl. with j #i. As x9 € X N S, the induction
hypothesis yields that S C X. On the other hand, the supporting affine (n — 2)-space at
xo to S'is xo + L for L = xi Nw;", which satisfies L ¢ z* as xo, w;, z are independent. It
follows that there exists y € § ¢ X with (y, z) = (xo, z) = @, which is a contradiction,
proving Lemma 1.A.2. u

Remark (Existence of basis in Lemma 1.A.2): The family of bases vy, . .., v, € gn-1
of R" up to isometry can be parametrized by the family C of symmetric positive definite
so-called Gram matrices A = [a;;] with a;; = 1 on the diagonal. The correspondence
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is provided by a;; = (v;,v;). We can consider C C RY for N = @ taking a;j,i < j
as coordinates. Since any symmetric matrix A = [a;;] witha;; = 1 and |a;;| < ﬁ for
i < jliesin C, it follows that C is a bounded open convex subset of R". If A = [a;;] € C
does not satify the condition in Theorem 1.A.2, then there exists i < j such that a;; is
an algebraic number; therefore, H" a.e. matrices A = [a; ] € C represents a basis of
R” satisfying the conditions in Lemma 1.A.2.

The following elegant way to produce iterated Steiner symmetrizations is due to

Klain [368]:

Theorem 1.A.3 (Iterated Steiner symmetrizations, Klain). Let vy,...,v, € Sl pe
independent such that Z(v;,v;) = a;jn for i # j and irrational a € (0, 1), and let
Ugnsi = Vi fork e Nandi € {1,...,n}.

If K C R"™is an o-symmetric convex body with |K| = |r B"| for r > 0, then K, tends
to rB" where Ko = K and K11 = 0,1 K.

Proof. According to the Blaschke Selection Theorem 1.7.3 and K,,, € R(K)B", itis
equivalent to prove that if a subsequence {K,} of {Kj,} tends to an o-symmetric
convex body C, then C = rB". We may assume that for some @ € {1, ...,n}, ndivides
m; — a for any m;.

We claim that C is symmetric through each v;-, i = 1,...,n. We suppose that the
claim does not hold, and seek a contradiction. Let {wy, ..., w,} ={v1,...,v,} inaway
such that wiyq—1 = v if ndividesi+a — 1 - j,and let £ € {1,...,n} be the smallest
index such that C is not symmetric through w,. According to Lemma 1.A.1, there

exist some 0,7 > 0 such that |QB" N ®w?C| > |oB™ N C| + 3n. Choose A > 1 such that

(1 =1)|C| < n,and hence (1 —217")|C| <n,andaJ > 1 suchthat A~'C ¢ K, c AC
if j > J. It follows from Proposition 1.10.3 (iii) and from ©,.C = C fori < ¢ that

oB" N @w? .. .@wamJ

> [0B" N0, ...0,:47' (|
- |QB" m—l@w;c|

> |ooB™ N @w;c‘ - (‘@w;c‘ - (/rl@w;c‘)

> 8" n @w;C‘ _n>oB" N C|+2.
As K,y,,, is obtained by further Steiner symmetrizations, Lemma 1.A.1 implies that

|loB™ N Ky,

> |oB" N C| + 2. (1.44)
On the other hand, K,,,,,, C AC yields that

|loB™ N Ky,

< 0B" N AC| < |oB" N C| +|AC| - [C| < |0B" N C| +7,
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contradicting (1.44). In turn, we conclude the claim that C is symmetric through each

L
Ui'

Finally, applying Lemma 1.A.2 tothe set Z = C N R(C)S" ! yields that R(C)S"~! ¢
C, and hence C = R(C)B" = rB". n

1.B Supplement: The Hausdorff Measure

In this section, we introduce the Hausdorff measure and establish its basic properties
(see Section 10.4, Falconer [208] and Federer [212] for more advanced properties).

s/2 [ .
Given s > 0, let wg := r(f+—i/2) where I'(Q) := /0 t1le~t dr denotes the T function,
and hence w,, = |B"|.

Definition 1.B.1. Given s > 0 and 6 > 0, we define
( diam F )S

H3(E) = inf Z Ws

Fe¥F

2

for E ¢ R™ where the infimum is taken over all countable coverings 7 of E such that

diam(F) < 6 for every F € F. The s-dimensional Hausdor{f measure H?* is defined

by HY(E) = lims\ 7—(;(E).

Remark 1.B.2. The following properties hold:

* H§ and H* are outer measures.

+ If E is a segment, then H!(E) = W(ls(E) = length(FE) for every § > 0.

e If E is a curve (Lipschitz image of [0, 1]), then H é (E) < diam(E) provided 6 >
diam(E), and as 6 \, 0, H}(E) — H'(E) = length(E).

e If E is countable, then H*(E) = 0 for every s > 0.

« If E is finite, then HO(E) = #E.

e H(E)=H(x+E)=H*(DE) for every x € R" and every ® € O(n).

o H(AE) = AHS(E) for A > 0.

Proposition 1.B.3. H°* is a Borel measure on R" for s > Q.

Remark 1.B.4. ° is the counting measure.

The normalization of the Hausdorff measure is explained by the fact that H" agrees
with the Lebesgue measure L for subsets of R” by the Isodiametric Inequality:

Theorem 1.B.5. H" = L" onR" forn > 1.

Proof. In order to prove
LM< H", (1.45)
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it is sufficient to verify that if £ c R” is Borel measurable and &,6 > 0, then L"(E) <
H{ (E) + &. We choose a countable covering ¥ of E such that diam F' < ¢ for F € ¥

and Y peF Wn (‘j‘aTmF)n < HZ(E) +&. Here L"(F) < w, (d‘aTmF)n for any F € ¥
according to the Isodiametric Inequality Theorem 1.10.6, and in turn, we conclude
(1.45).

In the reverse direction, first we verify that

H" < @, L" for @, = w,n"?277; (1.46)

or equivalently, if § > O and E C R" is compact, then H% (E) < a,, L™ (E). Let us con-
sider a tiling of R" by translates of the cube [0, a]” for an a > 0 such that diam [0, a]" =
avn < §and L"(E +avnB") <2L"(E), and let F be the family of tiles intersecting
E . Itfollows that #f <2L"(E)/a",and hence H} (E) < #F - wy (%)n <a,L"(E).

Finally, we prove
H" < L, (1.47)

which is equivalent to verify that HJ(E) < L"(E) + & holds for any &, > 0 and
bounded open E C R". The key statement is that if 8B is the family of balls contained
in E and of diameter less than ¢, then there exists a subfamily ¥’ = {By,B;,...} ¢ B
of pairwise disjoint balls such that

L"(E\UF’) =0, and hence L"(E) = Z Wn

FeF’

> (1.48)

(diam F )"
We construct B,,, by induction on m where B; € B is any ball. For m > 2, let d,,
be the supremum of the diameters of the balls in E disjoint from By, ..., By_1,
and let B, € B be any ball of diameter at least min{% 0, % d,,} and disjoint from
Bi,...,B,,_1.Toshow that ¥’ = {B,,} satisfies (1.48), let B,,, = z,,, + r,,B" forr,,, > 0
where lim,,;, 00 210, L™ (B;) = 0 and lim,, . d,,, = 0 as E is bounded. Choose integer
mgo > 2 such that d,,, < 6 if m > my.

For m > my, if x € E\ U:';] B;, then there exists some k > m such that B = x +
diyB" C E\ U?’Sl B;.If j € {m, ...,k — 1} is the smallest index such that B intersects
U{le,-, thendiamB < d;andr; > %, and hence BN B # () yields thatx € z; + 5r; B".
We conclude that L"(E\ Ul’.'gl B;) < 5" ¥2,, L™ (B;), which in turn implies (1.48).

It follows from (1.46) that also H" (E\ U ¥’) = 0, and hence there exists a count-
able covering F of E \ U 7 by subsets of R” of diameter less than § with the property
that ZFG%‘“" ((diam F)/2)" < &. Therefore, the covering ¥ = F U F’ of E satisfies

" diamF\" diamF\"
HS(E) < an( 3 ) =£(E)+an( 3 ) < L'E)+e,
Fef FeF

proving (1.47). In turn, we conclude H™ = L" by (1.45). m
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We note that (1.48) is a special case of Vitali’s Covering Theorem (see Falconer
[208]).

We observe thatif 6 > 0, ¢ > s > 0 and diam F < ¢ for F C R", then (diam F)" <
6'75(diam F)*. We deduce thatif E ¢ R" and s > 0, then

if H(E) < oo, thenH'(E)=0for ¢>s;
if H5(E) >0, thenH'(E)=ocfor te€[0,s). (1.49)
We conclude form Theorem 1.B.5 and (1.49) the following:
Proposition 1.B.6. If s > n then H* = 0.
It is ensured by (1.49) that the following definition makes sense:

Definition 1.B.7. For E C R”, the Hausdorff dimension dimg (E) of E is defined by
dimg (E) := inf{s € [0, o) | H*(E) = 0}.
Remark. If E ¢ R”, then

0 ifs> dimy(E),

oo ifs < dimy(E).

H* (E) ={

Corollary 1.B.8. For every E C R", we have dimg (E) € [0, n].

Proposition 1.B.9. If f : X — R™ is Lipschitz for X C R" with Lipschitz constant
L > 0; namely, || f(x) = f()I < Lllx = yll forx,y € X, then H*(f(E)) < L*H*(E)
for E Cc Xands > 0.

Proof. Let ¥s be an almost optimal covering for #;(E) by subsets of R" of diameter
less than 6. Then {f(F)}res, is a covering of f(E) and diam(f(F)) < L - diam(F)
for every F € ¥, and hence

, diam(f(E))\’ diam(F)\*
N S
H; s(f(E)) < ws Z (f < Llwg Z — |-
FET(S FET&
Letting 6 > 0 tend to zero proves the claim. ]

Let X c R" be convex and closed. We recall that according to Lemma 1.2.11, the
closest point map Iy : R" — X is a contraction; namely, ||TIx(y) — IIx(z)]| < ||y — z||
for y, z € R".

Corollary 1.B.10. If X c R" is convex and closed and E C R", then the closest point
map Iy satisfies H* (Ilx(E)) < HS(E) for s = 0.



Chapter 2

Surface area and the cone volume measure for convex
bodies in R”

The surface of convex bodies is a more involved notion than the volume or diameter
because it needs some basic properties Lipschitz surfaces from geometric measure
theory, like that it is the first variation of the volume (cf. (2.7)). After establishing the
main properties of the surface area, we verfiy the Isoperimetric and the Anisotropic Iso-
perimetric inequalities. We also introduce the surface area measure and cone volume
measure on S”~! associated to convex bodies that encode many important geometric
properties.

2.1 Some integral formulas involving exterior unit normals

In order to establish some fundmental properties of the surface area of convex bodies in
Chapter 2, we need the following basic properties of graphs of convex functions related
to the exterior unit normals. The formula (2.1) and (iv) are well-known properties of
convex functions (see for example Federer [212] or Rockafellar [498]), (i) is a direct
consequence of the definition of gradient, and (ii) follows from (ii).

Remark 2.1.1. Letu € "' and let ¢ : Q — R convex where Q C u* is a relatively
open convex set, and let X = {z + ¢(z)u : z € Q} be the graph of ¢. The points x =
7+ @(z)u € X where Dg(z) exists are denoted by X’, and let v(x) € S"*~! be the
unique exterior normal at x € X’ with (v(x), u) < 0. We note that H"~1(X\X’) =0
by Rademacher’s theorem or by Corollary 1.5.5.

(1) If Dp(z) exists for z € Q and x = z + ¢(z)u € X’, then
Dy(z) -1

v(x) = + - u, and hence
VI+1IDe2)I2 V1+[IDg(2)|?

-1
v(x),u) = —7m—oress.
VI+[De(2)|1?

(i) If f : X — R is a bounded measurable function on X, then

/X FdH™! = /Q F+ @l + IDe@IPdH™ (). 1)

(iii) If g : Q — R is a bounded measurable function on Q, then

/ gdH" ! = / g (T (—v(x), u) dH" " (x). (2.2)
Q X
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(iv) If ¢ : Q@ — R convex and D¢(z) = Dyr(z) for H" ! a.e. z € Q, then there exists
v e Rwithy(z) — ¢(z) =y forz € Q.

We recall that according to Theorem 1.5.2 if K c R convex body, then the sup-
porting hypeplane is unique at H"~! a.e. x € K. Such an x € 9K is called regular, and
vk (x) denotes the unique exterior unit normal at x. The set of regular points x € 0K
is denoted by 0’K where H"~!(dK\0’K) = 0. We note that the function x — v (x)
is continuous on 'K (cf. Lemma 1.2.8), and hence it is measurable.

Lemma 2.1.2. Forau € S" ' and a K ¢ R" convex body, we have
i [ orwarrt o
0'K
(ii)/ [(vic, uh| dH" " = 2H" 1 (K|ub).
oK

Proof. Q= (intK) |u*. ¢, and _ concave and convex on Q such that intK = {z +tu :
2€Q&Y_(2) <t <yi(2)}

X = {z+¥_(Qu:z€Q}, thus (vg(x),u) <0 for x€ X_NI'K
X, = {z+¢,(QQu:z€eQ}, thus (vg(x),u) >0 for xe€ X, NJ'K
Xo = O0K\(X,UX.), thus (vg(x),u)=0 for xe XoNI'K.

It follows from (2.2) that

/ (vieou) dH™ = - / (i )] dH™ = —H (Kb
X_NOK’

X_NOK’

/ (vieouy dH"" = HON (K |urb;
X,NOK’

/ (v, u)dH" ' =0
XoNAK’

proving both (i) and (ii). ]

Corollary 2.1.3. If K c R" is a convex body, then / vk dH" 1 = o.
oK

It follows from Rademacher’s theorem (see for example Federer [212] or Rockafel-
lar [498]) that if T = (T, ...,T,) : Q@ — R™ is locally Lipschitz for an open Q c R”,
then the n X n derivative DT (x) exists at H" ! a.e. x € Q. At such an x € Q, the diver-
gence of Tis divT (x) = tr DT (x) =3I, 0;T;(x), which does not depend on the choice
of the orthonormal basis of R".

Theorem 2.1.4 (Divergence Theorem, Federer [212], Theorem 4.5.6). If a compact
X c R" has locally Lipschitz boundary and T : X — R" is Lipschitz, then

/divT: (T,vx) dH" .
X 20,4
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In Section 2.A, we provide the elementary argument leading to the Divergence
Theorem 2.1.4 in the case of convex bodies based on Remark 2.1.1 and the idea of the
proof of Lemma 2.1.2.

Theorem 2.1.5. I[f K c R" is a convex body, then
1 1
K| = —/ (v (x),x) dH" ! (x) = —/ hi (v (x)) dH" ™ (x). (2.3)
n Jok n Jok

Proof. Take T (x) = x in the Divergence Theorem 2.1.4, and hence divT(x) =n. =

Example 2.1.6 (Volume of an n-polytope P). If Fi,..., Fj are the facets of P with
exterior unit vectors uy, . . ., uy (cf. Section 1.4), then considering the bounded "cones"
conv{o, F;} yields that

1 k
Pl =~ Zl hp (i) |Fy) 24)

This formula is consistent with Theorem 2.1.5 because if x € relint F;, then vp(x) = u;
and (vp(x),x) = hp(u;).

2.2 Parametrizing the boundary via the radial function

For a Lipschitz function ¢ : $"~! — R?, d > 1, we can consider its extension @ on
R™\{o} by @(tu) = ¢(u) foru € S~ and ¢ > 0 - that is also Lipschitz - and we can
speak about the differential V(1) = D@(u)|,x at H" ' a.e. u € "', which is the
notion of differential with respect to a moving orthogonal frame used in differential
geometry. For example, if ¢(u) = u for u € S"~!, then ¢(x) = x/||x|| for x € R"\{o},
and Ve atu = (0,...,0,1) is the n X (n — 1) matrix whose full zero last row is below
the (n — 1) X (n — 1) identity matrix.

We recall that g (1) = ox (1) u € 0K c R" for u € §"*~! for the radial function
ok > 0 of a convex body K c R" with o € int K (cf. Definition 1.9.5). Using the
associated norm-type convex 1-homogeneous function ||x||x =min{¢t > 0: x €K}, we
have ok (1) = 1/||u||k for u € S"~'; therefore, ok is Lipschitz, and hence differentiable
at H" 'a.e.u e S" !, and ok (x) = ||x||/|Ix||k . Since AK consists of the points x € R”
with ||x||x = 1, and x € 9K satisfies x = rg (u) for u = x/||x||, we deduce the following.

Lemma 2.2.1. Fora convexbody K C R" witho € intK, x € 0K is a regular boundary
point if and only if ok is differentiable at x/||x||. In addition, integer k > 1, 0K is a
C* manifold - or in other words, 0K is C* - if and only if ok is C* on S™ 1.

To calculate the derivative of rx at a u € S*~! where o is differentiable, let
el,...,e, bean orthonormal basis of R” such that e,, = u and Vo (u) = ||Vok (u)|] €]
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where é; denotes e; as a vectorinu*,i=1,...,n — 1. It follows that

n-1

Vrg(u) =u- (Vok ()" + ok () Vu = ||Vox (u)ll en - &) + ok () Z e &
i=1

On the one hand, we deduce that —||Vog (u)||e; + ok (1) u is an exterior normal at
rx (1) € 0K, and hence we have the following.

Lemma 2.2.2. For a convex body K C R™ with o € intK, if ok is differentiable at a
u € S ! then x = rx (u) is a regular boundary point of K, and

QK(M) ‘
VIVox ()| + ok (1)?

On the other hand, since e;. -e; =0 for j #i and e;. -ej =1, it follows that

[(Vri (1)) Vrg (u)] has the eigenvalue |Vok (u)||*> + ok (1)? at e, and the other
n — 2 eigenvalues are ox (u)? if n > 3; therefore, the Jacobian of rx at a u € §"~!

<VK (.X), M) =

18

Vet [(Vrx (@) Vrx )] = ok ()" IVox ()| + ok ().
In turn, we conclude the following.

Lemma 2.2.3. For a convex body K c R" with o € intK and H"~" measurable func-
tiony : 0K — [0, ), we have

vart = [ i) o fIvox P+ o e

Finally, we discuss the connection between the support function and radial func-
tion. Let K ¢ R" be a convex body with o € int K. As h = hg|gn-1 is Lipschitz, it
is differentiable at H"~! a.e. u € §*~'. In addition, if &; or equivalently, hg is dif-
ferentiable at a u € §"~!, then it is easy to see that Vi(u) = Dhy (u)|gn-1. According
Lemma 1.6.6, if hg is differentiable at a u € S*~!, then Dhg (1) = x for the unique
Xx € 0K where u is an exterior normal, and we consider reverse radial Gauss image

oK

ag (u) = x/|lxl, (2.5)
thus x = rx () (u)). In turn, we deduce the following:

Lemma 2.2.4. Let h = hg|gn-1 for a convex body K c R" with o € intK, and let h be
differentiable at a u € S"'. Then

(i) x = Vh(u) + h(u) - u for the unique x € 0K where u is an exterior normal;
(i1) ok (@ () = VIIVA@)|2 + h(u)*
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2.3 Surface area, Cauchy formula, continuity, monotonicity

This section discusses the surface area of any compact convex K C R".

Definition 2.3.1 (Surface area of compact convex sets). If K ¢ R" is compact compact

convex, then

|K +0B"| - |K]
0 .

If K c R" is a convex body, then the natural definition of surface area is S(K) =
H"1(AK). We chose (2.6) as a definition of surface area of compact convex sets
because it is continuous on compact convex sets (cf. Lemma 2.3.9), and if dim K = n,
then S(K) as defined in (2.6) is known as Minkowski content, and actually

S(K) = lim (2.6)
0—0*

|K +0B"| - |K]|

S(K) = lim = H"1(JK), (2.7)

0—0*
see Schneider [522], Ambrosio, Colesanti, Villa[ 18] or Federer [212], Theorem 3.2.39.

Example 2.3.2 (Surface area of n-polytopes). Let P be a polytope with dim P = n and
facets F, . .., Fx. Since B(Ng,) = 3, (1.7) and (1.8) yield

k
P+oB"| - |P
5P = tim LHBNZIL_ S g1
om0 ¢ i=1
Lemma 2.3.3. Let K C R" be compact convex.
(i) If dim K = n, then S(K) = H"'(dK).
(ii) IfdimK = n — 1, then S(K) = 2H""1(K).
(iii) If dim K < n -2, then S(K) = 0.
Proof. Let d = dim K. Assume d > 0, as if d = 0, then S(K) = 0. We may assume
o €relintK, andlet L =1inK, and let r > O such that #(B" N L) C K.
If d = n, then (i) is just (2.7)
If d < n—-1, then for o > 0, we have
K+0oB" > K+o(B"NL"Y
K+oB" C K+o(B"NL)+o(B"NL*)C (1 + Q)K+Q(B” nLY)
r
where B" N Lt is (n — d)-dimensional. Thus
d
HAYK) - wp-q0"¢ < |K + 0B"| < (1 + g) HYK) - wp_qo™ 4. (2.8)
r

As |K| = 0 and w; = 2, we deduce from (2.8) that S(K) = lim,_o+ [K + 0 B"|/0. m
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Now we prove the classical integral representation of the surface area. As we will
soon see, integral formulas a very handy to prove monotonicity or continuity. We
frequently write du for dH"~' (1) when integrating on $”~! in order to simplify the
formulas.

Theorem 2.3.4 (Cauchy formula). If K c R" compact convex, then

1
Wp-1 Jsn-1

S(K) = H" N (K|ut) du. (2.9)

Proof. 1If dim K = n, then Lemma 2.1.2 applied first to K, then to B" yields

1
/ —/ (ves )] dH™ du
Sn—12 6[(

/ H' (B vk (01) dH" ™ (x) = w1 S(K).
oK

/ H" N (K|ut) du
Sn—l

If dim K = n — 1, then we may assume that K C v* forav € $"~!, and hence (2.2)
and Lemma 2.1.2 applied to B" yield

H (K |ut) dH () :/ (v, ud| - H" N (K) dH" " (u) = 2w H 1 (K).
sn-l OB"

Finally, if dim K < n — 2, then H"~!(K|u*) = 0 for every u € S"~!, ]

The Lebesgue measure is readily monotone on measurable sets. We can say more
for convex bodies.

Lemma 2.3.5. IfC c K c R" are compact convex sets with dim K = n and C # K,
then |C| < |K]|.

Proof. Any z € intK\C can be strictly separated from C by a hyperplane. |

Definition 2.3.6. Forn > 1, let K be the space of compact convex sets in R” equipped
with the Hausdorff metric 6.

Since orthogonal projection is a linear operation, we have the following.

Lemma2.3.7. IfX,Y C R" and L C R" is alinear subspace, then (X +Y)|L = (X|L) +
(YIL).

Remark. Choosing Y = ¢ B", we deduce that 6 g ((X|L), (ZIL)) <6y (X,Z) for com-
pact convex X, Z Cc R".

The following lemma shows that the volume functional is not only continuous, but
even locally Lipschitz on convex compact sets with respect to the Hausdorft distance.
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Lemma 2.3.8. IfK,C C R B" are compact, convex for R > 0, then
ICI = K| < 3" 'hew, - R"™ - 6u (K, C). (2.10)

Proof. Leto=6g(K,C) <2R,and we may assume |C| > |K|. It follows from Lemma 2.3.3,
the Cauchy formula (2.9) and K + o B" C 3RB" that yield

0
ICl-|K| < |K+QB"|—|K|:/ S(K +rB")dr
0
1 ¢ n—-1 n L n—1
= H ((K+rB )|u)d7{ (u)dr
Wn-1 Jo Sn-l
< 3" e, R .

Now we ready to show that the surface area is continuous and monotone on com-
pact convex sets.

Lemma 2.3.9. The surface area K +— S(K) is continuous on ‘K", n > 2.

Proof. LetK,C C R B" compact, convex andlet o =6y (K, C), and hence K |ut, Clut
R B" foru € §*1.

Lemma 2.3.7 yields that § 7 (K|u™, Clu*) < o for u € $"~!, thus Cauchy formula
(2.9) and Lemma 2.3.8 applied in u* for u € §"~! imply that |S(K) — S(C)| < ¢,R" 2 -
o for ¢,, > 0 depending on n. |

Lemma 2.3.10. If K C C for compact convex sets in R", then S(K) < S(C). If, in
addition, dimC > n— 1 and K # C, then S(K) < S§(C).

Proof. Since H" ™' (K|u*) < H"~'(C|u‘) for u € $"~! in the Cauchy formula (2.9),
we deduce that S(K) < §(C).

IfdimC > n— 1 and K # C, then there exists a zg € relintC\K and vy € S~ NlinC
such that (zg,v0) > hg (vg), and hence there exists a d € (0, Z) such that {zg,u) > hg (u)
ifu e §" and Z(u,vg) < 6. It follows that H" 1 (K|u*) < H" ' (Clut) ifu € $"!
and Z(u,vy) < &; therefore, S(K) < S(C). [

2.4 The Isoperimetric inequality and the Anisotropic Isoperimetric
Inequality for convex bodies

First we verify the classical Isoperimetric Inequality Theorem 2.4.1 using Steiner’s
symmetrization honoring the first really deep argument in convexity, and then we
provide an actually much simpler proof of the more general Anisometric Isoperimetric
Inequality based on the Brunn-Minkowski inequality.
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Theorem 2.4.1 (Isoperimetric Inequality for convex bodies). If K ¢ R" is a convex
body with |K| = [rB"| for r > 0, then S(K) > S(rB") with equality if and only if K is
a Euclidean ball.

Remarks.

DR
e Equivalently, S(K) > nw,!|K |Tl, with equality if and only if K is a ball (see
Theorem 8.6.2 and Corollary 8.6.3 for stability versions).

e The Isoperimetric Inequality is stated for sets with Lipschitz boundary in The-
orem 4.1.5, and even more generally, for sets of finite perimeter in Theorem 5.2.1.

First we verify that Steiner symmetrization (cf. Definition 1.10.1) does not increase
surface area.

Proposition 2.4.2. If K c R" is a convex body and u € S*~', then S(0,.K) < S(K),
with equality if and only if K is symmetric through a hyperplane parallel to u*.

Proof. We use Definition 1.10.1 (c) for Steiner symmetrization. Let f, g : K|lut - R
be concave such that

K={z+tu:zeKlu"and - g(z) <1 < f(2)},

and

f(2) +g(2) f(2) +g(Z)}
2 2 '

®MLK={z+tu:xeK|uLand— <t<

We write Q = int K|ut, X = {x € K : x|u* € relbdQ} and X = {x € (0, K) : x|u' €
relbdQ}; therefore, H"~!(X) = H"~'(X) by Fubini’s theorem. It follows from (2.1)
that

S(K) = /Q\/l +IDF QI + 1 +1Dg ()2 dH™ () + H" ()

S(0,:K) = AZ'\/I +Hw

2
dH" ' (2) + H 1 (X).

Since ||(1, @)|| + |(1,b)]| = 2 - ||(1, “—erb)” for a, b € R"~! by the triangle inequality
with equality if and only if @ = b, we deduce that S(0,.K) < S(K). In addition, if
S(0,.K)=S(K),then D f(z) = Dg(z) for H" ! a.e. z € Q; therefore, 3y € R such that
f(z) =g(z) +y by Remark 2.1.1 (iv), and hence K is symmetric through u* + Zu. =

Proof of Theorem 2.4.1: 'We may assume that g = o0, and hence any hyperplane of
symmetry for K contains o by the affine equivariance of the centroid (cf. Lemma 1.11.2).
It follows that if K is symmetric through some hyperperplane parallel to u* for any
u € S"!, then 0§"~! c K for o > 0 whenever 0S"~! N K # 0; therefore, K is a ball.
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To prove Theorem 2.4.1, we assume that g = 0 and K # rB" where r > 0 and
|K| = |rB™|. The considerations above show that there exists u* such that K is not
symmetric through any hyperperplane parallel to u*, and hence | K| = | K| and S(Kj) <
S(K) for Ky = ©,. K by Proposition 2.4.2. Now there exists a sequence of iterated
Steined symmetrizations leading to r B" by Theorem 1.10.7. Since the surface area is
continuous, we deduce from Proposition 2.4.2 that S(rB") < S(Kp) < S(K). ]

Definition 2.4.3 (Anisotropic Surface area of compact convex sets). Given convex
body C c R" with o € intC, if K ¢ R" is compact convex, then

K+oC|-|K
Pc(K) = lim w
0—0* 1%

Remark. As the volume is translation invariant, if z € int C, then

Pc(K) = Pc—;(K). (2.11)

We will see in Remark 7.4.5 that Pc(K) = nV(K, C; 1) is continuous and monotonic
on the space of compact convex sets. If K is a convex body, then (see Schneider [522])

Pe(®) = [ helu)ar '@ = [ @le a0 @

9K 9K
where C* is the polar of C and h¢ (vk (x)) = ||vk (x)]| ¢+ follows from Proposition 1.9.3.
Next we provide an actually simpler proof of the more general Anisotropic Iso-

perimetric Inequality based on the Brunn-Minkowski Inequality.

Theorem 2.4.4 (Anisotropic Isoperimetric Inequality). If C, K c R" is a convex bod-
ies with o € intC, then ] ]
Pc(K) z n|C|"|K| ™,

with equality if and only if C and K are homothetic.
Proof. Recall that f(¢) = |[K +tC |$ is concave for ¢ € [0, 1] by the Brunn-Minkowski

inequality (cf. Lemma 1.12.2), and linear if and only if K and C are homothetic. It
follows that

1 1-n 1 1 1
~ K™ Pc(K) = f'(0) = f(1) = f(0) = [K+ C|= ~|K|» > |C] (2.13)

using the form |K + C |% > |K |$ +|C |$ of the Brunn-Minkowski inequality at the end
(cf. Lemma 1.12.2), thus Pc (K) > n|C|#|K|" .

If Pc(K) = n|C|% |K|%4,thenf’(0) = f(1) — f(0), and hence f is linearon [0, 1],
which in turn yields that C and K are homothetic. |
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2.5 Surface area measure

In this section, we show how to encode various properties of a compact convex set into
its surface area measure on $"~!. Besides the support function, the surface area meas-
ure is one of the most significant notions associated to a convex body because many
other notions can be expressed with the help of it like mixed volumes (see Section 7.3)
and L p,-surface area measures (see Section 9.3).

Remark 2.5.1. Let K c R" be a convex body. We recall that the set §’K of regular
boundary points is Borel and satisfies H"~! (9K \d’ K) = 0 according to Theorem 1.5.2.
In addition, the unique exterior unit normal vk (x) at an x € K’ is a continuous func-
tion on 9’K by Lemma 1.5.3. Therefore, v;{] (w) € &’K is Borel as a subset of §~!
for any Borel w c "~ 1.

Definition 2.5.2 (Surface area measure Sg on S”~!). Let K ¢ R” be convex, compact.

e If K is convex body (dimK = n), then
Sic(w) = H"™ (y,;l (w)) (2.14)

for a measurable w c §"~!, which is well-defined according to Remark (2.5.1). In
particular, if g : $"~! — R is a bounded measurable, then

/ gdSk =/ govk dH"! =/ govi dH" . (2.15)
sn-1 K oK

o IfdimK=n-1and K C x+u* foru € S" ! and x € R", then supp Sx = {u, —u}
and Sk ({u}) = Sk ({-u}) = H""'(K).

e JIfdimK <n-2,then Sgx =0.

Definition 2.5.3 (Pushforward of a measure). If X, Y are topological spaces, i Borel

measure on X and ¢ : X — Y Borel measurable, then ¢, u is a Borel measure on Y

satisfying that ¢, u(w) = u(¢~'w) for w c Y Borel.
In particular, if f : ¥ — R is Borel measurable, then fY fdo.u= f fopdu.

Remark. S = vk . (H""'L8'K) for a convex body K C R".

Example 2.5.4. (see Section 8.2 for Examples of convex bodies with C? boundary)

e If K is an n-dimensional polytope with facets F1, . . ., F};, and exterior unit normals
Ui, ...,Un,then

supp Sk = {u1,...,uy} and Sx ({u;}) = H" Y (F),i=1,...,m.

o IfK=rB"forr >0, thenSx(w) =" - H" (w).
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The following properties are immidiate consequences of the definition of the sur-
face area measure.
Lemma 2.5.5. Let K c R" be convex, compact.
e Sk is Borel measure on S"71;
© Sk(8"7h) = S(K);
o Sak =A""1SgforA>0and Sg.x = Sk for x € R™.

The significance of Sk for a convex body K c R" is exhibited by the geometric
properties of its support where supp Sk is the smallest closed X c $"~! such that

Sk (S""'"\X) = 0. We need the following simple property of exterior normals (cf.
Lemma 1.2.8): If y,,, € 3’K tends to y € dK, then

u € Nk (y) for any accumulation point u of {vg (y)}. (2.16)

Lemma 2.5.6. Let K C R" be a convex body.
(i) supp Sk = cl{vk(x) : x € 'K},
= {xeR": (x,vk(y)) < hx(vk(y)) fory € 'K}
= {xeR": (x,u) < hg(u) foru € supp Sg }
(iii) supp Sk is not contained in any closed hemisphere;
(iv) Fora closed Q c "' and ¢ : Q - R, if K = {x e R" : (x,u) < ¢(u) for x € Q},
then supp S C Q and Q is not contained in any closed hemisphere.

(ii) K

Proof. For Qy = cl{vk(x) : x € 'K}, the definition of Sx (cf. (2.14)) yields that
Sk (8"\Qq) = 0, thus supp Sk C €p. On the other hand, let us consider an open
U c " ! such that vk (xg) € U for an xo € 3’K. As vg is continuous on 'K (cf.
(2.16)), we deduce the existence of § > O such that v (x) e Uifx € 'K N (xg + 5§ B"),
and hence Sk (U) > 0, which in turn verifies (i).

Turning to (ii), let Ko = {x € R" : {x, vk (¥)) < hx(vk(y)) for y € 9’K}. Since
readily K C Kj, (ii) follows if 0K c 0Kj. For y € 9K, there exist y,,, € §’K tending
to y € K as H""! a.e. point of dK is in 3’K, and we may assume that v (y,,)
tends to a u € §"~!. Now (x, u) < (y, u) follows for any x € K, from the estimates
v (Ym)) < Ym» vk (Ym)) for every y,,; therefore, y € dKj.

Next (iii) is equivalent proving that for any v € $”~!, there exists u € supp Sk with
(u,v) > 0. We consider an x € intK and a z = x + tv ¢ K for large enough 7 > 0. It
follows from (ii), that there exists u € supp Sk such that (z, u) > (x, u), and hence
(v,u) > 0.

For (iv), it is sufficient to prove that vk (y) € Q for any y € d’K by (i) and (iii).
The condition on ¢ yields that ¢(u) > hg (u) foru € Q, and for k > 1 and zx = y +
% vk (y) € K, there exists uy € Q such that (zx, ux) > ¢(uy). We deduce that (zx, ux) >
hg(ur) = {y,uy) for k > 1. For a convergent subsequence {uy } C {uy}, we have
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u=limp o up € Q, and limg 0o 75 = y implies {y, u) = hg (1), and hence u is a
normal vector at y. Since y € 0’K, we conclude that vk (y) = u € Q. ]

Next we consider some basic properties of the surface area measure with respect
to integration:

Lemma 2.5.7. If K c R" is compact, convex, then

/ udSg(u) = o; (2.17)
Sn—1
1
|K| = —/ hk dSk. (2.18)
n Jsn-1

Proof. If K is a convex body, then (2.3) and (2.15) yield the formulas. If dimK <n —1,
then the formulas directly follow from the definition of Sk. u

In the proof of Proposition 2.5.9, we will need the following version of the coarea
formula Theorem 10.4.8:

Theorem 2.5.8 (Coarea formula). Form < k < q and Lipschitz embedded k-manifold
X cRY,if F: X — R™ is locally Lipschitz and ¢ : X — [0, 00) measurable, then

/ o(x) - J(F.x) dH¥ (x) = / / () dHA () dH™ ().
X R JF=1(y)

We recall that according to (2.12) about the anisotropic surface area, if K, C C R"
are convex bodies with o € int C, then

LK +oCl- 1K
m —
0—0* 1%

_ / he (vie () dH (x). (2.19)
oK

We now extend this formula to compact convex sets:

Proposition 2.5.9. If K, C c R" are compact and convex, then

K+oC|-|K
fim (K*+eCI-IKl_ / he dSk. (2.20)
o0—0* o sn-1

Proof. Ifdim K < n —2,then choose R > O suchthat C ¢ RB", and hence Lemma 2.3.3
yields that

1 n 1
K +0oC| - |K K + oRB"| - |K ® K+ 0oRB"| - |3
i K @CI=IKI o |K+oRB'=IK| _ . 1% K+ oRB" - I5K|
0—0* [ o0—0t 1% 0—0* o

Next, if dim K = n — 1, then we may assume that o € relint K as the volume and Sk
are translation invariant. Let u € $"! such that u* = lin K, and let %, ¥ € C such that
(X,u) = he(u) and (X, —u) = he(—u). According to the translation invariance of the
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volume and (2.17), we may also assume that %()’é + ¥) = o; or in other words, y = —X.
For the segment 6 = conv{x, ¥} C C, we have

/ he dSx = H'" N (K) (he (1) + he (=) = K +6]. 2.21)
Ssn-1

On the one hand, § c C yields that

K+ oC|-|K K+ 06
i K+eCI-IK] K +of)

=|K +90|. (2.22)
-0t [ o—0* [

On the other hand, o € relint K implies that C € R K + @ for some R > 0, and hence

K+oC|-|K K + oRK + 08
im KHOCIZIKT -y K+ oRK+ 001 (14 0RY™ VK + 6] = K + 6.
0—0* o 0—0* 1% 0—0*
(2.23)
Combining (2.21), (2.22) and (2.23) yields Proposition 2.5.9.
If dim K = »n and also dim C = n, then let C = C — z for a z € int C, and hence
(2.19) and (2.15) yield that

K+0oC|-|K
lim wzf hdSk.
o0—0* 1% sn-1

As hz(u) = he(u) = (z,u) foru € §7~1_ it follows from (2.17) that fsn-l hc dSk =
./.‘S‘"’ 1 h& dSk . Since the volume is translation invariant, we conlude (2.20).

Finally, we assume that dim K = n and dim C < n — 1 where we may also assume
that o € relint C. Let L = lin C, and we apply the previous case to ((x + L) N K) +
oc for H" 4 ae. x € int K|L* such that the = measures of (x + L) N dK and
(x + L) N ¢’K coincide (in this case, (x + L) N K and x + C are convex bodies in
x + L). Integrating over such x € int K|L* the analogue of (2.20) in x + L (where the
exterior normals to (x + L) N d’K lying in L are used), and using the coarea formula
Theorem 2.5.8 for X = (L +int K) N dK and F being the orthogonal projection onto
L+, we obtain (2.20). m

We note that the Anisotropic Isoperimetric Inequality Theorem 2.4.4 is equivalent
to the Minkowski inequality below as the expression lim , o+ W for convex
bodies K, C c R" is invariant under translations of C.

Theorem 2.5.10 (Minkowsi inequality). If K, C c R" convex bodies, then
/ he dSk > n|K|" |C|w (2.24)
Ssn-1

with equality if and only if K and C are homothetic.

In turn, we deduce the characterization of the equality of surface area mauseres.
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Theorem 2.5.11. For convex bodies K,C C R", Sk = Sc if and only if K and C are
translates.

Proof. We deduce from (2.18), Sk = S¢ and the Minkowski inequality (2.24) that

1 1 e

|K|:—/ thSK:—/ thSCZICITIIKﬁ; (2.25)
n Sn—l n Sn—l

therefore, |K| > |C|. Reversing the role of K and C in (2.25) implies |C| > |K]|, and

hence |C| = |K|. In turn, equality in (2.25) implies equality in the Minkowski inequality

(2.24), which fact combined with |C| = |K| yields that K and C are translates. [

In order to understand the significance and the use of the surface area measure,
we list the fundamental properties that will be proved only later when we have the
necessary tools.

Remark 2.5.12 (Additional properties of Sk discussed later in the book).

* Sk is weakly continuous (see Proposition 8.4.1, and also Proposition 2.6.12 if
intK # 0). In particular, if g : $"~! — R is continuous and K,,, — K for compact
convex K,,,, K ¢ R", then lim,;_ fS'H gdSk,, = /S'H gdSk.

e Sk canbe considered as the first variation of the volume (see (2.20) and Aleksandrov’s

Lemma Theorem 7.5.2);

e 11=Sg on 8" ! for afinite Borel measure u on $”~ ! if and only if/S,l_l udu(u)=o
and supp u is not contained in any closed hemisphere (see Theorem 9.2.3 about
the Minkowski problem where the necessity of the conditions have been proved in
Lemma 2.5.6 and Lemma 2.5.7).

o If9Kis C2, then dSk = fxdH" " where fx (vk (x)) = 1/k(x) for x € 9K and the
Gauss curvature «(x) > 0 (see Section 8.2).

2.6 Cone Volume measure

The cone volume volume measure, introduced by Firey [233] in 1974, has the sig-
nificant property that while the suface area measure only interwines with orthogonal
transformations, the cone volume measure intertwines with any linear transformation
(cf. Proposition 2.6.15). In particular, it is an important tool in notions and problems
intertwining with linear transformations (see Section 8.9), and has fundamental role in
various Brunn-Minkowski type inequalities (see Section 8.7 and Section 8.8), and in
various versions of the Minkowki problem; namely, in certain Monge-Ampere equa-
tions on the sphere with geometric significance (see Section 9.3 and Section 9.4).
These sections discuss the fundamental uniqueness and characterization results and
conjectures about the cone volume measure. What simple to show is that the cone
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volume measure is weakly continuous (cf. Proposition 2.6.11), which fact in turn dir-
ectly yields the otherwise non-trivial weak continuity of surface area on convex bodies
(cf. Proposition 2.6.12).

Definition 2.6.1 (Cone volume measure). If K C R" is convex compact with 0 € K,
then Vi is the Borel measure on $"~! satisfying dVk = %h k dSk.

Remark. Vi (§""') = 1 [ hg dSk = |K| according to (2.18), and if dimK <n -1,
then Vi (w) = 0 for measurable w ¢ S"!.

The name cone volume measure stems from the case of full dimensional polytopes.

Example 2.6.2 (Cone volume measure of an n-polytope). Let P C R" be an n-polytope
witho €intP,andlet Fi,. . ., Fi be the facets of P,and uy, . . ., uy be the corresponding
unit exterior normals. Then suppVp ={uy,. .., ur},and Vg ({u;}) = %hK (u))H" " (F;) =
|conv{o, F;}|; namely, the cone volume measure of an exterior normal of a facet is the
volume of he corresponding "cone".

For many applications, one may assume that o € intK when discussing the cone
volume measure, which case is technically easier to handle. However, limits of convex
bodies containing the origin in their interior might be a convex body that contains
the origin on its boundary. Also, there exist convex body K ¢ R” such that o € 0K
and dVg = ¢ dH""! for a positive C>® function ¢ on $"~!, and such bodies are
important for Monge-Ampére equations on S”~! (see Chapter 9). Therefore we extend
the definition of radial functions to allow the origin on the boundary.

Definition 2.6.3 (Radial function). For aconvex body K c R" witho € K, ifu € sn-1
then let o (#) = max{t > 0 : tu € K}, and hence pog(u) > 0 and ox (u) u € OK.

Remark. If 0 € int K, then gk is just the traditional radial function. If 0 € K, then
we consider the open convex cone g = {(0,00)x : x €intK}.Ifu € g N S~ !, then
ox(u) =max{r > 0: tu € K} >0, and ox is continuous on Xx N S"~!. On the other
hand, if u € "'\ (clZg), then ok (1) = 0, and hence ok is measurable on S"~!. How-
ever, ox might be a "wild" function on dZg N $"~!, may not be Borel.

In order to understand the cone volume measure Vi on the sphere S*~!, it is prac-
tical to consider an intimately connected measure on K because it is equivariant under
volume preserving linear transformations (cf. Proposition 2.6.15), and has the natural
integral representations as in Lemma 2.6.6.

Definition 2.6.4 (Auxiliary Cone Volume measure). For a convex body K ¢ R" with
0 € K, Vi is a Borel measure on dK such that if £ c dK is Borel, then Vg (E) =
|U{conv{o,x} : x € E}|.
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Remark. Vi (0K) = |K|. The Auxialiary Cone Volume measure is connected by the
formula Vx = vk .Vk; namely, if w C $"~1 is measurable, then
Vi (w) = Vg ({x € 'K : vk (x) € w}) (2.26)
= |U {conv{o,x} : x € 0K and Ng(x) N w # 0}]. (2.27)

Many statements related to the cone volume measure uses the notion of radial
projection onto the sphere.

Definition 2.6.5 (Radial projection). mgn-1(x) = x/|x|| € S"~! for x € R"\{o}.

Remark. Since the closest point map Ilpn is Lipschitz (cf. Lemma 1.2.11), mwgn-1 is
locally Lipschitz on R"\{o}.

Lemma2.6.6. IfK c R"isaconvexbodywitho € K, and E=n sn-12 for ameasurable
E C 0K Borel, then

o
Vk(B) = —

m\

o dH" ! = % [ (v (x),x) dH"(x). (2.28)

Proof. Integration using polar coordinates (cf. (1.26)) gives the first equality in (2.28).

To prove the second equality, let Zx = {(0, c0)x : x € int K}, and hence 0Xg =0
if o € intK. We consider the Borel measure u(E) = % /:<VK (x), xy dH" ' (x) for
measurable E ¢ dK on 0K, and hence the second equaﬁty in (2.28) is equivalent
proving that u(E) = Vi (B) for any Borel set E C dK. Since {x € 'K : {(vk(x),x) =
0} c 02k and VK([)K NoXk) =0if 90Xk # 0, it is enough to consider the case when
ENZXZg =0and C = U{conv{o,x} : x € E} is a convex body in R".

Now Vi (8) =|C| = 1 [[(vx(x),x) dH"!(x) by (2.3) because (vc (x),x) = 0 for
x € (0’C)\E, which in turn yields the second equality in (2.28). [

Lemma 2.6.6 suggests to introduce the so-called radial Gauss map.

Definition 2.6.7 (Radial Gauss map). Let K ¢ R" be a convex body with o € K, and
let Xk = {(0,00)x : x € int K}. We define

ak(u) =vi(ox(u) -u) foru € mg.-1(0’'K N Zg),
and ak (1) = uif u € "'\ (clZk).

Remark. ag (1) € $"! is well-defined for a.e. u € $"~!, and is a measurable and
bounded function on §”~!. To show this, we note that H"~1§"~1\®) = 0 for

© = 71 (AK\O'K) U (s"—l\(c1z,<))

because 7gn-1 is locally Lipschitz and H"~!(dK\d’K) = 0, and ak is continuous on
® N Xk and on B\Xk.



Cone Volume measure 69

The definition of the cone volume meausure, (2.26) and Lemma 2.6.6 yield the
following.

Proposition 2.6.8. Let K C R" be a convex body with o € K, and let f : "' - R
be measurable such that f is bounded or non-negative.

1

fdVkg = — f - hg dSk (2.29)
Sn—l n Sn—]
-1 / FOrk ()i (1), x) dHO () 2.30)
n Jsk
-1 / Flak @) - o )" dH™ (u). 231)
n sn-1

Proposition 2.6.8 allows us to express an integral with respect to the surface area
measure in terms of the radial function.

Corollary 2.6.9. If K c R" is a convex body with o € intK, and g : S* ! = R is
measurable where g is bounded or non-negative, then

_ ) ok (u)" n—1
_/5n1 gdSk = /Snl glak (u)) @k () dH" " (u). (2.32)

Proof. Apply 2.31)to f = ;% n

While (2.29) and (2.30) directly follow from the definition of the cone volume
measure, the formulas (2.31) and (2.32) first appeared probably in Huang, Lutwak,
Yang, Zhang [331].

Itis easy to see that vk is continuous on 9’ K for a convex body K (cf. Lemma 1.2.8).
Lemma 2.6.10 below, needed in the proof of the weak convergence of the cone volume
measure (cf. Proposition 2.6.11), extends this property:

Lemma 2.6.10. For convex bodies K,,,, K C R", if x € 'K and x,, € K, satisfy
limy—00 Xy = X, and u, € S"~ ! exterior normal to Ky, at x,y,, then lim,,, 0 ttyy = v ().

Proof. As S"~!is compact and vk (x) is the unique exterior unit normal to K at x, it
is enough to prove that if lim,,_, u,, = u, then u is an exterior unit normal to K at x.

For z € intK, we have z € K, for large m, and hence {u,;,,z — x,;,) < 0 for large m.
It follows that (u, z — x) < 0; therefore, u is an exterior unit normal to K at x. n

We recall that for finite Borel measures ,,, 4 on 8"~ !, u,,, tends weakly to y if and
only if lim, e fS,H fdum = fS,,,l f du for any continuous function f : §"~! — R.

Proposition 2.6.11. [fthe convex compact sets K, tend to a convex compact set K in
R" with o € K., 0 € K, then Vi, tends weakly to V.
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Proof. Let f : "' — R continuous. If dimK < n — 1, then lim,,,_, |K,| = 0 by the
continuity of volume (cf. Lemma 1.7.4). Since Vg, (S"!) = |K,,,| and f is bounded,
we deduce that limy, e [¢,-, f dVk,, =0= [¢,, f dVk.

Therefore let K be a convex body, and hence K, is convex body, as well, for large
m.ForLg = {(0,00)x :x €intK}and © = wgn1 ((K\3'K) U (S"~1\(clZk)), we have
H 1§71 (§"~1\®) = 0 (cf. the Remark after Definition 2.6.7). Since lim,,, e ok, (1) =
ok (1) andlim,, o ak,, (1) =ak (1) foru € ® N Zg by Lemma2.6.10, and lim, .« 0k, (#) =
0 = ok (u) if u € ®\Zg, we conclude Proposition 2.6.11 by (2.31) and the continuity
of f. ]

Proposition 2.6.12. If convex bodies K,, tend to a convex body K in R", then Sk,,
tends weakly to Sk.

Remark. Proposition 8.4.1 verifies this for any convex compact sets.

Proof. We may assume that o € intK, and hence also o € intK,,.
Let f : §"~! — R continuous. It follows from Lemma 2.6.10 that if ox (u) - u € 3’K

foru € $"~!, then f(ag,, (1)) - }%:”f’;—:;)(lm tends to f(ax (1)) - %, and hence

(2.32) yields that limy, e [g, 1 f dSk,, = g1 f dSk- "

For a general linear map ® € GL(n), typically ®(u) ¢ S"~!. Still, we associate
the map @ : sl 571 d(u) = % to @, and as a notational abuse, we write

O,.u =0,

Definition 2.6.13 (“Pushforward" of a measure by a linear map). For ¥ € GL(n), let
Y571 — 571 defined by W (u) = % If 41 is finite Borel measure on S"~!, then

we write W, i to denote finite Borel measure W, on S"~!; namely,

-1
Y, u(w) = u ({uzTEZ;u ‘ue w}) for any Borel w c §"~! (2.33)
fd%,u:/ f( Flw) ) du for Borel f: S"! - R. (2.34)

sn-1 sn-1 7 \ [P ()]

Lemma 2.6.14 follows as (@ 'x, ®y) = {(x, y) for x, y € R” and ® € GL(n).

Lemma 2.6.14. If K C R" is a convex body and ® € GL(n), then ® v (x) is an
exterior normal at ®x € 0(®K) for x € 'K, and hog (u) = hg (®'u) for u € R™.

Proposition 2.6.15 (Intertwining with Linear Transformations). Let K C R" be a con-
vex body with o € K, and let ® € GL(n).

(i) V(DK(QE) =|det®| - VK(E) for measurable E C dK, and hence Vok = ©.Vk if
in addition | det®| = 1;
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(ii) Vox = | det®| - (&), Vk, and hence if f > 0 is measurable on S"~', then

D'y
[ dVek = | det ®| / f (T) dV (u).
sn-1 sn-1 ”@ I/l”

Proof. (i) holds by the very definition of Vx and by change of variables.
For (ii), if w € dK is Borel, then (i), (2.26), Lemma 2.6.14 and (2.33) yield for
E={x € (PK) : vok (x) € w} that

Vok (w) = Vok (E) = | det®| - Vg (®7'E) = | det @| - Vi ({vk (@™ 'x) : x € E})
t

®
:|det<1>|.v,<({ "

——— ucwp|=|det®| - (®7).Vk.
(1D ull })

Remark 2.6.16 (Characterization and uniqueness of the cone volume measure). Con-
cerning the characterization of cone volume measure, the problem proposed by Firey
[233] in 1974, only partial results exist (see Section 9.3 for a detailed account). For
example, any non-trivial absolutely continuous measure on S*~! is a cone volume
measure according to Chen, Li, Zhu [157], who actually verify that any finite Borel
measure i on "~ ! satisfying the "subspace concentration conditions" (i) and (ii) below
is a cone volume measure (cf. Theorem 9.C.1). As a necessary condition (see (9.19)
for a simplified statement), Boroczky, Hegedds [102] characterized the restriction to

ahpair of antipodal points; namely, if o € K, u € S*~ !, a = V,‘:’(<S(']:—)') and 8 = %,
then

n-1

: -2i 2iy
a/+,8+gli1(};(a'g +Bo") < 1. (2.35)

Following partial results by Chou, Wang [162], He, Leng, Li [304], Henk, Schiir-
man, Wills [308], Stancu [537,538], Xiong [575], the paper Boroczky, Lutwak, Yang,
Zhang [111] characterized even cone volume measures by the following so-called sub-
space concentration condition (i) and (ii) (cf. Theorem 9.B.5): A finite even non-trivial
Borel measure u on $"~! is a cone volume measure if and only if

() p(Lns™ 1 < ‘ﬁ% - u(8"~1) for any proper linear subspace L ¢ R";

(i) u(LNns* 1= di%’“ - u(8" 1) in (i) is equivalent with the existence of a comple-
mentary linear subspace L’ ¢ R” with suppu € LU L’.

We note that Vi for an o-symmetric convex body K c R" satisfies (ii) if and only if
K =C+C’where C c L*+and C’ C L'+ are o-symmetric compact convex sets (cf. The-
orem 9.B.5). Boroczky, Henk [104] prove that the subspace concentration conditions
(1) and (ii) hold for the cone volume measure of any centered convex body (centroid is
the origin), but in general, cone volume measure of a centered convex body satisfies
some additional conditions (however, characterization is not known, not even in the
plane).
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Actually, Firey [233] was also interested in the uniqueness of the cone volume
measure. According to Chen, Li, Zhu [157], there exists an absolutely continuous
measure on S~ ! that is the cone volume measure of two different convex bodies. How-
ever, in line with the "Worn Stone" problem initiated by Firey [233], if the cone volume
measure of a convex body K is the Lebesgue measure on $”~!, then X is a centered ball
(see see Brendle, Choi, Daskalopoulos [126], Ivaki, Milman [350] and Saroglou [510]
for different arguments). The question of uniqueness of the cone volume measure of
o-symmetric convex bodies is a major open problem called Logarithmic Minkowski
Conjecture, asking, for example, whether Vx = V¢ for o-symmetric convex bodies
K,C c R" with C! boundaries implies that K = C (see Section 9.4).

2.7 Comments to Section 2

The Cauchy formula is due to Cauchy [144, 145] in R?> and R? in the middle of the
19th century. It was put in the modern setting in the 1920’s, for example, by Kubota
[388].

If a bounded X c R" non-empty interior and Lipschitz boundary, then the Diver-
gence Theorem 2.1.4 yields the analogue of Theorem 2.1.5, Lemma 2.1.2 (i) (taking
T(x) = u), and hence Corollary 2.1.3, as well; namely;

. (vx,u) dH" 1 =0foru e §"1;
X

. / Vx dq.{n—l =o;
X
1
=5 [ oxwoar
nJox

The extremal property of balls with respect to the isoperimetric problem was
known to the ancient Greeks; for example, Zenodorus (circa 200 BC - 140 BC) sug-
gested an argument using polygons in the plane, and even claimed that spheres are
optimal in three dimensions (cf. Blasjo [75]). In the Euclidean spaces, the Isoperi-
metric Inequality for convex bodies was proved by the work of Steiner, Schwarz,
Weierstrass and Minkowski in the 19th century (see Gruber [276]). Minkowski used
the Brunn-Minkowski inequality in order to prove the Isoperimetric Inequality, while
Steiner famously provided a symmetrization method showing that given the volume,
only balls can be the minimizers of the surface area. However, Steiner did not prove the
existence of a minimizer, which was verified by Weierstrass and Schwarz, still in the
19th century. Theorem 8.6.2 and Corollary 8.6.3 provide stability versions of the Iso-
perimetric inequality in terms of volume difference, essentially due to Fusco, Maggi,
Pratelli [251], and in terms of the Hausdorff distance (see Groemer [272] for a survey
on the latter type of estimates).
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Extending Minkowski’s ideas [464,465], the basic properties of the surface area
measure have been established by Aleksandrov [2—4,7], and Schneider [522] provides a
thorough discussion (see also Hug, Weil [343] for a more direct account). Surface area
measures were characterized, together with its uniqueness was provided by Minkowski
[463, 464] if the measure u is discrete (and hence the convex body is a polytope)
or absolutely continuous. Minkowski’s characterisation was extended to any general
measure y by Aleksandrov [3,4,7] (see Remark 2.5.12 and Theorem 9.2.3). Stability of
the surface area measure in terms of the closeness of the convex bodies up to translation
is discussed by Hug, Schneider [340, 342].

Livshyts [418] generalized the notion of surface area measure to the weighted case.
Given a measure du = ¢ dH" for a continuous density function ¢ on R", the weighted
surface area measure S, i of a convex body K C R" is defined in a way such that

S,u,K(w) = / ‘107_{n_1
v (w)

for a measurable w c §™~! (note that this notion is unrelated to the L p surface area
measure Sk _p, p € R, discussed in Section 9.3). For any convex body C C R" with
o € int C, Livshyts [418] obtains the variational formula that

K +0C) — u(K
lim (K +0C) — u( )=/ he dSpx
0—0* o sn-1

similarly to the proof of Proposition 2.5.9. Various results about the weighted sur-
face area measure are proved by Kryvonos, Langharst [387] and Fradelizi, Langharst,
Madiman, Zvavitch [246].

Cone volume measure was introduced by Firey [233], and has been a widely
used tool since the paper Gromov, Milman [273], see for example Barthe, Guédon,
Mendelson, Naor [54], Ludwig [426], Naor [469], Paouris, Werner [482]. The still
open Logarithmic Minkowski Problem about characterization of Cone Volume meas-
ures was posed by Firey [233], and it has been solved in the even case by Boroczky,
Lutwak, Yang, Zhang [111] (see Chapter 9 for more details about the Cone Volume
Measure).

2.A Supplement: Divergence Theorem for convex bodies

In this section, we present the elementary argument leading to the Divergence The-
orem 2.1.4 in the case of convex bodies.
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Theorem 2.A.1 (Divergence Theorem for Convex bodies). If K C R" is aconvex body,
and T : K — R" is Lipschitz, then

/divT:/ (T,vg)dH" .
K oK

Proof. Let uy, ..., u, orthonormal basis of R", and let T;(x) = (T(x), u;) forx € K
and v;(x) = (vg(x),u;) forx € ’K,i =1,...,n. Itis sufficient to prove that
/(%T:/ E'Vidq'(n_l fori=1,...,n. (236)
K oK

Let Q = (intK) |u;-, and let .. and ¢ _ be concave and convex on & such that intK =
{z+tu; : z€ Q& Y_(2) <t <yy(z)}. It follows that

for X_ = {z+v¥_(Qu;: z€Q}, vi(x)<0 for xeX_ NIK
for X, = {z+v:(QDu;: z€Q}, vi(x)>0 for xe€X,NIK
for Xo = O0K\(X;UX_), vi(x)=0 for xeXyond'K.

Setting Ty =T; oy, and T- =T; o y_ on Q, we deduce by Fubini’s theorem, Newton-
Leibniz and (2.2) that

Y. (2)
/ o;T = / / 0;T(z +tu;) dtdz = / T.(z) -T-(z)dz =
K QJy_(z) Q

=/ Ti<vK,ui>dw"-1—/ Ti<vK,—u,->d(H"-1=/ Ty vi dH,
X+ -

oK

2.B The Projection Body and the Isoperimetric Inequality

Let K ¢ R" be a convex body. It follows from Lemma 2.1.2 and the definition of the
surface area measure that there exists a so-called projection body I1K whose support
function at u € R" is area H"~ ! (K|u*) of the projection onto u*; namely

) =H Ky =5 [ (oxalar =3 [ el sk

2
In particular, the projection body I1K is an o-symmetric zonoid, which is a zonotope if
K is a polytope (see Example 1.6.3). The existence of the projection body was probably
known to Minkowski himself, and it is discussed in the 1934 classic Bonnesen, Fenchel
[81]. In this section, we survey just a few properties of the projection body, see Gardner
[254] and Scheider [522] for more information in general, Kryvonos, Langharst [387]
and Langharst, Roysdon, Zvavitch [390] for recent extensions of the notion.
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A characteristic property of the projection body proved by Petty [484] is that if
® € SL(n), then
[I(®K) = ®'IIK.

Partially due to this linear invariance, the projection body has a central role in affine
invariant inequalities. For example, according to the Zhang projection body inequality
in Zhang [577] (the lower bound) and the Petty projection inequality in Petty [485]
(the upper bound), writing [T*K = (IIK)* to denote the polar of the projection body,
we have

2 n
( ”)n—" < |K|" |ITK| < ( adl ) (2.37)
n Wn-1
where equality holds in the lower bound if and only if K is a simplex, and equality
holds in the upper bound if and only if K is an ellipsoid.
What may sound surprising, the Petty projection inequality (the upper bound in
(2.37)) for the affine invariant quantity |K|"~! |IT*K| yields the Isoperimetric Inequal-
1o

ity S(K) > nw;; |K |T1 (cf. Theorem 2.4.1), as the Petty projection inequality is the
p = —n case of the inequality (cf. Proposition 1.9.3 and Lemma 1.11.6)

n-1 1
(@) <! ( ! / HV (Kt Pdu | (2.38)
Sn—l

Wy Wy_1 \nwy,

while the p = 1 case - that follows from the p = —n case by the Holder inequality, - is
the Isoperimetric Inequality by the Cauchy formula (2.9).
Finally, we close the section with the 50 years old fundamental conjecture by Petty
[485] from 1972 stating that
Wi -1
K| > —= - [K|"
W

n

where equality holds if K is an ellipsoid.






Chapter 3

The Brunn-Minkowski inequality and the
Prékopa-Leindler inequality for measurable sets and
functions

The main goal of this chapter is to prove the Brunn-Minkowski inequality for measur-
able sets, and its functional analogue, the Prékopa-Leindler inequality. We also provide
some typical applications of these inequalities.

3.1 The Brunn-Minkowski inequality for measurable sets

Since this chapter can be read essentially independently from the previous ones, we
recall some definitions from Chapter 1 about convexity.

Definition 3.1.1 (Convex sets).

e X cR'convexif (1-A)x+Adye Xforx,ye Xandae [0,1];

* K c R™isaconvex body if K convex, compact and int K # 0;

e Convex bodies K, C c R" are homothetic if C =y K + z for some z € R" and y > 0.
Definition 3.1.2 (Minkowski combination). If X,Y c R" and «, 8 € R, then
aX+BY={ax+By:xecXandyeVt}.

Remark. o X + Y may not be measurable even if X and Y are measurable (but meas-
urable, if X and Y Borel, cf. Section 3.9). However, it is compact if X, Y are compact,
itis convex if X, Y are convex, and it is open if either X or Y is open and «, 8 # 0. We
Iso note that if X ¢ R" is convex and A € (0, 1), then (1 — )X + 1X = X.

We write | X|. to denote the inner Lebesgue measure of an X c R”; namely, it is
the maximum of the Lebesgue measure of any measurable subset of X (see Appendix
Chapter 10). We have already provided two proofs of the core Brunn-Minkowski
inequality below in the case of convex bodies in Chapter 1, are going to provide several
other proofs of the general case - due to Lusternik [431] in 1935 - in this chapter.

Theorem 3.1.3 ("Classical" Brunn-Minkowski inequality). If X,Y c R" measurable
and a, B > 0, then
1
la X +BY|7 > a|X|7 +B|Y]|7. 3.1)

Equality holds assuming a, B, |X|, |Y| > 0 if and only if there exist homothetic convex
bodies K > X and C D Y with |K\X| =0and |C\Y| = 0.
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Remark. The "essential sum" Z = {z € R" : |(z — aX) N BY}| > 0} is measurable
assuming a, B, |X|, |Y| > 0, and |Z|% > oz|X|% +B|Y|%.

While the Brunn-Minkowski inequality is one of the most widely used geometric
inequalities, Theorem 1.11.7 shows that it is far from optimal if for example |K| = |C]|
and |K N C| is small for centered convex bodies K, C ¢ R" (see also Section 3.6).

Lemma 3.1.4 (Equivalent forms of Brunn-Minkowski inequality). The following state-
ments are equivalent assuming that they hold for any measurable X,Y C R" with
|X|,1Y| > 0.

(i) la X +BYIT > a|X|% +BIY|* for a, B > 0;

(ii) X +Y|7 > |X|% + V][5

(i) | (1= D) X+ AY|Z > (1= DX|% + A |5 for A € (0,1);
(iv) [(1 =) X+ Y], > | X|'"" Y|t for 1 € (0, 1).

Equality in (i), (ii) or (iii) if and only if there exist homothetic convex bodies K D X
and C D Y with |[K\X| = 0 and |C\Y| = 0. Equality in (iv) if and only if there exist
z € R™ and convex bodies K > X and C D Y with |[K\X| =0, |C\Y|=0and K =C +z.

Proof. (i), (ii) and (iii) are equivalent as |@X| = o"|X| for @ > 0, and (iii) yields (iv)
by the AM-GM inequality.

To show that (iv) implies (i), set @g = |X|%,/30 = |Y|%, Xo=X/ap, Yo=Y /By, and
hence | Xy| = |Yo| = 1. Ford = _BB__ (iy) yields (1 — ) Xo + A1 Y|« > 1, and hence

(I(I0+ﬁﬁo
1 g
| X+ BY|Z = (a0 +BBo) | Gareps X+ wacpp Y| = @0 +BBo. .

We provide one proof of the Brunn-Minkowski inequality (3.1) via the Prékopa-
Leindler inequality Theorem 3.4.2 that also characterizes the equality case, and various
other proofs without equality characterization; namely, the probably most elegant one
due to Hadwiger and Ohman in Section 3.2, the one via Steiner symmetrization in
Section 3.8, and the one via induction together with the Prékopa-Leindler inequality
in Section 3.A.

Figalli, van Hintum, Tiba [223] have proved an essentially optimal stability version
of the Brunn-Minkowski Inequality:

Theorem 3.1.5 (Stability of the Brunn-Minkowski Inequality, Figalli, van Hintum,
Tiba). Forn >2andt € (0, 1/2], there exist c,,, dy; > 0 depending on n and n, t such
that if the measurable sets X,Y C R" satisfy that

I(1=)X +1Y| < (1+6)|X| and |X| = Y] > 0 (3.2)
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for 6 € (0,d, ), then there exists a convex body K such that X,Y —y C K for some
y € R, and
[K\X| = [K\(Y = y)| < cut™!/26"2|X]. (3.3)

Remarks.

* The exponents of t and ¢ are optimal in (3.3). For example, take X = [0, 1] and
Y=[0,1+a]Xx [0, ﬁ] % [0,1]"72 for small @ > 0, and hence |(1 = )X +tY| <
(14 6)|X| for 6 = ta®, while | X\(Y — y)| > a/2 for any y € R".

* The condition that § < d,,; in Theorem 3.1.5 for some d,; > 0 depending on
n and ¢ is necessary. For example, take X = [0, 1]" N {p} and Y = [0, 1]" where
l|pll >2n.Then | X|=|Y|=1and |(1 —#)X +tY]|= (1 +¢")|X]| but |conv X| can be
arbitrary large, and hence d,, ; < t". Actually, d,, ; = ¢"* according to van Hintum,
Keevash [312].

* Figalli, van Hintum, Tiba [223] verified an even stronger estimate if we compare
the X and Y satisfying (3.2) to their respective convex hulls:

|convX\X| < ¢, 6 |X| and [convY\Y| < ¢, 10 |Y| (3.4)

where ¢, ; > 0 depends on n, ¢.

As a direct application of the the Brunn-Minkowski inequality (3.1), we prove the
Isodiametric inequality Theorem 3.1.8.

Definition 3.1.6 (Diameter). If X ¢ R" is bounded, then diam X = sup, .y |lx — y||.

Lemma 3.1.7 (Difference body). Let X € R" be bounded and measurable with | X| >
0. Then

. %(X -X)= %X + %(—X) is origin symmetric;
. diam%(X —X) =diam X;

. |%(X = X)|« = |X|, with equality if and only if there exists centrally symmetric
convex body K c X with |[K\X| = 0.

Proof. (i) and (ii) follows from the definition, and (iii) from the Brunn-Minkowski
inequality (3.1). ]

Theorem 3.1.8 (Isodiametric inequality). If X C R" is bounded measurable with | X| =
|rB"| for r > 0O, then diam X > 2r; or in other words, diam X > 2w;]/”|X|1/".
Equality holds if and only if there exists z € R" with X C z +rB".

ing D > 2r.If diam X = 2r, then we may assume that X C K for an o-symmetric convex
body K with |K| = |rB"| and diam K = 2r by the equality case of the Brunn-Minkowski
inequality (3.1), and hence K = rB". |

Proof. If diam X = D, then %(X -X)c %B”, and |%(X - X) |« = |X| = |rB"|, verify-
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3.2 The Hadwiger-Ohman proof of the Brunn-Minkowski inequality

In this section, we provide the probably simplest and most elegant proof of the Brunn-
Minkowski inequality (3.1) due to Hadwiger and Ohman. We sketch the argument for
the characterization of the equality case in Section 3.B because that is more involved.

1
Theorem 3.2.1. If X,Y C R" measurable, then | X +Y|; > |X|% + |Y|nl

Proof. First we reduce the problem to the case when X and Y are unions of boxes.

We may assume that X and Y are compact by the regularity of the Lebesgue meas-
ure (see the Appendix Chapter 10, and hence X + Y compact

Nextlet G =int B". For € > 0, there exists 0 > Osuchthat [ X +Y + o G| < | X + Y| +
&, and hence (X + £ G) + (Y + £ G)| < |X + Y| + &, thus we may assume that X and
Y are bounded open. In turn we may assume that X and Y are unions of finitely many
pairwise non-overlapping boxes with edges parallel to vectors in a fixed orthonormal
basis vy, ..., 0,.

If this is the case, then we prove the Brunn-Minkowski theorem by induction on
the total number of boxes used for X and Y. First let the total number of boxes is 2.
If X is a box box with edge-lengths ey, ...,e, > 0, and Y is box with edge-lengths
fi,---» fn>0,then X +7Y is a box with edge-lengths e; + fi,..., e, + f; therefore,
the AM-GM inequality yields

1 1

n n n

1 1 n
| XTm + Y] _ 1—[ ei N 1—[ fi <1an ei +ln fi
X + Y| et i eitfi] T nde+fi nHei+fi

ey Y

///////
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IXTI/IX = 1Y~ 1/1YY

Finally, let us assume that the total number of boxes is k > 3. We may assume that

X consists of m > 2 pairwise non-overlapping boxes BU) = S [afj ), bgj )]vi, and
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hence there exists £ € {1,...,n} such that (al(;m_]), bgm_l)) N (a;m), b{™) = 0. We
may assume that b;mﬁl) < aém).

LetX ={xeX:(x,v)< aém)} and Xt ={xeX:(x,vp) > ai,m)}, and hence both
cl X~ and cl X* are unions of at most m — 1 boxes as B N X~ =@and B~ n X* =
0.Choosey e RsuchthatforY~ ={y €Y :{(y,ve) <y}andY*={yeY:(y,ve) >y},

wehave | X*|/|X|=¢q=1Y"|/|Y| € (0,1),thus |[X +Y| > | X" +Y*| +|X~ + Y| because

if 7€ Xt +Y*, then (z,v7) > al(,m) +yandifw € X~ +Y~, then (w, vy) < aém) +9.

Now we apply the induction hypothesis to X* + Y* and X~ + Y~ as total number of
boxes for cl X and cl Y™ is at most k — 1, and the same holds for c1 X~ and c1Y~. We
deduce that

1 1\ 1 1\ 1 1\
(1X17 + 17)" = g (1X17 + 17) "+ (1= @) (1X1 +1¥17)
1 1\" _ 1 _,1\"
= (I ) (11 )
<|IXP+YH 4| XT+Y | <X Y.

3.3 An application of the Brunn-Minkowski theorem: the Green-Tao
theorem on sumsets

For finite A C R", we write #A to denote its cardinality.
Proposition 3.3.1. IfA, B C R" arefinite, then# (A + B + {0, 1}") > 2" min {#A, #B}.

Proof. First we consider the case when A, B ¢ Z". Since {0, 1} + [0, 1]" = [0,2]" =
[0,1]" + [0,1]" and A + B + {0, 1}"* c Z", Brunn-Minkowski inequality (3.1) yields

#(A+B+{0,1}"")

|[A+B+{0,1}"+]0,1]" =]1A+[0,1]"+ B+ [0, 1]"]
(14+ 10,1717 + (1B +[0,11"7)"
> 2"min{|A + [0, 1]"|,|B + [0, 1]"|} = 2" min {#A, #B}

v

\

Now let A, B C R” be finite sets, let cosets of A with respecttoZ" be Ay,..., A,
where A; Caj+Z"foraj € Aand j =1,...,m, and let the cosets of B with respect
toZ" be By,...,B; where B; C b; +Z" for b; € Bandi =1,..., k. We may assume
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that #A| > #B;,i = 1, .. ., k; therefore, the previous case on subsets of Z" yields

k
#(A+B+{0,1}") > #(A; + B+{0,1}") = Z#(A1 +B; + {0, 1}")
i=1

k k
> ZIZ"min (#A,, #B;} > Z]:z" #B; = 2" . #B
1= i=

> 2" min {#A, #B} .

Remarks.
e Proposition 3.3.1 is optimal, take A = B = [0, k]"NZ" fork e N

e Werecall (see for example Tao, Vu TaV06) that if A, B are a finite subsets of a tor-

sion free Abelian group, then #(A + B) > #A + #B — 1, where assuming #A,#B > 2,
equality holds if and only if A and B are arithmetic progressions of the same dif-
ference.
Proposition 3.3.1 is a key tool in the improvement of Green, Tao [269] on the
Freiman-Bilu theorem stating that if #(A + A) < K - #A for a finite subset A of
a torsion free Abelian group and K > 2, then A can be covered by a few low
dimensional progressions of size at most #A (where the meaning of "a few" and
"low dimensional" depends on K).

3.4 The Prékopa-Leindler inequality

In this section, we introduce the Prékopa-Leindler inequality - that is a functional
version of the Brunn-Minkowski inequality - in several equivalent forms. The Prékopa-
Leindler inequality is proved together with the chracterization of the equality via
optimal transport in Section 3.4, and using a more elementary argument - that does not
characterize the equality case but more clearly shows the equivalence of the Brunn-
Minkowski inequality and the Prékopa-Leindler inequality - in Section 3.A. Let us first
introduce the fundamental notion of log-concave functions, which are essentially the
extremizers in the Prékopa-Leindler inequality.

Definition 3.4.1 (Log-concave functions). A function f : R" — [0, o0) is log-concave
if £((1-2)x+2y) > f(x)'""*f(y)* holds for x,y € R" and A € (0, 1).

Remarks.

¢ fislog-concave if and only if f = ¢~ % for a convex function ¢ : R" — (—o00, c0].

e For a log-concave function f, the level sets { f > ¢} are convex for ¢t € R, and if f
is log-concave on an open convex Q C R", then f is continuous on Q.
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«  Typical examples are e~ 71X (Gaussian), or £(x) = e~ ¥l or £(x) = e~ I*Ik for
x|k = min{¢t > 0 : x € tK} for a convex body K with o € intK.

* f =1xlog-concave for X c R" if and only if X is convex.

When not signalled, integration is always with respect to the Lebesgue measure
on R".

Theorem 3.4.2 (Prékopa-Leindler inequality, equality by Dubuc). Given A € (0, 1),
measurable f,g,h: R" — [0,00), n > 1, with h((1 = D)x + Ay) > f(x)! =g (y)* for

x,y € R", we have
1-1 1
/hz(/f) (/g) (3.5)
Rn Rn Rn

Equality holds assuming 0 < /R" f, /R" g < oo if and only if for a = fR f//]R g, there

exist a log-concave function y and w € R"™ with

o h(x)=y(x)foraexand h > y;

o f(x) =a'y(x+Aw) for a.e.x and f(x) < a'y (x + Aw) for each x € R";

e g)=a T Vy(x - (1 - Dw) fora.exand g(x) < aT"Vy(x — (1 - Dw) for
each x € R™.

Remark. See Section 3.A for an elementary proof, not yielding the equality case, of
the Prékopa-Leindler inequality (3.5).

Using [k gn to denote the inner integral, the Prékopa-Leindler inequality can be
written in the following form:

Theorem 3.4.3 (Prékopa-Leindler inequality for only f, g). For A € (0, 1) and non-
negative f,g € Liy(R"), n > 1,

1-2 A
=1 (y)ta _( ) ( ) . 3.6
LRH Z:(lfgl))xwf(ﬂ g(y)"dz 2 /nf /Rng (3.6)

Equality holds assuming 0 < /R" f, /R" g < oo if and only if there exist w € R"
and log-concave ¢ such that for a = ./R” f/ /R” g, we have g(x) = ¢(x) and f(x) =
a-p(x+w)forae. x,and g(x) < p(x) and f(x) < a- p(x +w) for each x € R™.

Remark. The Prékopa-Leindler inequality (3.6) yields the Brunn-Minkowski inequal-
ity Theorem 3.1.3 taking f =1x and g = 1y assup,_(;_ 3 xay /(%) Fle (Mt =10-0)xsav(2)
in this case.

While z — Sup__(;_ 1) xsay £(x)'=1g(y)* may not be measurable even if f and g
are measurable (see Sierpiniski [533]), it is measurable if f, g are Borel, and is log-
concave, and hence measurable, if f, g log-concave. We observe that Theorem 3.4.3 is
slightly stronger than Theorem 3.4.2 because Theorem 3.4.2 yields directly (3.6) only
for the outer integral.
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Corollary 3.4.4 (Prékopa-Leindler inequality for multiple functions). Fornon-negative
firo s fr€ LIRY and Ay, ..., A > Owith X5 4, =1,

/ sup l—[f,(xl) dz>1_[(/ ) (3.7)

Zk /lxll

Equality holds assuming each f fi > 0if and only if there exist log-concave function
o, ai,....ar>0andwy,. .., wr € R" such thath.‘:1 Aiw; = o0 and f;(x) = a;p(x + w;)
Jora.e.x and f;(x) < a;¢(x + w;) for each x € R™.

3.5 Proof of Prékopa-Leinder via optimal transport
The following property of the Brenier map in optimal transport can be found for
example in Villani [558], Theorem 4.14:

Theorem 3.5.1 (Brenier, McCann, Cafferelli). If f, g are positive, bounded, C' prob-
ability densities on R", then there exists a C* convex function ¢ on R" such that
T = Dy : R" — R" is a diffeomorphism satisfying

f(x) = g(T(x)) - det DT (x) = g(D(x)) - det D> (x), (3.8)

or in other words, /A g= /T_, o [ for measurable A C R™.

Remarks.

e DT = D?p is symmetric positive definite (because ¢ is convex).

o detD%*p= fT is a Monge-Ampere equation for ¢.

g o
e Ifn=1, then T can be simply chosen to be the monotone increasing function
T(x) . ’
satisfying f f= f * g, and hence readily % =T (x).
Lemma 3.5.2. If 2 € (0, 1), and A, B are symmetric positive definite n X n matrices,
then
det((1—2)A + 1 B) > (det A)!=*(det B)*, (3.9)

with equality if and only if A = B.

Proof. There exists M € GL(n) such that I,, = M"AM and M’ BM is positive definite

diagonal matrix; therefore, we may assume that A = I, and B = diag[by,...,b,]. We
deduce that (1 —2)A +AB =diag[l —A+Aby,...,1 =2+ Ab,], and in turn deduce
(3.9) from the AM-GM inequality applied to the eigenvalues. ]

Lemma 3.5.3. Ifa > 0andthe C' map T : R" — R" satisfies that DT (x) is symmetric
and all of its eigenvalues are at least a, then T is a diffeomorphism.
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Proof. For x # y, the function f(s) = (y —x,T((1 — s)x + s y)) satisfies that f'(s) >
ally — x||?, and hence £(1) > £(0), which in turn yields that 7(y) # T (x). Therefore
T is a diffeomorphism onto an open set U c R".

Let wo =T(0) € U. As U is open, U = R" follows from the following claim: If
veS" Tand§ > 0,and wy + sv € U for s € [0, 5), then wg + §v € U. We observe that the
gradient of the inverse T~! : U — R” of T is also always a symmetric matrix, and all
of its eigenvalues are at most a~'. It follows that ||xz|| < a5 forxx = T~ (wo + (1 -
%)§v) and k > 2; therefore, a subsequence {x;- } tends to ax satisfying Tx =wy + §v. =

Remark. For measurable f, g : R" — [0, c0) with 0 < /R" £ /R" g < oo in the Prékopa-
Leindler inequality, f or g can be freely shifted, as if 7(z) =sup,_;_ ) xsay J (x)! =g (y)?
and w € R", then h(z + Aw) = SUP,_(1_ 1) x4y F(x)'g(y + w)* satisfies

/ sup  f) g (y +w)tdz :/ h(z) dz. (3.10)
R z=(1-2) x+Ay x R%

Proposition 3.5.4 (Prékopa-Leindler inequality (3.6) for positive C' functions). For
positive C! functions f,g € L1 (R") and A € (0, 1),

1-a pl
=4\
‘/*’Rn Z:(lf‘gxuyf(x) g(y) dz> (/" f) (/" g) . (3.11)

Equality holds if and only if f, g are log-concave and f(x) =a - g(x +w) fora > 0
and w € R™.

Proof. We may assume that /R,, f= fR” g=1and f, g are bounded as if f or g is
unbounded, then L,R" SUP = (1- ) x4y F) g (y)dx = co.

Let T = D¢ be the Brenier map satisfying (3.8). Since D ((1 —A)I,, +AT) is
symmetric, and all of its eigenvalues are at least 1 — A4, Lemma 3.5.3 yields that
(1 =) I, + AT is a diffeomorphism onto R”.

For z € R", we define (z) = f(x)! " g (T (x))'if z = (1 = )x + AT (x) forx € R".
We use Lemma 3.5.2 and substitution z = (1 — A)x + AT (x) with dz = det((1 — )1, +
ADT)(x) dx to obtain

! Z/Rn fx)dx = /Rn ) g(T(x))" det DT (x)* dx

s/ h((l ~ Dx +/1T(x)) det[(1 = )1, + ADT(x)] dx

- / h(z) dz < / sup  f(x)' " g(y)dz.

R z=(1-2) x+y

If equality holds in (3.11), then DT (x) = I,, for x € R" by Lemma 3.5.2, and hence
there exists w € R" such that 7' (x) = x + w. It follows that g(x + w) = f(x) for x € R".
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We may assume w = o by (3.10)), thus h(z) = f(z). Since equality in (3.11) yields
f(2) = h(z) = sup_(1_a)xeny f(x)!=1g(y)*, we conclude that f is log-concave. m

We recall that for f, f € Li(R"), their convolution is f * f(z) = /]R" f(x)f(z -
x)dx where [, % f = (fou £)(fon /) (cf. the Appendix Chapter 10).

Proof of Prékopa-Leindler inequality (3.6) for measurable f and g. We may assume
f f f g > 0. Approximating f and g by step functions from below (a step function is
of the form Zf.‘zl t;14, forty, ..., tx > 0 and pairwise disjoint measurable Ay, .. ., Ag),
we may assume that f = Zle silp, for s1, ..., sk > 0 and pairwise disjoint com-
pact By,...,Brand g = 3.7, rilc, forry, ..., r, > 0 and pairwise disjoint compact
Ci....,Cr, and hence z > sup__(;_ )42y f (%) g (y)?* is measurable.

Next we approximate these f and g by decreasing sequence of positive C* func-
tions { f;,,} and {g,, } from above. To construct such approximating sequences, enough
to find a decreasing positive C* sequence {¢,, } for 1x where X is compact. Let open
U,, be such that Nn,,U,, = X and clU,, C U,,_1, thus there exists r,, > 0 such that
Up+rmB" C Uy—y and Uyyyy + 1y B" C Uy,. Now we define ¢, = 1y, * hy,, where
Iy i R" — Ry is a C! function such that supph,, C r,,B" and ./R” hy, =1, and hence
1y, , £ ¢m < 1y,,,. Therefore, we can choose ¥, = Pom(x) + % e~ lIxI?,

Since f and g have compact support, sup__; )1y fm(¥)'~gm(y)* tends to
SUP,—(1- ) x+1y f(x)!=1g(y)* for any z € R". Therefore Proposition 3.5.4 applied to
Jfm> &m completes the proof of Prékopa-Leindler inequality (3.6). |

Extremizers: Non-negative f, g € L1 (R") extremizers for the Prékopa-Leindler inequal-
ity (3.6) for 1 € (0,1)if [ f, [ g > 0and

1-4 A
1-1 /ld — )
‘LR” Z:(lfl;ll%)x+/ly f(X) g(y) < (</R” f) (</R” g)

For F : R" — Ry, [k pn F = /Rn F for measurable F : R" — Rso if F < F,and

the set {F > F} has no measurable subset with positive measure. In this case, we say
that F is a witness for F.

Lemma 3.5.5. Given A € (0, 1), if fi, fo € L1(R™) are extremizers for the Prékopa-
Leindler inequality (3.6), and the same holds for g1, g> € L1 (R") then the convolutions
f1 % g1, 2 * g2 are also extremizers for (3.6).

Proof. To simplify the formulas, we set A = ¢; and 1 — A = ¢, and may assume that
fR” fi= /]R" h= /R" g1 = /R” g2 = 1. We define (assuming that x;, y;, z; € R™)

2

2
Fy= swp [ [fiG)¥andG() = swp [ [,

x=Y1 cixi =1 y=X2, ey i=1
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Possibly ' and G are not measurable but as fi, > and g1, g» are extremizers, there
exist measurable 0 < F < F and 0 < G < G such that /Rn f(x) dx = /Rn (~}(x) dx =1,
and neither {F > F} nor {G > G} contains a subset of R” with positive measure. We
write any point of R?" in the form (x, y) for x,y € R" = (z, y) — F(z)G(y) is a
witness for (z, y) — F(z)G(y), and hence (x, y) — F(x — y)G(y) is a witness for
(x,y) > F(x = y)G().

Setting x; = z; + y; in (3.12) , we have

1= /nﬁ*éz /R F(x - »)G(y) d(x.y)

LA i(yi)d 3.12
./*,RM xﬁyzszupc . Zsup y | | fi(zi)“ | |g (yi) d(x,) (3.12)
i% i=1 €Y i=
z,—eR" y; R

:/ sup sup nf,(xl yi)“ l_[gz()’z)“ d(x,y)

2
INEES 22 1 CiXi Y= 21 1€iYi =
xleR" yjERM?

2
> [ s s [ i) dya,
‘ R y=3

n K k .
R x=3F  cix; =Xio Ciyi, Yi€R" =1

and hence using Prékopa-Leindler inequality (3.6) yields

1> /'Rn)C ZSll (/ fl(xz yl)gl(yt) dyl) dx

CiXxi i=1

e Tleesras[](f 5] -

R x:Z, Cixi i=1
therefore, f; = g;, i = 1,2, are also extremizers. [

Characterizing equality in Prékopa-Leindler (3.6) for measurable f,g. For h e Li(R"),
let & be the Fourier transform A(z) = ./R" h(x)e™271x2) g,

For ¢ (x) = e‘"”x”2, we have ./R" y = 1 and the second partial derivatives d,gy/
bounded for @, =1,...,n. Forr > 0, let ¢, (x) = r " (x/r), and hence ¢, is log-
concave (and hence equality holds for f = g = ¢ in the Prékopa-Leindler inequality
(3.6)), ./R” ¥, =1, and ¥, (x) = ¥ (rx), and for any h € L (R"), h x y, is C! for r > 0
(cf. Lemma 10.2.2), and

1i1‘51+ h =+, (z) = h(z) if z € R" is a density point of A. (3.13)

Now let f, g be measurable extremizers for the Prékopa-Leindler inequality (3.6)
with f f, / g > 0. We may assume that fR" f= fR" g. Lemma 3.5.5 yields that for
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r > 0, the positive C! functions f * ¢, g * ¢, € L (R") are extremizers, and fRn f o=
/S /Rn g * Y. We deduce from Proposition 3.5.4 that there exists w € R" such that
f =, (x) = g =¥, (x +w) log-concave.

We may assume that w = 0 (otherwise we can exchange gbyxm g(x+ w) by
(3.10)). It follows f * 4, = g = ¢,, and hence f 1//, = m = g/*E =g Wr We
conlude that f = g; therefore, f(x) = g(x) for a.e.x € R™.

Finally have to show that f is a.e. log-concave. We deduce from Proposition 3.5.4
that f =y, log-concave, thus for r € (0, 1) and x,y € R", we have f . ((1 —#)x +
ty) > (f *¥,)(x)' " (g * ¥,)(y)!, and hence (3.13) for t € (0, 1) yields

F((I=Dx+1y) = f(0)' gy if (1-Dx+1y,x,y€Z (3.14)

where Z is the set of density points of f with [R"\Z| =
For x € R", let ¢(x) = limsup, _,,- "I*rrg,,lf where ¢ measurable and ¢(z) = f(z)
for z € Z, thus (3.14) implies that ¢ is log-concave. ]

3.6 Coordinatewise product of unconditional convex bodies

In this section, we show how the Prékopa-Leindler inequality (see Section 3.4) for log-
concave functions yields a strengthening of the Brunn-Minkowski inequality (3.1.3)
for unconditional convex bodies.

Definition 3.6.1. A convex body K c R”" is unconditional if (+x,...,+x,) € K for
(x1,...,x,) € K.

The Minkowski linear combination % X+ % Y can be considered as an arithmetic
mean of X,Y C R". We now introduce an operation that can be considered as the
geometric mean of two unconditional convex bodies.

Definition 3.6.2 (Coordinatewise product). If K, C ¢ R" are unconditional convex
bodies and A € (0, 1), then

Kt ct={ (bl el Tl ) €K & () €C

Remark. Readily, K'~* - C' c (1 = 1)K + A C. To show that M = K'=1. C?is an
unconditional convex body, first we observe that if 0 < s; <¢; fori =1,...,n, and
(t1,...,ty) € M, then (s1,...,s,) € M. From this property the convexity of M easily
follows.

Example 3.6.3. K'~*.C* might be much smaller than (1 — 1)K + A C. For example, if

Ki-ct = [-1,1]?
Ik+iCc o [-4£.4]%
In particular, |% K+ % C| can be arbirary large if a is large, while |K >.C 7| = 4.

K=la,a] ><[é,$]andC=[l l]><[a a]fora > 1,then



Hausdorff metric 89

Example 3.6.3 shows that the following inequality can be a substantial improve-
ment on the Brunn-Minkowski inequality (3.1.3).

Theorem 3.6.4 (Uhrin-Bollobas-Leader, equality by Saroglou). IfK,C c R"are uncon-
ditional convex bodies and A € (0, 1), then

K"t = k' CI (3.15)
Equality holds if and ony if K = ®C for a positive definit diagonal matrix ©.

Proof. Toprove (3.15), we apply the Prékopa-Leindler inequality (3.5) to the functions

f(xl"--sxn) = lK(exl,...,ex")ex1+"'+x"
gx1,...,xp) = 1lc(e*, ... e¥n)eM1t
h(.Xl,...,xn) = 1Kl—/l,c,l(ex1,...,ex")gxl+---+xn

If equality holds in (3.15), then we may assume that |K| = |C|, and hence the
equality conditions in the Prékopa-Leindler inequality (3.5) imply that f(xy,...,x,) =
gxi1+bq,...,x,+b,) for (by,...,b,) € R"; therefore, ® = diag(ebl, L T

3.7 Hausdorff metric on the space of compact subsets

We have already seen in Section 1.7 that the Hausdorff distance between compact
convex sets provides a natural topology on the space of compact convex subsets of R".
In this section, we show that the natural habitat of the Hausdorff distance is the space
of compact subsets, as Hausdorff introduced it more than a century ago.

Definition 3.7.1. Let (£, d) be metric space where each closed ball is compact.
Diameter If X c E compact, then diam X = max{d(x,y) : x,y € X}.

Parallel domain For compact X ¢ E and o > 0, let
X@ = {zeE:3xe X withd(x,y) < o},

which is compact, as well, as each closed ball is compact.

Hausdorff distance For compact X,Y C E, their Hausdorff distance is
§(X,Y) = min {g >0:X Y@ andy c X(Q)} .

It is equivalent to fiding the minimal o > O such that for any x € X, there exists
y € Y with d(x, y) < o, and for any y € Y, there exists x € X with d(x,y) < o.

Remark. ¢y is readily a metric on the space of compact subsets of E. For compact
X, Y C E, we write lim X,, =Y (X,, tends to Y), if lim 65(X,,,Y) =0.
m-—oo

m—oo

The following property directly follows from the definition:
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Lemma 3.7.2. Let (E, d) be a metric space where each closed ball is compact. For
compact X, Y C B, lim X,,, =Y if and only if
m—00

o {X,,} bounded (contained in a fixed ball);
e foranyy €Y, there exists x,, € X, such that limy,_,c X, = y;

e for any sequence x,, € X, any accumulation point y of {x,,} lies in Y.

Theorem 3.7.3 (Hausdorff). If (E, d) metric space where each closed ball is compact,
and X, C E is a bounded sequence of compact subsets, then there exists a subsequence
{ X} € {Xm} and a compact Z C E with lim, e X,y = Z.

Proof. We may assume that (E, d) is compact, and consider the compact meric ball
B(z,r){x€E:d(x,y) <r}forzeEandr > 0.

For any integer k > 1, we consider an 1/k-net Yy C E, and hence Yy is finite. We
take subsequences of {X,,} for k = 1,2, ... by induction on k to evetually construct a
{ X} € { Xy} with the following property: For any k > 1, there exists a threshold Ny
and Y, C Y suchthatif m” > Ny, then B(y, %) N X, #0fory €Y, and B(z, %) N Xy =
0 for z € Y, \Y/, and hence X,,, C Uyeyk{B(y, %) = Zi. It follows that Z = N} Zy is a
nn-empty compact set, and lim,,» 00 Xpy = Z. |

Lemma 3.74. Let (E, d) be metric space where each closed ball is compact, and
let u be a Borel measure on 2 such that for compact X C E, u(X) < oo and u(X) =
inf{u(U) : U D X open}. Let limy,,_,oc X,, =Y for compact X,,,Y C E.

(i) diamY = lim,,_, . diam X,,,,

(iii) (Y (@) < liminfe (X279 for o, > 0.

Proof. (i) follows from the definition of 6z and sequential compactness.

For (ii), choose any open U c E with ¥ ¢ U, and choose o > 0 with Y(¢) c U.
Since X,, ¢ Y(@) c U for large m, we deduce that u(X,,) < u(U).

For (iii), the set U = {z € £: 3y € Y with d(z,y) < 0+ £} is open and Y(©)
U c X2 for large m. ]

3.8 Steiner symmetrization of compact sets and the Brunn-Minkowski
inequality

We have seen in Section 1.10 how to use Steiner symmetrization to prove the Brunn-
Minkowski inequality for convex bodies. In this section, we extend the method to
compact subsets of R". First we prove the Brunn-Minkowski inequality in R for com-
pact sets.
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Lemma 3.8.1 (One-dimensional Brunn-Minkowski). If A, B C R compact, then
H'(A+B) > H'(A)+H'(B). (3.16)
Proof. Assume max A =minB =0, and hence A, BC A+BandANB={0}. =m

Definition 3.8.2 (Steiner symmetrization of compact sets). If X ¢ R" is compact, and
u € S" 1 then

O.X = U {x+ [-q,qlu:x € X|u* and?(l(Xﬂ (x+Ru)) = Zq} .

Lemma 3.8.3. Let X,Y C R" be compact, and let u € sn-1
(i) ® . X is symmetric through u*, and ©®,.X = rB" if X = rB" forr > 0;
(ii) ®,L X is compact, and ©,. X is convex if X is convex;
(iii) diam ©,: X < diam X;
(iv) 19, X| = | X|;
(v) |a®,LX + 80O,.Y)| < |aX + BY| for a, B > 0.

Proof. (i) follows by definition, and (iv) by Fubini’s theorem. For (ii), ®,. X is compact
by Lemma 3.7.4 (ii), and if X is convex, then Lemma 1.10.3 yields that ®,. X convex.

For (iii), as ®,,+ X is symmetric through u*, there exist ay,a> € X|u* and 11,2, > 0
such that a; + t;ju € ©,. X and diam ©,. X = ||(a| + tju — (az — tu)|| = ||[(a; — az) +
(t1 + tp)ul|, thus there exist r; > s; withr; > s5; +2t; and a; + rju,a; + s;u € X fori =1,2.
Assuming r| — sp > rp — §1 (otherwise switch a; and a;), we have r; — s >t + 1, and
hence diam X > ||(a; + riu — (az + sou)|| = Vlla; — az|? + (r1 — 52) > diam ©,,. X.

For (v), we may assume that @ = 8 = 1, and it is enough to prove that ®,. X; +
0,:X> C 0,:(X; + X;) for compact X;, X, € R" by (iv) where ©,.X| + 0,. X, is
symmetric through u*.

Let a; + tju € ©,.X; for a; € X;|u* and t; > 0, and hence H' (Xi N (a; + Ru)) >

2t;, which in turn yields that ' ((X1 +Xo)N(a; +ap + Ru)) > 2(t; + 1) by the
one-dimensional Brunn-Minkowski inequality (3.16); therefore, a| + as + (t; + t2)u €

0,1 (X1 + X2). "
Lemma 3.8.4. If uy, ..., u, orthonormal basis of R" and X Cc R" compact, then
O,0...0 Qqu is symmetric through ull, ..., Uy and is o-symmetric.

Proof. If Y C R" compact, 1 <i < j < nandY is symmetric through u;-, then @u;Y
is also symmetric through u;". ]

Theorem 3.8.5 (Iterated Steiner symmetrizations). If X C R" is compact with | X| =
|rB™| for r > 0, and € € (0, %), then there exist finitely many Steiner symmetrizations
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starting with X producing a X’ with | X’ nrB"| > (1 — &)|rB"|. In particular, there
exists a sequence { X, } of compact sets tending to a compact set X with rB" ¢ X
where Xo = X and Xpps1 = Oyt Xo, thyy € S L

Proof. According to Lemma 3.8.4, we may assume that X is o-symmetric, and let
X C RB™ for R > 0. Writing Fx to denote the family of convex bodies resulting from
finitely many iterated Steiner symmetrizations starting from X, we have |C| = |rB"|
for C € Fx by Lemma 3.8.3, and Theorem 3.8.5 is equivalent to proving that

E=sup{|CNnrB"|:C € Fx} = [rB"|. (3.17)

The argument is indirect, so we suppose that 2 < |rB"|, and seek a contradiction. For
k > 2, let C € Fx such that |Cx| > E — L, and hence

lim [CenrB"| = &, (3.18)

As Cr C RB", we may assume that C;, — Cy for an o-symmetric compact set Cy by
Theorem 3.7.3. In addition, we may assume that the compact sets C; = Ci\int(rB")
tend to some compact set, and the compact sets Cx N rB" tend to some compact set.
We claim that

|Col = [rB"|. (3.19)

|Ci| = |X| for k > 2 and Lemma 3.7.4 (ii) yield that |Cy| > |rB"|, and hence all we
need to verify is that |Cy| < |rB"| +n for any > 0. Choose @ > 0 such that X + aB" <
|X| +n, and hence Cy, + aB" < |X| +n for k > 2 by Lemma 3.8.3 (v), which estimate
implies |Cy| < |rB"| +n, and in turn (3.19) by Lemma 3.7.4 (iii).
Next we claim that
|ConrB"| =E. (3.20)

Since limg e C; € Co\int(rB") and limy . |C;| = [rB"| — E by (3.18), we deduce
from Lemma 3.7.4 (ii) that |Co\int(rB")| > |rB"| — E. Moreover Lemma 3.7.4 (ii),
(3.18)and limg o Cx NrB™ C Co N rB™ imply |Co N rB"| > E, and hence we conclude
(3.20) by |Co\int(rB™)| = |rB"| — E.

As |Co N rB™| = E < |rB"|, there exist zg € int(rB™")\Co and o > 0 such that
z0 + oB" C int(rB")\Cy and |(r + 30)B"| — |[rB"| < %(|rB" — E). It follows from
|Ci| = |rB"| and |C N rB"| < E that |Ci| > (|rB"| - E) for

5k = Ci\(r +30)B"

and k > 2. Considering the averge of the integral of |(z + 0B") N Ci| for z € (R +
0)B™\(r +20)B", we deduce that existence of z; € (R + 0) B"\(r + 20)B" such that

1(rB"| - E)

+ 0B N Cy| > yloB"| fory = ,
[(zk + 0B™) N Ck| = y|oB"| fory I(R + 0)B"\(r +20)B"|

(3.21)
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while (zx + oB") NrB" =0 as z; ¢ (r +20)B".
There exists k large enough such that % < v |oB"| and zg + oB" C (rB")\Cy;
therefore, if uy, = =2k
) llzo—z«ll
satifies

and [|x — x¢ || < o forx € u; and x = zx|uy, then £, =x + Ruy

H' (6N 7B 10,2 Cr) = min {H' (€ 0 rB") , H' (60 Cp)
> H' (6 N rB" N C) +H' (6N (2 +0B™) N Cr),
and hence (3.21) implies
|rB" n ®M;Ck‘ > |Cxl+y|0B"| > E,
which is a contradiction verifying (3.17). ]

Theorem 3.8.6 (Brunn-Minkowski via Steiner symmetrization).
If X,Y c R" are measurable and a, 8 > 0, then

1
laX +BY|T > a|X|7 +B|Y]|".

Proof. As the Lebesgue is regular, we may assume that X, Y compact with |X| = |rB"|
and |Y| = |RB"| for r, R > 0, and as the Lebesgue is n homogeneous, we may assume
that @ = 8 = 1. It is sufficient to prove that for any € > 0, we have

n
IX+Y|+& > (|X|%+|Y|%) . (3.22)

Choose ¢ > Osuch that |[X +Y + oB"| < |[X + Y| +¢.

We consider the sequences X,,, Y, of compact sets provided by Theorem 3.8.5
such that X = Xp and Y =Yy, X,,41 and Y,,,,; are Steiner symmetrlals of X, and Y,,,,
respectlvely, and X, and Y}, tend to compact sets X and Y, respectively, satlsfymg
rB" c X and RB" C Y. It follows from Lemma 3.7.2 that X, + Y,, tends to X +Y.
Applying Lemma 3.7.4 (iii), and then Lemma 3.8.3 (v) yields that

n —_ —_ n
|(r+R)B"|:(|rB"|%+|RB"|%) < (|X|%+|Y|%)
< liminf [X,,, +Y,, + oB"| £ | X +Y + oB"| < | X +Y]| + ¢,

m-—-0oo

proving (3.22). ]

Actually, there is a stronger version of Theorem 3.8.5 where one uses a fixed set
of hyperplanes independent of the convex body.

Theorem 3.8.7 (Bianchi, Gardner, Gronchi [71,72]). Let vy,...,v, € S*~! be inde-
pendent such that (v;,v;) # 0 for i # j, and Z(vi,v2) = an for irrational @ € (0, 1),
and let upn+i = v; fork e Nandi e {1,...,n}.

If X c R"™ is a compact set with | X| = |rB"| for r > 0, then X, tends to r B" where
Xo = X and Xm+1 = @u’th.
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3.9 Comments to Chapter 3

The Brunn-Minkowski inequality for convex bodies was proved by Brunn [131] in
dimensions n = 2, 3, and by Minkowski in any dimensions (see Section 3.B for their
argument). It was Minkowski’s work [465] where the importance of the inequality was
recognized, and it has found its place within a whole, now called Brunn-Minkowski,
theory.

There is a trivial way to construct examples of measurable subsets X, Y c R?
such that X + Y is not measurable; namely, for an orthornormal basis e, e; € R2, let
X c Rej andY C Rej be non-measurable subsets with respect to the one-dimensional
Lebesgue measure. To construct X and Y spanning R?, one can use the measurable
subsets A, B C R constructed by Sierpinski [533] such that A + B is non-measurable,
and take X = A X [0,1] and Y = B x [0, 1].

However, Minkowski linear combination of Borel sets is analytic (in the sense
of Descriptive Set Theory, see Kechris [363]), and hence measurable. Here a set is
analytic if it is the continuous image of a Borel subset of a complete separable metric
space, and if X,Y € R" Borel and @, 8 > 0, then aX + BY is the image of X XY by
the map (x, y) — ax + By from R"” X R" to R".

One of the early arguments proving the Brunn-Minkowski inequality for con-
vex bodies is due to Hilbert, and is based on a spectral gap estimate for a differ-
ential operator (see Bonnesen, Fenchel [81] for the original argument of Hilbert).
This approach was further developed by Aleksandrov [3, 7] leading to the general-
ization Aleksandrov-Fenchel inequality of the Brunn-Minkowski inequality (see Sec-
tion 8.5.2 based on additional ideas by van Handel, Shenfeld [300]), and also to the
L ,-Minkowski inequality Theorem 8.8.5 improving the Brunn-Minkowski inequal-
ity for origin symmetric convex bodies by Chen, Huang, Li, Liu [154], based on the
local result by Kolesnikov, Milman [381]. Another fundamental approach proving the
Brunn-Minkowski inequality for convex bodies is initiated by Gromov’s influential
appendix to Milman, Schechtman [461] (using ideas by Knothe [376]) providing a
proof of the Isoperimetric Inequality Theorem 2.4.1 using optimal transport, and the
argument can be readily extended to the Brunn-Minkowski inequality and the Prékopa-
Leindler inequality. This approach lead even to the stability versions Theorem 8.6.4
and Corollary 8.6.5 of the Brunn-Minkowski inequality by Figalli, Maggi, Pratelli
[224,225]. We note that the original argument of Brunn and Minkowski (see Sec-
tion 3.B) can be also considered as a version of the mass transportation approach.

The Brunn-Minkowski inequality for measurable subsets of R" is proved by Lusternik
[431] in 1935, and the equality case is clarified by Henstock, Macbeath [309] much
later. The beautiful proof in Section 3.2 is due to Hadwiger, Ohmann [297]. This idea
also leads to a simple proof of the Brunn-Minkowski inequality with exponent % ina
simply connected nilpotent Lie group of topological dimension n (see Pozuelo [491]
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and (3.24)), and is also extensively used in the study of log-concave measures by Borell
[86].

The application of the Brunn-Minkowski inequality in Section 3.3 is due to Green,
Tao [269] (see also Tao, Vu [548]).

The Prékopa-Leindler inequality was proved by Prékopa [492,493], Leindler [399],
Borell [86], and the case of equality was originally characterized by Dubuc [195],
and later Balogh, Kristdly [44] provided an argument using displayment convexity
in optimal transport. The idea to use optimal transport to prove the Brunn-Minkowski
inequality is due to Knoethe [376], and was popularized later by Gromov (see Milman,
Schechtman [461]). The argument characterizing equality in the Prékopa-Leindler
inequality in Section 3.4 is new. Stability versions of the Prékopa-Leindler inequal-
ity were verified by Boroczky, De [94] for log-concave functions, and by Bordczky,
Figalli, Ramos [98] in general.

A generalization of the Prékopa-Leindler inequality is the Borell-Brascamp-Lieb
inequality proved by Borell [86] and Brascamp-Lieb [124]. For p e R,a,b >0and 1 €
(0,1), let Mf (a,b) =((1=A)aP +2 bp)% and let M (a, b) = min{a, b}. Now the
Borell-Brascamp-Lieb inequality says thatif p > —%, A€(0,1)and measurable f,g,h:
R"™ — [0, o0) with positive integrals satisfy that 2((1 — )x+1y) > Mf{ (f(x),g(y)
whenever f(x), g(y) > 0, then

/nth;f’"(/Rnf,/ng). (3.23)

If p =0, then we get back the Prékopa-Leindler inequality. Equality in the Borell-
Brascamp-Lieb inequality is charactherized by Balogh, Kristaly [44] using display-
ment convexity in optimal transport.

The Prékopa-Leindler inequality, and even the Borell-Brascamp-Lieb inequality
was generalized to Riemannian manifolds by Cordero-Erausquin, Schmuckenschléger,
McCann [177] (see Cordero-Erausquin [173] for the spherical and hyperbolic case)
where equality is charactherized by Balogh, Kristdly [44]. In these papers, 2((1 — )x +
A7) in the condition of the Prékopa-Leindler inequality (or in the more general Borell-
Brascamp-Lieb inequality) is replaced by A(z,(x, y)) for A € (0, 1) where z,(x, y) is
the point of the geodesic segment between x and y dividing the length of the geodesic
segment in ratio A : (1 — ).

Tao [547] also verified the following analogue of the Prékopa-Leindler inequality
for a simply connected nilpotent group G of topological dimension n similarly to the
argument in Section 3.A. Let u be a Haar measure on G (u is unimodular in this case;
namely, both left and right invariant) and let A € (0, 1). If non-negative measurable
functions f, g, h on G satisfy that 1(xy) > f(x)'~1g(y)* for x, y, then

1 1-4 A
/Ghd“z (1= )n(=D a2 (/cfd”) (/ngﬂ) '
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Actually, this unusual Prékopa-Leindler type inequality still yields the Brunn-Minkowski
inequality in G according to Tao [547]; namely, if X - Y c Z for measurable X,Y,Z C
G, then

u(Z)n = p(X)n + p(Y)n. (324)

In the proof of the Prékopa-Leindler inequality in Section 3.5, one can also use
the analogue of Knothe map initated by Knothe [376] instead of the Brenier map (see
i.e. Maggi [439]). For positive C' probability measures f, g on R”, the Knothe map
T(x1,...,xn) = (T1(x1),Tr(x1,x2),...,T,,(x1,...,x,)) is defined as follows:

/ f= / g
{(z15--»zn):z1 T (x1) } {150 yn)y1<x1}

.....

[(21,---,2n)3215T1(x1),ZzﬁTz(XIJQ)} </{()’1 ----- )’n)z)’lfxlaYZSXZ}g’
and so on. In particular, we have again (3.8). Since DT is lower triangular, one can use
the analogue of Lemma 3.5.2 for lower triangle matrices.

Theorem 3.6.4 for the coordinatewise product is proved independently by Uhrin
[556], Bollobas, Leader [80] and Cordero-Erausquin, Fradelizi, Maurey [174], and the
equality case was clarified by Saroglou [508].

For in depth studies on Steiner symmetrization and Schwarz symmetrization of
compact sets, see Bianchi, Gardner, Gronchi [71,72].

3.A Supplement: Common elementary proof of the Brunn-Minkowski
inequality and the Prékopa-Leindler inequality by induction

We present the probably most elementary proof of the Brunn-Minkowski inequality
and the Prékopa-Leindler inequality (using now outer measure, not the inner measure).
While this argument exhibits the equivalence of the Brunn-Minkowski inequality and
the Prékopa-Leindler inequality, it does not seem to lead to a characterization of the
equality case.

Theorem 3.A.1. Let A € (0,1) and a, B = 0.

Brunn-Minkowski inequality For measurable X,Y,Z c R",
ifaX + BY C Z, then 1 1 1
|Z]" > a|X|" + B|Y|7; (3.25)

Prékopa-Leindler inequality for measurable f,g, h : R" — Ry, if h((1 — )x +
Ay) = f(x)' "g(y)* for x,y € R", then

ol (L e
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Proof. Step 1 Brunn-Minkowski inequality when n = 1.
We may assume that X and Y are compact by the regularity of the Lebesgue meas-
ure, and max X = minY = 0. Then a X, BY C Z, and aX N BY = {0}, yielding (3.25).

Step 2 Prékopa-Leindler inequality when n = 1.

We may assume that f, g € L;(R), are bounded and sup f = supg = 1. As the
condition on f, g, h yields that (1 — ){f >t} + A{g >t} c {h >t} fort € (0, 1);
therefore, the layer cake formula, the Brunn-Minkowski inequality when n = 1 and
AM-GM inequality imply

1 1
/hz/ H' ({h > 1}) dtz/ A=-DH " ({f >1}) +AH ({g > t}) dt
R 0 0

== [ reafge (/f) (/g)

Step 3 Prékopa-Leindler inequality for n > 1 by induction.
Assume that the inequality holds in R*~! forn > 2. Forau € S"~! and t € R, let

F(t) = fFdH"™, G(1) =/

ut+tu ut+tu

gdH"™', H(1) = / hdH"".
ut+tu

Since A((1 = A)x+ Ay +tu) > f(x+ru)' ~g(y+su) forx,y €cut andr,s,t € R with

(1 = A)r + A s =t, the Prékopa-Leindler inequality in u* implies that H((1 — A)r +

As) = F(r)'=1G(s)* for r, s € R. In turn the Fubini theorem and the one-dimensional

Prékopa-Leindler inequality for F, G, H yield

for= L= (o) () = (L) (L)

Step 4 Brunn-Minkowski inequality for n > 1

If 1 € (0,1) and measurable X,Y,Z c R" satisfy (1 — )X + 1Y C Z, then the
Prékopa-Leindler inequality for f = 1x, g = 1y and h = 1 implies that | Z| > | X|'=4|Y|*.
The general Brunn-Minkowski inequality follows by the n-homogeneity of the Lebesgue
measure (see Lemma 3.1.4). [ ]

3.B Supplement: Equality in the Brunn-Minkowski inequality for
measurable sets via Henstock-Macbeath and Hadwiger-Ohmann

This section sketches the argument to classify equality in the Brunn-Minkowski inequal-
ity (3.1.3) based on the papers Henstock, Macbeath [309] and Hadwiger, Ohmann
[297]. One of the equivalent forms of the Brunn-Minkowski inequality (cf. Lemma 3.1.4)
is that if X,Y < R” are measurable, then

1
X +Y|" > |X|7 +|Y|n.
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Theorem 3.B.1 (Equality in Brunn-Minkowski inequality). If X,Y c R" measurable
1

with | X|, |Y] € (0,00) and | X + Y| = |X|$ + |Y|%, then there exist homothetic convex

bodies K > X and C D Y with |[K\X| =0 and |C\Y| = 0.

In order to reduce the equality case of Brunn-Minkowski inequality to compact
sets, we use the notion of inner density points following Henstock, Macbeath [309].
For bounded Z c R", we say that z € R" is an inner density point if

1ZNn (z+0B")|. _

lim =1.

0—0* lo B"|

Let Z. be the set of inner density points associated to Z, and hence |Z.| = |Z. N Z| =
|Z]. follows from using Lebesgue’s density theorem to a measurable set of maximal
measure in Z. We also observe that if Z is compact, then Z,. ¢ Z. The following simple
observation is due to Henstock, Macbeath [309]:

Lemma 3.B.2 (Henstock, Macbeath). If X,Y C R" are bounded measurable, then
X.+clY Cc (X+Y)..

To handle the equality case of Brunn-Minkowski for compact sets, we also need
the following estimates due to Hadwiger, Ohmann [297] H*, H~ are complementrary
closed halfspaces if H* N H~ is the common boundary.

Lemma 3.B.3. If|X|,|Y| > 0 for compact X,Y C R", and z € R" and complementary
closed halfspace H*, H™ satisfy that 0 < |X*|/|X| = |Y*|/|Y| < 1 for X* = X N H,
X" =XNnH,Y"=YN(z+H)andY =Y N (z+H"), then
# eyt Y- |w
(i |X1+Y|nl Zmin{ |X1+Y| -, |X1+Y | 1}
X7 4lY |7 X Y| X[ Y|

|
| Xt+Y*|n

1 T

|XH 7+ Y|

(ii) Equality holds in (i) ifand only if [ X + Y| = | Xt + Y|+ | X~ +Y | and
IX~+Y " |%
- I T
X~ |7 +ly-|n
Proof. We may assume that o € 0H" and z = o0, and hence X" +Y* c H* and X~ +
Y~ c cl(R"\H"). It follows that | X + Y| > | X* +Y*|+|X~ +Y | and
| X +Y]| 3 X +7Y]|
1 1y, 1 1 1 1
(X7 +[Y[=)m (X + (Y + (X[ + Y [n)"
S [ X*+Y*+| X" +Y |
= T T T T
(IXHm + [Y*H[m) + (| X |7 + [y [=)"

| Xt +YH X~ +Y7|

> min 1 1\’ 1 1\
(11 ) (11 + 1yl

The characterization of the case of equality in (i) readily follows. |
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Sketch of the proof of Theorem 3.B.1. X and Y are bounded because otherwise | X +
Y|« = co. We may replace X and Y by their closures by Lemma 3.B.2, and hence we
may assume that X and Y are compact.
We claim that
X Cc clconvX, and Y C clconvY.. (3.27)

Thc argument is indirect, we suppose that there exist for example an xg € X \X for
= clconvX, and Y = cl convY,. For the closest point X € X to xo (cf. Lemma 1.2.2),
let § € @Y be aboundary point with exterior normal xo — £, and let y € Y, with ||y — 7|| <
3 Lllxo —%||. Thenxg+y € X + Y i 1s a den51ty pomt not contained in X + Y, which fact
leads to a contradiction as | X + Y | >|X | n4+|Y | by the Brunn-Minkowski inequality,
verifying (3.27).
Next we observe that

x1,x2 € X, and conv{xy,x3} C X yield conv{x,x;} C X, (3.28)

by the Brunn-Minkowski inequality, and the analogous statement holds for Y.
Now we prove that

X =clconvX, and Y = clconvY,. (3.29)

The argument is indirect, we suppose that for example X # cl convX,. It follows from
(3.27) and (3.28) that there exist x;,x, € X, and A € (0, 1) withw= (1 = )x;1 +Axr ¢ X,
and hence writing ey, . . ., ¢, to denote an orthonomal basis of R with e, = |I§ : :ﬁ” ,
there exists @ > 0 such that (w + [—a,a]™) N X =0 and w + [—a, a]” C intconvX,.

By translating X, we may assume that w = o.

Setting Xo = X and Yy =Y, we construct X1, ..., Xo,—0 and Yy, ..., Ys,_> by induc-
tiononi=1,...,2n~2suchthat X; = X; | C H for Hf = {x : (x,e;) < a}ifi=
1,. n—landHJr {x:{x,—e;) <a}ifi=n,...,2n—2,and compactYy,...,Y2,_2

are constructed using Lemma 3.B.3 in a way such thatO <|X;|/|1X| = 1Y:|/1¥Y] < 1 and
IX; +Yi|n = |X;|7 +|Y;|7 fori=1,...,2n—2.

Set X = Xon_2, Y =, Xon_», and hence X* = H* N X and X~ = H N X for H* =
{x:{x,en)=0}and H™ ={x: {x,e,) <0} satisfy thata* = min{{x, e, ) : x € X*} > q,
a” =max{{x,e,):x € X"} <-a,|X*|>0and |X"| >0asx; € X*andx, € X~.
Let us translate Y in a way such that 0 < |[X*|/|X| = |Y*|/|Y| < 1 forY* =Y N H*
and Y~ =Y N H™, and let 87 = min{(y,e,,) : y € Y*} > 0 and B~ = max{(y, e,) :
y € Y7} < 0. We deduce from Lemma 3.B.3 that |[X + Y| = |X* +Y*| + |X~ + Y| and
|X* +Y+7 = |X*|n o+ V|7

Since Y* C clconvY; by (3.27), there exists y € Y;F with 8, < (y, e,,) < B+ +a.
Choose x € X~ with {(x, e¢,,) = @_, and hence

max{{z,e,):z€ X +Y }<a <{x+y,e,) <Bs+a<min{{z,e,):z€ X +Y"}.
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Therefore, x + y is a density point of X +Y contained neitherin X~ + ¥~ norin X* + Y,
contradicting |X + Y| = |X* + Y*| +|X~ + Y|, and verifying (3.29).

Finally, (3.29) implies that X and Y are convex bodies. We deduce from the equality
case of the Brunn-Minkowski inequality for convex bodies (see Theorem 1.12.3) that
X and Y are homothetic. =



Chapter 4

The Isoperimetric inequality in the case of Lipschitz
boundary

4.1 The Isoperimetric inequality in the Euclidean space

The isoperimetric inequality; namely, that the surface area of a body of given volume is
minimized by balls, is probably the most funcdamental geometric inequality. However,
while what the notion of volume should be has been essentially clear for millenia - that
is the Lebesgue measure in today’s terms, - the suitable notions of surface area have
been understood only the last decades. In the main part of the book, surface area in R"
is the (n — 1)-dimensional Hausdorff measure of Lipschitz hypersurfaces. We note that
the "right notion" seems to be the more technical Finite Perimeter, which is reviewed
in Section 5.1.

First we recall from Appendix Chapter 10 the notions we need to speak about
surface area in this chapter.

Definition 4.1.1 (Hausdorff measure H¢). Fora > 0, & > 0and X c R", let

(H(‘fg)(X) = inf {Z(diam Z)*: X cU2,Z; and Vdiam Z; < 8} .
i=1

The Hausdorff outer measure is H*(X) = lim, o+ F& - 7—[(‘;) (X), and H? is the

corresponding Borel measure (here w,, = |B"|).

Remark. Concerning normalization, H"(X) = | X| for Borel X c R", which follows
by the Isodiameteric Inequality Theorem 3.1.8.

The key objects in our study are the Lipschitz functions and their images.

Lemma 4.1.2 (Lipschitz function and Rademacher’s theorem).
Let L >0, f : X — Z be surjective for X C R" and Z c R™ such that

If(x) = fWI<L-llx =yl forx,y € X.

e H*Z) < LY - HYX) for any a > 0. In particular, H*(Z) = 0 if H*(X) = 0.

o If X is open, then f is H" a.e differentiable; namely, there exists m X n matrix
Df(z) at a.e.z € X with

f() = f@)+Df()x = 2) +o(llx - zlD);
[X)=F()=Df(@)x=2) _

[lx—zl|

or in other words, lim,_,,



102 The Isoperimetric inequality

Basic properties of compact sets with rectifiable boundary are discussed for example
in Federer [212] and Ambrosio, Colesanti, Villa [18]:

Definition 4.1.3 (Rectifiable boundary). For a compact X c R” that is the closure of
its non-empty interior, we say that X has rectifiable boundary if and dX is the union
of finitely many sets that are Lipschitz images of compact subsets of R”~!. In this
case, 0 < H" 1(0X) < oo, and for H" ! a.e. x € 0X, there exists a unique exterior
unit normal vx(x) € §*~! to X at x, and hence x — tvx(x) € int X for small ¢ > 0.
In particular, a small neighbourhood of x on dX is a graph of a Lipschtitz function
F : U — R" on an open neighbourhood U c R"~! of 0 € R*~! with F(0) = x, the
differential D F (o) exists and is of rank n — 1, and vx(x) is ortogonal to the image of
DF (o).

Remarks. For example, any convex body has rectifiable boundary (cf. Lemma 1.5.6).
Compact sets with rectiafiable boundary are sets of finite perimeter (cf. Example 5.1.4).

In this book, we mostly use the notion of surface area; namely, the Minkowski
content, that is derived from volume of the parallel domain X'®) = X + oB" of a
compact X with rectifiable boundary. The following stament is proved for example in
Federer [212], Theorem 3.2.39, and in Ambrosio, Colesanti, Villa [18].

Theorem 4.1.4 (Minkowski content). For a compact X C R”" that is the closure of its
non-empty interior and has rectifiable boundary, its Minkowski content is

(@) —
S(X) = P(X) = lim w =H"1(8X).
0—0*

Remarks.
¢ Theorem 4.1.4 yields for example that S(B") = n|B"| = nw,.

¢ S(X) = P(X) has various names, it is called; for example, perimeter, Minkowski
content or surface area of X (see Chapter 5 for the generalization of the notion to
sets of finite perimeter).

o S(yX)=9y""'S(X) fory > 0and S(®X +z) = S(X) for ® € O(n) and 7 € R".

Theorem 4.1.5 (Isoperimetric Inequality in R"). For a compact X C R" that is the
closure of its non-empty interior and has rectifiable boundary, and |X| = |rB"| for
r > 0, then S(X) > S(rB"); or equivalently,

Lo
S(X) = nw! | X" . 4.1)

Remark. According to Theorem 5.2.1, equality holds in (4.1) if and only if X is a
Euclidean ball, and the Isoperimetric Inequality (4.1) holds even if X has finite peri-
meter (using the appropriate definition of surface area). The Isoperimetric Inequality
for convex bodies is discussed in Theorem 2.4.1.
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Proof. The Brunn-Minkowski inequality (3.1) yields

1 1\
X + 0B"| - |X] (1X1% + 01B"I%)" - 1
m —_—

li > lim
0—0* 0 0—0* [
+ 0)B"| — |[rB"
o0—0*

After various attempts, satisfactory stability version of the Isoperimetric Inequality
Theorem 4.1.5 was provided by Fusco, Maggi, Pratelli [251] (actually, even in the
more general framework of sets of finite perimeter, cf. Theorem 5.2.2), whose estimate
was improved by Figalli, Maggi, Pratelli [225]. To state the result, for compact sets
X,Y cR" leta = |X|7 and B =|¥|7, and let

A(X,Y) = min {|aXA(z+BY)|: z € R"}.

Theorem 4.1.6 (Figalli, Fusco, Maggi, Pratelli). For6, =227 ifa compact X c
R"™ has rectifiable boundary, then

L
S(X) > nwl [X|"% [1+6, - A(B", X)?]. (4.2)

Remark. Here the exponent 2 of A(K, E)? is optimal, and 6,, can’t be larger than
36n2 (see Remark 8.6.6).

4.2 Sobolev inequality

We write C!(R") to denote the space of C! functions on R” with compact support.
The following fundamental inequality on the gradient of a C! function is esentially
equivalent with the Isoperimetric Inequality:

Theorem 4.2.1 (Sobolev inequality). If f € CL(R") and n’ = -2, then

[ 1= niisl. @3

Remark 4.2.2.

(1) Our proof of the Sobolev inequality shows that it holds for any Lipschitz f €
L, (R™) such that the level sets {| f| > ¢} are bounded and satisfy the isoperimetric
inequality (4.1) for a.e.t > 0; for example, if the typical level sets are bounded and
convex.
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1
(i1) Factor nw,; is optimal, as if o > 0, and

(x) = 1pn(x) if|lx]| < lor|x|| =1+ 0;
T =0 1o L= 1) if 1<l < 1+,

then ||D fo (x)|| = ]E forx € (1+0)B"\B",and || D f,(x)|| = 0 otherwise; therefore,

1 , N , 1/n’
lim/ IDf,ll = H" ' (8B") = nw} |B"|"" = nw} lim / | fol” )
0—0" Jrn 0—0" \ Jrn

(iii) Sobolev inequality holds for the larger class of BV functions (functions of bounded
variations) (cf. Theorem 5.3.1) where equality holds if and only if f = al,,pn
fora,r > 0 and x € R".

(iv) Sobolev inequality yields the Isoperimetric Inequality for any comvex body X C

R". For ¢ > 0, let f,(x) = 1x(x) if x € X orx ¢ X(©), and let f,(x) = 1 — 42X

if x € X(@)\ X where d(x, X) is the distance of x from X. Then D fo(x)|| = é if
x € X(@\X, and || D f,(x)|| = 0 otherwise; therefore,

1 AV 1
H" 1 (0X) = lim / IDfoll = nw;; lim (/ |fg|”) :nw,’[lX|Tl.
0—0% Jrn 0—0" \ Jrn

In order to prove the Sobolev inequality (4.3), we need some additional tools from
analysis:

Lemma 4.2.3. Let f : R" — R be Lipschitz.
Sard’s Theorem: H' ({t e R :3x € f71(¢) such that D f(x) = 0 or ﬂDf(x)}) =0.

Coarea formula: ./Rn IDf|l = /RW”_I (f_l(t)) dt = /RS({f > t})) dt.

Lemma 4.2.4. If F : [0,0) — [0, o) decreasing function with F £ 0, and a > 1,

then . . o
@ / r“—lF(z)“dzs( / F(t)dt) . (4.4)
0 0

Equality holds if and only if F(t) = c1jo,1(t) for some c,T > 0.

Proof. Since F is decreasing, tF(t) < foz F(s) ds. Hence,

t a-1 t a
a(tF(t))a_]F(t) < a(/ F(s) ds) F(t) = %(‘/ F(s) ds) )
0 0

Integrating the inequality above over (0, c0), yields the inequality (4.4). |
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Proof of Theorem 4.2.1. We can assume that f is notidentically zero. Since f € Cé (R™),
| £1~1(¢) is empty or is the C!, and hence rectifiable, boundary of {| f| > ¢} fora.e.t > 0,
we deduce from the Isoperimetric Inequality Theorem 4.1.5 that

H (1717 0) = nwf 11 > 0] 45)

fora.e.t > 0.
Combining the coarea formula Lemma 4.2.3 with (4.5) and Lemma 4.2.4 (with
F(t) = |{f > t}|"/" and a = n’), we have

[psi= [#e (7w ar= [T w1517 @)

0 1/n’ 0 1/n’
an,t/"(n'/o r"’—1|{|f|>r}|dr) =nw}/”(/0 |{|f|"’>s}|ds)

1
= 1oy |l
where the last equalities follow from {| f| >t} = {|f|" > '}, the substitution s = 1"’
and the layer cake formula. |

4.3 The Anisotropic Isoperimetric inequality

In order to define the Anisotropic Perimeter of a compact set with rectifiable boundary,
we need some notions in convexity. For a convex body K ¢ R" with o € int K, and
for x € R”, Section 1.6 introduces the convex and one homogeneous support function
hg(x) = max{{y,x) : y € K} on R", and Section 1.9 discusses the associated norm
|lx||lx =min{z > 0:x € r K}, the polar convex body K* ={z € R" : (z,y) <1V y € K},
and the relation /g (x) = ||x||x+. According to Definition 4.1.3, if a compact X c R”
has rectifiable boundary, then 0 < H"~!(x) < oo, and for H" ! a.e.x € 0X, there
exists a unique exterior normal vy (x) € §”~!. Extending the ideas of Federer about
the Minkowski content, the following statement is due to Chambolle, Lisini, Lussardi
[147] and Lussardi, Villa [430]:

Theorem 4.3.1 (Anisotropic Minkowski content). For a compact X C R" that is the
closure of its non-empty interior and has rectifiable boundary, if K C R" is a convex
body with o € intK, then

X + K| - |X| _

PK(X) = lim
o—0* o

/ i (vx) dH = / vyl dH.
o0X 0X

Remarks. Pk (X) is called anisotropic perimeter or anisotropic Minkowski content.

e Theorem 4.3.1 yields that Px (K) = n|K]|.
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s Px(yX)=9y""'Pg(X)fory > 0.
¢ Pg(X) does not depend on translating K as the Lebesgue measure is translation
invariant, and hence /ax<”’ vx) dH" ' =0 for u € R™.
The Anisotropic [soperimetric Inequality is a consequence of the Brunn-Minkowski
inequality (3.1) stating that if X,Y c R" compact and «, 8, | X|, |Y| > O, then
laX +BY|7 > a|X|7 +B|Y]|7. (4.6)

Theorem 4.3.2 (Anisotropic Isoperimetric Inequality). For a compact X ¢ R" that is
the closure of its non-empty interior and has rectifiable boundary, if K C R" is convex
body with o € intK, and |X| = |rK| for r > 0, then Px(X) > Px(rK). Equivalently,

1 n-1
Pr(X) = n|K|"|X|"". (4.7)

Remark. Assuming X = cl int X, equality holds if and only if X = z + 7K, as it follows
from Theorem 5.2.1 even dealing with the case of sets of finite perimeter. The case
when X is a convex body has been already considered in Theorem 2.4.4.

Proof. The Brunn-Minkowski inequality (4.6) yields that
1 " 1 \"
X+ okl = x| _ (X7 +elKI7) = 1XI_ (I7KTF + |oK|#) -~ 1K
© © o
_ |rK + oK| — |rK| — Py (rK).

After various attempts, satisfactory stability version of the Anisotropic Isoperimet-
ric Inequality Theorem 4.3.2 was provided by Figalli, Maggi, Pratelli [225] (actually,
even in the more general framework of sets of finite perimeter, cf. Theorem 5.2.2). We
recall that for compact sets X,Y c R",if @ = |X|_7l and 8 = |Y|_7], then

A(X,Y) = min {|aXA(z + BY)| : z € R"}.

Theorem 4.3.3 (Figalli, Maggi, Pratelli). For 6, =2"'%n""7 ifa compact X c R" is
the closure of its non-empty interior and has rectifiable boundary, and K C R" is a
convex body with o € intK, then

Px(X) > nK|7|X|" [1+6, - A(K,X)?]. 4.8)

Remark. Here the exponent 2 of A(K, X)? is optimal, and 6,, can’t be larger than
36n% (see Remark 8.6.6).

In some sense, the following Anisotropic Sobolev inequality inequality is the func-
tional version of the Anisotropic Inisotropic inequality:
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Theorem 4.3.4 (Anisotropic Sobolev inequality). If f € Cé (R™"),n" =15 and K CR"
is a convex body with o € intK, then

[ 1051
Rn
Remark 4.3.5.

*  Proof of the Anisotropic Sobolev inequality runs as the argument for the Sobolev
inequality Theorem 4.2.1, only the Coarea formula has to exchanged into the

Anisotropic Coarea formula:
[ sl = [ 2 (s @) ar
R" R
and the classical Isoperimetric inequality is replaced by the Anisotropic Iniso-
tropic inequality (4.7). This proof yields the Anisotropic Sobolev inequality for any
Lipschitz f € L_»_(R") such that the level sets {| f| > 7} have rectifiable boundary
fora.e.r > 0.

1
k= 2 n|K[7 || £l

* Factor n|K |% is optimal, and the Anisotropic Sobolev inequality yields the Anis-
tropic Isoperimetric Inequality.

* According Theorem 5.3.1 (see also Figalli, Maggi, Pratelli [227]), the Anistropic
Sobolev inequality has a natural extension to functions of bounded variation where
equality holds if and only if f = al .,k for a,r > 0 and x € R", and [227] even
verifies a stability version.

4.4 Wulff shape and minimizing surface energy

We recall that a function o : $"~! — R.q is lower semicontinous if uy — u for u,uy €
S"~1 yields that o(u) < liminfi_ o(ux). In this case, inf o > 0.

Definition 4.4.1 (Wulff shape). Given bounded lower semicontinous o : s 5 Rop,
the corresponding Wulff shape is

Wo={xeR": (x,u) < o(u)Vu € sy

Remark. W, is a convex body with o € int W, and hw, (1) < o(u) foru € sn1,

Waulff shapes occur for example in the solution of the Minkowski Problem (see Sec-
tion 9.2) via the variational method, and in the Logarithmic Brunn-Minkowski Conjec-
ture 8.7.1 and in the L, Brunn-Minkowski Conjecture 8.8.1 for p € (0, 1), which are
conjectured stregthenings of the Brunn-Minkowski inequality for o-symmetric con-
vex bodies. However, originally, Wulff shape was considered as a model for possible
shapes of a crystal via minimzing certain surface tenson given the volume.



108 The Isoperimetric inequality

Example 4.4.2 (Modelling crystal growth). Given a lattice A = 31", Z v; for inde-
pendent vy, . ..,v, € R",and T, ¢ > O such that ||v]| > F forv € A\o,ifu € "1 then
the “surface tension" is

(u) = T ifRunA={o};
QU= 1-< ifaueAfora>0and (0,0)unA=0.

Then Diophantine approximation yields that the corresponding Wulff shape W, is a
polytope; namely, there exist “short" wy, ..., wr € A\o such that
Wo={xeR": (x,u;) < o(u;), i=1,...,k} for u; = ﬁ
w;
Actually, W,, is a possible shape for a crystal whose underlying crystallographic struc-
ture is the lattice A* = {z e R" : (z,y) € Zfory € A}.

We note that for the Wulff shape W, defined as in Definition 4.4.1, it can happen
that hw, (1) < o(u) for the typical u € $"~1. However, these two functions coincide
at the exiterior normals at the regular boundary points of the Wulff shape, and hence
the support function can be used instead of o in calculating the surface tension of W,

Lemma 4.4.3 (Aleksandrov). If o : "' — (0, o) is bounded and lower semicon-
tinous, then

[ etwaret= [ o,y

oW, oW,

Proof. Set W = W, It is sufficient to prove that
o(vw(x)) = hw (vw(x)) forx € 'W. 4.9)

If x € ’W, then there exists xx ¢ W with x; — x, and hence there exists v € §"~!
satisfying (vg, xx) > o(vx) by xx ¢ W. We may assume that v — v € S"~!, thus the
lower semicontinuity of o implies that

o(v) < lilgn inf o(vg) < li{n inf(vg, xx) = (v, x)

where x € W yields (v,x) < hw(v) < o(v). We deduce that v is exterior normal at the
x € 'W with hy (v) = 0(v), and in turn (4.9) follows. [

For measurable and bounded o : $"~! — (0, o) and compact X ¢ R” with rec-
tifiable boundary and | X| > 0, the associated surface energy of X is

Eo(0X) = /6 y o(vx) dH" !

where v (x) is the unique exterior unit normal at H"~! a.e.x € 9X (see Theorem 5.2.5
for the version for sets of finite perimeter).
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Theorem 4.4.4 (Minimizing surface energy). Let o : S"~! — (0, o) be bounded and
lower semicontinous. If a compact X C R" is the closure of its non-empty interior and
has rectifiable boundary, and | X| = \ng| forr >0, then

Eo(0X) 2 &, (3(rWy)) = n|W,|7 - 1X| . (4.10)

Equality holds in (4.10) if and only if X = z +rW, for z € R".

Proof. ForW=W,, o > hw, the Anisotropic Isoperimetric Inequality and Lemma 4.4.3
yield

E,(0X) / QondW"_IZ/ hw o vx dH™ !
X X

/ hyw 0 vy dH = / 00 vew dH™ = 8, (3(rW))
a(rw) I(rw)

\%

_ L n-1
where fa(rw) hw ovyw dH" ' =n |Wg|" X
Equality in (4.10) yields equality in the Anisotropic Isoperimetric Inequality; there-
fore, X is a translate of ¥W. In this case, we do have equality in (4.10) by Lemma 4.4.3.
=

The stability version Theorem 4.3.3 of the Anisotropic Isoperimetric Inequality
due to by Figalli, Maggi, Pratelli [225] and the argument above yields the following
stability version of Wulft’s theorem:

Theorem 4.4.5 (Figalli, Maggi, Pratelli). Let 6, =227, and o : $"~' — (0, c0)
be bounded and lower semi-continuous. If a compact X C R" is the closure of its
non-empty interior and has rectifiable boundary, then

Eo(0X) = n|Wol|n |X|"" [14+6, - A(W,, X)?]. (4.11)

Remark. Figalli, Zhang [229] proved an even stronger stability estimate in the crys-
talline case when W, is a polytope.

4.5 Isodiametric and Isoperimetric inequalities in the Hyperbolic and
the Spherical spaces

Our next main goal is to prove the Isoperimetric inequality and the Isodiametric inequal-
ity in the Spherical and the Hyperbolic space. Equality in the Isodimetric inequality
will be characterized in Section 4.B, but we do not consider the equality case in the
Isoperimetric inequality in this monograph.. For the fundamental properties of the
spherical space S" and the hyperbolic space H", see Section 4.A.
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Let M" beeither R", H" or S". The k-dimensional Hausdorff measure with respect
to the instrinsic metric of M" is denoted by H /];l,, () is ; for example, 7{/’\‘4,1 ()=1-]|
is the volume on M”. We note that for the standard embedding S c R"*!, we have
(H;f,, (X) = ﬂﬂ{{"” (X) for Borel set X ¢ §" and 0 < k < n. We write d(x, y) to denote
the geodesic distance of x, y € M", and write B(z,r) = {x e M" : d(x,z) <r} to
denote the metric ball of radius r centered at x where we assume r < & if M" = §".
For compact X ¢ M" and p > 0, the corresponding parallel domain is

X0 ={ye M":3x e X withdpn(x,y) < 0} =U{Bpn(x,0) :x € X}.

If X ¢ M has non-empty interior and its boundary is rectifiable (finite union of images
of Lipschitz functions from compact sets in M"~!), then its surface area is

_ \ X(Q)| —|X]
S(X) = lim ————

0—0

= Hi (0X). (4.12)

To state Theorem 4.5.1, we fix a zo € M".

Theorem 4.5.1. Let M" be either R", H" or S". If X € M" is bounded and measur-

able, and | X| = |B(zo,7)| forr > 0 (r < w if M™ = §"), then

(a) Isodiametric Inequality: diam X > 2r (where r < 7 if M = §") where equality
holds if and only if X C B(y,r) for some y € M";

(b) Isoperimetric Inequality (Parallel domains): |X (9)| > |B(z,r + 0)| for o > 0, and
equality holds (assuming r + o < mif M™ = 8") ifand only if X C B(y,r) for some
ye M

(c) Isoperimetric Inequality (classical): assuming that X is compact and X is recti-
fiable, we have S(X) > S(B(zo,r)) where assuming in addition that X = clint X,
equality holds if and only if X = B(y, r) for some y € M™.

Remarks.

* In the two dimensional case, the Isoperimetric Inequality has the following nice
form based on formulas of the perimeter and area of circular discs in Section 4.A:
If M? is either H2, R? or S? with curvature k = —1,0, 1, respectively, and X C M?
is compact with rectifiable boundary, then

S(X)? > 4n|X| -« |X)?.

* Inthis monograph, the equality case is only considered for the Isodiametric Inequal-
ity in H", §" and R" but assuming r < 7 if M" = §".

The main method to prove Theorem 4.5.1 is the so-called two-point symmetriza-
tion (sometimes called polarization). For a closed closed halfspace H* in M", in this
section we write H = JH™* to denote the bounding hyperplane, and H~ to denote the
complementary closed halfspace where H = H* N H™.
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Figure 4.1

Definition 4.5.2 (Two-point symmetrization). Let M" be either R", H" or S, and let
X c M’ be compact. The two-point symmetrial of X is

e X = (H 0 X) U (H" nég X)) || (H™ 0 X) 0 (H™ népX))

Remark. We frequently write only 77 X to denote 7+ X because 7+ X and - X are
symmetric through H.

While 7 X may not look more symmetric than X, the two-symmetrization actually
keeps balls. We note that if K ¢ M" is a convex body such that 75 K is convex for any
hyperplane H, then K is a ball (cf. Aubrun, Fradelizi [31] and Boroczky, Sagmeister
[115]), which property we prove in later sections if either all boundary points are
regular (cf. Proposition 4.B.2), or n = 2 ((cf. Lemma ??).

Lemma 4.5.3. If M" is either R", H" or S", and H" is a closed closed halfspace,
then
(i) T+ B(z,7) is a ball, and if 7 € H*, then Ty B(z,r) = B(z,r);
(ii) Tg+Y C T+ Z for compactY C Z .
For a hyperplane H ¢ M", the reflected image of an x € M" is denoted by £ x (see

Section 4.A). The following properties follow from the very definition of the two-point
symmetrization, where we also use use Lemma 4.A.5 (ii) in the case of (v):
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Lemma 4.5.4. If M" is either R", H" or S", H* is a closed closed halfspace and
X c M" is compact where diam pn (X) < 7 provided M"™ = S", then

(i) tuX = g (£ X) compact;

(i) (ty X) N H* = (X U £y X) N HY;
(iii) tu X) NH™ = (XNéuX)NH;
(v) ltu X| = |X|;

(v) diampqn (T X) < diampqn (X).

The property why two-point symmetrization is so useful for us is that it does not
increase the volume of the paralleldomain.

Lemma 4.5.5 (Benyamini). If o > 0, M" is either R", H" or S", H* is a closed closed
halfspace and X ¢ M" is compact, then |(THX)(9)| < ’X(9)|.

Proof. Tt follows from Lemma 4.5.4 (iv) applied to X () that it is sufficient

(1. X) (@ € 144 (X<9>) . (4.13)

Therefore, let z € (TH+X)(9), thus there exists some y € 7. X such that d(y, z) < o.
Since the role of X and £y X are symmetric in the definition of two-point symmetriz-
ation, we may assume that y € X, and hence

y€XNtyeX; d(y,2) < o, thusz € X9, (4.14)

If z € H*, then Lemma 4.5.4 (ii) applied to X (@) yields z € 75, (X(©)).
Finally, we assume that z ¢ H*, and claim that

zeéy (x<@>) = (¢nX)(@. (4.15)

Here (4.15) readily holds if y € £y X, while if y ¢ £y X, then y € H* by Lemma 4.5.4
(i), thus d(z,&€py) < d(z,y) < o by Lemma 4.A.5 (i), verifying (4.15).

We deduce from (4.14), (4.15), and Lemma 4.5.4 (iii) applied to X(©) that z €
H NnX9 néy(X@) crye(X(@), completing the proof of Lemma 4.5.5. [

We also need the property that starting from any X c M", there is a sequence of
two-point symmetrizations that leads to a ball of equal volume. More precisely, we
prove a slightly weaker, but equally useful property.

Lemma 4.5.6 (Benyamini). Let M" be either R", H" or S, H* be a closed closed
halfspace and X ¢ M" be compact with |X| = |B(zo,r)| for r > 0. If F is the smallest
Jamily of compact sets containing X and closed under two-point symmetrization, taking
limit and isometries of M", then

(i) diamY < diam X forY € F;
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(i) [y (@] < |X(@| for 0 > 0 and Y € F;
(iii) |Y| = | X| for Y € F;
(iv) there exists Zy € F with B(zo,r) C Zy.

Proof. We may asume that zg € X, and it is enough to prove (i)-(iv) for Fo = {Z € F :
B(zo,r) NZ # 0}.
Now (i) and (ii) follow from Lemmas 3.7.4, 4.5.4 and 4.5.5, and for (iii), use also
(ii).
For (iv), Lemma 3.7.4 yields that there Zy € % with |B(zg,7) N Zp| is maximal.
Indirectly, we suppose that B(zg, r) ¢ Zy, and hence |B(zo,r) N Zy| < |B(zo,7)].
Since |Zo\B(z0,7)| =|B(z0,7)\Zo| > 0 by (iii), there exist density points x € Zo\B(zo,7)
and y € (intB(zo, 1)) \Zo. We define the closed halfspace H* by the properties égx =y
and y € H*, and hence |B(zo,r) N tg+Zy| > |B(z0,7) N Zy| by Lemma 4.5.3, which
is a contradiction verifying Lemma 4.5.6. ]

Proof of Theorem 4.5.1 without the equality cases. As for the Zyin Lemma4.5.6 (iv),
we have diam Zy > 2r and |Z(§Q)| > |B(zp, r + 0)| for o > 0, we deduce (i) and (ii) in
Theorem 4.5.1 (the Isodiametric inequality and the Isoperimetrimetric inequality for
parallel domains) from Lemma 4.5.6 (i) and (ii). In turn, we conclude Theorem 4.5.1
(iii) (the classical Isoperimetrimetric inequality) by |Zy| = | X| = |B(z9,7)| and (4.12).

]

4.6 The Gaussian Isoperimetric inequality

In this section we show how the Spherical Isoperimetric inequality Theorem 4.5.1 (ii)
yields the Gaussian Isoperimetric inequality. In particular, we consider the version

Yn(X) = / eI gy for measurable X c R”.
X

of the Gaussian probability measure because the formulas are simpler than in the case
of normal Gaussian distribution. Actually, the the Gaussian Isoperimetric inequality
Theorem 4.6.2 holds whatever Gaussian density functon we use.

Definition 4.6.1. For closed set X ¢ R", we say that X has locally Lipschitz boundary
ifint X # 0, and for any x € 90X, there exists £ > 0 such that (x + € B") N X is the graph
of a Lipschitz function.

Remark. In this case, if p : R” — [0, o) is locally Lipschitz, then (cf. Federer [212])

p=Jxp
lim M:/ pdH" " (4.16)
o—0* o ox
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In particular, if p(x) = e~ mIXI?  then

lim yn(X(Q)) = vn(X) _
0—0* 1%

/ e~ Ix I g n=1(x). (4.17)
oxX

Theorem 4.6.2 (Gaussian Isoperimetric inequality). If o > 0, X C R”" is measurable
and H. is a closed half space with vy, (H,) = y,(X) € (0, 1), then

o (X©1) 2 3 (L),

Remarks.

@ ¥ (7 (X@)) 2 ¢ (y4(X)) + o is an equivalent form of the Gaussian Iso-
perimetric inequality where ¢ (s) = f_ SOO e~ dt is the cumulative distribution
function of the one-dimensional Gaussian .

(i1) Another form of the Gaussian Isoperimetric inequality - that follows from (4.17),
-is that if X c R" has locally Lipschitz boundary, and y,, (X) =y, (H,) for a closed

halffspace H*, then
/ e~ IxI? gy > / eI gy (4.18)
oX OH.

The idea of the proof of the Gaussian inequality is to embed R" into R**! as a linear
subspace where k — oo, and consider the embeddded submanifold rkSk c R¥*! and
the orthogonal projection 7y : r¢S¥ — R” satisfying |7k (x) — mx (¥)|| < d, sk(x,y))
for

k

e = —.

k 2r
Noting that the density of uniform probability measure on r; S is m the core

claim is that
1

2)= lim —— - H* (r;'(2)) VZ c R with |Z] > 0. 4.19
Yol(2) = lim s (@) 1Z| (4.19)

Here 71,;1 (H,) is a spherical cap - that is a spherical ball, - for large k, which is the
extremal body for the Spherical Isoperimetric Inequality.
Now the claim (4.19) yields Theorem 4.6.2 via the following argument:

W) - g ) e
. 1 _ (0)

> ;}L%W'ﬂk((”klx) ) 421)

> Qlﬂm’ﬂk((”'jm)(m) 4.22)

= Y (Hi")) : (4.23)
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Before explaning how to get from (4.20) to (4.23) based on (4.19), we remark that if
z € §¥ and x = my(z) with ||x|| < r¢, and v € T, then

Do = v|R™. (4.24)

Firstly, (4.19) directly yields (4.20). In turn (4.20) implies (4.21) as m; contraction,
and hence (7, ' X) (o) m ' (X(@)). Next (4.22) follows from (4.21) and the Spherical
Isoperimetric Inequality Theorem 4.5.1 (ii), as if Hy = {x e R" : {(x,w) > s} forw €
S"~!and s € R, and for large k, H, ; = {x € R" : {x,w) > s;} is the halfspace for
sk € R such that H* (7' X) = H* (n;'H, k), then (4.19) yields limg_e sk = s.

In order to show that (4.22) implies (4.23), writing (n,:lH+) (o) to denote the par-
allel domain of 7r,;1H+ on Sk of spherical radius o, we prove that for given & € (0, o),
if k is large, then

(0)

i (HE) € (e T e (HE). (4.25)

To verify (4.25), let z € 87r,;1H+, x = mz and v € T, be the exterior unit normal to

(©) and if k is large, then

0 20
(mrzo, w) = {(zp, w) =§-€c08S — + 4|1 — — -rpsin— > s+ 0 — &,
Tk r? Tk
k

completing the the proof of (4.25). In turn, combining our core claim (4.19) with (4.25)
implies (4.23).

Therefore all we are left to do is to prove the core claim (4.19). First we recall the
coarea formula in the following form (cf. Corollary 10.4.9):

-1 _ o .o -1
m; ' Hy, and hence zo = zcos ;= +vrg sin - € (m;'Hy)

Remark 4.6.3 (Coarea formula). For n < k < g and C? embedded Riemannian k-
manifold X¥ ¢ R, if F : X*¥ — R" is locally Lipschitz and ¢ : R” — R is measurable,
then

[ utr@ aFant@ = [ o)1 (F0) dr). @26)
Xk R®

The following statement collects some facts about the projection 7:

Claim 4.6.4. Let x € int(riB") with x # o, and let and x* = {y € R* : (x,y) = 0}.
(a) ﬂlzl(x) = x* N S is a (k — n)-sphere of radius . /ri — %I,

2
orzemn X), and v € , we nave ||v = — = ||v|| Yf v 1s normal to
(b) ! dveT, weh R" 1- L] ifoi !
k

x*tNTy, and |Dryoll = R || = Joll ifv € T, N x*= NR", and || Drryevl| = |[o[R"]| =0
1
ifv e T, N (RY)* (cf. (4.24)). In particular. J(ry,z) = (1 - ”f—z”z)z in the Coarea
k
formula (4.26) with F = my.
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As the final preparation for the proof of the core claim (4.19), we note that for

m >3, (10.1) stating y/3% < “z=L < /2 yields

H™ (SN (m = Dwpm =(1+0(1 m
m 2r

= — —. 4.27

Hm(S™) Mmwy, )) (4.27)
Proof of the core claim (4.19), and in turn of Theorem 4.6.2. For Z c R" with |Z| >
0,k >3n,r; = ,/%, we deduce from Claim 4.6.4 that first using ¢ (x) = 1/J (7, 2)

forx e ZNnint (ryB™") and z € n,:lZ and ¥ (x) =0ifx ¢ Z Nnint (rpB") in the Coarea
formula (4.26) with F = 7y, and later applying (4.27), we have

-1
HE (' (2) st RS (rz__”xnz)&glak
ZNri B™

HE(reSE)  — HE(rSF) r2 ¢
k-n-1
HE (k) el
T T agk(sk) I-= dx
rk (S ) ZNri B™ rk
k-n-1
n 2n|lx|*\ 2
= (1+0(-+ - ——- dx. 4.28
(1+ (k))ngmBn( k . (429
Now we use the simple estimates
1+1<e andif|r] < 1, then 1+7=¢"0) and e’ =1+ 0(1). (4.29)

We deduce for the Z ¢ R” with |Z| > 0 from (4.28) and (4.29) that

HE (m (Z\kEB™)
li = 0; 4,
om HE(r.5%) 0; (4.30)

Jim , (Z\k%B") 0, 4.31)

and hence combining (4.28), (4.30) and (4.31) leads to

H* (r;'(2)) n P02 Yo
Jim it = gim (w0 (7)) [ eireliheli)

=7n (Z) .
Therefore, we conclude the core claim (4.19), and in turn of Theorem 4.6.2. [

Definition 4.6.5 (Median). If y is a probability measure on R" and f € L;(u), then
a median m € R satisfies u({f > m}) < % and u({f <m}) < %
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4.7 The Kannan-Lovasz-Simonovits conjecture, Cheeger constant and
a Poincaré inequality

After solving the isoperimetric problem with respect to a Gaussian density in R”, we
consider the version with respec to any log-concave density where p : R — [0, c0) is
log-concave if p = e~ ¥ for a convex function ¢ : R" — (—o0, o0]. In particular, such p is
locally Lipschitz, and hence a.e. differentiable (see Section 10.9 in the Appendix for a
survey on log-concave functions). Naturally, we do not expect exact solution in general
only approximate solution in this case. Since many results about the corresponding
Cheeger constant holds for any locally Lipschitz density function p, we also discuss
that more general framework whenever it is appropriate.

First we define what we mean by weighted surface area of a set with locally
Lipschitz boundary, and what type of isoperimetric ratio, bounded by the so-called
Cheeger constant, we are considering, then review the necessary tools to show how
the isoperimetric type problem relates to integral inequalities in terms of the gradient,
like Proposition 4.7.6 and the Poicaré type inequality Theorem 4.7.8. This is followed
by the main part of the section discussing bounds for the Cheeger constant; in partic-
ular, the Kannan-Lovasz-Simonovits conjecture about the Cheeger constant.

Definition 4.7.1. If du = p dH" is a probability measure on R" for locally Lipschitz
p,and X c R" has locally Lipschitz boundary (cf. Definition 4.6.1 and (4.16)), then

(0)y —
114 (0X) = Qlirr&w: /(9 pdH" (4.32)
- X

Definition 4.7.2 (Cheeger constant). If du = p dH" is a probability measure on R"
for locally Lipschitz p, then Ccpe (1) > 0 is defined to be minimal such that for every
closed X c R with locally Lipschitz boundary, we have

Cene (1) - 4 (0X) 2 min{pu(X), 1 — p(X)}. (4.33)

Remark 4.7.3. (i) If p is log-concave, then it is enough to consider the case when
p(X) = % in (4.33) according to Milman [458].

(ii) (Gaussian measure) If p(x) = e™ ™ 11 then Cche(u) = % by (i) and the Gaussian
Isoperimetric inequality (4.18).

(iii) (Uniform measure on the unit ball) If du = w,'1g» dH", then

Wp

. (4.34)

C =
Che (1) Yo <\

To prove (4.34), one may assume that |X| = % |B"| for the X c B™ with locally
Lipschitz boundary by (i), and the task is to minimize H"~!((4X) N int B"). This
isoperimetric type problem was solved by Almgren [14] and Bokowski, Sperner
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[79], and the optimal X is a half ball (intersection by a half space), yielding (4.34)
(see (10.1) for the estimate on “": ).

w
We note that in some papers, what called Cheeger constant is the reciprocal 1 /Ccpe ().
We choose our normalization because it fits better the integral inequalities Proposi-
tion 4.7.6 and Theorem 4.7.8. Now we collect the tools we need to prove Proposi-
tion 4.7.6 that is the integral version of the definition of the Cheeger constant. We
need the following version of the Coarea formula (see Theorem 10.4.8):

1

Lemma 4.7.4 (Coarea formula). If f : R"™ — R locally Lipschitz and p € L1 (R") is

non-negative, then
/||Df||-p:// pdH" ! dr. (4.35)
R" RJf1(r)

Remark. As f : R" — R is locally Lipschitz, Sard’s Theorem yields that
H! ({t eR:3xe f1(¢) s.t.no Df(x) or Df(x) = 0}) =0.

Definition 4.7.5 (Median). If y is a probability measure on R and f € L(u), then
amedian m € R satisfies u({f > m}) < % and u({f <m}) < %

Proposition 4.7.6. If du = p dH" is a probability measure on R" for locally Lipschitz
p, and f € L1(u) is localy Lipschitz with median m, then

[\ =mldu < Cenct- [ 1Dfld 36)

Proof. 1t follows from the Layer Cake formula and the Coarea formula (4.35) that

) m(
i If—mld#=[n(f)u({f>t})dt+/ W(Lf < 1)) di

—00

- /R min{u({f > 1), 1 - u({f > 1)} dr
e dH" ' dt = Cepe du.
<Cawt [ [ partae=ca [ 10514

The Poincaré type inequality Theorem 4.7.8 uses the the notion of variance that
we recall for the reader’s convenience.

Definition 4.7.7. If du = p dH" probability measure on R" for locally Lipschitz p,
and f € Ly(u) is locally Lipschitz, then

Varp(f)=Anf2du—(Anfdu)2-
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Theorem 4.7.8 (Poincaré inequality). If du = p dH" probability measure on R" for
locally Lipschitz p, and f € Ly(u) is locally Lipschitz, then

Var, () < 4Ca? [ IDSIP du @37)

Remark. It is equivalent to saying that if fRn fdu =0, then

[ 2 < dcantu?- [ D1 du.
R” R
Proof. We observe that if m is a median for f, then 0 is a the median for f = (f —

m)*sgn (f — m) with respect to ; where sgnzis +1,0,—1 provided > 0,7 =0or <0,
respectively. Therefore, (4.36), D(f — m) = D f and the Holder inequality yield

[ur=mPau= [ 171< ot [ 107 di = Cesetir [ ID(7 = mP

= 2Cene (1) /R f =l D) du

< 2CChe<u>\/ v = a \/ JRLCERE

We conclude (4.37) because Var, (f) < /R,, |f —m|?du as /Rn | f — t|? du is minimized
by the mean ¢ = fRn fdu. |

Remark 4.7.9 (Poincaré inequality as a spectral gap estimate). Consider the heat equa-
tion O;u = Lu on [0, o) x R" where p = ¢~" for V : R" — (0, 0], and for suitable

f e Ly(p),
Lf=Af - (Df,DV).

Then —L is a non-negative self adjoint operator in L, (u), satisfying

/ (=Lf) - fdu =/ 1D fI? dpe.
R4 R4

Readily, the constant functions form the kernel KerL. If /R,, fdu =0, then f is ortho-
gonal to KerLZ, and hence the smallest positive eigenvalue 4, of —L satisfies that 4,
is the largest with the property.

Ay Var, (f) < / IDfII? du for locally Lipschitz f € Ly (u). (4.38)
Rn

Now (4.37) yields that
Au = Cone(1)72/4, (4.39)



120 The Isoperimetric inequality

which is known as Cheeger’s inequality (see for example Ledoux [393]). If p is log-
concave, then De Ponti, Mondino [189] verified a matching bound on 4,, which in
turn yields
L <Ay Cone(w)? < . (4.40)
Now we turn to bounds on the Cheeger cosntant. We observe that if du = p dH"
where p =1g,_ fora > 1 and rectangular box R, = [0, é]”‘l x [0,a"], then Ccpe (1) >
a"~1'/2. In particular, we can’t expect an upper bound on Ccpe (1) depending only on
the dimension # in general even if p is log-concave.

Definition 4.7.10 (Covariance matrix, Isotropic measure).
(1) If du = p dH" is a probability measure on R” with /R" x du(x) = o, then the
covariance matrix is Cov(u) = [m;;] where m;; = ./R” Xixjdu(xy, ..., xp).

(ii) u is isotropic if in addition Cov (u) = I,; or equivalently, if /R" (v, x)* du(x) = ||v||?
forv e R™.

Remarks.

(1) If du = p dH" is probability measure on R", then there exists ® € GL(n) such
that the probability measure [(X) = | det ®|u(®(X + b)) is isotropic for b =
/R,, x du(x).

(i) p4+(0X) in (4.32) and || D f|| in (4.36) are defined in terms of the given Euclidean
structure, and the importance of the measure being isotropic is that the measure
"matches" the Euclidean structure in that case.

B . . .
(iii) du(x) = B l)% e” 2 dx is the isotropic Gaussian measure, and Cche (1) = /5
T

by the Gaussian Isoperimetric inequality (4.18).

Kannan, Lovasz, Simonovits [361] stated the following fundamental conjecture in
1995:

Conjecture 4.7.11 (KLS conjecture). Ifdu = p dH" is an isotropic probability meas-
ure on R" for a log-concave p, then Cche(u) < ¢ for an absolute constant c.

After intense research for more than two decades (see the Comments Section 4.8),
Klartag [373] proved the currently best upper bound on Ccpe (1) in the KLS Conjec-
ture 4.7.11.

Theorem 4.7.12 (Klartag). If du = p dH" is a probability measure on R" for a log-
concave p, then Cche(pt) < c+/logn for an absolute constant c.

Remark. It follows that if du = p dH" is a probability measure on R" for alog-concave
p. then Cone(1) < c/log n4/lICov(u)[lop, ¢ absolute constant, where [|Cov(u)llop is
the operator norm (largest eigenvalue).




Cheeger constant and the KLS conjecture 121

In Definition 4.7.2 of the Cheeger constant, we have no information on what X to
take. However, for algorithms, one would take halfspaces as X. The main motivation
of Kannan, Lovasz, Simonovits [361] to state the KLLS conjecture 4.7.11 was the hope
is that halfspaces are reasonably close to be optimal (see Remark 4.7.14).

The following results about how halfspaces divide a log-concave measure with
zero mean were proved by Lovdsz, Vempala [423] and Fradelizi [239].

Theorem 4.7.13 (Lovész, Vempala, Fradelizi). If du = p dH" is a probability meas-
ure on R" for a log-concave p with mean ./]R" xp(x)dx=o,n>1,and H* ={x e R" :
(x,u) > 0} foru € "\, then

/ s> L (4.41)
H+ e
wi(tu+0H") < e - u, (0H") fort €R; (4.42)
1 +12 2 2
150 < u+(0H™) /Rn(u,x) p(x)dx < 3 (4.43)

Remark. (4.41) and (4.42) are optimal (for example, consider p(x) = e > ifx > -1,
and p(x) = 0if x < —1 for n = 1). Instead of (4.43), Fradelizi [239] proves the optimal
estimates

1 1
— < u, (0HY)? / (u, x)*p(x) dx < =, (4.44)
12 R7 2

and also verifies that max,cg uy(fu + dHY) /Rn<u,x)2p (x)dx < 1.

Proof. We observe that f () = fmmL p dH""islong-concave for t € R by the Prékopa-
Leindler inequality (3.5), /R f=1and fR t £(t) dt = 0. Therefore our problem problem
is essentially one-dimensional, it is equivalent to prove that if € R, then

o0 0
/0 fzéand'/ fz% and f(t) <e- f(0); (4.45)

We may assume that f(0) = 1 after replacing f by x — Af(Ax) for 2 = 1/£(0). Let
/Ooo f=a= fooo e”'1% dt where a € (0, 1).

Since f is log-concave and f_ooo f= f_ooo e~'/% drt, there exists @ > 0 such that
f(1)>et/ifr € [0,a] and f(¢) < e”/? if t > @. In particular, we have

/0 St - /0 - /0 @) - e+ /H ™ e~ f()ds

2—a/oaf(t)—e_t/“dt+a/me_’/a—f(t)dt:O.
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We define B < 0 with the property e #/¢ = 1/a, and hence /ﬁm e”edr=1,and f(r) <
e "% ift € [B,0] as f is log-concave. Let g(r) = e "/ if t > B, and g(r) = 0 if r < ,
thus f_ooo g=1-a= /_000 f. We deduce that /_000 tg(t)dt > /_000 t f(t) dt, and hence
ftg(r)ydr > [t f(r)dr =0, which in turn yields that 8 +a = [, 1g(1)dt > 0. It
follows that e > e #/2 =1 /a; or equivalently, fooo f=az (% and similar argument
implies /_Ooo f= é In turn, we conlude the first estimates min{a, 1 —a} > é of (4.45).

To prove the third estimate in (4.45), we may assume that f(¢) > 1 and ¢ < 0.
Since f is log-concave, f (1) = e™?" fory = % and £(0) = e™”°, we deduce that
f(s) = e 7 ifs e [t,0] and f(s) < e ¥ if s > 0, and hence

) X 0 0
-t e Y ds e "ds f 1=
f(,)ze_ .0:/‘00 :/’00 +]§/’oo +1< a+1§e. 4.47)
e /0 e~V ds /0 e 7S ds /() f a

For the upper bound in (4.43), the argument above yields

/ tzf(t)dts/ et dt = 243,
0 0

and similarly /_Ooo 2f(t)dt < 2(1 —a)>. Since min{a, 1 — a} > 1/e, we deduce that
L f(nd <2 +2(1-a)* <2(5+(1-1)%) < 3.

For the lower bound in (4.43), we use that f = e~V for a convex function V with
V(0) = 0. Let b € dV(0) from the subdifferential of V at O (cf. Definition 1.5.4), and
hence V(¢) > bt where we may assume that b > 0. It follows that f(¢) < e~?’, thus
/000 e Pt dt > fooof =a > e~ ! implies that b < i < e. We deduce from e~?* < 1 for
t > 0 that there exists g € [%, oo] with foq e™P" = a, and hence f(t) < e~?' yields

0 q 1/e 2_-5. -1 1
/ Pfdt > / re P dr > / P dt = —36 > —,
0 0 0 e 150

completing the proof of (4.43). u

Remark 4.7.14 (Halfspaces are efficient for Cheeger constant). Let du = p dH"™ be
an isotropic probability measure for a log-concave function p on R". On the one hand,
writing ¥, to denote the family of X C R" with locally Lipschitz boundary also satis-
fying pu(0X) > 0 and u(X) € (0, 1), we have

for an abolute constant ¢ > 0 according to Theorem 4.7.12 by Klartag [373].
On the other hand, if H* is any halfspace with 0 € 0H™, then (4.41) and (4.43)
yield that

min{p(H). 1= p(H)} 32
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Therefore, one can use hyperplanes to subdivide a measure almost as efficiently as
general hypersurfaces. This is very important for algorithms, and this was the original
motivation of Kannan, Lovdsz and Siminovits to study the problem (see Alonso-
Gutiérrez, Bastero [15] and Lee, Vempala [394]).

Finally, we discuss the smallest positive eigenvalue A, in the Poincaré inequality
(4.38) for an isotropic probability measure du = p dH" for a log-concave function p
on R”. Plugging the test function f(x) = ||x|| into (4.38) shows that

/l#Var,,(||x||2)S/ ||2x||2d,u(x):4Z/ (e, x)* du(x) = 4n (4.48)
R® =1 JR"

using an orthonormal basis ey, ..., e, of R". Using his method "stochastic localiza-
tion", Eldan [199] prove that this specific test function gives a very good estimate on
Ay.

Theorem 4.7.15 (Eldan). Writing M" to denote the family of isotropic log-concave
probability measures on R",
Var,, (||x]|? 1 Var,, (||x]|?
W) L g sap YOI
HeMn 4n pueMn Ay HeMn n

for an absolute constant ¢ > 0.

Remark. According to the Variance conjecture due to Anttila, Ball, Perissinak [25] and
Bobkov, Koldobsky [78], Var,l(||x||2) < con for p € M™ where ¢ > 0 is an absolute
constant. We deduce from (4.48), Cheeger’s inequality (4.39) and Theorem 4.7.12 by
Klartag [373] that

4
Var,u(||x||2) < /l_n < 16n - Cope(1)* < cinlogn
u

for an absolute constant ¢; > 0.

4.8 Comments to Chapter 4

The extremal property of balls with respect to the isoperimetric problem was known
to the ancient Greeks; for example, Zenodorus (circa 200 BC - 140 BC) suggested
an argument first proving that regular polygons are optimal in the plane, and even
claimed that spheres are optimal in three dimensions (cf. Blasjo [75]). In higher dimen-
sional spaces, the Isoperimetric Inequality for convex bodies was proved by the work of
Steiner, Schwarz, Weierstrass and Minkowski in the 19th century (see Gruber [276]).

For properties of rectifiable sets in R"; more precisely, (n — 1)-rectifiable sets,
see Federer [212] and Ambrosio, Colesanti, Villa [18] in the classical setting, and
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Chambolle, Lisini, Lussardi [147] and Lussardi, Villa [430] concerning the Aniso-
tropic Perimeter. Actually, there are papers where Z C R" being (n — 1)-rectifiable
means that Z is the union of countable many Lipschitz images of (n — 1)-dimensional
compact sets up to a set of H"~!-measure zero, but Theorem 4.1.4 does not hold in
this generality (see [18]).

See Bianchi, Gardner, Gronchi [71,72] for properties of Steiner-type symmetrisa-
tions of compact sets.

The right framework for the isoperimetric inequality is sets of finite perimeter
(see Chapter 5, or for example Ambrosio, Fusco, Pallara [19], Maggi [439]) that
includes sets with rectifiable boundary. Talenti [546] provided a proof of the isperi-
metric inequality for sets of finite perimeter based on Steiner Symmetrization, also
characterizing the equality case. Fusco, Maggi, Pratelli [251] even managed to prove
a stability version of the isoperimetric inequality.

The optimal factor in Sobolev’s inequality Theorem 4.2.1 is verified by Federer,
Fleming [211] using symmetrization, and the stability version of the Sobolev inequal-
ity of optimal order for functions of bounded variation is due to Figalli, Maggi, Pratelli
[227]. Actually, there exists an L, version of the Sobolev inequality for 1 < p < n, as
well, where the optimal factor has been determined by Talenti [545], and the stability
version of optimal order is due to Bianchi, Egnell [70] if p = 2, and to Figalli, Zhang
[228]if 1 < p < n.

As the Anisotropic Isoperimetric for convex bodies is a direct consequence of the
Brunn-Minkowski theorem, it was already known to Minkowski (see [464,465]) even
if not using this term.

The notion of Wulff shape originates from the paper Wulff [568] related to Crys-
tallography, and see Maggi [439] for a dicussion of Wulft’s theorem for sets of finite
perimeter, the papers Taylor [549], Miracle-Sole [466] and Figalli, Maggi [226] for
the role of Wulff shape within crystallography, and Figalli, Zhang [229] for a strong
stability version of the Wulff inequality. Wulff type isoperimetric inequalities within
a convex cone are discussed by Cabré, Ros-Oton,- Serra [134]. Many examples of
Waulff shapes and the relation to the underlying periodic and quasi-periodic structure
are discussed in Boroczky, Schnell, Wills [118]. In particular, Wulff shapes are also
successful models of certain quasi-crystals.

Many properties of the Wulff-shape have been established by Aleksandrov in the
1930s, like Lemma 4.4.3 and Aleksandrov’s Lemma Theorem 7.5.2 (see Aleksandrov
[7D).

For in depth studies on Steiner symmetrization and Schwarz symmetrization, see
Bianchi, Gardner, Gronchi [71,72]. They provide a broder class of n hyperplanes for
the iterated Steiner Symmetrization than Theorem 1.A.3; namely, vy, . ..,0, € S 1are
independent in a way such that (v;,v;) # 0 fori # j, and Z(vy,v2) = an for irrational
a € (0,1).
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For the fundamental properties of hyperbolic and spherical spaces, see Berger
[62] or Vinberg [559]. The isoperimetric inequality in the spherical and hyperbolic
spaces is due to E. Schmidt [514]. We provide the elegant argument by Benyamini
[60] because it works simultaneously in all spaces of constant curvature, and yields
also the Isodiametric Inequality. Stability versions of the Isoperimetric Inequality in
terms of the volume difference were proved by Bogelein, Duzaar, Fusco [82] in the
spherical case, and by Bogelein, Duzaar, Scheven [83] in the hyperbolic case.

The Isodiametric Inequality in R” is due to P. Urysohn [557], and proved by
Schmidt [515,516] in the spherical space S" and the hyperbolic space H" (see also
Boroczky, Sagmeister [115] for discussion of equality, and [116] for a stability ver-
sion).

Two-point symmetrization appeared first in Wolontis [566] in the framework of
conformal functions. It is applied to prove the isoperimetric inequality in the spher-
ical space by Benyamini [60], whose argument is adapted to the hyperbolic space by
Boroczky, Sagmeister [116]. Two-point symmetrization leads to the spherical ana-
logue of the Blaschke-Santal6 inequality (6.25) by Gao, Hug, Schneider [252]. Pro-
position 4.B.2 for any convex body K that may have non-regular boundary points is
verified by Aubrun, Fradelizi [31] in the spherical and by Béréczky, Sagmeister [115]
in the hyperbolic case.

A hyperbolic version of the Brunn-Minkowski inequality has been proved by Assou-
line, Klartag [30] in H?. A horocycle X in H? has constant curvature one, and is an
orthogonal trajectory of a pencil of pairwise parallel lines, which is the boundary of
an ellipse touching the boundary of the hyperbolic plane in the Bertrami-Cayley-Klein
model; therefore, the orentiation of H induces an orientation of . For anyx #yeH 2
there exists exactly one horocycle cycle arc connecting x and y where x comes first
before y according to the orientation of the horocycle. For measurable X,Y ¢ H? and
A € (0, 1), [30] defines their "hyperbolic Minkowski combination" analogously to the
Euclidean case as

(1-2)X:2Y = {o(2): o:[0,1] - H? oriented constant-speed
horocycle arc with o7(0) € X and (1) € Y},

and proves

VIA=D) X :av], > (1-)VX[+ 4],

For a smooth even convex function g : R — (0, 00), let f(x) = e8UIXID for x € R™.
According to the Log-Convex Density Theorem by Chambers [146], if X c R" is of
finite perimeter and fx f= fr gn J forr >0, then

/fd?-{”‘lz/ fdH" .
o0X rSn-1



126  The Isoperimetric inequality

Silini [535] verified the hyperbolic version of the Log-Convex Density Theorem in
H".

We note that the isoperimetric inequality in the complex hyperbolic space Hg, is
still open (see J.R. Parker [479] for a beautiful introduction into complex hyperbolic
geometry). It has been verified for the so-called Hopf-symmetric sets by Silini [535]
using the hyperbolic Log-Convex Density Theorem.

Another famous open isoperimetric problem is the Isoperimetric Inequality in the
Heisenberg group H<. It is the "simplest" simply connected nilpotent Lie-group whose
product structure is the easiest to describe on C¢ x R, and hence its topological dimen-
sionis n = 2d + 1 (see Franceschi, Leonardi, Monti [247] for the known results about
the Isoperimetric Problem in the Heisenberg group H?). We note that the Brunn-
Minkowski (3.24) with exponent % does not help in this case because (3.24) does
not hold with exponent é for Q =2d +2 =n+ 1, and the isoperimetric problem asks

for the minimal C > 0 such that u(X )% < C - P(X) where u is a Haar measure and
P(X) is the corresponding finite perimeter.

The Gaussian Isoperimetric Inequality was proved independently by Borell [85]
and Sudakov, Tsirelson [544] using the Spherical Isoperimetric Inequality as in Sec-
tion 4.6. The significance of the Gaussian Isoperimetric Inequality is shown also by
the act how different methods are used to prove it; for example, Bobkov [77], Bakry,
Ledoux [43], Barthe, B. Maurey [55]. Cianchi, Fusco, Maggi, Pratelli [164] verified
a stability version of the Gaussian Isoperimetric inequality of optimal order using
Ehrhard’s symmetrization method to prove his inequality (4.49) (see also Barchiesi,
Brancolini, Julin [48] for a stability version of the Gaussian Isoperimetric inequality).

Both the Spherical and the Gaussian Isoperimetric inequalities can be considered
as results about measure concentration: If X has at least half of the measure of the
space, then the complement of X () has “small" measure.

An important Brunn-Minkowski-type generalization (even if not on a trivial way,
see Livshyts [421]) of the Gaussian Isoperimetric Inequality is the Ehrhard inequality,
proved by Ehrhard [197,198] for convex bodies using a symmetrization method, and by
Borell [88] (see also van Handel [298]) for measurable sets, and the cases of equality
is clarified by Shenfeld, van Handel [532]. The inequality says that any measurable
sets X,Y c R satisfy

U (i (1=DX+2Y)) > (1= Dy~ (Y (X)) + 2y (7a(Y)) (4.49)

for 2 € (0,1) and ¢ (s) = f_soo e~ dt.

A famous open problem, posed by Barthe [51], is the Gaussian Isoperimetric
Inequality for origin symmetric sets. Here the conjectured optimal set depends on the
fixed “volume" (Gaussian measure) V € (0, 1) of the origin symmetric set. The only
known case is due to the recent paper Barchiesi, Julin [49] when the fixed volume

is close to one. More precisely, there exists an absolute constant ¢ € (0, 1) (actually
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very close to one) such that if V € (c, 1), then among origin symmetric closed sets
X with locally Lipschitz boundary and satisfying vy, (X) = V, the origin symmetric
slabs bounded by two parallel hyperplanes minimize the Gaussian perimeter. For the
current state of art of the problem, see Barchiesi, Julin [49] and Livshyts [421].

Possible strengthenings of the Ehrhard inequality for symmetric sets are discussed
by Livshyts [421], stating explicit conjectures.

A Brunn-Minkowski-type inequality for the Gaussian measure that only holds for
origin symmetric convex sets X,Y C R” is due to Eskenazis, Moschidis [203]; namely,

Y (1= DX +2Y)7 > (1= D)yp(X)7 + Ay (Y)n (4.50)

holds for A € (0, 1). Both of the conditions convex and origin symmetric are important;
for example, if X is a fixed origin symmetrix convex body and Y is a translate by a
vector whose length tends to infinity, then y,, ((1 — 1) X + 1Y) can be arbitrarily small.

The KLS conjecture about the Cheeger constant Ccpe (1) was stated in the ground-
breaking paper Kannan, Lovdsz, Simonovits [361] in 1995. The paper [361] proved
Cche (1) < cy/n, c absolute constant, for an isotropic log-concave measue u on R”, and
even after 20 years of intense research (see Alonso-Gutiérrez, Bastero [15], Artstein-
Avidan, Giannopoulos, Milman [28,29] and Klartag [373]), the best upper bound still
stayed at cn#. The breakthrough came by Yuansi Chen in 2020 verifying that the bound
cn# canbe replaced by n°(1), and the currently best upper bound is the c+/log 1 of The-
orem 4.7.12 due to Klartag [373].

A related problem is discussed by Alter, Caselles [16]. For the uniform probability
measure on a convex body K c R”", [16] considers the infimum of H" 1 (0X)/|X|
for rectifiable subsets of X C K, more precisely, they consider sets of finit perimeter.
Alter, Caselles [16] prove that there is essentially a unique optimal set X C K, and it
is a convex body.

4.A Supplement: The Spherical Space and the Hyperpolic Space

In this section, we summarize the basic notions related to the spherical space and the

hyperbolic space. We recall that pos{x, y} = {ax + By : @, 8 > 0} for x, y € R"*!,
First we introduce the spherical space " ¢ R™*!. Fix an e € R™! with ||e|| = 1.

Remark 4.A.1 (Notions related to the spherical space S” ¢ R"*!).

Spherical Space: S™ = {x e R™!: (x,x) =1}.

Distance: dsn(x,y) = arccos {x, y) forx,y € §".

Isometries: O(n+ 1) - acts transitively (any x € §" can be mapped to any other y € S”
by an isometry), stabilizer of a point is isomorphic to O (n).
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Tangent space at z € S": T, = {y € R™! : (y,z) = 0}, T, is equipped withthe scalar
product (-, -).

Geodesic segment: (also called geodesic arc) [x, y]s» = pos{x,y} N S" forx,y € §"
provided y # +x.
If x,y € " with y # +x, then there exists unique "directional vector" v € Ty with
(v,v) =1 and y = x cos r + vsinr where r = dsn(x, y) € (0, 1), and we have
[x,y]sn = {xcost+vsint:t € [0,r]}.

Angle: Ifx,y,z € S" withy # +x,z # +x,and y =xcosr +vsinr,z =xcoss +wsins
for r, s € (0, ) and v, w € Ty with (v, v) = (w, w) = 1, then the spherical angle
Z(y, x, z) = arccos (v, w) = a, which is also the angle of [x, y]s» and [x, z]sn,
and cos dgn (x, y) = cosr cos s + sinr sin s cos a according to the Spherical Law
of Cosines for sides.

"Hyperplane': (or Great subsphere) H = {x € §" : (x,u) =0} forau € S".

"Closed Halfspace": (or closed Hemisphere) H" = {x € " : (x,u) > 0} forau € S",
and the corresponding open hemisphere is {x € S" : {x,u) > 0}.

Reflection through the hyperplane H: 1f H={x € §" : {(x,u) =0} for u € §", then the
reflected image of an x € S” through H is égx = x — 2{x, u) - u.

o ¢pgx=xforx € H" if and only if x € H;
e &g is anisometry such that £y (£gx) = x for x € §™;

» foranyy,z € S", there exists a hyperplane H such that £y = z (“perpendicular
bisector" of [y, yz]s» provided y # +7).

Spherically convex sets: X C §" is convex, if X contained in an open hemisphere, and
[x,y]sn C X for any x, y € X where the latter property is equivalent to saying that
X = C N §" for a Euclidean convex cone C ¢ R™*!,

Bi-Lipschitz map to Euclidean geometry:
St ={xeS8": (x,e) > 0} fixed open hemisphere. The radial projection x — <x—le> X
is a bi-Lipschitz map S” — e* + e (actually, C* diffeomorphism) mapping spher-
ical segments and convex sets in S onto Euclidean segments and convex sets in
et +e.

Now we turn to basic properties of the hyperbolic space H". One of its character-
istic properties how paralell lines occur. We observe that on S2, any two lines (great
circles) intersect in two (antipodal) points, and in R2,if £ c R? is line an x € R? does
not lie on ¢, then there exists exactly one line through x not intersecting ¢, which is
called parallel. Now if £ is a line in the hyperbolic plane H?, and x € H? does not lie
on ¢, then there exist exactly two lines €| and ¢, through x that does not intersect ¢, but
gets asymptotically arbitrary close to € (see the Beltrami-Cayley-Klein model below).
In addition, any line through x between ¢; and ¢, (in the suitable sense) not simply
avoids ¢, but diverges away at both ends.
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The hyperbolic space has various useful models, and we discuss two. We start with
the Hyperboloid model, which exhibits the metrixcproperties of H" analogously to S™.
After that we briefly discuss Beltrami-Cayley-Klein model, whose advantage is that
hyperbolic lines are Euclidean segments in the model, and it is very transparent how
ideal points of the Hyperbolic Space and parallelism work.

To define the Hyperboloid model of H” in R™*!, fix an e € R™*! with |le| = 1.
We consider the following symmetric bilinear form B(-, -) on R**! with eigenvalues
I,-1,...,-l:Ifx=%+tecR™ and y = j + se e R"! forX,j € et and 1,5 € R,
then

B(x,y) =ts — (X, 3).
Remark 4.A.2 (Hyperboloid Model of the hyperbolic space H" in R"*1).

Hyperbolic Space: H" c R™!,
H'={x=%+te:B(x,x)=1and ¥ € e! and ¢ > 0}.
Distance: dgn (x,y) = arccosh B(x,y) forx,y € H".
Isometries: {® e GL(n+1) : B(®x,®y) = B(x,y) and (D e,e) > 0}.
The isometry group is transitive, and the stabilizer of a point is isomorphic to O (n).
Tangent space at z € H": T, = {y e R™!: 8(y,z) =0}.T, is equipped with the scalar
product —8B(-, -).
Geodesic segment: [x,y|gn = pos{x,y} N H" for x,y € H" with y # x.There exists

a unique "directional vector” v € Ty with 8(v,v) = —1 and y = x coshr + vsinhr
forr = dgn(x,y) > 0, and [x, y]gn = {xcosht+vsinht : 7 € [0,7]}.

Hyperbolic line: € =TI N H" where IT ¢ R"! two-dimensional linear subspace with
IInH" +0.
Ifx e and v € Tx NI with B(v,v) = -1, then £ = {x coshr + vsinhr : r € R}.
In particular, w; = x + v € Il and wp = x — v € II satisfy B(w;, w;) = 0, and Rw,
and Rw;, represent the two ideal points of £ where the "ideal point" linear subspace
Ruw; is part of the "asymptotic cone" {w € R"*! : B(w,w) = 0} of the hyperboloid
in R™*1,

Parallel lines: Lines | and ¢, are parallel if there exists w € R™! with 8(w,w) =0
such that Rw is an ideal point of both lines.

Angle: Ifx,y,z€ H" withy # x, 7 # x, then y =x coshr + vsinhr, z=xcoshs + wsinh s
for r,s > 0 and v, w € Ty with B(v,v) = B(w, w) = —1, and the hyperbolic angle
is Z(y, x, z) = arccosh (-8 (v, w)) = a, which is also the angle of [x, y]g» and
[x,z] un, and satisfies cosh d g (x, y) = cosh r cosh s — sinh 7 sinh s cos @ according
to the Hyperbolic Law of Cosines for sides

Horosphere: Let w € R"™! with 8(w,w) = 0 and (w, ¢) > 0. Fort > 0,
¥ ={x e H": B(w, x) =t} is a horosphere centered at the ideal point Rw. If
x € X, thenv=x— % w € T, with B(v,v) = —1, and hence Rw ideal point of the



130 The Isoperimetric inequality

line £ = {x coshr + vsinhr : r € R} orthogonal to X; or in other words, X is the
orthogonal trajectory to the pencil of parallel lines at Rw.

Hyperplane: H = {x € H" : B(x,u) = 0} where B(u,u) = -1, u € R™1.
Closed Halfspace: H* = {x € H" : =8B(x,u) > 0} where B(u,u) = -1, u € R™!.

Reflection through the hyperplane H: égx =x+28(x,u) - u forx € H" provided H =
{x € H" : B(x,u) = 0} where B(u,u) = —1,u € R

e &g is an isometry such that &g (égx) = x forx € H",
o ¢pgx=xforx e H" ifand only if x € H;

e if y # z, then there exists a unique hyperplane H with £y = z (“perpendicular
bisector" of [y, z] gn).

Hyperbolic convex sets: X C H" is convex if [x, y]g» C X for any x,y € X; or equi-
valenty, if X = C N H" for a Buclidean convex cone C ¢ R

Bi-Lipschitz map between Hyperbolic and Euclidean geometry: Theradial projection

X ﬁ x is a bi-Lipschitz map H" — e* + e (actually, C* diffeomorphism)

mapping hyperbolic segments and convex sets in H" onto Euclidean segments
and convex sets in e* + e.

For the Beltrami-Cayley-Klein model of H”, we only discuss a few notions to
indicate how ideal points and paralellism work in the Hyperbolic World.
Remark 4.A.3 (Beltrami-Cayley-Klein model of H™).
Beltrami-Cayley-Klein model: int B" is set of points of the model.

Hyperbolic segment: For x,y € int B", the Euclidean segment conv{x, y} coincides
with the hyperbolic sedment [x, y]g».

Ideal points: 0B" is the set of ideal points.
Hyperbolic line: conv{w,w,}\{w;,w,} for the ideal points w;, w, € dB".

Farallel Hyperbolic lines: Hyperbolic lines £, ¢, C intB" are parallel if £; and £, have
common ideal point w € dB".

Horosphere: dE\{w} for certain Euclidean ellipsoid E C B" touching B" from inside
ataw € dB".

Isometry with the Hyperboloid model: # : H" — intB", #i(x) = ﬁ x—e.

Finally, we discuss properties of the three geometries that work similarly in all
three of them. Let M” be either R, H" or S". The following properties readily follow
from the definition of convexity in M".

Lemma 4.A.4. Let M" be either R, H" or S™.

(i) Intersection of convex sets is convex.
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(ii) Closed half spaces are convex if M"™ = R", H".

(iii) Intersection of a convex set and closed half space is convex if M" = S".

The metric ball centered at x € M" and of radius r > 0 (where r < 7 if M = S™)
is Byn(x,7) ={y € M" : dpn(x,y) < r}. For compact X ¢ M" and o > 0, the
corresponding parallel domain is

X ={ye M":3x e X withdpn(x,y) < 0} = U{Bpw(x,0) :x € X}.

Lemma 4.A.5. Let M" be either R", H" or S", let H* be a closed half-space in M"
bounded by the hyperplane H, and let H™ be the complementary closed half-space
with H* N H™ = H.
(i) (Triangle inequality) d pn (x, y) + d pn (3, 2) = dpn (x, 2) for x,y,z € M™, with
equality if and only if y € [x, z] pn.
(ii) Given x € H*, y € H* if and only if d pn (y,x) < dpn (v, €l X).
(iii) If H NintB pqn (z,r) # 0 and z € H*, then g (H™ N B pgn (2,7)) CHY N B pn(2,7)
where we assume that r < rt if M"™ = S§".
(iv) Bpn (x, 1) convex for r > 0 where we assume that r < 5 if M" = S".
(v) If X compact and o > 0, then diam X(©) = 20 + diam X where we assume that
20 +diam X < 7 if M" = S".
(vi) A convex body K in M" is the intersection of half spaces, and there exists sup-
porting hyperplane H at any x € 0K (x € Hand K c H").

Proof. In the case of R", these properties are well-known or proved in Chapter 1;
therefore, we only present the argument when M" is either H" or S".

(1) follows from the Law of Cosines for sides, and in turn (i) yields (ii), and (ii)
implies (iii). For (iv), we may assume that x = e, and for B(e, r) pi», and we use the
radial projection 7 p(» and the convexity of Euclidean balls.

For (v), diam X (@) < 20 + diam X follows from (i). If diam X = d(x, y) forx, y € X,
choose x’, y’ € X(©) such that x,y € [x",y’] and d(x,x") = d(y,y’) = o, and hence
d(x’,y’) =20+ diam X.

(vi) follows by the Euclidean case (cf.Lemma 1.2.3), and by the use of radial pro-
jection 7T pqn. |

Remark 4.A.6 ("Volume" in M™). The "canonical" measure on M" is just the n-
dimensional Hausdorff measure H /’\‘,(n determined by the metric of M", which coin-
cides with the Euclidean H" in the case of $" (but this does hold in the hyperbolic
case). For measurable X c M", its "canonical" measure is denoted by | X|. This meas-
ure is also the suitably normalized Haar measure on Iso(M"™) /O (n) for the isometry
group Iso(M™) of M". The "canonical" measure is regular (cf. Appendix Chapter 10);
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namely, if X ¢ M" is meaurable with |X| < oo, then
|X| =inf{|U| : X c U & U open} = sup{|C| : C c X & C compact}.

Remark 4.A.7 (Surface area and regular boundary points in M™). A compact X C
M has rectifiable boundary if intX # () and X is the union of finitely many sets that
are Lipschitz images of compact subsets of R”~!. In this case, 0 < 7-{/’(/(‘,} (0X) < o0,
and

_ X)X
HINOX) = lim ————. 4.51
hol (0%) = lim =— 451
7{/'(4‘"1 a.e.y € 0K is a regular boundary point where supporting hyperplane even to

K N B(y, ) for small & > 0 is unique.
We note that for x € M"™ and r > 0, we have

nw,r*-' if M"* =R";
S(Bpmn(x,r)) = nwp(sinr)” ' if M* = S™;
nwy,(sinhr)*~! if M* = H",

which formulas follow by considering B = (e, r) if M is either §” or H", and hence
the volume of the ball is |Bgn(x, r)| = w,r", |Bsn(x, r)| = nw, for(sin r)*~! and
|Bgn (x,r)| = nw, /Or(sinh r)"~1. We observe that if M" is either R”, H" or S", then
locally the geometry is close to Euclidean; in particular,

o BaeGen o SBan(xr)

1.
r—=0t W, r=0* W, rt!

Even if we promised to discuss the similarities among the three fundamental spaces
of constant curvature in the last part of this section, let us close the section with some
fun facts showing how the curvature « = +1, 0, —1 of §”, R" and H", respectively,
influences the geometry. For example, S" is compact, lim, SBanx.1)) — ) while

S(Byn (x,r)) e
n x,r _ .o, . . b
m = 1. In addition, if T is

a triangle in M?; namely, convex hull of three non-collinear points x, y, z, then T
consists of the three segments determined by x, y, z, and the three angles «, 5,y at
X, Y, z satisfy

the hyperbolic space "expands", namely, lim, _,q

a+B+y=n+«k-|T|.

4.B Supplement: Equality in the Isodiametric Inequality in H" and S"

In this section, we characterize equality in the Isodiametric Inequality Theorem 4.5.1
in H" and §". The argument actually works in R", as well. Therefore let M" be either
R", H" or §", and let S = {x € §" : (x, e) > 0} for the fixed e € R"*! in the spherical
case. First relate the diameter of a compact set to its convex hull.
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Lemma 4.B.1. Let M" be either R, H" or §", and let X c M" be compact where
X cStif M =8
(i) There exists a minimal compact convex set convX containing X that is the inter-
section of all compact convex sets containing X ;

(ii) diam conv X = diam X provided diam X < 7 if M" = §";
(iii) | X| > 0 and conv X # X = |conv X| > | X].

Remark. (ii) does not hold if M" = S" and diam X > %

Proof. For (i), the only non-trivial part is wether some compact convex set contains
X if M" = S". However, X C S yields that X C B(e,r) for some r € (0, 7).

For (ii), let D = diam X. Lemmas 4.A.4 and 4.A.5 yield that it is sufficient to prove
the claim that d(p,q) < D for p,q € X where X = ({B(y,D) : X c B(y,D)}.

To verify the claim, we observe that p € B(x, D) for any x € X, and hence d(p,x) <
D for any x € X, which in turn yields that X ¢ B(p, D). It follows that ¢ € B(p, D),
thus d(p, g) < D, proving the claim, and in turn (ii).

For (iii), if |X| > 0 and conv X # X, then (intconv X) \X # 0, implying that
|conv X| > | X]|. [

For the two-point symmetrization (cf. Definition 4.5.2), we prove at least in the
case of a "smooth" convex body K that if 7y K is convex for any hyperplane H, then
K is a ball.

Proposition 4.B.2. If K c M" convex body such that every boundary point is regular
and T K is convex for any hyperplane H, then K is a ball.

Remark. Proposition 4.B.2 holds even if K is any convex body that may have non-
regular boundary points, as well (see Aubrun, Fradelizi [31] and Bordczky, Sagmeister

[L15]).

Proof. For any p € 0K, we write H, to denote the unique supporting hyperplane to
K at p. Letx,y € K satisfy that d(x, y) = diam K, and hence H, and H are ortogonal
to [x, y], and w € int K for the midpoint w of [x, y].

Let » > 0 be maximal such that B(w,r) € K. Thenr < d(w,x) = d(w, y), and there
exists z € 0K N 0B(w, r) such that z # x,y. As B(w,r) C K, the unique supporting
hyperplane H, at 7 is ortogonal to [w, z].

Let H be the perpendicular bisector hyperplane of the segment [x, z], and let
H* be the corresponding closed halfspace with z € H. It follows that £yx = z, and
Lemma 4.A.4 (vi), the fact that 7+ K is convex, and considering the supporting hyper-
plane of 7+ K at z = égx yield that Egy Hy = H,. Since [w, x] and [w, z] are orthogonal
to H, and H,, the lines of the segments [w, x] and [w, z] are mapped onto each other
by £y, and hence £égw = w. We deduce that d(x, w) = d(z,w) = r, thus B(w,r) C K,
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which in turn yields that B(w, r) = K because the diameters of B(w, r) and K are both
d(x,y). -

Theorem 4.B.3 (Isodiametric Inequality with equality). Let M™ be either H" or S",
and let 7o € M". If X ¢ M" is bounded and measurable with |X| > |B(zo, r)| and
diam X < 2r forr > O where r < 7 if M" = 8", then X C B(y, r) for some y € M".

Proof. Since cl X has the same diameter as X, we may assume that X is compact.
Fix ¢ > 0 where in the spherical case also assume that r + o < 7, and hence
20 +diam X < 7.

Isoperimetric Inequality Theorem 4.5.1 and Lemma 4.A.5 (v) yield

’x<9>| > |B(z0, 7 + 0)| and diam X@ < 2r + 2.

It follows from the Isodiametric Inequality Theorem 4.5.1 and Lemma 4.B.1 that X (¢)
is a convex body, thus Proposition 4.B.2 implies that X(@) = B(y, r + o) for some
y € M". In turn, we conclude that X C B(y,r). [



Chapter 5

The Isoperimetric Inequality for sets of Finite Perimeter
and the Sobolev inequality for BV functions

The natural set up for the Isoperimetric Inequality in R" is in the framework of sets of
finite perimeter (that includes bounded sets of Lipschitz boundary) partially because
the equality case can be characterized in a natural way for them. In addition, functions
of bounded variations (BV functions) - that are the functional analogues of sets of finite
perimeter, - form the natural family for the Sobolev inequality, and in this family, unlike
in the case of C! functions, the Sobolev inequality does have extremizers; namely,
multiples of characteristic functions of balls.

For related properties of the Haussdor measure, see Section 1.B. Given the tech-
nicalities in the subject, this chapter is mostly survey. For in depth study of sets of
Finite Perimeter and BV functions, see, for example, Ambrosio, Fusco, Pallara [19]
and Maggi [439].

Let us describe an idea how to prove the Isoperimetric Inequality for the surface
area P(E) of a convex body E c R" with C? boundary (see Section 8.6.1 for the
detailed argument). We may assume that |E| = |B"|, and hence Caffarelli’s [137] the-
orem yields the existence of a C! diffeomorphism (Brenier map) T : E — B" such
that D(T)(x) is a positive definite symmetric matrix and det DT (x) = 1 for x € E.
It follows from the AM-GM inequality for the eigenvalues of DT that div T'(x) >
n(det DT(x))% = n, with equality if and only if DT (x) = I,,. We deduce from the
Divergence Theorem and ||T|| < 1 that

n|B”|%|E|nTi1 = ‘/Endx < ‘/EdivT(x)dx = ‘/3E<T(X)’VE(X)> dH" ' (x) < P(E).

If equality holds, then div 7T (x) = n for x € int E; therefore, DT = I,,. We conclude that
T(x) =x+zforaz € R", and hence B" = E + z.

Now this simple argument does not extend even to the case of convex bodies
because typically the Brenier map does not extend to the boundary. However, T is
a function of bounded variation (BV function) allowing to use a generalized version of
the Divergence Theorem (see Section 5.2.1 for the proof of the Isoperimetric Inequal-
ity in its natural settings). Since the notions of BV functions and sets of finite perimeter
are essentially equivalent, we develop the two theories in parallel.
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5.1 Sets of Finite Perimeter and BV functions

In order to motivate the definition of sets of finite perimeter, we present an example of
a set of finite Lebesgue measure in R” whose boundary has infinity Lebesgue measure.

Example 5.1.1. For a dense sequence {(xg}xen of points in R", we consider E =
Uren B(xx,27%). Then |E| < Y iep |B(xx,27%)| < co. However, E is dense in R”, so
|0E| = |E \ E| = oo,

We write C!(R"; R") to denote the space of C! vector fields T : R" — R" with
compact support.
Idea to define perimeter: If E is a convex body with C? boundary with o € int E,
then the Divergence Theorem 2.1.4 (known also as Gauss-Green theorem) yields that

/ div(T) dx = / (T, vopYdH" ' < H" Y(JE)
E OE
for any vector field T € C}(R"; R") such that ||T|| < 1. On the other hand, if T is the
vertor field T(tz) = y(t) ve(z) for z € E and > 0 where  : R — [0, 1] is C! with
compact support and (1) = 1 and ¢ (0) = 0, then T € C}(R™;R"), ||IT|| < 1 and

/ div(T) dx = / (T, voeYdH" " = H" " Y (JE);

E OE
therefore,
H"Y(JE) = sup {/ div(T)dH" | T € CL(R™;R™), ||IT|| < 1} .
E

Definition 5.1.2. A measurable set E C R" is a set of finite perimeter if

P(E) := sup {/ div(T)dx | T € CL(R™;R"), ||T|| < 1} < .
E

A measurable set E C R" is locally of finite perimeter if, for every bounded open set
A, it holds

P(E;A) :=sup {/ div(X)dx | T € Cg(A;R"), T < 1} < oo.
E

Proposition 5.1.3. A set E C R" has locally finite perimeter if and only if there exists
a R"-valued Radon measure ug = vg d|ug| on R" such that ||vg|| = 1 |ug| a.e. in R"*

and
‘/Ediv(T)zf]Rn(T,dpE):/lE(T, ve)d|pEl

forany T € CL(A;R").
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Proof. Assume that E has locally finite perimeter, and consider the linear functional
L:C/(R"R") — R, T +—> / div(T).
E

Given an open set A with compact closure, if T € C!(A;R") then

(T ,
/Edw(m)’ < ITllwP(E; A).

As |L(T)| < ||IT||P(E; A) for any T € CL(A;R"), it follows that for every open A
with compact closure,

IL(T)| = ‘ /E div(D)| < 171l

L:(CHARY), | lo) — R

is abounded densely defined linear functional which thus extends uniquely to a bounded
functional on C.(A;R"™) with respect to || - ||. Now the Riesz Representation The-
orem 10.1.5 gives the existence of an R” valued Radon measure ug = ved|ug| such
that L(T) = fRn<T, veYd|ug| forevery T € CL(R™;R"), vg : R" — R™ is |ug| meas-
urable, and ||vg|| =1 |ug| a.e. in R™.

For the other direction, if ur = ved|ug| exists, then given T € C!(A; R") with
[IT]] < 1 we have

Jave|=| [ e =| [ @ verauel

so P(E; A) < |ug|(A) < oo. ]

< |uel(A)

Example 5.1.4. If int £ # 0 and OF is locally Lipschitz for E ¢ R", then E is a set
of locally finite perimeter, and even is a set of finite perimeter provided E is bounded.
In addition, P(E) = H""Y(JE), |ug| = H" 'Lse and vg is the unit exterior normal
to OE at H"~! a.e. x € OE according to the Divergence Theorem 2.1.4. If A ¢ R" is
open bounded, then P(E; A) = H" ' (A N OE).

Actually, compact E c R" with rectifiable boundary and int E # 0 is also a set
of finite perimeter because the Divergence Theorem 2.1.4 holds also in this setting
according to Federer [212].

The following facts are contained in Ambrosio, Fusco, Pallara [19] and Maggi
[439]:
Remark 5.1.5. Let E C R" be a set of finite perimeter.
e P(AE) = A" 'P(E) forevery A > 0.
e P(x+®E)=P(E) forevery ® € O(n) and x € R".
* R"\E is also a set of finite perimeter, P(R"\E) = P(E) and upm\g = —lE.
e suppug={xeR":0<|EN(x+rB")| < |rB"|} C 0E.
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e P(E;A) =|ug|(A) and P(E) = |ug|(R") for any bounded open A C R".
¢ For any measurable F' ¢ R" with |[EAF| = 0 (here A stands for the symmetric
difference), F is a set of finite perimeter with ug = up, and hence P(E) = P(F).

e There exists a Borel set F ¢ R" with |[EAF| = 0 such that supp ug = 0F.

5.1.1 Rectifiability of sets of locally finite perimeter

It follows from the Lebesgue-Besicovitch theorem on differentiation of measures that
for |ug|-a.e. x, it holds

. ug(x+rB"

A iy, - e and pe@l=1 5.1)

Definition 5.1.6. The set of points x such that (5.1) holds is call the reduced boundary
of E and denoted by 0" E. Also, at points of the reduced boundary, vg is the measure
theoretic outer unit normal to E.

Theorem 5.1.7 (De Giorgi Rectifiability Theorem, I). If E C R" is a set of finite peri-
meter, then |ug| = H" Lok and ug = ve dH" 'L g-g; namely,

/ divT = (T, vg)ydH" !
E O*'E

forevery T € CL(R™;R™). Moreover, 0*E = N U (U K ;) where H"~1(N) =0, the sets
K are compact, and K; C M where M is a C' manifold of dimension n — 1 and for
every x € K;, ve(x) is normal to T<M;.

The importance of the reduced boundary is clarified by the following result (cf.
[19, Theorem 3.59]). Here we use the Llloc convergence of sets, defined by setting
Ej, — E if, for every compact set C, we have |C N (E,AE)| — 0.

Theorem 5.1.8 (De Giorgi Rectifiability Theorem, I). If E is a set of finite perimeter
and x € 0*E, then

(E —x)
r

= {yeR": (ve(x),y —x) <0} (5.2)
as r — 0%, Moreover, the following representation formulas hold true:
pe =vedH"  'op,  up|(R") =H""1(9"E). (5.3)

Starting from (5.3) and the distributional Divergence Theorem, one finds that, if
E is a set of finite perimeter, then

/ div T (x)dx = / (T,vg)dH" ! (5.4)
E O*E
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for every vector field 7' € Cé (R™; R™). We shall need a refinement of this result, as
discussed below. The first step now is to introduce the space of functions with bounded
variation.

5.1.2 Functions of bounded variation (BV functions)

Sets of finite perimeter can be thought as those sets whose indicator functions has a dis-
tributional derivative which is a measure. This concept can be generalizes to arbitrary
functions, giving rise to the notion of BV functions.

Definition 5.1.9. A measurable function f : R" — R is BV if

sup{/ fdiv(X)dx | X € CLR™;RY), ||X]| < 1} < 0.
Rn

A measurable function f : R" — is locally BV if, for every bounded open set A, it
holds

sup{/ fdiv(X)dx | X € CL(A;RY), ||X]] < 1} < 0.
Rn

As for sets of finite perimeter, BV functions enjoy a series of structure theorem.
First of all, being a (locally) BV function is equivalently to asking that the distributional
derivative of f is a (locally) finite Radon measure.

Proposition 5.1.10. A measurable function f : R" — R is locally BV if and only if
there exist n Radon measures {1; r}1<i<n, such that

ropdi=- [ pduy  veeclE.
Rn

These measures are usually denoted by {D; f }1<i<n, and onewrites Df = (D1 f,...,D,f),
so that the following identity holds:

[ raiveryds= - /R (Td(Df) = - Zl /R T (D)

forallT =(T',...,T") € CL(R";R").

Remark. If E is a set of locally finite perimeter, then ug = —D1g.

Since D f is a (vector-valued) measure, we can define its total variation as

IDF|(E) = sup{Z|/E‘ d(Df)) CEnE =0, | JEc E}

ieN ieN
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for all Borel sets E C R". BV functions and sets of finite perimeter are intrinsically
related by the coarea formula [19, Theorem 3.40]: if A ¢ R" is open and f € BV (R"),
then

/ Df| = / PUS > 1}: A)dr. (5.5)
A R

This is just a particular case of the coarea formula:

Theorem 5.1.11 (Coarea Formula). If f € BV(R") and ¢ : R — [0, o] is a Borel

function, then
/ W d|Df] :// W dH ! dr. (5.6)
Rn R JO{f>t}

Definition 5.1.12. The Sobolev space W!-!(R") is the set of f € BV(R") such that
df is absolutely continuous with respect to the Lebesgue measure.

Example 5.1.13 (BV functions on an interval). For a function f : [a,b] — R, fisa
BV function if and only if its total variation in the classical sense is finite; namely,

k
IDf1(la. b)) = sup {Z FO0) = fimnl s @=x0 <1 <o <xi = b} <.
i=1

Note that if f is Lipschitz, then |D f|([a, b]) = /a b | f’| (actually, this also works for
any f € WhI(R)).

5.1.3 Anisotropic perimeter

All previous concepts can be generalized to the setting of anisotropic perimeter. More
precisely, given convex body K C R" with o € intK, h its support function, and || - ||x
its norm, we define

Pk (E) := sup {/ div(T)dx | T € CL(R™;R"™), ||T||x < 1},
E
and, for every open set A,
Pk (E;A) :=sup {/ div(T)dx | T € CL(A;RY), ||T||k < 1}.
E

Note that, since c(|| - || < || - Ik < ¢2]| - || for ¢2 > ¢1 > 0, the notion of sets of finite
perimeter is independent of the choice of the norm.

Given a (vector-valued) measure u, we can define its total variation with respect
to the dual norm || - || as

I=Dflix(E) = sup{Z”/E aop)| . EnE =0 | JEic E}
ieN i ieN

Then, (5.5) and (5.6) generalize as follows:
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Theorem 5.1.14 (Anistropic Coarea Formula). If f € BV(R"), ¢ : R" — [0, 0] isa
Borel function, K c R" is a convex body with o € intK and A ¢ R" open, then

/A dll - D]

/ wdll - Dfllx- = / / Uk (i) dAH A (58)
R R Jor {f>1)

We deduce from (5.7) and (5.8) applied to y =14 for A = R" and f = 1g for a set
of finite perimeter E C R" the following simple representation of Pg:

= / Pi({f > 1}: A)dr, (5.7)
R

Corollary 5.1.15. If E c R" is a set of finite perimeter and K C R" is a convex body
with o € intK, then

P (E) = / Vel dH = / i (vie) dH. (5.9)
OE O*E

5.1.4 A divergence theorem for BV vector fields on sets of finite perimeter

Our goal here it to generalize (5.4) to the case of vector fields X € BV(R"™;R").
If E is a Borel set and £ € [0, 1], we denote by E(©) the set of points x of R” having
density ¢ with respect to E, i.e., x € E©) if

- |EN B (x)]
lim ———— =
r=0 By (x)]

We use the notation 8y, E for E (1/2) | A theorem by Federer [19, Theorem 3.61] relates
the reduced boundary 9*E to the set of points of density 1/2, ensuring that, if £ is a
set of finite perimeter then these sets are 4"~ !-equivalent. More precisely,

H YR\ (EDUE® UHE) =0, (5.10)
H" YO EAD pE) = 0. (5.11)

Let now E and F be sets of finite perimeter. By [19, Proposition 3.38, Example 3.68,
Example 3.97], E N F is a set of finite perimeter and, if we let

Jep={x€dENIF:vg(x) =vp(x)}, (5.12)
then, up to H"~'-null sets,
ENF)=JepU[EnFDU[*FNnEW], (5.13)
Moreover, at H" 1-a.e. x € 8*E N F we find

ve(x), ifxe*ENnFW
vEnr(x) =9 vi(x), ifxedFNEW, (5.14)
ve(x) =vp(x), ifxelJgr.
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In the particular case that F C E, (5.13) and (5.14) reduce to

JF=[0"FNO*ElU[d*FNEM], (5.15)
ve(x) =ve(x), forH" 'ae xed*FNIE, (5.16)

where (5.15) is valid up to H n=I_null sets. We shall also use the following lemma
concerning the union of two sets of finite perimeter:

Lemma 5.1.16. Let E and F be sets of finite perimeter with |E N F| = 0. Then

veur dAH TV O*EUF) =vg dH" ' [(0*E \ 8"F) + vp dH" ' (8"F \ 9"E),
(5.17)
and vg(x) = —vp(x) at H" '-a.e. x € 3*E N §*F.

Proof. As |E N F| =0, wehave 1gur = 1g + 1F. Therefore, by (5.3),

VEUpdﬂn_ll_a*EUF) = Dlguyp=Dlg+Dlp
= vEdH" ' OE+vpdH" ' 0'F. (5.18)

Since 81 2E N 01 2F C(EUF)), wehave H" 1 (0*EUF)N§*ENJ*F)=0by (5.11).
In particular, (5.17) follows from (5.18). Moreover,

0= /(VE +VF) dH™ ", for every Borel set C C 0"E N 0*F ,
c

i.e. v = —vp at H" '-a.e. pointin 8*E N 9*F. n

Let us endow the space of n X n tensors R”*" with the metric |L| = +/trace(L'L).
In particular, if T € BV, (R";R") and DT is its R"*"-valued distributional derivative
(which is a measure), then we denote by | DT'|(C) the total variation of DT on the Borel
set C defined with respect to this metric.

Since DT is a measure, we can decompose it into its absolutely continuous and
singular part with respect to the Lebesgue measure. More precisely, we denote by VT
the density of DT with respect to Lebesgue measure, and by DT the corresponding
singular part, so that DT = VT dx + D,T. If DivT is the distributional divergence of
T and if DT takes values in the set of n X n-tensors that are symmetric and positive
definite, then Div T is a non-negative Radon measure on R”, which is bounded above
and below by the total variation of T': for every Borel set C in R”,

L/d(DivT)S/dlDTI s/d(DivT), (5.19)
Vn Jc c c

as a consequence of the inequality n~!/2 Y b < (20 51.2)1/ 2 < 3", € whenever
{; > 0. Moreover, if we set div T(x) = trace(VT (x)), then

DivT =divT dx + (DivT)y, (DivT)s =trace(DT) > |DT]|, (5.20)
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Note that, as a consequence of (5.20), DivT — div T dx is a non-negative Radon meas-
ure.

Whenever T € BV (R™;R") and E is a set of finite perimeter, for H" " !-a.e.x € 9*E
there exists a vector trg (7)(x) € R” such that

. / T() —teMldy =0, (5.21)
r=0 7% J B, (x)n{y:(y—x)-vE (x) <0}

called the inner trace of T on E, see [19, Theorem 3.77]. Note that, as a byproduct of
(5.2) we have in fact

Jim / IT(y) = trg(T) (x)|dy = 0. (5.22)
B, (x)NE

r—0 r’t

Moreover, as a consequence of [19, Example 3.97] (applied to the pair of functions T
and 1g) the Divergence Theorem holds true in the following form:

Theorem 5.1.17 (Divergence Theorem for BV vector fields). IfT € BV(R";R") and
E is a set of finite perimeter, then

/ d(DivT) = / (trg(T), vE) dH" ™. (5.23)
EWM O°E

5.2 Characterization of isoperimetric sets

5.2.1 The Anisotropic Isoperimetric inequality

In section we wish to characterize isoperimetric sets for the anisotropic isoperimet-
ric inequality. This argument is contained in Figalli, Maggi, Pratelli [225] in a more
general setting.

Theorem 5.2.1 (Anisotropic Isoperimetric Inequality with Equality). Let E be a set
of finite perimeter with 0 < |E| < co. Then Pg (E) > n|K|'/"|E|"=D/" with equality
if and only if |[EA(xo + rK)| = 0 for some xy € R" and r > 0.

After various attempts, satisfactory stability version of the Anisotropic Isoperi-
metric Inequality Theorem 5.2.1 was provided by Figalli, Maggi, Pratelli [225]. We
recall that for measurable sets X,Y c R” with | X|,|Y| > 0,ifa = |X|7Tl and B8 = |Y|_7],
then

A(X,Y) =min{|eXA(z+BY)|: z € R"}.

Theorem 5.2.2 (Figalli, Maggi, Pratelli). For 6,, = 2-165,-17, if E C R" has finite
perimeter and |E| > 0, and K € R" is a convex body with o € intK, then

Pk (E) > n|K|7|E|"" [1+6, - A(K,E)?] . (5.24)
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Remark. Here the exponent 2 of A(K, E)2 is optimal, and 6, can’t be larger than
36n2 (see Remark 8.6.6).

To prove Theorem 5.2.1, we shall need some preliminary results.
A set of finite perimeter E is said indecomposable if for every F C E having finite
perimeter and such that

H" Y O*E) = H" 1 (0"F) + H" 1 (8" (E \ F)), (5.25)
we have that min{|F|, |E \ F|} = 0. We shall need the following lemma.

Lemma 5.2.3. Let E be an indecomposable set and let f € BV (R"). IffEu) d|Df|=0,
then there exists ¢ € R such that f(x) = ¢ fora.e. x € E.

Proof. Let F; = EN{f > t}. As E is indecomposable, it suffices to show that (5.25)
holds with F' = F; for a.e. t € R. In fact it is enough to prove that

H'"NO*E) > H" N (0°F,) + H' (0" (E\ F)), (5.26)

for a.e. t € R, as the converse inequality follows from the subadditivity of the distri-
butional perimeter [19, Proposition 3.38 (d)]. To this end we start by noticing that

(F<yV={r>09, dplr>n=apif<it, 627

H' N0 > 300 {f <1}) =0, H" ' (>0 NJEr<) =0, (5.28)

where (5.27) is trivially checked, and where (5.28) follows from (5.27), Lemma 5.1.16

and (5.11). We now come to the proof of (5.26). By (5.13),as E\ F; = EN{f < t},
we have that, up to H n=1_null sets,

OF = Jepis>n VIEY Na{(f > JU[En{f >}V, (5.29)

O (E\F) = JeqrsnVIEW no {f <t JU[0"En{f <}V], (5.30)

(the notation Jg r was introduced in (5.12)). Hence, by the Coarea Formula (5.6) we
get

o:/ d|Df| =/7{"‘1(E(1) NO*{f > t})dr,

EM R

ie. H'"Y(EW N o*{f >1}) =0forae.t € R. By (5.28), we also have H""'(E() n

0*{f <t})=0fora.e.r € R. Therefore, thanks to (5.27) we eventually deduce from (5.29)

and (5.30), that

H' O F)+H N O(ENF)) = H' (e ps0) +H' (e ren) (53D
+H" VO EN[{f >}V u{f >3],

Since (5.28) implies H" ' (Jg (f1}) + H ' (Vg (r<ry) S H"HO*E N O*{f > 1}),
(5.26) follows from (5.10) and (5.31). "
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Before proving Theorem 5.2.1, we first give a rigorous proof of the anisotropic
isoperimetric inequality itself for sets of finite perimeter using the Brenier map.

Theorem 5.2.4. Whenever |E| < oo, we have
Pg(E) = n|K|'"|E|V"

Proof. By scaling, we can assume that |E| = |K|. The Brenier-McCann Theorem [127,
443] ensures the existence of a convex function ¢ : R — R such that, if we set T = V¢,
then T'(x) belongs to K for a.e. x € R" and Tu(1g(x)dx) = 1x(y)dy, i.e.

/h(y)dy:/h(T(x))dx, (5.32)
K E

for every Borel function /2 : R — [0, co]. As T is the gradient of convex function, its
distributional derivative DT takes values in the set of symmetric and non-negative def-
inite n X n-tensors. Therefore T € BV(R"; K) (see e.g. [1, Proposition 5.1]) and (5.19)
and (5.20) hold. Moreover, as a consequence of (5.32), det VT'(x) = 1 fora.e. x € E,
see [444]. Since VT (x) is a positive semi-definite symmetric tensor for a.e. x € R", we
can define measurable functions € : R” — [0, o) and e; : R"*"!, k =1, ..., n, such
that

n
O0<lp <lip1, ei-ej=0;;, VT=Z€k€k®€k.
k=1
Then the arithmetic-geometric mean inequality implies that, for a.e. x € E,

n I/n n
n=n(detVT(x))"/" =n ( é’k(x)) < Z Ce(x) = divT (x) . (5.33)

k=1 k=1

By (5.33), (5.20), and (5.23)
n|K|VMEMT = n|E|=/n(detVT(x))”"dx
E

< /diVT(x)dx:/ div T (x)dx (5.34)

E EWM
< / d(DivT) = / (trg(T), ve) dH™ ', (5.35)

EWM O“E

By (5.21), since T takes values in K, we find ||tr (T) (x)||x < 1 for H" '-ae.x € 9*E.
Hence,

n|K|"MEMNT < / ltre () ||k |vE || k- dH" !
O*E

< / Ivellk-dH™" = Py (E), (5.36)
OE

which proves the anisotropic isoperimetric inequality. |
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Proof of Theorem 5.2.1. Assume that P(E) = n|K|'/*|E|""~1D/" We first claim that
E is indecomposable.
Indeed, let F be a set of finite perimeter contained in £ and such that (5.25) holds
true. The usual considerations based on (5.10), (5.11) and (5.13) serves to show that
H" YO F) =H" (O FNEWD) + H" (O ENnd*F),
H" YO (E\F)) =H" (O FNED)+H"" 1 (O*E \ 8°F).

Thus, by (5.25), we deduce H" 1 (9*F N E(l)) = 0. In particular

Px(F)+ Px(E\ F) = / vldH " + / vl dH"!
IFNO*E Pol

*FNEM)

+ / vl dH " + / | = vrlldHm!
I E\O*F 8*FNEM

- / villdH + / el dH™" = Px(E).
& FN&'E & E\O*F

Hence, by the anisotropic isoperimetric inequality
P (E) = Pk (F) + Pg(E\ F) = n[K|'"(|F| "D/ 4 |E\ F|"=D/)
> K| (IF|+|E\ F)" D" = P (E)
and so, by strict concavity, min{|F|, |E \ F|} = 0. Thus, E is indecomposable.
We now assume without loss of generality that |E| = |K|, and repeat the proof of

Theorem 5.2.4. As P(E) = n|K|'/*|E|'/" | we deduce in particular that the Brenier
map T between E and K satisfies

o:/E{diVZ(x) —(detVT(x))l/"}dx+/E 4T,

(1) n

In particular, since the last term vanishes, we deduce that 7 € W' (R"; K). As det VT (x) =
1 a.e. on E, the equality dinJ = (det VT (x))'/" implies that VT (x) =Id at a.e. x € E,
or equivalently VS = 0 a.e. in E, with § = T — x € W!(R"; R"). Thus, applying
Lemma 5.2.3 to each component of the vector field S we deduce the existence of a
vector xo € R” such that T'(x) = x —xq fora.e. x € EXV. AsT(x) € K forae.x € E,
we deduce that E() is a subset of x + K, and since |K| = |E| = |[E(")| we conclude
the proof. ]

5.2.2 Wulff theorem on minimizing surface energy

For a lower semicontimuous and bounded o : §*~! — (0, c0) and E c R” of finite
perimeter, the associated surface energy of E is

E,(JE) = /” o(vg)dH" .
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Extending the results of Section 4.4, we characterize sets minimizing the surface
energy &,(0E) among sets of finite perimeter of given volume. The corresponding
Waulff shape is

W, ={x e R": (x,u) < o(u) Yu € S"'}. (5.37)

Since inf ¢ > 0 as o is lower semi-continuous, W, is a convex body with o € int W,,.
Examples for possible ¢ and W,; moreover, the connection of the problem to crystal-
lography is discussed in Section 4.4 and in the Comments to Chapter 4.

Theorem 5.2.5 (Wulff’s inequality on minimizing surface energy). Let o : S"! —
(0, 00) be bounded and lower semi-continuous. If E C R" is a set of finite perimeter
withQ < |E| < oo and |E| = |rWQ|f0rr > 0, then

Eo(OE) = &, ((rW,)) = n|W,|" - |E|". (5.38)

Equality holds in (5.38) if and only if |[EA(z + rW,)| = 0 for some z € R".

In order to prove Theorem 5.2.5, we recall two facts. First, we deduce from the
Anisotropic Isoperimetric inequality Theorem 5.2.1 and (5.9) that if K is a convex
body with 0 € int K and E C R" is a set of finite perimeter with 0 < |E| < oo, then

/ hx (ve) dH"™ ' > n|K|V/"|E|(=D/n, (5.39)
O*E

with equality if and only if |EA(z + rK)| = 0 for some z € R" and r > 0. Secondly,
Lemma 4.4.3 says thatif o : §"~1 5 R.( is bounded and lower semi-continuous, then

/ o(vw,) dH" ' = / hw, (vw,) dH" . (5.40)

oW, oW,

Proof of Theorem 5.2.5. For W =W, we have ¢ > hw by the definition of W,,. There-
fore, the Anisotropic Isoperimetric Inequality (5.39) and (5.40) yield

Eo(0E) /QovEdW”_IZ/ hw o vig dH"!
O*E

O'E

v

/ hw o vew dH" ! =/ 00 vw dH" ! =&, (A(rW))
I(rw) aA(rw)

- L n-1

where /a(rW) hw o vew dH" ! = n|W9|" C|E| .
Equality in (5.38) yields equality in the Anisotropic Isoperimetric Inequality; there-
fore, |[EA(z +rW,)| = 0 for some z € R". ]

The stability version Theorem 5.2.2 of the Anisotropic Isoperimetric Inequality
due to by Figalli, Maggi, Pratelli [225] and the argument above yields the following
stability version of Wulff’s theorem:
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Theorem 5.2.6 (Figalli, Maggi, Pratelli). Let6, =2"'%n7" and o : S"~!' — (0, )
be bounded and lower semi-continuous. If E C R" has finite perimeter and |E| > 0,
then

Eo(DE) = n|W,|n |E|" [1+6, - A(W,, E)?] . (5.41)

Remark. Figalli, Zhang [229] proved an even stronger stability estimate in the crys-
talline case when W, is a polytope.
5.3 The anisotropic Sobolev inequality for BV functions

The isoperimetric inequality has a correspondent for BV functions: define the aniso-
tropic total variation of a BV function f as

K*-

Ve(f) = [ 1=

As a consequence of the Anisotropic Isoperimetric inequality Theorem 5.2.1 and of
the Coarea formula (5.7), one can prove the following anisotropic Sobolev inequality:

Theorem 5.3.1 (Anisotropic Sobolev inequality for BV functions). If f € L}OC (R™)
vanishes at infinity; namely,

{x e R": |f(x)| > 1}] <0, V>0, (5.42)

and K c R" is a convex body with o € intK, then

’ n
TVi(f) 2 nlK I f e = 049

with equality if and only if f = al, x fora,r > 0 and x € R™.

We show here a proof of this inequality, with a characterization of the equality
case. One of the advantages of allowing functions with bounded variation is that some
functions do satify the equality condition unlike in the case of of classical Sobolev
inequality Theorem 4.2.1 and Theorem 4.3.4. We first need the following elementary
result:

Lemma 5.3.2. If F : [0,00) — [0, 00) decreasing function with F £ 0, and a > 1,

then . - o
@ / t"‘lF(t)“dts( / F(t)dt) . (5.44)
0 0

Equality holds if and only if F(t) = c1jo,1\(t) for some ¢, T > 0.
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Proof. Since F is decreasing, tF(t) < /Ot F(s) ds. Hence,

1t a-1 t a
a/(tF(t))a_lF(t) < a/(/ F(s) ds) F(t) = %(/ F(s) ds) .
0 0

Integrating the inequality above over (0, 00), yields the inequality (5.44).
Now if equality holds in (5.44), then for a.e. ¢ € (0, c0) we have

either tF(t) = /t F(s)ds or F(t)=0.
0

Since F is decreasing,we deduce that F(t) = c1{o,7(¢) for some ¢, T > 0. [

We can now prove the Anisotropic Sobolev inequality (5.43), including the char-
acterization of the equality case.

Proof of Theorem 5.3.1. We can assume that f is not identically zero.

Combining the coarea formula (5.7) (with A = R") with Theorem 5.2.1 (applied
to each set {|f| > ¢}) and Lemma 5.3.2 (with F(7) = |{|f] > t}|'/" and & = n’), we
have

i(h) = [ prltr > mde= [ Peds> ez [k > 01 ar

[ee]

0 1/n’
> nK|Vn (n/ f] > o dr) = K
0

where the last equality follow from {|f| > r} = {|f|" > "'}, the substitution s = "*
and the layer cake formula. This proves (5.43).

Now, if equality holds then Theorem 5.2.1 implies that, for a.e. 7, up to sets of
measure zero the sets {f > t} are of the form x; + r,K for some x; € R" and r; > 0.
Secondly, Lemma 5.3.2 implies that the function F (r) = [{f > 1}|'/" isequal to c1 [0,T]
for some constants ¢, T > 0, which implies the existence of a radius » > 0 such that
re =rfort € [0,T] and r; = 0 for ¢ > T. Hence, up to sets of measure zero,

{f>t}=x,+rK forte[0,T], {f>t}=0 fort>T.

However, since the sets { f > ¢} are contained one inside the other, the only possibility
is that x; is constant, thus f = T1,4,k. [ ]
5.4 Comments to Chapter 5

The material of this chapter is discussed in the monographs Federer [212], Ambrosio,
Fusco, Pallara [19] and Maggi [439], and in the paper Figalli, Maggi, Pratelli [225].
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Continuous functions of bounded variations were seemingly first considered by
Camille Jordan in his studies about the convergence Fourier series in 1881. General
functions of bounded variation in several variable we treated by Lamberto Cesari
around 1936, and the intimate connections between BV functions and sets of finite
perimeter were established by Renato Caccioppoli and Ennio de Giorgi in the 1950s.
Sets of finite perimeter are sometimes called Caccioppoli sets. De Giorgi [187] proved
the classical isperimetric inequality for sets of finite perimeter via Steiner Symmet-
rization, also characterizing the equality case in 1958 (see also Talenti [546]). The
Anisotropic Isoperimetric inequality for sets of finite perimeter was proved by Taylor
[549] in 1978, and later Brothers, Morgan [130] and Fonseca, Miiller [238] presented
simplified arguments.

The notion of Wulff shape originates from the paper Wulff [568] related to Crys-
tallography, and see Maggi [439], Brothers, Morgan [130] and Fonseca, Miiller [238]
for a dicussion of Wulff’s theorem for sets of finite perimeter, and the papers Taylor
[549], Miracle-Sole [466] and Figalli, Maggi [226] for the role of Wulff shape within
crystallography. Even a strong stability version of the Wulff inequality is verified by
Figalli, Zhang [229]. Many examples of Wulff shapes and the relation to the under-
lying periodic and quasi-periodic structure are discussed in Bordczky, Schnell, Wills
[118]. In particular, Wulff shapes are also successful models of certain quasi-crystals.

The optimal factor in Sobolev’s inequality Theorem 4.2.1 is verified by Federer,
Fleming [211] using symmetrization, and the stability version of the Sobolev inequal-
ity of optimal order for functions of bounded variation is due to Figalli, Maggi, Pratelli
[227]. Actually, there exists an L, version of the Sobolev inequality for 1 < p < n, as
well, where the optimal factor has been determined by Talenti [545], and the stability
version of optimal order is due to Bianchi, Egnell [70] if p = 2, and to Figalli, Zhang
[228]if 1 < p < .



Chapter 6

Associated ellipsoids, Blaschke-Santalé inequality and
the Reverse Isoperimetric Inequality

This chapter focuses on affine invariant properties of convex bodies in R" centered
around the study of some affine equivariant associated ellipsoids; namely, the maximal
volume inscribed so-called John Ellipsoid, and the minimal volume circumscribed so
called Lowner Ellipsoid are introduced in the first section, the Ellipsoid of Inertia
in Section 6.4, and the so-called M-Ellipsoid in the closing Section 6.9. One of the
main significance of these ellipsoids that they approximate rather well the correspond-
ing convex body. We discuss various related inequalities, like the Blaschke-Santal6
inequality, and the Reverse forms of the [soperimetric and the Blaschke-Santal6 inequal-
ities where the associated ellipsoids have significant roles in the arguments.

6.1 John and Lowner ellipsoid

We recall that an ellipsoid E is of the form E = ® B" + v for ® € GL(n) and v € R”
where v is the center of E. Actually, there exists a positive definite symmetric matrix
A such that E = AB™ + v (see Section 6.A). In this section, we introduce the inscribed
John and the circumscribed Lowner ellipsoid that approximate best in terms of volume
difference. We only provide the arguments in the case of the John ellipsoid because
they are analogous but slightly more technical in the case of the Lowner ellipsoid. The
following statement is proved in Proposition 6.1.5 and Proposition 6.1.7:

Theorem 6.1.1 (John). If K C R" is a convex body, then there exists a unique "John"
ellipsoid E of maximal volume contained in K, and writing x to denote the center of
E, we have

E Cc K C xo+n(E - xgp).

If K is origin symmetric (K = —K), then xo = 0, and E C K C \/ﬁE
Remark. ®F is the John ellipsoid of @K for any ® € GL(n).

Foru € "', u ® u = u - u' is a rank one positive semidefinite n X n symmetric
matrix with tr(u ® u) = 1. We postpone the proof of John’s condition Theorem 6.1.2
characterizing the maximal volume inscribed ellipsoid by the contact points to Sec-
tion 6.A because the argument is somewhat lengthy even if natural.

Theorem 6.1.2 (John). If B" is the John ellipsoid inside a convex body K in R", then
B" C K and there existuy, ... ,uy € S" 'NoKandcy,...,ck >0,k < @, such
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that

M=

ciu; @ u; =1, (6.1)

Z Cili =0 (6.2)

i=1

i=1

where 1,, denotes the n X n identity matrix.
If K is origin symmetric (K = —K), then (6.1) is sufficient.
Remarks.

e (6.1)yields that (x,y) = Zf:l ci{x,u;){y,u;) for x, y € R", and hence the discrete
measure u on S"~! concentrated on {u, . . ., uy } with u(u;) = ¢; is called isotropic.

. Zle ¢; = n follows by comparing traces in (6.1).

e (x,u;y) <1lforxeKandi=1,...,k as K and B" share the same supporting
hyperplanes at uy, . . ., u.

Next we consider the minimum volume circumscribed so-called Lowner ellipsoid.
Theorem 6.1.3 (John, Lowner). If K C R" convex body, then there exists a unique

"Lowner" ellipsoid E of minimal volume containing K, and writing xo to denote the
center of E, we have

1
xo+—(E—x9) CKCE.
n

If K is origin symmetric (K = —K), then xo = o and \/Lﬁ -ECcKCE.
Remark. @ E is the Lowner ellipsoid of ®K for any ® € GL(n,R).

Theorem 6.1.4 (John). If B" is the Lowner ellipsoid containing a convex body K in

R, then K C B" and there existuy,. .., uy € gn-1 NoKandcy,...,cp >0k < @,
such that

k

Zciui Qu; = I, 6.3)

i=1

ciuj = o. (6.4)

M~

i=1
If K is origin symmetric (K = —K), then (6.3) is sufficient.
In the remaining of this section, we discuss Theorem 6.1.1. We prove directly the
uniqueness of the John ellipsoid (see Proposition 6.1.5), and verify two consequences

of it; namely, that the conjugates of the orthogonal group are maximal compact sub-
groups of GL(n), and Brunn’s characterization of ellipsoids. After that we show how
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the conditions (6.1) and (6.2) yield that John’s ellipsoid is a good approximation of
the convex body (see Proposition 6.1.7).

Proposition 6.1.5. For any convex body K C R", there exists a unique ellipsoid of
maximal volume contained in K.

Proof. The arguments is indirect, we suppose that there exist two ellipsoids of maximal
volume A B" + x # B B" + y contained in K for positive definite matrices A, B and
x,y € R", and hence det A = det B. We may assume that y = —x and B = I,,.

Now (% A+ %In)B" C K as K convex and y = —x where det(% A+ % I,) > 1 unless
A = I, according to (3.5.2), and hence A = I, and x # 0. We deduce that £ c K for
the ellipsoid E = ®B" for the ® € GL(n) where ®x = (1 + %||x||)x and ®w = w for
w € x*. Since |E| = (1 + %||x||)|B"|, E c K contradicts the maximality of the volume
of the ellipsoid A B" + x. ]

Theorem 6.1.6. For any compact subgroup G C GL(n), there exists a scalar product
(-,+y on R" that is invariant under G. In addition, the maximal compact subgroups of
GL(n, R) are the conjugates of O(n).

Proof. Letuy,...,v, be any basis of R", and let
K =conv{+®y; : De Gandi=1,...,n}.

Then K is an o-symmetric convex body (as G is compact) invariant under G, and
hence the John ellipsoid E of G is also invariant under G. Choose the scalar product
(-,-) in a way such that E is the unit ball of the corresponding Euclidean norm, thus
G c ®O(n) @ ! where E = ® B*, ® € GL(n). n

Based on the conditions (6.1) and (6.2) for the John ellipsoid, we prove how well
the John ellipsoid approximates the convex body using the simple argument due to
Keith Ball:

Proposition 6.1.7 (John). For convex body K C R", if xq is the center of the unique
John ellipsoid E of maximal volume contained in K, then

E c K cxy+n(E - xp).
If. in addition, K is o-symmetric, then xg = 0, and E C K C \nE.

Proof. We assume that B" is the John ellipsoid, and use the notation of Theorem 6.1.2.
If K = —K and x € K, then the Remarks after Theorem 6.1.2 yield that

k

k
||)c||2 = Z ci<ul~,x>2 < Zci =n.
i=1

i=1
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For general convex body K, we need to prove that ||x|| < nforx € K. Let ||x|| =r,
and hence —r < (x,u;) < 1fori=1,..., k by the Remarks after Theorem 6.1.2. It
also follows using these Remarks and (6.2) that

k
0< Zci(l = u)) (r+ (x,ui))
i=1

k

rici + (1 —r)ZCiOC,ui) - ZCi(x’”i>2

i=1 i=1 i=1

kel

2
=rn—|lx|I” = [lxll(n = llx[]),

and hence ||x|| < n. [

6.2 Some characterizations of ellipsoids

In this section, we discuss some characterizations of elipsoids based on some proper-
ties of sections (where the first two are due to Brunn [131] from 1889!) that are used
in the later parts of the book. These properties are useful for example when discussing
the equality cases of inequalities when Steiner symmetrisation is applied during the
argument.

Theorem 6.2.1 (Brunn). A convex body K C R", n > 2, is an ellipsoid if and only if
for any u € S"~', the midpoints of the secants of K parallel to u are contained in a
hyperplane.

Proof. We observe that the property decribed in Lemma 6.2.1 is invariant under affine
tranformations, and hence any ellipsod satisfies this property. On the other hand, if K
satisfies this property, then we may assume that B" is the maximum volume John
ellipsoid in K.

For a u € §"~!, let H be the hyperplane containing the midpoints of the secants
of K parallel to u. If ® is the affine transformation that fixes each point of H, and
maps x + u into x — u for x € H, then ®K = K, and hence this ® is a symmetry of B",
as well, by the unigness of the John ellipsoid (cf. Proposition 6.1.5). It follows that
H = ut, and ® is the reflection through u*. In particular, K is symmetric through u*
for all u € §"~!, which in turn yields that ||x|| S”~! ¢ K for any x € K therefore, K is
a centered ball. u

We do not provide the involved argument for the other two statements. We recall
that a compact convex set C is centrally symmetric if there exists a z € Z satisfying
—(C - z) = C — z (and naturally, the empty set is centrally symmetric).
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Theorem 6.2.2 (Brunn). Given 2 < m < n, a convex body K C R" is an ellipsoid if
and only if any intersection with an affine m-space is centrally symmetric.

We cannot resist to state the following beautiful strengthening of Theorem 6.2.2
due to Larman [392]:

Theorem 6.2.3 (False Center Theorem). Given2 < m < n, p € R" and a convex body
K c R", if the intersection of K with any affine m-space containing p is centrally
symmetric, then either K is symmetric through p, or K is an ellipsoid.

6.3 Reverse isoperimetric inequality

Remark. Forthe box X, = [~ """ g~ ("= D] x [—g,£]*" !, V(X,) =2" but S(X,) >
1/ (the area of a "long" facet); therefore, the isoperimetric quotient S(X )" /V (X )"~}
can be arbitrary large in general. The "Reverse isoperimetric inequality” says that each
convex body has a linear image whose isoperimetric quotient is at most as bad as of
a regular simplex, and hence "simplices have the worst isoperimetric quotient" up to
linear transforms (cf. Theorem 6.3.1). For origin symmetric convex bodies, "cubes
have the worst isoperimetric quotient” up to linear transforms (cf. Theorem 6.3.2).

Let A" denote the regular simplex circumscirbed around B”, and hence each facet
touches B", and let W = [—1, 1]" be the cube of edge length 2. Theorems 6.3.1 and
inverse-iso-cube are due to Keith Ball [36].

Theorem 6.3.1 (Keith Ball). For any convex body K in R", there exists ® € GL(n,R)

such that
S((DK)n - S(An)n B n3n/2(n+ 1)(n+1)/2

|®OK |1 = |An|n-l n! ’

where strict inequality can be attained unless K is a simplex.

Theorem 6.3.2 (Keith Ball). For any o-symmetric convex body K in R", there exists
® € GL(n,R) such that

S(@K)" _ S(W™" _
|<I)K|"‘l = |Wn|n—l -

n_n
s

where strict inequality can be attained unless K is a parallopiped (linear image of a
cube).

A polytope P is circumscribed around B" if each facet of P touches B”.

Lemma 6.3.3. IfrB" C K for a convex body K in R" and r > 0, then S(K) < % |K]|,
and equality holds if K is a polytope circumscribed around r B".
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Proof. The inequality S(K) < % |K| follows from

K+oB" - |K K+ZK|-|K

) ) =2k
0—0 1Y 0—0 1% r

If K is a polytope circumscribed around rB", then considering the bounded "cones"
with apex o and of height r over the facets shows that |K| = - S(P) in this case. =

The proof of the Reverse Isoperimetric inequality both in the o-symmetric and non-
symmetric cases is based on the rank one Brascamp-Lieb inequality Theorem 6.3.4 in
harmonic analysis. We sketch a proof using optimal transpoint in Section 6.B.

Theorem 6.3.4 (Brascamp-Lieb, Keith Ball). Ifu,,...,ux € S" 'andcy,...,cx >0

satisfy
k
e @ui =1, (6.5)
i=1
and fi, ..., fr € L'(R) are non-negative, then
k k Ci
/ [ 1A un=ax <[] (/ ﬁ) : (6.6)
R i i=1 \WR
Remarks.

(i) If n = 1, then the Brascamp-Lieb inequality (6.6) is just the Holder inequality.
(i1) Inequality (6.6) is optimal, and provide two types of examples:

o Ifuy,...,ur € 8" 'andcy,...,cx > 0 satisfy (6.5), and f;(1) = e for
i= 1,...,k,theneacthfl-: 1, and

k
/ nﬁ(<x,u,~>)”" dx =/ e Ziny cilxun)? gy =/ e~ gy = 1,
R R Rn

e Ifuy,...,u, is an orthonormal basis and ¢y = ... = ¢ = 1, and hence (6.5)
holds, and fi,..., f, € L'(R) any functions, then the Fubini Theorem yields

i=

More precisely, Theorem 6.3.4 is the so-called Geometric form of the rank one
Brascamp-Lieb inequality discovered by Keith Ball (see the Comments Section 6.10),
which, as Keith Ball realized it, matches nicely the form of John’s theorem as in The-
orem 6.1.2.

Equality in Theorem 6.3.4 has been characterized by Barthe [50]. Itis more involved,;
therefore, we only quote the special case that we need.
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Theorem 6.3.5 (Barthe). Let fR fi>0fori=1,...,k, such that none of the f;s is
Gaussian in Theorem 6.3.4, and equality holds in (6.6). Then there exists an orthonor-
malbasisey,. . .,e, of R" suchthat {uy,...,ur} C {xeq,...,*xe,} andzuiekep ci=1
for each ey, and if u; = —uj, then f;(t) = A;; f;(=t) for 2;; > 0.

It is a natural question how well an inscribed ellipsoid can approximate a convex
body in terms of volume. This question was answered by Keith Ball [35, 36], see
Theorem 6.3.6 for the origin symmetric case, and Theorem 6.3.7 in general.

Theorem 6.3.6 (Volume Ratio in the origin symmetric case, Keith Ball). For any
o-symmetric convex body K in R", the maximal volume John ellipsoid E C K satisfies
KT _ w2
|E| ~ |B"  wy’

where strict inequality is attained unless K is a parallopiped.

Proof. We may assume after a linear transformation that £ = B". According to John’s

Theorem 6.1.2, there exists symmetric setuy, . .., Uz € S"'ndKandecy,...,cox >0
with uyy; = —u; and cpy; = c;,i =1, ..., k, such that
2k

Z ciu; Qu; =1,,.

i=1

Fori=1,...,2k and t € R, let f; = 1|_1,1}. Now K C P for the polytope P = {x €
R™: (x,u;) < 1,i=1,...,2k} according to the Remarks after John’s Theorem 6.1.2
where 1p(x) = H?fl [i({x,u;)) = lzfl Si({x, u;))<i. It follows from the Brascamp-
Lieb inequality (6.6) and Z?fl ¢; = n that

2k 2k ¢
2k
K| < |P] =/ | |fi((x,u,-))ci dx < | | (/ﬁ) =2%i=1 G = 21 = |[W".
S i=1 \WE

If |[K| = |W"|, then |K| = |P|, and Theorem 6.3.5 yields that k = n and uy, ..., u, is
an orthonormal basis of R”; therefore, K is a cube. [

Concerning the volume ratio of general convex bodies, we only sketch the argument
because it involves a somewhat technical calculation.

Theorem 6.3.7 (Volume Ratio, Keith Ball). Forany convex body K in R", the maximal
volume John ellipsoid E C K satisfies

|El = 1B~ nlwy,

|K| - |An| nn/Z(n+ 1)(n+1)/2

>

where strict inequality is attained unless K is a simplex.
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Sketch of the proof of Theorem 6.3.7. We may assume that B" is the John ellipsoid of
K,andletcy,...,cx > 0be the coefficients and u, . . ., ux € S*~! N K be the contact
points satifying (6.1) and (6.2) in John’s Theorem 6.1.2; namely,

k k
Z ciui ®u; =1, and ciui = 0. 6.7)

i=1 i=1

Again, K C P for the polytope P = {x e R" : (x,u;) <1,i=1,...,k} according to the
Remarks after John’s Theorem 6.1.2. We suspect that equality holds in Theorem 6.3.7
when k =n+ 1 and K = P is a simplex, and hence, as implied by Barthe’s character-
ization Theorem 6.3.5 of the equality case, we employ the Brascamp-Lieb inequality
in R"*! following an idea of Keith Ball. Therefore, we identify R” with w* for a fixed

weS"CR"”,anddeﬁneﬁi:—\/#-ui+1/ﬁ-wand5i="—+l-c,-forizl,...,k,

n

and hence Zl’.‘:l Ciit; ® i; = I,,41 follows from (6.7). Fori =1, ..., k, we consider the
probability density
et ift>0;
f"(t)‘{ 0 ifr<0

on R where some not too complicated calculations show that

. e 1P
Lo Tt = g5

We conclude from the Brascamp-Lieb inequality (6.6) that |K| > |P| > |A"|.
If |K| = |A"|, then K = P and equality holds in the Brascamp-Lieb inequality.

Therefore, Theorem 6.3.5 provides an orthonormal basis ey, . .., e, of R™! such
that {#y,...,dr} C {xey,..., xeus1}. Since (w, i;) = n—}rl fori=1,...,k, we
conlude that k = n+ 1, @iy, . . ., iy is an an orthonormal basis of R"*!, and hence P
is congruent to A", [ ]

Proof of the Reverse Isoperimetric Inequality Theorem 6.3.1 and Theorem 6.3.2: After
applying an affine transformation, we may assume that the John ellipsoid of K is B"
both in Theorem 6.3.1 and Theorem 6.3.2.
For Theorem 6.3.1, Theorem 6.3.7 yields that |K| < |A"|, thus we deduce from
Lemma 6.3.3 that
S(KY" _ n"IK"
|K|n—l - |K|n—l

S(An)"

=n"|K| < n"|A"| = .
|An|n—l

If equality holds in Theorem 6.3.1, then the equality case of Theorem 6.3.7 yields that
K is congruent to A".

For Theorem 6.3.2, we use the same argument, only with Theorem 6.3.6 in place
of Theorem 6.3.7.
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Petty’s condition in Theorem 6.C.1 and the symmetries of the regular simplex and
the cube ensure that both the regular simplex and the cube are in minimal surface area
position. ]

6.4 Ellipsoid of inertia, Isotropic position of a convex body

6.4.1 Ellipsoid of inertia, Isotropic constant

We have seen already seen how useful some notions of physics are in studies, like the
notions of centroid and Wulff shape in Section 1.11 and Section 4.4. Now we consider
the so-called ellipsoid of inertia or Legendre ellipsoid that has the same inertia as the
corresponding convex body.

Definition 6.4.1. Let K ¢ R" be a centered convex body; namely, g = o holds for
the centroid.
Matrix Mg of inertia: (Mgu,v) = fK (u, x){v, x) dx for u,v € R" for the positive

definite symmetrix n X n matrix M ; or in other words, (Mgu, u) = /K (u, x)? dx
foru € "1

Ellipsoid Ek of inertia or Legendre ellipsoid: /EK (u,x)* dx = /K (u,x)? dx foru e R™.

Remarks.

(1) Eox = PEg and Mok = | det®| - DMk @' for ® € GL(n), and hence the existence
of Ex can be seen by by transforming Mg into a diagonal matrix.

(i) If |K| = 1 and du = 1xdH", then Mg = Cov(u) for the log-concave measure u
(cf. Section 4.7).

In this section, we focus on convex bodies in quasi-isotropic position; namely,

when the ellipsoid of inertia is a ball.

Definition 6.4.2 (Isotropic position). Let K ¢ R" be a centered convex body.
Isotropic constant: Lg = (det M) b /K| e
Quasi-isotropic position: K is in quasi-isotropic position if E is ball; or equivalently,
if Mg = L% |K]| “2* I,, which is turn equivalent to saying that

/K(u,x)(v,x) dx = L%(|K|n7+2(u, v) foru,v e R".

Isotropic position: K is in isotropic position if |K| = 1 and K is in quasi-isotropic
position, and hence Mg = L% 1, and

/K<u,x)2dx = L% foru e S"°1.
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Remarks.
(i) Log = Lk for ® € GL(n) and centered convex body K.

(i1) It follows from the Remarks after Definition 6.4.1 that every centered convex body
K has a linear image that is in isotropic position.

It might be confusing but in this book we are considering two different types of
notions of isotropy. The point is that if K ¢ R”" is centered convex body in isotropic
position, and hence |K| = 1, then du = 1xdH" is a log-concave probability measure
with mean zero, but yu is typically not an isotropic log-concave measure in the sense
of Definition 4.7.10 as Cov(u) = L2 I,.

Lemma 6.4.3. If K C R" is a centered convex body in isotropic position, and hence
|K| =1, then the log-concave probability measure du = |K|’111;d7’{" has zero mean
and is isotropic for K = LI_{1 K.

Proof. On the one hand, Cov(u) = A1, for A > 0 because K is in isotropic position.
On the other hand,

trCov(u) = |K|™! [ lIx||? dx = L;g/ llx||? dx = L2 tr Mg = n,
K K

and hence Cov(u) = I,. ]

In order to verify the nice characterization Lemma 6.4.5 of the isotropic constant
and quasi-isotropic position, we need the following simple consequence of the AM-
GM inequality applied to the eigenvalues of a positive definite matrix:

Lemma 6.4.4. If A is an n X n positive definite matrix, then tr A > n(det A)%, with
equality if and only if A = Al for A > 0.

Lemma 6.4.5. If K c R" is a centered convex body, then

2 . .
nL2|K|* = min / x| dx = min /||q>x||2dx,
®eSL(n) Jok ®eSL(n) Jx

and nL%(|K| = fK IIx||? dx = /EK |Ix|1? dx if and only if K is in quasi-isotropic pos-
ition.

Proof. We may assume that |K| = 1 and K is in isotropic position, and hence Mg =
L%{In. For any ® € SL(n), given orthonormal basis e, . .., e, of R,

n
/ x| dx = Z/ (ei,x)? dx = tr Mok = tr (DMg®') = Litr (') > nL%:
®K =1 JOK

by Lemma 6.4.4 applied to A = @', If fq>1< lIx||? dx = nL%{, then the equality case of
Lemma 6.4.4 yields that ®®’ = I,,, and hence ® € SO(n). [
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Now we show that the isotropic constant Lk is minimized by ellipsoids, and hence
it is at least a positive absolute constant for any centered convex body K in any dimen-
sion.

Proposition 6.4.6. [f K c R" is a centered convex body, then Lx > Lpn > \/% where
Lx = Lpn if and only if K is an ellipsoid.

Remark. Lgn ~ ﬁ as n tends to infinity as I'(r + 1) ~ (L)' V2n1.

Proof. We may assume that |K| = |B"| and K is in quasi-isotropic position. It follows
that |K\B"| = |B"\K| and ||x]| > 1 = ||y|| holds for x € K\B" and y € B"\K; therefore,
Lemma 6.4.5 yields

2 2
nL§<|B"|"Z:/ ||x||2dx2/ x| dx = nL3,.|B"| "%,
K Bn

with equality if and only if K = B".

To estimate Lpn, we use polar coordinates (1.26), and that w, = r(@—il) where
2
[(r+1) > (L)'V2nt for t > 1.1t follows that

2
L%, = ,L,an I dx = ez _TG+Dx > n () > —
Br = w"T” Bl w”T"z  (n+ 2 (n+2)2me 2me’
n n

A nice geometric consequence of Proposition 6.4.6 is that the volume of the ellips-
oid of inertia is almost at least the volume of the corresponding convex body.

Corollary 6.4.7. If K C R" is a centered convex body, then |Ex| > |K|, with equality
if and only if K is an ellipsoid.

Proof. We may assume that Ex = B", and hence Lemma 6.4.5 yields that
n+2 n+2
nL%|K|" = / lIx|I? dx = / |lx||> dx = nL%,|B"| " .
K Bn
Since Lx > Lp» by Proposition 6.4.6, we deduce |K| < |B"|, together with the char-
acterization of equality. ]

According to Paouris [481], the convex body K is in isotropic position, the constant
Lk also controls volume concentration:

Theorem 6.4.8 (Pauoris). Ifthe convex body K C R" is in isotropic position andt > 1,
then for an absolute constant ¢ > 0, we have

[{(x e K : x|l = ervn Lg}| < eV
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The fundamental paper Kannan, Lovész, Simonovits [361], stating the KL.S Con-
jecture 4.7.11, also proved that the ellipsoid of inertia approximates just as well the
corresponding centered convex body (cf. (6.8)) as any ellipsoid can do.

Proposition 6.4.9 (Kannan, Lovasz, Simonovits). If a convex body K c R" is in iso-
tropic position, then

=2 +2 =2
L |22 B c K c L (n+ 2)n B,

n
Remark. In particular, if K ¢ R" is a centered convex body and «,, = "TJ’Z (5 o
where a ~ +/2ex/n as n tends to infinity, then

a, -Ex c K Cna, - Ex. (6.8)

6.4.2 The Slicing Conjecture

For the "slices" of a convex body (intersections by hyperplanes), Fradelizi [239] (cf.
(4.44)) prove the following estimates:

Lemma 6.4.10. Let K C R” be a centered convex body with |K| = 1.

—A— <H" (W' NK) < ———
VI2\lIMkull — (u )< V2 Mgul|

foranyu € S"71;

. : n-1 .- n-1,,,1 1.
there exists u € 8"~ with H" " (ut N K) > NP
o K icin: . . 1 n-l¢,1 1 n-1
if K is in isotropic position, then VoLs <H" ' (utNK) < Vile foranyu e S"'.
Proof. Apply (4.44) to du = 1xdH™ where the minimal eigenvalue of M is at least
L2 by det Mg = L3" (cf. Definition 6.4.2). n

Independently Bourgain [121] and Keith Ball [34] posed the following funda-
mental conjecture in 1986:

Conjecture 6.4.11 (Slicing Conjecture). If K C R" convex body with |K| = 1, then
there exists a hyperplane H with H" ™' (H N K) > ¢ for an absolute constant ¢ > 0.

The importance of the Slicing Conjecture is exhibited by the fact how many funda-
mental equivalent formulations it has (see for example Klartag, V. Milman [375] and
Brazitikos, Giannopoulos, Valettas, Vritsiou [125]). Here we list just some of them.

Remark 6.4.12 (Some equivalent formulations of the Slicing Conjecture). Let K c R”
be a centered convex body .
e Lk < c for an absolute constant ¢ > 1 (cf. Lemma 6.4.10).

e There exists a centered ellipsoid E such that |E| < ¢"|K|and |K N E| > %IK | for
an absolute constant ¢ > 1.



Ellipsoid of inertia, Isotropic position of a convex body 163

* The expected volume of the convex hull of n + 1 independent, random points in
K according to the uniform distribution is between ¢~"n~"/? and ¢"n~"/? for an
absolute constant ¢ > 1.

We note that for any centered convex body K C R, we have

1
< Lg < cylogn, (6.9)
V2en

for an absolute constant ¢ > 1 where the lower bound is in Proposition 6.4.6, and the
upper bound is due to Klartag [373].

The KLS conjecture (see Section 4.7) yields the Slicing Conjecture, as it was
observed by Keith Ball around 2003 (see Ball, Nguyen [42]). More precisely, Eldan,
Klartag [200] proved that

Lg <c- sup CChe(,u)
HEM™

for any centred convex body K ¢ R" and for an absolute constant ¢ > 1 where M" is
the family of all log-concave isotropic measures on R”.

6.4.3 Cheeger constant for a convex body and a Poincaré-type inequality

We prove the essentially optimal Poincaré-type inequalities (6.14) and (6.20) due to
Kolesnikov, E. Milman [381] involving the Cheeger constant assigned to the uni-
form log-concave probability measure y = ug on a convex body K C R"*; namely,
du = |K|~"1x dH". Abusing the notation introduced in Section 4.7, we set Ccpe(K) =
Ccre () > 0 for the Cheeger constant; namely, Cche (K) > 0 is minimal such that for
every closed X C K with locally Lipschitz boundary, we have

Cene(K) - H™ 1 ((8X) nintK) > min{|X|, |K| — | X|}. (6.10)
It follows from the definition that if 1 > 0, then
Cche (1K) = A Ccpe(K). (6.11)

Remark 6.4.13. (i) It is enough to consider the case when |X| = % |K]| in (6.10)
according to E. Milman [458] (actually, this case was already dealt with by Stern-
bergand, Zumbrun [543]).

(i1) According to (4.34), we have

ny _ Wn l
CChe(B ) = an_] < 1,21’1. (6.12)

(iii) If |K| = 1, then the minimal eigenvalue of M is at least L%( by det Mg = L%;‘
(cf. Definition 6.4.2), and hence (4.44) yields that

V2

Ccne(K) 2 ~ Lk.
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For a convex body K € R and a Lipschitz function f : K — R, we consider the
median m ¢ with respect to u = ug; namely,

[{f >mg}| <IK|/2 and |{f <ms}| < |K]|/2.

In particular, we deduce from Proposition 4.7.6 that

/K|f—mf| dH" chhe(K)-/KHDflld?-(". (6.13)

We recall that 9’ K denotes the family of regular points of K; namely, the family of
H"™! a.e. points x € AK where there exists a unique exterior unit normal v (x) (see
Section 1.5).

Lemma 6.4.14 (Kolesnikov-Milman). If rB" c K C RB" holds for a convex body
KcR"and R>r >0, and f : K — R is Lipschitz, then

_ Cche(K) + R
—mel dH" ! < n—
/aK |f f|

Remark. Figalli, Maggi, Pratelli [224] proved a version of (6.14) with explicit factor

1‘({(2;'2”? instead of M . The advantage of (6.14) is that K has an affine image K

such that CChe(K) < c(logn); and 7B" C E c RB" with 7 > ¢’(log n)‘% and R < n#
for absolute constants ¢, ¢’ > 0 (see (6.17) and (6.18)).

/ IDfIldH". (6.14)

Proof. Since (x, vk (x)) = hg(vk(x)) = r for x € 9’K, we deduce by applying the
Divergence Theorem 2.1.4 to the Lipschitz function x + | f(x) — m¢| - x and by integ-
ration by parts that

/ |f —my| dH™ !
oK

IA

+ [ = @y are )
:%/Kdiv(lf(x)—mf|'x) dx

1 1

;/Kn|f(x)—mf| dx+;‘/K(D|f(x)—mf|,x>dx.

Here the first term is at most nCche (K) /7 by (6.13). For the second term, we observe
that D[ f(x) —myg| = 0if f(x) —mys =0and f(x) — my is differentiable at x € intK.
On the other hand, if f(x) —my # 0 and f(x) — my is differentiable at an x € intK,
then ||[D|f(x) —myl||| = ||D f(x)]|. Since [|x]| < R for x € K, we conclude (6.14). m

We deduce from (6.12), (6.14) and n\/% +1 < 2+/nforn > 2 the following inequal-
ity for balls:

Corollary 6.4.15. If f : B" — R is Lipschitz, then

/ |f —my| dﬂ”“szvﬁ./ D fll dH™. (6.15)
Sn—l Bn



Ellipsoid of inertia, Isotropic position of a convex body 165
Remark. There exists a Lipschitz function f : B" — R such that

/S_l |f —mg| dH"' > \/71-/3 IDf|| dH", (6.16)

and the optimal factor in (6.15) is most probably 2’20 ‘:: .Fixu € §"~!, and consider the
Lipschitz function f, : B" — R for small o > 0 such that if x € B", then f,(x) = 1 if

(x,u) > o, fo(x) = 1if (x,u) < -0, and f,(x) = <x—£’)”> if [{x,u)| < o. It follows that

my, = 0. Since 2’;‘2: >\n /% > +/n according to (10.1), we conclude (6.16) for
f = fo and small enough o > 0.

According Lemma 6.4.3, for any convex body K c R”", there exists a ® € GL(n)
such that the (log-concave) uniform probability measure [ on K = d(K - og) is
isotropic; namely, dj = |E|_11E dH", /]R" xdfi(x) = o and cov ji = I, (see also Sec-
tion 4.7). In this case, Klartag [373] proves (cf. Theorem 4.7.12) that

Cene(K) = Cene(fi) < c(logn)? (6.17)

for an absolute constant ¢ > 0. In addition, we deduce from combining Lemma 6.4.3
and Proposition 6.4.9 about the Kannan, Lovész, Simonovits ellipsoid that

n+4

#B" c K c RB" where 7 > L™ and F < R < nF. (6.18)
Here (6.9) due to Klartag [373] implies that
7> ¢’ (logn)~? (6.19)

for some absolute constant ¢’ > 0.
Proposition 6.4.16 (Kolesnikov-Milman). If K C R" is a centered convex body in

quasi-isotropic position, and f : K — R is Lipschitz, then

/ |f —my] dw"—lgcnlogn-/npfudw" (6.20)
oK K

for an absolute constant ¢ > 0.

Remark. Assuming the KLS conjecture (see Section 4.7), which in turn yields the
Slicing conjecture above, the argument below yields (6.20) without the logarithmic
factor, which would be the optimal estimate (see Example 6.4.17).

Proof. 1t follows from the discussion above that we may assume that the log-concave
uniform probability measure u on K with du = |K|~'1x dH" is isotropic. In this case,
combining Lemma 6.4.14, (6.17), (6.18) and (6.19) yields (6.20). ]
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Example 6.4.17. If K c R" is the regular simplex circumscribed around B" (and hence
K is a centered convex body in quasi-isotropic position), then there exists a Lipschitz
function f : K — R such that

/BK |f =mg| dH" ' = g/K IDfll dH". 6.21)

We fix an exterior unit normal u to a facet F of K, andlett =1—- (n+1)(1 - 2771) >0,
and hence [{x € K : {(x,u) < t}| = % |K|. For small o > 0, we consider the Lipschitz
function f, : K — R such thatif x € K, then
1 if (e,u) >1t+ 0;
folw) =1 S if1— o < (ru) <1+ 0;
-1 if (x,u) <t-op.

It follows that m s, = 0, the set {x € K : (x,u) =t} has H"~-measure 27 H"! (F)
and ||ng(x)|| =o 'ifx eintK andt — 0 < {x,u) < t + o; therefore,

lim |fo —my,| dH"™' = H""1(0K) = (n+ DH"~'(F);
0—0" 9K
lim / IDf,|| dH™ =2 - 2% H" ™ (F) = 25 H""\(F).
0—0* Jg

Finally, we improve on (6.20) if the convex body K is close to be a ball.

Proposition 6.4.18. IfK c R" is a convex body with |K| = |B"| and |KAB"| < (4n)~>"|B"|,
and f : K — R is Lipschitz, then

/ |f = my] d(}{"—lssx/ﬁ./||z)f||d7{". (6.22)
oK K

Proof. We may assume that K # B", and observe that |[K\B"| = |[B"\K| <. Letr €
(0, 1) be maximal with the property that r B" C K; therefore, B"\K contains a circular
cone having height 1 — r and radius V1 = r of the base. We deduce that |B"\K| >
% (1- r)"TH, and hencer > 1 — ﬁ, which in turn yields that K ¢ 2B".
According to Lemma 6.4.14, Proposition 6.4.18 follows from the estimate

4
Cene(K) < N (6.23)
To estimate Ccpe(K), it is sufficient to consider any closed set X ¢ K with |X| =
%lB”| and locally Lipschitz boundary according to Remark 6.4.13. For Xy = X N rB",

11rB"| < |Xo| < 2 |rB"| follows from [Y\(rB")| < |K\(rB")| = (1 = r")|B"| forY =X
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and Y = K\X; therefore, Ccpe(rB") < r4/Z (cf. (6.11) and (6.12)) and (6.10) yield
that

vn

[2
HL DX NintK) = H"1(Xo Nint (rB")) = r~'4| 22 - |rB"| > = |B"|.
T

In turn, we conclude (6.23). ]

Remark 6.4.19 (Isoperimetric problem in an open bounded convex set). Given a con-
vex body K c R" with C? boundary and 0 < ¢ < |K]|, the theory of minimal surfaces
asks for the subset X C int K of finite perimeter minimizing H"~! ((8X) N intK)
under the condition |X| = . According to classical results, see the surveys Ros [499]
and Cozzi, Figalli [181], there exists a minimizing X C int K. Moreover; except for a
relatively closed singular set of Hausdorff dimension at most n — 8, (0X) NintK is a
smooth embedded hypersurface with constant mean curvature meeting 0K orthogon-
ally. For example, when K = B", and the minimizing X is the intersection with a ball
if f < w,/2, and is a half ball (intersection with a half space) if r = w,, /2, which facts
lead to (6.12) (see (4.34) for more details).

6.5 Blaschke-Santalé inequality for the polar body

This section discusses the fundamental Blaschke-Santal6 inequality (6.25) for a convex
body and its polar. The main reason why this linearly invariant inequality is discussed
in this chapter about associated ellipsoids is because the characterization of the equality
case is greatly simplified by using the ellipsoids of inertia from Section 6.4.

We recall from Section 1.9 the definition of the polar body. If K ¢ R” convex body
with o € intK, then

K'={xeR": (x,y) < 1fory e R"}.

As we have seen in Section 1.9, K* convex body with o € intK*, and it satisfies (K*)* =
K, ox-(u) = m for u € "1, and (®K)* = ®~'K* for ® € GL(n). In particular,
|K| - |K*| is called the volume product as [® K| - |(®K)*| = |K| - |K*| for ® € GL(n).

Lemma 6.5.1 (Santal6 point). For a convex body K C R", there exists a unique so-
called Santalé point Xg € intK minimizing & — |(K — &)*| for ¢ € intK, and

u
du = 0. 6.24
/s (e ) = Ryt (0249

In particular, R = o if and only if og- = o for the centroid of the polar.

Remark. The Santalé point is affine invariant, and hence it is the origin if K o-
symmetric.
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Proof. Since hx_¢(u) = hg(u) — (£,u) for € € intK, Lemma 1.11.6 yields

€@ = 1K =07 =+ [ oueer @ du= [ (hi) = (€ du

Since g (&) strictly convex (as ¢ + ¢~ strictly convex), and lim ¢ _,gx g(&) = oo, there

exists a unique Xg € intK minimizing it, and hence (6.24) follows from Dg(Ng) = o.

Finally, if Xx = 0, then (6.24) isequivalentto o+ =0 by og+ = 1/hg and Lemma 1.11.6.
[

The main statement of this section is the following inequality

Theorem 6.5.2 (Blaschke-Santal6 inequality). If the centroid or the Santalo point of
a convex body K C R is the origin, then

K| - |K*| < |B"], (6.25)
with equality if and only if K is an ellipsoid centered at o.

As ok = hl}l according to (1.17),and |K*| = ./:S’"’l Ok dH"~" follows from using
polar coordinates, a useful equivalent form of the Blaschke-Santal6 inequality (6.25)
is that if K ¢ R” is a centered convex body, then

B" 2
/ prarnt < BT (6.26)
sn-1 K|

We only give a full proof of the Blaschke-Santal6 inequality for o-symmetric con-
vex bodies, and indicate how to handle the general case. Actually, the inequality itself
is a direct consequence of the fact that the volume of the polar of a centered convex
body is not decreased by the Steiner symmetrization (see Proposition 6.5.3 in the origin
symmetric, and we state but not prove Theorem 6.5.4 in the general case).

Let us recall the definition of the Steiner symmetrization. For u € $"~!, and con-
vex body K c R”, the Steiner symmetrial ®,. K of K is (see Section 1.10), note that
|©,:K]| = |K])

t_
@uiK:{x+ s-u:x€K|H&x+tu€K&x+su€K}.

We also need the Brunn-Minkowski inequality (1.32) that yields that
13C+3(-0) > |C| (6.27)

for any convex body C c R” with equality if and only if C and —C are translates; or
equivalently, if and only if C is centrally symmetric.

Proposition 6.5.3 (Keith Ball). If K ¢ R" o-symmetric convex body and u € S,
then |(©,.K)*| = |K*|. where |(0©,.K)*| = |K*| implies that any section of K* by a
hyperplane parallel to u* is centrally symmetric.
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Proof. Let K = 0,.K, and for o-symmetric convex body C and ¢ € R, let
C;={xeu': x+tueC*.
The core observation is the claim that if # € R, then

1 _
E(K: +K*,) CK;, (6.28)

which is equivalent to saying that if x + fu € K*, y —tu € K* and z + su € K for
x,yz € ut and s € R, then

<’%+m,z+su> <1. (6.29)

We have s = 2522 where z + s1u € K, z+ sou € K by the definition of Steiner symmet-

rization, and hence {x + tu, z + sju) < 1 and (y — tu, z + spu) < 1; or in other words,
(x,z) +ts1 < land (y,z) —ts2 < 1. We deduce (6.29), and in turn (6.28).

Now K = —K yields K* = —K*, and hence K*, = —K; for t € R. It follows from
(6.28) and Brunn-Minkowski inequality (6.27) that if # € R, then

n-1

H R = (5 KDT + S H T KT | = H K. (630)

We conclude from the Fubini theorem that |(©,.K)*| = |K*| > |K*|.
If|(®,.K)*| = |K*|, then equality in (6.30) and the equality condition in the Brunn-
Minkowski inequality (6.27) imply that K; is centrally symmetric for ¢ € R. |

Proof the Blaschke-Santalo inequality Theorem 6.5.2 for o-symmetric bodies: We may
assume that | K| = | B"| for an o-symmetric convex body K. Since iterated Steiner sym-
metrisations applied to K may lead to a centered ball of the same volume according
to Theorem 1.10.7, Proposition 6.5.3 yields that |[K*| < |(B™)*| = |B"|.

If |[K*| = |(B™)*|, then we deduce from Proposition 6.5.3 that any hyperplane
section parallel to u* of K* is centrally symmetric for any u € $"~!, and hence The-
orem 6.2.2 yields that K* is a centered ellipsoid, which in turn implies that K is a
centered ellipsoid. |

The proof of Brunn’s Theorem 6.2.2 - that is used in order to characterize equality
in the Blaschke-Santal6 inequality Theorem 6.5.2, - is rather technical, and we do not
provide it in this book. Instead, we present a simpler argument to characterize equality
in the Blaschke-Santal6 inequality using the ellipsoid of inertia in Section 6.E.

Meyer, Pajor [451] generalized Ball’s Proposition 6.5.3 to any centered convex
body, which we state without proof in this book.

Theorem 6.5.4 (Meyer, Pajor). If K c R" is a centered convex body and u € S~ !,
then [(©,:K)*| > |K*|.
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Remark. For v € §*~!, using iterated Steiner symmetrizations through u* with u €
§*~1 N vt (cf. Lemma 1.10.13), we obtain the estimate |(Og,K)*| > |K*| for the
Schwarz symmetrization.

Proof of the Blaschke-Santalé inequality (6.25) without equality. We may assume that
K 1is centered and |K| = |B"|. Since iterated Steiner symmetrisations applied to a
centered convex body K may lead to a centered ball of the same volume according
to Theorem 1.10.7, Theorem 6.5.4 yields that |K*| < |(B™)*| = |B"|. [

In Section 6.E, we describe how to characterize equality in the Blaschke-Santal6
inequality based on Theorem 6.5.4. Our method might be applied to other equi-affine
invariant inequalities, as we prove (see Theorem 6.E.2) that if K ¢ R", n > 2, is in
quasi-isotropic position and is not an ellipsoid, then there exists a sequence of Steiner
symmetrizations leading to an o-symmetric convex body K with axial rotational sym-
metry that is still not an ellipsoid.

6.6 Reverse Blaschke-Santalé inequality and Mahler’s conjecture

We recall that according to the Blaschke-Santal6 inequality (6.25), if the centroid or
the Santalé point of a convex body K ¢ R” is the origin, then |K| - |[K*| < |B"|*. For a
reverse inequality for any convex body K c R" with o € rmintK, ,let Ng € rmintK be
the Santal6 points (cf. Lemma 6.5.1), and hence the orgin is the centroid of (K — Xk )™.
We deduce the existence of a KLS-ellipsoid £ C (K — Nk )* such that (K — Ng)* C nE
(cf. (6.8)), and hence %E* Cc K — Xk and

K| - |K*| = |K = Nk| - [(K = Rg)*| = n"|E*| - |E| = n”"|B"? (6.31)

by the linear invariance of the volume product (cf. Proposition 1.9.3). In this section,
improvements and possible improvements of (6.31) are discussed, mostly without the
rather involved proofs.

Any inequality of the form |K| - |K*| > ¢"V(B™)?, where ¢ € (0, 1) is an absolute
constant, holding for any convex body K C R" with o € int K (or at least for any o-
symmetric K) is called a Reverse Blaschke-Santal6 inequality. The first such inequality
is due to Bourgain, V. Milman [123] in 1987, and the the best estimate is the following
statement proved by G. Kuperberg [389] (see the arxiv version for the case of non-
symmetric convex bodies):

Theorem 6.6.1 (Reverse Blaschke-Santal6 inequality). If K € R" convex body with
o € intK, then
K| -1K*| > 47"[B"]%, (6.32)

and even |K| - |K*| > ’;—7 > 27"|B"|? provided K = —K.
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The exact minimum of the volume product in R" is a classical conjecture attributed
to Mahler. More precisely, Mahler [44 1] from 1939 only stated Conjecture 6.6.2 in the
o-symmetric case. But since Mahler did settle the 2-dimensional case concerning the
extremality of simplices in his 1938 paper [440], he must have been aware of the
possibility that centered simplices are extremal in higher dimensional spaces, as well.

Conjecture 6.6.2 (Mahler, 1939). Let K C R" be convex body with o € intK.

e |K|-|K*| > ("(tll,);ﬂ , with equality if and only K is a centered simplex.

e [Ifin addition K = —K, then |K| - |K*| > %, with equality if and only if K is a

Hanner polytope (see below, for example, K = [—1, 11" is a Hanner polytope).
Remark 6.6.3 (Hanner polytope). A Hanner polytope is an o-symmetric convex poly-
tope defined by inductionon n > 1. If n = 1, then any o-symmetric segment is a Hanner
polytope. If L and L’ are complementary linear subspaces of R", n > 2, and P C L
and P’ c L’ are Hanner polytopes, then P + P’ and conv{P, P’} are Hanner poly-
topes in R". For example, the cube W,, = [—1, 1]", and its polar, the crosspolytope
C, = conv{zey, ..., te,} are Hanner polytopes, and K* is also a Hanner polytope
and |K| - |K*| = |W,,| - |[W}]| for a Hanner polytope K. However, if n = 4, then a cylin-
der over the octahedron is a Hanner polytope that is different from the linear images
of W,, or C,,.

The Mahler Conjecture is still open after more than 80 years of intensive research.

Remark 6.6.4 (Some known cases of the Mahler conjecture).

* n =2 (Mahler [440] in 1938)

* n=3and K = —K (Iriyeh, Shibata [344] in 2020)

* K unconditional (Saint-Raymond [506] in 1980, see Theorem 6.6.5).
Equality holds in this case if and only if K is a Hanner polytope.

* K zonoid (cf. Example 1.6.3) (Reisner [496] in 1985). Equality holds in this case
if and only K parallelopiped (linear image of [—1, 1]").

* K has n independent hyperplane symmetries (Barthe, Fradelizi [53] in 2013).
The paper Reisner, Schiitt Werner [497] attemts to understand the boundary struc-

tutre of a minimizer of the volume product. Finally, we present the simple argument

due to Meyer [450] verifying the Mahler conjecture for unconditional convex bodies,
originally proved by Saint-Raymond [506].

Theorem 6.6.5 (Mahler Conjecture for unconditional bodies). If K c R”" is an uncon-
ditional convex body, then |K| - |[K*| > i—':

Proof. Induction on n > 1 where the case n = 1 trivial.
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For the corresponding orthonormal basis e, ..., e, of R, let C = K N [0, o0)™,
C°=K"N[0,00)" and fori=1,...,n,let C; =K N[0,00)" Ne; and C; = K* N
[0,0)" N eil. It follows that K (K N el.L) can be dissected into 2" (2"~!) congruent
copies of C (C;), and

C°={x€[0,00)": (x,y) <1 fory e C}
C;’:{xe [0,00)" Nei 1 (x,y) <1 foryeCi}.

In particular, Theorem 6.6.5 is equivalent with the claim

1
ICl-|C° = —, (6.33)
n!
and we deduce from the induction hypothesis thatifi = 1,.. ., n, then
1
HNC) - HHCY) > —— (6.34)
(n=1)!

Forx = (xy,...,x,) € (0,00)", the interiors of the sets conv{x, C;} are pairwise disjoint
fori=1,...,n,thus

1 n
€2 = > xH" N (Cy) forx = (x1,...,xs) €C (6.35)
n
i=1
o 1 S n— o [e]
€2 = >y (CF) fory = (... ) € C° (6.36)
n i=1

We conclude from (6.35) that p = (ﬁnr;llc(lc‘) e anllélc")) € C°.

Applying (6.36) to p, and using (6.34) imply that

. 1 n 7—("‘1(Ci) . . 1 n 1 1
Cl-IC7 2 [Cl- = Y == HTH () 2~ Y == —
n

; n|C]| niin!  nl
i=1

which in turn yields (6.33). u

6.7 Functional Santalé inequality and reverse form

In this section, we review the functional versions of the Blaschke-Santalé inequality
(6.25) and its Reverse form (6.32). Since most of the arguments are more involved, we
only provide the simple proof of the functional Santalé inequality for even functions
due to Keith Ball. First we we define what we mean by the polar of a non-negative
function.

Definition 6.7.1. Let ¢ : R" — (—o0, 0] and f : R" — [0, o) be measurable.
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Legendre transform(convex conjugate): L(¢)(x) = supycgn {{(x,y) — ¢(0)};

Polar: f°(x) = infycgrn {%}, and hence if f = ¢™ ¢, then f° = e~ £(¥),

Remarks. £(¢) is convex and lower semicontinuous, and f° is log-concave and upper
semicontinuous. In addition, if ¢ is convex and lower semicontinuous, then L L () = ¢,
and if f is log-concave and upper semicontinuous, then (f°)° = f.

Example 6.7.2. Let K ¢ R" be a convex body with o € intK.
(i) (1x)°(x) = eIk
(i1) (e_%||x||3<)o = ¢~ 1I*lk-  and hence (e‘%”x”z)o = e lxIP,
: —_ o _ 1 o -
if g(x) = a f(®x) for ® € GL(n) and a > 0, then g°(x) = = f°(®7"x).

For the exponential expressions in Lemma 6.7.2, we have the following integral
formulas.

Lemma 6.7.3. K C R" is a convex body with o € intK, then
_ (2n)3IK|

1 2
(i) | e 2M¥lk gy = 22—
Rn |B"|

(i) [ e ¥k gy = |K].
Rn
Proof. (i) and (ii) follow from the formula .[R" U (|lx|lk) dx = n|K]| fow W (r)r"=! dr for
continuous ¥ : [0, 0) — [0, c0), which holds as % er v (llxllx) dx = nr* 1K |@(r).
[

Artstein-Avidan, Klartag, V. Milman [26] proved the functional version (6.37) of
the Blaschke-Santal6 inequality, together with the characterization of equality extend-
ing Keith Ball’s earlier result about even functions (without the characterization of
equality) in his PhD thesis [34]. Here we only provide Keith Ball’s simple argument
in the even case, which started off the quest for functional versions of inequalities on
convex bodies.

Theorem 6.7.4 (Functional Santald). If 0 < /R" f <oofor f:R" — [0, ) and
/]R" xf(x)dx = o, then

/ f- o< @2nn. (6.37)
n Rn

Equality holds if and only if f(x) = ae_%”q’xllzfor a > 0and ® € GL(n).

Proof of the functional Santalé inequality (6.37) if f is even: Thesets X, ={f >e™"}

and K = {f° > e "} are o-symmetric and Kj is convex, and if x € X, and y € Kj,
then e "¢~ < ¢~*Y), and hence (x, y) < r + s. It follows by the definition of the
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polar of a convex body that X, c (r + s)(Kj)*, thus |X,| - |Ks| < (r + 5)"w? by the
Blaschke-Santal6 inequlity (6.25).

We now apply the Prékopa-Leindler inequality (3.5) to the functions ¢(r) =e™"|{f >
e, w(s) =eS|{f°>e "} and h(r) = wpe " (2¢)% fort > 0 and h(¢) =0ifr < 0
that satisfy v/ (r)y(s) < h(5*), and conclude that

Lo [ = [erurserar [ s ea

2 n 2
il _(_(2n)> T osn _ n
< (/0. wre ' (2t) dt) = (F(% A e ’s ds) = (2m)".

Unsurprisingly, the Blaschke-Santald inequality (6.25) does play a significant role
in the proof in the functional Santalé inequality (6.37), and Example 6.7.2 (i) and
Lemma 6.7.3 (i) show that in turn the functional Santalé inequality implies the Blaschke-
Santal6 inequality for convex bodies. We note that Lehec [396,397] provided direct
proofs of the functional Santal6 inequality (6.37) without the characterization of equal-
ity not using (and hence yielding) the Blaschke-Santalé inequality for convex bod-
ies. For a reversed inequality, Berndtsson [63] proved a Reverse Functional Santal
inequality for even log-concave functions using complex analysis that was insprired by
G. Kuperberg’s Reverse Blaschke-Santal6 inequality (6.32), even if Berndtsson’s does
not actually use G. Kuperberg’s method or result in [389]. We note that in a Reverse
Functional Santalé inequality, we have to assume that the function is log-concave.

Theorem 6.7.5 (Even Reverse Functional Santald). If f : R™ — [0, ) is even and
log-concave with 0 < fRn f < oo, then

/f- fo=n" (6.38)
n Rn

Fradelizi [240] extended (6.38) to possibly non-even log-concave functions with
a slightly smaller factor. More precisely, Fradelizi [240] provided the strategy for how
to obtain the factor (¢/2)" in the Reverse Functional Santalé inequality for any log-
concave function if the lower bound ¢”, ¢ > 0 absolute constant, is known in the even
case.

Theorem 6.7.6 (Reverse Functional Santal6). If f : R" — [0, o0) is log-concave with

O<ﬁl‘{nf<00,then
o "
LﬂAfZGW (6.39)

Fradelizi, Meyer [243] proposed the following conjecture about the optimal con-
stant in the functional Santal6 inequality:
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Conjecture 6.7.7 (Functional Mahler conjecture). If f : R" — [0, o) is log-concave
with 0 < ./R" f < oo, then
/ f- fo=e" (6.40)
n Rﬂ
where equality holds if f(xi,...,x,) = e~ Zin 1100y (X5 e e o5 X))
If in addition f is even, then

/ f~/ fo=4" (6.41)
n Rn

where equality holds if f(xi, ... ,xp) = e Zi=1 %l

Remark. Fradelizi, Meyer [243] proved (6.40) if n = 1, and Fradelizi, Meyer [242,
243] verified (6.4 1) for unconditional functions, and Fradelizi, Gordon, Meyer, Reisner
[244] even managed to characterize the equality in (6.41) for unconditional functions
(which case is actually related to Hanner polytopes).

6.8 Volume approximation by polytopes

The reason why we discuss volume approximation by polytopes in this chapter is that
the Blaschke-Santald inequality (6.25) and the Reverse Blaschke-Santal6 inequality
(6.32) are used to verify that for an ellipsoid, volume approximation of by inscribed
polytopes of given (not too high) number of vertices is essentially equivalent to volume
approximation by circumscribed polytopes of the same number of facets (cf. The-
orem 6.8.3). In turn, Theorem 6.D.1 due to Sas [512] on volume approximation in
the plane can be used to settle the equality case in the Blaschke-Santal6 inequality for
non-symmetric convex bodies in any dimension (cf. Theorem 6.E.3).

One of our main results is Theorem 6.8.1 due to Macbeath [438] claiming that
ellipsoids are the worst approximable convex bodies by inscribed polytopes in the
sense of volume. Here the key tool is Steiner symmetrization, and hence we recall that
for u € $"! and convex body K c R", the Steiner symmetrial ®,. K of K is

l‘_
®u¢K=<x+Ts~u: x€K|ul&x+tueK&x+sueK}.

The properties of Steiner symmetrization that we need here are that ©,.K is also a
convex body with |®,. K| = |K| (cf. Proposition 1.10.3), and there is a sequence of
iterated Steiner symmetrizations whose results tend to a ball (cf. (Theorem 1.10.7)).

Theorem 6.8.1 (Macbeath). If C C R" is a convex body with |C| = |rB"| for r > 0,
k > n+ 1, then for any polytope P C r B" with at most k vertices, there exists a polytope
O c C with at most k vertices such that |Q| > |P|.
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Remark. In particular, ellipsoids are worst approximable by inscribed polytopes of
given number of vertices, but it is known only if in the planar case that ellipsoids
are the only extremal bodies (see the elegant argument presented in Theorem 6.D.1
due to Sas [512]). The fact for triangles in R? and for tetrahedra in R3, the ellipses
or ellipsoids, respectively are the only extremizers have been verified earlier by Gross
[274] and Blaschke [74], Section 72.

Proof. Since Steiner symmetrization preserves volume, and there is a sequence of iter-
ated Steiner symmetrizations such that the image tends to a ball (see Theorem 1.10.7),
enough to prove the following statement:

If C c R” convex body and u € $"~!, then for any polytope P C ®,,. C with at most
k vertices, there exists a polytope Q C C with at most k vertices such that |Q| > |P|.

Letx; + %(Zi —s)u,i=1,...,m,m < k be the vertices of P forx; € Clu*,t;,s; €R
with x; + fju,x; + siu € C.For Q" =conv{x; +tju: i=1,...,m}and Q™ = conv{x; +
s;u: i=1,...,m}, we claim that

H N +H (N Q)

5 > H'(¢N P) forany z € Plu* and € = z + Ru. (6.42)

To prove Macbeathsecant, let £ N P = conv{p, g} for p,q € ®,.C withp —g=H"' (£ N
P) u. We deduce the existence of a;,8; > 0 fori = 1,...,m such that p = z +
Sty ai(ti = sp)u, q =2+ % 2ty Bi(ti —sj)uand 370, a; = 27, B = 1, and hence

H' (ENP) = %;(aﬁ - Bi)(ti — si)
H'(EN Q) 2 Y (- fi)ti =2+ Xty ntyu, 2+ 51, Bitiu € QF
i=1

m
H'(EN Q) 2 D (B — ar)sie—z+ L[t aisiu, 2+ X7, fisiu € Q7.
i=1
Now the last three estimates yield (6.42).
It follows from (6.42) that %(|Q+| +]Q7|) = |P|; therefore, we may choose either

Q=Q%orQ=0". L

We deduce from Theorem 6.8.1 that upper bounds in the case of volume approx-
imation of balls by inscribed ellipsoids lead to upper bounds in the case of volume
approximation of any convex body. Therefore, the rest of the section is dedicated to
volume approximation of Euclidean balls. We start with an elementary estimate due
to G. Elekes [201] that shows that "Computing the volume is difficult"; namely, poly-
topes with at most polynomial many (in n) vertices provide bad approximation of the
ball.
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Theorem 6.8.2 (Elekes). If P C B" apolytope with at most k vertices, then % < zin
Remark. As Bérany, Fiiredi [46] explains, the simple estimate of Theorem 6.8.2 is a
quite reasonable one if k is around 2112 (see the improved estimate (??) below if & is

subexponential in n).

Proof. We may assume that the vertices vy, . .., vx of P lie on §77 1.
Forany x € P\{o}, thereexistsav; ¢ {z € R" : (z,x) <0}, and hencex € %v,' + %B”.
We deduce that P c UX_| (Jv; + 3 B"), thus |P| < 5 | B"|. n

The following statement provides the true order of volume approximation of a ball
if at most exponential many vertices (in the inscribed case) or at most exponential
many facets (in the circumscribed case) are used.

Theorem 6.8.3. For an absolute constant ¢ > 1 and2n < k < 2", if Py C B" polytope
of maximal volume with k vertices and Py D B" polytope of minimal volume with k
facets, then

log X P log £
¢! 8 o oflPel Eu, (6.43)
n |B"| n
P
! "<y Pl . (6.44)
log |B"| log

Remarks.

(1) As we may asssume allowing 2k vertices/facets that the polytopes are o-symmetric,
the lower bound in (6.43) and the upper bound in (6.44) are equivalent according to
the Blaschke-Santal inequality (6.25) and the Reverse Blaschke-Santal6 inequal-
ity (6.32), and similarly, the upper bound in (6.43) and the lower bound in (6.44)
are equivalent.

(i1) Comparing (6.43) and (1.40) shows that if 2n < k < 2", then for a polytope Py C
B" with k vertices, maximizing the inradius or the volume are equivalent.

(iii) The upper bound in (6.43) is due to Bardny, Fiiredi [46], and the equivalent
lower bound in (6.44) are proved by Carl, Pajor [143] and Gluskin [264], all three
papers are from 1988. The argument of Bérany, Fiiredi [46] is retold in Section 6
of Bordczky, Wintsche [120], while the argument of Gluskin [264] is presented in
the survey Ball [39] (see Galicer, Litvak, Merzbacher, Pinasco [261] for a recent
approach).

(iv) The lower bound in (6.43) follows from Theorem 1.13.6 due to Boroczky, Wintsche
[120]. For the equivalent upper bound in (6.44), Assaf Naor gave the following
construction: Assuming 7 is large, we may assume that k > 16n, and we choose
integers m > 2 such that ﬁ < % < % (and hence m < n), r > 1 maximal such
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thatrm < n,and O < £ < m — 1 such that rm + £ = n. The approximating polytope
P, (k) is the direct sum of r copies (if £ = 0) or r + 1 copies (if £ > 0) of centered reg-
ular crosspolytopes of inradius 1 in pairwise orthogonal linear subspaces, where
we use r crosspolytopes of dimension m, and if £ > 0, then we also use an extra
crosspolytope of dimension £. Thus the number of facets of }7( K isr2™if £ =0,
or r2™ + 20 if £ > 0, and hence lies between k/8 and k. According to the bound
m! > (m/e)™ by the Stirling formula, the volume of the m-dimensional regular
crosspolytopes C,, of inradius 1 can be estimated by

m -~ m i * 2m 2
‘lq{m(cm — W—' < _e
\J m! \m

thus elementary calculations show that F( k) satisfies the upper bound in (6.44).

(v) (6.43) and (6.44) are applied in the isomorphic reverse isoperimetric inequality
Theorem 6.8.4 for polytopes with at most k vertices and in the isomorphic isoperi-
metric inequality Theorem 7.7.9 for polytopes with at most k facets in the form

k k
ol flog = < Pl < c-n'yflog = (6.45)
n n

=1
2

-1
K\7 k

! (log —) < |Puyln <c (log—) . (6.46)
n n

According to the Reverse Isoperimetric inequality Theorem 6.3.2 for origin sym-
metric convex bodies, if K € R” is an o-symmetric convex body, then there exists
@ € GL(n,R) such that the isoperimetric quotient satisfies

DK
S( n_)] <o, (6.47)
|PK|

with equality for cubes. However, cubes have rather high number; namely, 2" vertices.
Next we present an improvement on the bound of (6.47) if n is large and an o-symmetric
polytope has significantly fewer than 2" vertices.

Theorem 6.8.4. If P C R" is an o-symmetric polytope with at most k vertices where
2n < k < 2", then

oP
S(—n_)l < cVn - 4/log E (6.48)
|OP| " n

for an absolute constant ¢ > 0.

Proof. According to John’s Theorem 6.1.1, there exists a ® € GL(n, R) such that

1 n n
\/—EB c K cB".
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We apply first Lemma 6.3.3 and then (6.45) to conclude that

S(®P k
( n_)l < nVn|®P|" < cvn - log —.
|OP| 7 n

For large k, it follows from Theorem 1.13.3 and Theorem 6.8.1 that if k¥ > 2" and
C c R™" is a convex body, then there exists a polytope Py C C with at most k vertices

such that
|C\ Py| e

ICl 7 ki

(6.49)

where ¢ > 1 is an absolute constant. This estimate is optimal even considering the
factor because Prochno, Schiitt, Werner [494] proved the existence absolute constants
a, b > 0 such that if P, c B" polytope of maximal volume with at most k vertices,
then

B™\P : s
BAPK , a-novided k > b - n'S (6.50)

B gt
If OC has C? boundary and P, C C is a polytope of maximal volume with at most
k vertices and Py D C is a polytope of minimal volume with at most k facets, then
the limits limg_,c0 kT |C\P| and limy—c0 kT |P(x)\C| exist and are positive (see
Section 8.10 and Boroczky [90]).
Concerning both random and best approximation by polytopes in terms of volume
difference, the earlier history is discussed by Gruber [275,276], and more recent devel-
opments are reviewed by Prochno, Schiitt, Werner [494].

6.9 The M-ellipsoid and the Reverse Brunn-Minkowski inequality

As introduced by V. Milman, Pajor [453], for a centered convex body K c R", an
“M-ellipsoid" E is just any ellipsoid satisfying either of the properties (6.51), (6.52)
or Theorem 6.9.4 up to a factor ¢” where c is some absolute constant where the three
properties are equivalent according to V.Milman, Pajor [453]. The main goal of this
section to show how the mere existence of the M-ellipsoid leads to the Reverse Brunn-
Minkowski inequality Theorem 6.9.5

Given a centered convex body K ¢ R" of diameter D, the volume of its intersec-
tion with an ellipsoid of inradius r is at most 2rD"~'w,_1, and hence the Blaschke
Selection Theorem 1.7.3 yields the existence of an o-symmetric ellipsoid E ¢ R” with
|E| = |K| maximizing |K N E|. Now V. Milman, Pajor [453] prove that this E is an M
ellipsoid.
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Theorem 6.9.1 (Existence of an M-ellipsoid). For a centered convex body K Cc R",
if E is an o-symmetric ellipsoid with |E| = |K| maximizing |K N E|, then

IKNE|>c"K| and |[K*NE*| > c"|E*| > ¢"|K"|. (6.51)

for an absolute constant ¢ € (0, 1).

Remarks.

* Any ellipsoid E satisfying (6.51) for an absolute constant ¢ € (0, 1) is called an
M-ellipsoid for K. If ® € GL(n), then ®F is an M-ellipsoid of ®K.

e |E*| > |K*|in (6.51) follows from the Blaschke-Santalé inequality Theorem 6.5.2.

e |KNE| |K+E|<4"K|-|E| according to (1.29), and hence for the absolute
constant C = 4/c where ¢ comes from (6.51), the M ellipsoid E satisfies

|K + E| < C"|K| and |K* + E*| < C"|K"|. (6.52)

e Assuming ok = o for the convex body K ¢ R" and |K N E| > ¢"|K]| for ¢ > 0
and an o-symmetric ellipsoid E ¢ R" with |E| = |K|, G. Kuperberg’s Reverse
Blaschke-Santal6 inequality Theorem 6.6.1 yields

- . qo SELIET ()"
K* N E*| = K. E 2 |((K+E)| 2 ————F—2|—| |[E"].
| | = |(conv{K,E})*| > |(K + E)*| > IK+E| ~\16 o

Therefore, the crucial part of (6.51) in the definition of the M ellipsoid is the
lower bound for |[K N E|. We note that most arguments establishing the existence
of the M-ellipsoid use the Reverse Blaschke Santal6 ineuqality, see, for example,
Brazitikos, Giannopoulos, Valettas, Vritsiou [125].

Besides using the intersections as in (6.51), or Minkowski sums as in (6.52), an M
ellipsoid can be defined via covering numbers as Theorem 6.9.4 shows.

Definition 6.9.2 (Covering number). For convex bodies K, L C R", the covering num-
ber N(K,L)isthe minimal N > 1s.t. K Cx;+L,...,xy + Lforsomexy,...,xy €R".

Remark. N(K, L) = N(®K,®DL) for ® € GL(n).

Erdés, Rogers [202] construct a covering of R” by translates of L such that any
point of R" is covered at most 4n In n times. If a translate x + L intersects K, then
x € K—L,and hence x + L C K — L + L; therefore, we deduce the following estimate
for the covering number.

Theorem 6.9.3 (Rogers bound on the covering number). For convex bodies K,L C R",

K+L-L

N(K,L) <4nlogn - i

(6.53)
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Remark. The bound (6.53) is close to be optimal in general, as if L = B" and nB" C K,
then N(K,B") > cn - |K‘;;2,F| L for an absolute constant ¢ > 0 as any covering of R"” by
unit balls has density at least con for an absolute constant ¢y > 0 according to Coxeter,

Few, Rogers [180] (see also Boroczky [91], Theorems 8.2.1 and 9.5.2).

The following estimate is a consequence of (6.52) and Theorem 6.53:

Theorem 6.9.4. I[fK C R" is convex body and E is an M -ellipsoid, then N(K,E) < c"
for an absolute constant ¢ > 0.

Remark. Assuming ox = o, also N(K*, E*) < ¢".

We recall that according to the Brunn-Minkowski inequality, if K, L C R" are
convex bodies, then |K + L| "> |K| o |L| 7. The following reverse form of the Brunn-
Minkowski inequality, indicated by V. Milman, Pajor [453], is a generalization of
V. Milman’s Reverse Brunn-Minkowski inequality for o-symmetric convex bodies in
[452], and was seemingly first stated in this form only much later by Brazitikos, Gian-
nopoulos, Valettas, Vritsiou [125].

Theorem 6.9.5 (Reverse Brunn-Minkowski inequality). There exists an absolute con-
stant C > 1 with the following property: For convex bodies K, L C R", one finds an
Q € SL(n) such that if a, B > 0, then

1 1 1
la QK + BL|" < C(a|K|" + B|L|").
Remark. Assuming that og = o = 0, we also have
% s L L s L
la (QK)" +BL"|" < C(a|K™|" + BIL*|7).

Proof. We may assume that ox =0 =0,and |K|=|rB"|and |L| =|oB"|forr,o > 0.

Theorem 6.9.4 yields the existence of ®, ¥ € SL(n) such that N(®K, rB") <
Cj and N(¥YL, oB") < Cfj, and hence a®K C Xk + arB" and YL C X, + BoB"
where #Xk, #X;, < C[. We deduce that ®K + WL C Xk + X1 + (ar + fo)B" and
#(Xk + X)) < #Xk - #X, < C3", thus

la®K + BPL| < C2" - |(ar + Bo)B"| = C" (a|1<|% +,3|L|%) .

Therefore, we can choose C = Cg and Q = ¥~ lo. n

6.10 Comments to Chapter 6

The subject of Chapter 6 is discussed in depth by Artstein-Avidan, Giannopoulos, V.
Milman [28, 29], and see also the survey Ball [38] for various aspects of this topic.
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For a convex body K c R", the properties of the inscribed ellipsoid of maximal
volume ("John ellipsoid") and circumscribed ellipsoid of minimal volume ("Lowner
ellipsoid") were essentially established by John [359] in 1948, and put it into the right
context by Keith Ball [37], who also established that "John’s conditions" are sufficient
for the extremality of the unit ball (see also Gruber, Schuster [278] for a streamlined
argument). According to Busemann, Lowner was independently aware of many prop-
erties of the extremal ellipsoids in the middle of the 20th century, hence the naming
(see Henk [305] on the history of the problem). Note that around 1908, Voronoi [560]
established an analogous property of the convex hull of the minimal vectors of an
extremal lattice to John’s conditions on a ball being the Lowner ellipsoid (see perfect
forms in Schiirmann [526]).

Hug, Schneider [341] prove that for any convex body K c R", the ratio of the
volumes of the Lowner ellipsoid over the John ellipsoid of K is at most n”, and equality
occurs if and only if K is a simplex. Hug, Schneider [341] even verify a stability version
of this statement.

There are numerous widely used characterizatizations of ellipsoids like the one in
Brunn’s [131] Theorem 6.2.1. For a comprehensive surveys about characterizations of
ellipsoids among convex bodies, see Petty [486] and Soltan [536].

The reverse isoperimetric inequality (cf. Theorems 6.3.1 and 6.3.2) is due to Ball
[36]. We note that Livshyts [419] proves an analogous statement for unimodule func-
tions (non-negative function on R" whose level sets are convex).

The proof of the reverse isoperimetric inequality is based on the Geometric form
of the rank one Brascamp-Lieb inequality due to Keith Ball [36], and the general
Brascamp-Lieb inequality was proved by Brascamp, Lieb [124] (see Bennett, Carbery,
Christ, Tao [59] for a comprehensive study of the Brascamp-Lieb inequality). Equality
in the Geometric the rank one Brascamp-Lieb inequality was clarified by Barthe [50].

The general form of the Brascamp-Lieb inequality [124] (see Barthe [50] for an
elegant proof) is as follows. Let B; : R — H; be surjective linear maps where H; is
n;-dimensional Euclidean space, n; > 1,fori=1,...,k,andletcy,...,ck > O satisfy
fozl c¢;n; = n. For non-negative f; € L(H;), we have

k ' k ci
Angﬁ(Bix)'wng(Liﬁ) (6.54)

where C is determined by choosing centered Gaussians f;(x) = e~ {4%*) | A; positive
definite. The Brascamp-Lieb inequality (6.54) yields for example Young’s inequality
and the Holder inequality.

The so-called Geometric form of the Brascamp-Lieb inequality (6.54) is when H;
is a linear subspace of R", B; = I1y, and Zf.‘zl ¢iI1y, = I,,. In this case, the optimal
factor C = 1, as it was verified by Ball [36] in the rank one case (each n; = 1), and by
Barthe [50] in general.
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Naor [470] stats the following Isomorphic Reverse Isoperimetry Conjecture:

For any o-symmetric convex body K C R", there exists ¢ € SL(n) and an o-symmetric
convex body C C ®K such that |C| > ¢ "|K| and S(C) < C\/Z|C|nT4f0r an absolute
constant ¢ > 1.

In particular, Isomorphic Reverse Isoperimetry Conjecture says that while C c ®K has
essentially the same volume as @K, and the isoperimetric ratio for C is essentially the
same as for a ball where S(B™)/|B"| T ~\2re +/n as n tends to infinity. For example,
the isoperimetric ratio of a cube is much larger as S([-1, 1]™)/|[-1, 1]"|"T_1 =2n.

Many properties of a convex body related to its centroid can be found in Artstein-
Avidan, Giannopoulos, V. Milman [28, 29] and Brazitikos, Giannopoulos, Valettas,
Vritsiou [125] where the slicing conjecture is also discussed (see Klartag [373] for
more recent developments). We note that Kannan, Lovdsz, Simonovits [361] uses
another normalization to define isotropicity, they say a convex body K is in isotropic
position if and only if ox = 0 and Mg = I,,.

For a brief history of the slicing conjecture (there exists an absolute constant ¢
such that Lx < ¢ for any convex body K c R"), it was posed independtly posed by
Bourgain [121] and in the PhD thesis Ball [34] in 1986, and Bourgain [121] proved
Lgx <c ni logn in [122] in 1991. In spite of serious efforts, for 30 years, the only
improvement on the bound was Lg < ¢ ni by Paouris [480] and Klartag [371] in
2006. A breakthrough Lg < n° has been achieved by Yuansi Chen [158] in 2021,
whose estimate was improved to Lx < +/logn by Klartag [373].

The Blaschke-Santalé inequality in all dimensions about the maximum of the
volume product of a centered convex body is due Santald [505] in 1949, whose proof
is based on relating it to the Affine Isoperimetric Inequality (see Section 8.9). The
equality case was only characterized by Petty [487] in 1985. A direct proof of the
Blaschke-Santal6 inequality via Steiner symmetrization in the o-symmetric case was
provided in Ball’s PhD thesis [34], whose argument was extended to all convex bodies
by Meyer, Pajor [451]. A Fourier analytic proof of the Blaschke-Santalé inequality
in the o-symmetric case is provided by Bianchi, Kelly [73]. Stability versions of the
Blaschke-Santl6 inequality are due to Boroczky [92] and Ball, Bordczky [41].

Lehec [396,397] provided simple proofs of the functional Santal6 inequality (6.37)
without the characterization of equality not using (and hence yielding) the Blaschke-
Santal6 inequality for convex bodies. Fradelizi, Meyer [241] proved a generalized
version of the functional Santalé inequality, which was further generalized to more
functions by Kolesnikov, Werner [382] and Kalantzopoulos, Saroglou [360]. Stability
versions of the functional Santal6 inequality (6.37), and in general, of the inequalities
proved by Fradelizi, Meyer [241] are provided by Barthe, Boroczky, Fradelizi [52].

The Mahler conjecture in R”; namely, that the volume product of is minimized
by centered simplices among all convex bodies and by cubes among all o-symmetric
convex bodies was stated by Mahler [441] in 1939. It has been verified in the plane
earlier by Mahler himself in [440], but it had been open in general in any dimension
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n > 3 until the Mahler conjecture was proved by Iriyeh, Shibata [344] in 2020 at least
for o-symmetric convex bodies in R? (and the argument is simplified by Fradelizi,
Hubard, Meyer, Rolddn-Pensado, Zvavitch [245]). In addition, Mahler’s conjecture
has been verified in various special cases like

e for zonoids by Reisner [496] (see Gordon, Meyer, Reisner [267] for a simpler
proof), and Boroczky, Hug [106] provided stability version;

» forunconditional convex bodies by Saint-Raymond [506] (see Meyer [450] or The-
orem 6.6.5 for a simple proof), and Kim, Zvavitch [367] even provided a stability
version;

» for convex bodies with n independent hyperplane symmetries (by rank » action of
a Coxeter group) by Barthe, Fradelizi [53].

Some other cases when the Mahler conjecture is known include sections and projec-
tions of Hanner polytopes (see Karasev [362] using symplectic technics), and convex
bodies in R? invariant under the rotational symmetries of a centered regular tetrahed-
ron (see Iriyeh, Shibata [345]).

Kim, Reisner [366] proved that centered simplices are local minimums for the
volume product, providing even a stability estimate, and Kim [365] proved the ana-
logous results for the Hanner polytopes among o-symmetric convex bodies (extending
earlier work by Nazarov, Petrov, Ryabogin, Zvavitch [475])

Concerning the order of the minimum of the volume product, the ground breaking
work Bourgain, V. Milman [123] proved the Reverse Blaschke-Santalé inequality | K] -
|K*| > ¢"V(B™)? for any o-symmetric convex body K ¢ R” and an absolute constant
¢ € (0, 1) (see Giannopoulos, Paouris, Vritsiou [259] for a simpler proof). Explicit
estimates for the value of ¢ was obtained, for example, by Nazarov [474], but the
best estimate is due to G. Kuperberg [389] (see the arxiv version for the case of non-
symmetric convex bodies).

The functional Santal6 inequality was proved by Ball [34] for even functions in his
PhD thesis, and was extended to centered functions with positive integral by Artstein-
Avidan, Klartag, V. Milman [26], also characterizing equality. Versions of the func-
tional Santal6 inequality were provided by Fradelizi, Meyer [241] and Lehec [396,
397]. The reverse functional Santal6 inequality for log-concave functions with a lower
bound ¢ for an unknown absolute constant ¢ > 0 is due to Klartag, V. Milman [374],
and simpler arguments have been provided by Fradelizi, Meyer [242] and Gianno-
poulos, Paouris, Vritsiou [259]. The beautiful argument by Berndtsson [63] uses com-
plex analysis to verify the lower bound 7" in the case even log-concave functions, and
is inspired by ideas in G. Kuperberg [389]. For the case of any log-concave functions,
our bound (7r/2)" might have not appeared in print, and is based on Fradelizi’s [240]
strategy to obtain the lower bound (¢/2)" in the Reverse Functional Santal6 inequality
if the lower bound ¢", ¢ > 0 absolute constant, is known in the even case.
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For o-symmetric convex bodies, M-ellipsoid was defined in V. Milman [452],
where the Reverse Brunn-Minkowski was established. The definition of the M-ellipsoid
and the Reverse Brunn-Minkowski was extended to the non-symmetric case by V.
Milman, Pajor [453] (see Giannopoulos, Paouris, Vritsiou [259] for a nice survey).
The M-ellipsoid is not unique by its definition, and how close two M-ellipsoids are is
dicussed by V. Milman, Pajor [454].

For a survey about volume approximation of the unit ball with polytopes of low
complexity, see for example Ball [39], Section 6 of Boroczky, Wintsche [120], and
Galicer, Litvak, Merzbacher, Pinasco [261]. Randomized algorithms proved to be
effective in estimating the volume of a polytope of few vertices within a convex body
(see Lee, Vempala [395]).

According to the Dvoretzky theorem, any convex body K in R" has a section that is
essentially a ball. This line of research was initiated by Groethendick, whose question
was answered by Dvoretzky and later V. Milman, and finally Gordon [265] proved the
most precise statement: For large n, € € (0, 1), and integer m > 2 with m < cg*logn
for an absolute constant ¢ > 1, if K is a convex body in R” with o € int K, then there
exists a linear subspace L of dimension m and r > 0 such that

rB"NLcKNnLc(1+&)(rB"NL).

Actually, if K is origin symmetric and m is small enough, then the majority of sections
by a linear m-plane is almost spherical (see Mendelson [449]).

6.A Supplement: The John condition on the inscribed maximal
volume ellipsoid

The prove the classical properties in Theorem 6.A.2 of John’s maximal volume ellips-
oid contained in a given convex body, we use various properties of matrices, summar-
ized below.

Remark 6.A.1 (Some properties of Positive Semidefinite Matrices).
() u ® u = uu’ for u € R™\{o0} is a rank one symmetric n X n matrix, tru ® u = ||u||*.

(i1) Writing I, to denote the n X n identity matrix, if A is any n X n matrix, then

% det(l,, +tA) L =trA.

(iii) E c R is an ellipsoid if and only if £ = ® B" + v for ® € GL(n) and v € R".
According to the Left Polar Decomposition, @ = AQ for a positive definite symmet-
ric matrix A and an orthogonal matrix Q where A2 = ®d', and hence E = AB" +v.
Note thatif uy, . .., u, is an orthonormal basis representing the principal directions
of E, then Au; = a;u; where a; > 0 is the principle axis corresponding to u;.
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It follows from Remark 6.A.1 (iii) that the space of o-symmetric ellipsoids can be
identified with the space of positive definite matrices.
Theorem 6.A.2 (John). Let K C R" be a convex body.
(i) There exists a unique so-called John ellipsoid E C K of maximal volume.

(ii) If B" is the John ellipsoid of K C R", then B" C K and there exsits cy,...,cx >0
anduy,...,ur € S" 1 NIK, k < @ such that

M-

cu; ®u; = I, (6.55)

i=1

M-

ciu; = o. (6.56)

i=1
In addition, if K is o-symmetric, then (6.55) is sufficient.

Remarks.

(a) The uniqueness yields that ®F is the John ellipsoid of ®K for ® € GL(n), for
example, E is o-symmetric if K is o-symmetric.

(b) Zf‘:l ¢; = n by equating traces in (6.55).

(©) IIxII> = 35, ciui, x)? for x € R” by (6.55).

(d) (x,u;) <1forxe Kandi=1,...,k as K and B" share the same supporting
hyperplanes at uy, . . ., u.

We recall (3.5.2), that says that if A, B are symmetric positive definite n X n
matrices and A € (0, 1), then

det((1 —2)A + A B) > (det A)!~* (det B)* (6.57)
where equality holds if and only if A = B.

Proof of Theorem 6.A.2.
Step 1 There exists a maximal volume ellipsoid E C K.

Fix an ellipsoid E C K. The family of pairs (A, v) where A is a positive definite
matrix and v € R” with AB" +v C K and |A B" +v| > |E| is compact, as the largest
eigenvalue of A is at most diam K.

Step 2 There is a unique ellipsoid of maximal volume contained in K.

Indirekt. We suppose that B” is an ellipsoid of maximal volume contained in K,
and B" # A B" + v C K for a positive definite matrix A and v € R" withdetA = 1. It
follows that (% I+ %A)B" + % v C K as K convex where det(% I, + % A) > 1 unless
A = I, according to (6.57); therefore, A = I,, and v # 0. We deduce that E C K for the
ellipsoid E = ®B" + % v where ®v = (1 + %||u||)v and ®w = w for w € v+, and hence
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detd =1+ %||v|| > 1. This contradiction verifies the uniqueness of the John ellipsoid.

Step 3 If K = —K and B" is the John ellipsoid, then 6.55 and k < d hold.

We identify the vector space of n X n matrices with R”2, and for any n X n matrices
A=a;j] and B = [b;;], we define their scalar product to be (A, B) = 3; -
Let V ¢ R" be the linear subspace of symmetric n X n matrices with d = dimV =
"(”+1) ;namely, V = {A = [a;;] : a;; = aj; Vi # j}. In particular, V can be identified
w1th Rd

For the compact set U = 9K N S"~!, we consider the compact set U= {u®u:
ueU} cV.Since (I,,u®u) =tru®u =1 forany u € U, Lemma 1.3.8 yields that
C = pos U C V is a closed convex cone. As every u X u € U is positive semidefinite,
each M e C is positive semidefinite, as well, and hence C N (-C) = {ov }.

Proof of (6.55) is indirekt, we suppose that I, ¢ C, and seek a contradiction.
Lemma 1.3.5 implies the existence of an A € V with

n@ijbij.

.....

(A, I;) >0and (A,u®u) <0 foru e U, (6.58)
while tr A > 0 and Remark 6.A.1 (ii) yield
det(I, +tA) > 1 for small 7 > 0. (6.59)

It follows from (6.58) that there exists a ¢ > 0 and open neighbourhood N ¢ §"~! of
U such that (Au,u) = (A,u ® u) < =6 for u € N, and hence if r > 0 is small, then
(I, + tA)u € B" for u € N. As compact set """\ N lies in int K, we deduce that
(I, +tA)B™ c K for small ¢ > 0, which is a contradiction by (6.59).

The bound k < d follows from Lemma 1.3.7.

Step 4 If (6.55) holds for an o-symmetric convex K with B” C K, then B" is the John
ellipsoid.

Let U = 0K N S"!'. Our argument for Step 5 is indirekt, we suppose that (I,, +
A)B™ C K for symmetric n X n matrix A with det(,, + A) > 1. It follows that {(1,, +
A)u,uy < 1 foru € U, and f’(t) > O for the function f(¢r) = logdet(l, +tA) as f
is concave by (6.57) and f(1) > f(0), and hence (A, u ® u) = (Au,u) < 0 holds for
ueUby ((I,+A)u,u) <1 and (u,u) < 1, while Remark 6.A.1 (ii) and f’(¢) > 0
yield that (A, I,) = tr A = f’(t) > 0. We deduce that I,, ¢ pos{u ® u : u € U} c R?,
that contradicts (6.55).

Step 5 If K ¢ R" is a convex body and B" is the John ellipsoid, then (6.55) and 6.56
hold.

We consider the space R" & R" of space of pairs (A, v) where A is an n X n
matrix and v € R”, and for two such pairs (A, v) and (B, w), their scalar product is
{((A,v), (B,w)) =(A,B) + (v,w). Let W C R" & R" be the linear subspace of pairs of
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the form (A, v) where A is a symmetric n X n matrix and v € R", and let dy = dimW =
n(n+3)
2 - ~
ForU=0KNS" ! thesetUp={(u®u,u):ucU} W compact. Since ((I,,,0), (u ®

u,u))y =tru @ u =1 for any u € U, Lemma 1.3.8 yields that Cy = posU c W is a
closed convex cone. We have Cy N (-Cpy) = ow, because if Zf’zl Ai(u; ® ui, u;) =
- Z?:l A;(il; ® i, ;) for A;, A; > 0 and u;, ii; € U, then u ® u being positive semidef-
inite for u € U yields that each 4; = Ai=0.

The proof of the properties (6.55) and (6.56) is indirekt, we suppose that (/,,, 0) ¢
Co, and seek a contradiction. Lemma 1.3.5 implies the existence of (A, v) € W for
symmetric matrix A and v € R" with ((A,v), (I,,0)) > 0and {(A,v), (u @ u,u)) <0
for u € U, and hence

det(l,, +tA) > 1 for small + > 0 by Remark 6.A.1 (ii) and tr A = ((A, v), (I, 0)) > 0;
(6.60)

(Au+v,u) = {((A,v), uQ®u,u)) <0forucU. (6.61)

We deduce from (6.61) that there exists 6 > 0 and open neighbourhood N c §"~! of U
such that (Au +v,u) < —6 foru € N, and hence if ¢ > 0 is small, then ([, +tA)u +tv €

B" foru € N. Therefore, (I,, + tA)B" + tv C K holds for small ¢ > 0, which contradicts
(6.60).

Step 6 If (6.55) and (6.56) hold for a convex K with B" C K, then B" is the John
ellipsoid.
This statement can be proved as in Step 4. ]

6.B Supplement: The rank one Geometric Brascamp-Lieb inequality

In this section, we sketch Barthe’s argument - presented in [50] and that using optimal
transport, - of the form (6.63) of the Brascampl-Lieb inequality due to Keith Ball .

Theorem 6.B.1. Ifuy,...,ux € S" andcy,...,ci > 0 satisfy

k
Z citt; ® u; = I, (6.62)

i=1

and fi,..., fr € Ll(]R) are non-negative, then
k k Ci
/ [ [ A uyax <] ] (/ ﬁ) : (6.63)
R 51 i=1 R

Remark. For any u;, . ..,ux € S"Vandecy,...,ck >0 satisfying (6.5), we have equal-

ity if we choose each f; to be the same Gaussian probability density; for example, if
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fily=e ™ fori=1,..., k.

In the rest of the section, we assume that uj, ...,u; € S" lande¢y,...,cx >0
satisfy (6.62), thus for any z € R"”, we have

k k
2= crlui u; and [zl =) eiur,2)*.
i=1

i=1

Before proving the Brascampl-Lieb inequality, we verify two auxiliary estimates due
to Keith Ball [34].

Lemma 6.B.2. [ft),...,t; > 0, then

k k
det (Z ticiu; ® M[) > 1—[ l‘:-:[.
i=1 i=1
Proof. Let v; = +fc;iu; fori=1,...,k, and hence Zle ticiu; @ u; = Zle tiv; ® v;,
(vj,v;)=c;fori=1,... kand Zle v; ® v; = I,,. In this argument, J is always an element
of the family ®% of all n element subsets of {1, ..., k}, and for J = {iy,...,i,} € O,
we define

dy = det[vil,.. .,l),‘n]2 and t; = ti -t

ne

Applying the Cauchy-Binet formula to the n X k matrix U = [vf vy, . . ., Vg vk] yields

k
det(Zt[vicbvi) det (UUT) = Z t;d;, (6.64)
i=1

Je®k

and hence )’ ; cok djy =det (Zl’f: (Vi ® v,-) =1 follows from (6.64) with #; = 1. Therefore,
applying the AM-GM inequality in (6.64) leads to

k
det (Z 1i0; ® vl-) > [] (6.65)
i=1

Je®k
For a fixed i € {1, ..., k}, the factor #; occurs exactly 3, ;c; dy time in [], t?’.
Moreover, (6.64)) applied to the vectors vy, ..., 0;—1, V41, - - - , Vg implies
IREWIEDY d,:l_det(zv,@v,
J,ieJ J.i¢J JE

=1 —det(Id, — v; ® v;) = (vs, v;).

Substituting this into (6.65) yields the lemma. |
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Lemma 6.B.3. [fz =% c;6,u; for 61,...,0x € R, then
k
Izll* < > it (6.66)
i=1

Proof. The condition z = Zle ¢iB;u; and the Cauchy-Schwarz inequality yield that

k k k k
llzlI* = Z,Zcigiui = Zci9i<z, up) < ZCiQ% Zci<ui,z>2,
i=1 i=1 i=1 i=1
and hence the lemma follows from ||z||> = le cilug, 2)2. ]

Following Barthe [50], we prove the Brascamp-Lieb inequality (6.63) via optimal
transport based on the Gaussian density g(¢) = e~ g Approximating f; first by piece-
wise linear functions with compact support, and then in turn these functions by con-
tinuous functions, we may assume that each f; is a positive continuous probabiity
density function. Fori = 1,..., k, the transport map 7; : R — R is defined by

/_;ﬁ(s) ds=/_:mg<s) ds.

It follows that each 7j is differentiable, monotone inscreasing and
fi(t) = g(T;(¢)) - T/ (¢) holds for ¢ € R. (6.67)

Now we consider the differentiable map © : R" — R”,

k
O(x) = Y ily((uix))wi, xR,

i=1

which satisfies

M=

DO(x) = > oT] (ui,x)) u; ® u;.
i=1

We claim that © is injective; namely,
O(x2) # O(x) for xp # x1.

To prove the claim, we observe that if v € R"\{o} and x € R", then

k k

(0.DO(x)0) = o' (Z e/} ({7, x)) ) 0= ) e (i) (wr0)? > 0,
i=1 i=1

thus D@ is positive definite. We deduce that ¢’ () > O for ¢ € [0, 1] for the function

@(t) = (x2 = x1,O((1 = 1)x; + 1x2)), and hence (x2 — x1, O(x2)) = ¢(1) > ¢(0) =

(x2 = x1,0(x1)).
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Proof of the Brascampl-Lieb inequality (6.63). Using first f;(t) = g(T;(t)) - T/ (¢) for
g(t) = e~ then Lemmas 6.B.2 and 6.B.3, and finally the injectivity of ®, we obtain

k k k
T ((ui,x))i d (T: (i, x)))“ T/ (ui, x))<
[Tt /Rn(gg s )(n v

dx

k k
S / (l_[ e—ﬂC[Ti(<M[,x>)2) det (Z Ci]}’((ui,x)) u; ®u1) dx
" \i=1 i=1
< / e mOWI det (DO(x)) dx
<

/ eI gy = 1.

6.C Supplement: Minimal surface area position - isotropic surface
area measure

If X =R" or X = §""!, we say that a measure on X is quasi isotropic (sometimes
simply called isotropic) if the integral of the positive seminite rank one n X n matrix
u — u ® u is a multiple of 7,,. In this section, we prove Petty’s isotopicity condition
in Petty [483] on when a convex body is in a minimal surface area position (see also
Giannopoulos, Papadimitrakis [260], while the paper Giannopoulos, V. Milman [258]
considers an extension for the mean projections defined in Theorem 7.1.1):

Theorem 6.C.1 (Petty). Forany convexbody K C R", S(®K) for ® € SL(R, n) attains
its minimum at some Ky = ®yK for some ®y € SL(R, n) where Ky is unique up to
orthogonal transformations, and is characterized by the property that

S(K
/ u®udSg, = ( 0)-
Ssn-1

In order to prepare for the proof of Theorem 6.C.1, first we verify a statement
showing that given the volume of a convex body, the surface area is large if the body
is elongated.

In. (6.68)

Lemma 6.C.2. If K c R" is a convex body, then
S(K) > a,(diam K)ﬁ |K|% for a;, > 0 depending on n.

Proof. If n = 2, then S(K) > 2diam K as K contains a segment of length diam K. If
n > 3, then acccording to John’s theorem Theorem 6.1.1, we may assume that E C
K c nE for a centered ellipsoid E. Leta; > ... > a, > 0 be the semi axes of E, and
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hence E contains an (n — 1)-dimensional ellipsoid of surface area 2w, _1a;j .. .da,-1,
and K satisfies diam K < 2a; and |K| < n"wy,ay ...ay,. Since (az...a,—1)72 = ay,
we deduce that

1
-1

S(K) = 2wp 101 ... any = 205107 (a1 ... an) T > @, - (diam K) T |K [T

1 n-=2
for a;, = 2w, -1 (2n) 71 (0" w,) " 1. -
Next we need a formula for the surface area of a linear image.

Lemma 6.C.3. If K C R" is a convex body and ® € SL(n), then
S@7K) = [ 100 dsx(w.

Proof. As in Definition 2.6.13, let @ : §"~! — §"~! be defined by @ (u) = %.

As Vo-rx = D, Vg by the linear equivariance Proposition 2.6.15 of the cone volume
measure dVg = % hk dSk, and he-1 g (P.u) = hg (1) /||P(u)|| by Lemma 2.6.14, we
deduce that

e 1 [ el
s@ K =n [ dvVor=n [ B avew = [ joaonass.

We also need an algebraic condition when the surface area measure is quasi iso-
tropic.

Lemma 6.C.4. For any convex body K c R",

S(K
/ u®udSK—Q I, (6.69)
sn-1 n
if and only if any n X n matrix ¥ satisfies
tr'¥
/ (1, Wur) dSk (1) = — . S(Ko). (6.70)
n-1 n
Proof. We fix an orthonormal basis ey, . . ., e, of R". If (6.70) holds, then choosing

W in (6.71) in a way such that one entry is 1 and the rest is zero, we deduce that

0 ifi#j
Sn—l<u’ 6i><u’ ej)dSK(u) - { S(fﬂ) lfl :j7
which is equivalent to (6.69)
On the other hand, if (6.69) holds, then the previous argument yields that (6.70)
holds whenever one entry of ¥ is 1 and the rest is zero. Any n X n matrix is the linear

combination of such matrices; therefore, we conclude (6.70) . ]



Supplement: Maximal area of inscribed polygons and the extremality of ellipses 193

Proof of Theorem 6.C.1. Theexistence of a®g € SL(R, n) such that S(®yK) < S(PK)
for any @ € SL(R, n) follows from Lemma 6.C.2. Let Ky = ®¢K. To prove (6.68), we
consider an n X n matrix ¥, small e > 0and Q = (I,, + e ¥) /det([,, + € ‘P)% e SL(R,n),
and hence S(Q7'Ky) > S(Kp) and Lemma 6.C.3 yield that

/ | + e¥ul|l dSk,(u) > det(l, +s‘P)%S(K0).
Sn—l
Letting £ > 0 tend to zero, we deduce that
tr'¢
/ (u, Wu) dSi, (1) > — - S(Ko), 6.71)
sn—1 n

and as (6.71) holds for —W, as well, it follows that

1<M’ Yu) dSk,(u) = % - S(Ko). (6.72)
g
We conlude (6.68) from (6.72) and Lemma 6.C 4.

Next we show that if Sk is quasi isotropic; namely, it satifies (6.68), then K is
in minimal surface area position, and such position is unique up to orthogonal trans-
formations. In order to verify S(®~'K) > S(K) for ® € SL(R, n), using the polar
decomposition, we write @ = UQ for U € O(n) and positive semidefinite symmet-
ric Q with det Q = 1, and hence Lemma 6.C.3, Lemma 6.C.4 and the the AM-GM
inequality applied to the eigenvalues of Q (cf. Lemma 3.5.2) yield that

S(®7'K) =S(UT'Q'K) = S(Q7'K) = /

Ssn-1

||Qu|| dSk (u) > ‘/Sn_l<u,§2u> dSk (u)

- ? -S(K) = (detQ)7 - S(K) = S(K). (6.73)

If S(®'K) = S(K), then % = (det Q)nl in (6.73), thus the equality conditions in the
AM-GM inequality (or in Lemma 3.5.2) imply that Q = I,,. Therefore, ® " =U"" €
O(n). [ ]

6.D Supplement: Maximal area of inscribed polygons and the
extremality of ellipses

We have seen in Macbeath’ Theorem 6.8.1 that ellipsoids are the worst approxim-
able convex bodies in terms of volume approximation by inscribed polytopes of given
number of vertices. In this section, we provide the elegant argument due to Sas [512]
verifying that ellipses are the only extremizers in the plane.
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Theorem 6.D.1 (Sas). If Py is a polygon with at most k vertices of maximal area
contained in a convex body C C R2, then

k 2r
Pr| = |C| - — sin —,
[Pel > (€] 5 sin =

with equality if and only if C is an ellipsoid.

Proof. We may asssume that (—1,0), (1,0) € dC are the endpoints of a diameter of C,
and hence (x, f(x)), (x,—g(x)) € dC for the concave functions f,g: [—1,1] — [0, )
where we may assume that f(0) > 0. It follows that

f(x),g(x) 2Vl —-x forx € [0,1];

<
f(x),g(x) < 2¥x+1 forxe[-1,0]. (6.74)

Parametrize 0C as (x(t), y(t)) = (cost, ¢(t) sint) for t € R where ¢(t) is 2n-
periodic, is continuous on (0, ) and (7, 27), and ¢ < 2 on [0, 27| by (6.74), and
hence y(t) = f(cost) if t € [0, n] and y(z) = —g(cost) if t € [x, 2n].

For t € R, let Q; = conv {p;(#i)};—,. . x—1 Where p;(1) = (x(#;), y(t;)) and 1; =

t+ izT”, i € Z, therefore,

.....

k-1 k-1
1 1 .
101 = 5 D x (@)Y (ti1) = x(tia)y(13) = 5 > @(t3) sinti(cos tian = (cos 1i-1)
i=0 i=0

k-1 R .
. 2m 2rn\ ., i2n
—Sln7;¢(1+7)sln ([+7)

Using substitution x = cos ¢, the mean value of |Q;| is

1 2r k 2 2 k 2 -1 1
—/ |Q,|dt:—sin—"/ o(r) sin® 1 df = — sin =~ / —f(x)dx+/ ¢ (x) dx
2r 0 2m k 0 2r k 1 -1

= % sin 27” -1Cl,
and hence there exists a ¢ € [0, 27] with |Q;| > % sin 27” -|C.
Equality in Theorem 6.D.1 yields that |Q,| = | Px| holds for ¢ € [0,27], thus for any
t € [0, 2], the line through po(#) and parallel to p(t) — p_1(t) # o is a supporting
line to C. As p(t) — p_1(t) is continuous and C is convex, it follows that dC is C!,
and hence y(¢) differentiable on (0, ) and on (7, 27), and satisfies

=y(t+27”)—y(t—27”)

27
2sin 3

y'(1)

(6.75)

We deduce from (6.75) that lim,_,¢ y'(¢) = y(%”) - y(—%’r) and lim,,  y'(t) = y(m +
27”) —y(m - 2T’r); therefore, y(¢) is continuous, 2 periodic and piecewise smooth,
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which in turn yields that it has a Fourier series

y(t) = ap+ Z(an cosnt + b, sinnt) and y'(t) = Z(nbn cosnt — na,, sinnt).
n=1 n=1

It follows from (6.75) that

o0 00 s N27m

A Sin % X
Z(nbn cosnt — na, sinnt) = Z — (b, cosnt — a,, sinnt).
n=1 n=1 Sin &

Comparing coefficients leads to a,, = b, = 0 for n > 2; or in other words, y(#) = ag +
ajcost + by sint. It follows that 9C is parametrized as (cost, ag + aj cost + by sint),
and hence C is an ellipse. |

6.E Supplement: Equality in the Blaschke-Santal6 inequality
Theorem 6.5.2

The main goal of this section is to prove Theorem 6.E.2 on the one hand, and to show
how it leads to the characterization of equality in the Blaschke-Santal6 inequality
Theorem 6.5.2. First, we present the simple proof of the Blaschke-Santalé inequal-
ity Theorem 6.5.2 for unconditional convex bodies in Keith Ball’s PhD thesis [34]:

Proposition 6.E.1 (Blaschke-Santal6 inequality if K unconditional). If K C R" is an
uncoditional convex body, then |K| - |K*| < |B"|?, with equality if and only if K is a
centered ellipsoid.

Proof. We observe that the definition of a polar body implies that K 2. (K *)% =B",and
hence the Uhrin-Bollobas-Leader inequality (3.15) for coordinatewise product yields

1 1
|B"| > |K|Z|K"|z. (6.76)
For equality, if ey, ..., e, are the orthonormal basis, then we may assume that
e; € 0K,i=1,...,n; as the volume product |K| - |[K*| is linear invariant, and hence

ok-(e;) = hg(e;)~! = 1and e; € AK*. Equality holds in Blaschke-Santal6 inequality
(6.76) if and only if equality holds in the Uhrin-Bollobas-Leader inequality (3.15);
therefore, K* = ®K for positive definite diagonal ®. Since e; € K N K™ for i =
1,...,n, it follows that ® = I,;, and hence K = K*, which in turn yields

ok (1) = ok (u) = foru e S" 1. (6.77)

1
hi (1)
For the v, w € §"~! with ok (v) = min,esm ok (1) and ok (w) = max,esm ok (1), we
have hg (v) = ok (v) and hg (w) = ok (w) as px (v)B" € K C ok (w)B". We deduce
from (6.77) that og (v) = ox(w) = 1, and hence K = B". ]
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According to Section 6.4, for any centered convex body K € R" (o = 0), there
exists @ € SL(n) such that ®K is in quasi-isotropic position; namely,

(Up, x)? dx = L§<|K|HT+2 for u € §7°!
DK

for some Lk > 0. Here Lo ¢ = Lk for @ € GL(n), and Proposition 6.4.6 says that
Lk > Lgn. (6.78)

The following statement can be applied to characterize equality cases of certain affine
invariant inequality:

Proposition 6.E.2. IfK c R", n > 2, is in quasi-isotropic position and is not an ellips-
oid, then there exists an o-symmetric convex body K with axial rotational symmetry
that is not an ellipsoid, and obtained from K by applying Steiner symmerization and
taking limit.

Proof. We may assume that |K| = |B"|.
Case 1 K is o-symmetric.

Let r be maximal with the property »B" C K. Since K is not a ball, we have r < 1.
For au € S"! with ru € 4K, let C = Og,K.

We suppose C is an ellipsoid, and seek a contradiction. As if # € [—r, r], then

n-1

2 2
H YK N (tu+ut)) =H"(C N (tu, +ul)) = (1 - ;—2) Wn-1,

and hence (6.78) and K being in in quasi-isotropic position yield that

n+2

L3, |B"| " SL%<|K|YLT+2 :/(un,x>2dx:/(u,x>2dx
K C

=r (u, x)? dx = rLan |B”|nT+fz,
Bn
which is a contradiction with r < 1.
Case 2 K is not o-symmetric.

There exists v € §"~! such that /i (v) # hx (—v). It follows that the Schwarz round-
ing K = Og,K is not o-symmetric, but has rotational symmetry aroun Rv and satisfies
og =oand |K| = |B"| by Corollary 1.10.14, and |[K*| > |K*| by Theorem 6.5.4. Since
hg(v) = hg (v) and h g (—v) = hg (—v), we deduce that K not o-symmetric. Combining
this fact with o = o implies that K is not an ellipsoid.

We choose a linear 2-subspace L with v € L, and hence K N L is not an ellipse. It
follows from Sas’s Theorem 6.D.1 that there exists wy, wy, w3, w4 € AK N L such that
A =Vy(conv{wy, wy, w3, ws}) > % Vs (E N L) where % Vs (E N L) is the maximal area
of a quadrilateral contained in an ellips of area V(K N L). Now K = ®uzl @)ullK where
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ur = (w; —w3)/||lwy —wsland ur € S*'n N uy satisfies that K is unconditional for
an orthonormal basis u1, u, . . . of R” where u; € L* for i > 2, and K not an ellipsoid
because K N L contains a quadlilateral of area A that is larger than % Va(K N L). As
K is 0 symmetric and not and ellipsoid, we now apply Case 1. u

Let us restate and characterize the equality case of the Blaschke-Santald inequality
Theorem 6.5.2.

Theorem 6.E.3 (The Blaschke-Santal6 inequality with equality). If the origin is the
Santalé point or the centroid of a convex body K c R", then

K- K| < |B"P, (6.79)
with equality if and only if K is an ellipsoid centered at o.

Proof. According to Theorem 6.5.4, Steiner symmetrization does not decrease the
volume of the polar of a centered convex body. Since iterated Steiner symmetrisations
applied to a centered convex body K may lead to a centered ball of the same volume
according to Theorem 1.10.7, we deduce (6.79).

If K is centered but not an ellipsoid, then we may assume that K is in quasi-
isotropic position and |K| = |B"|. It follows from Proposition 6.E.2 that there exists an
o-symmetric convex body K with axial rotational symmetry that is not an ellipsoid,
and obtained from K by applying Steiner symmerization and taking limit. There-
fore |[K*| > |K*| by Theorem 6.5.4, and |K*| < |B"| by Proposition 6.E.1, and hence
K| - |K*| < |B"|*. n






Chapter 7

Steiner formula and Mixed volumes

This chapter discusses one of the most striking features of convex geometry - that the
volume of a non-negative linear combination of given compact convex sets is poly-
nomial in the coefficents as Steiner in a special case around 1840, and Minkowski in
general around 1900 proved it. In turn, many of the coefficents of these polynomiasl
- the so-called mixed volumes - have deep geometric meaning (for example, mean
projections, combinatorial quantities related to poset extensions, intersection num-
bers of algebraic hypersurfaces, etc), and satisfy some fundamental inequalities, like
Minkowski’s inequality, and its generalization, the Aleksandrov-Fenchel Inequality.

7.1 Steiner formula, Intrinsic volumes and Mean projections

For a compact convex set K ¢ R" (which we always assume to be non-empty in this
book), its parallel domain of radius » > O (the set of points of distance at most r from K)
is K + rB". One of the early results of convex geometry that as Steiner [541] observed
already around 1840, the volume of K + rB" is a polynomial in r with coefficients
with deep geometric meaning. To prove this statement, we need some properties of
cones and polytopes discussed in Section 1.4. We recall that a polyhedral cone C is
the intersection of finitely many half spaces that have the orgin on their boundary; in
particular, A x € C for any x € C and 4 > 0. The normalized angle of C is (cf. (1.5))

B(C) =

ﬂm(CﬂBn) _ (}{m_l(CﬂS"_l) _/ —7T||XH2 m
Hm(Bmy  Hm (ST nlinC)  Je© dH (x).

In addition, a polytope P c R" is the convex hull finitely many vertices, which has
finitely many faces (intersection with a supporting hyperplane). According to Lemma 1.4.10,
we can assign a polyhedral cone N (the so-called normal cone) of dimension n — d

to a face F of P of dimension d in a way such that z € (relint F) + Np (F) if and only if
I1p(z) € relint F for the closest point [1p (z) of P to z. In addition, writing LI to denote
disjoint union, Lemma 1.4.10 says that if o > 0, then

P+oB"=intPU |_| ((NFNoB") +relint F); (7.1
F face of P
|(Np 0 o B") +relint F| = 0" %w,_qB (Np) HE(F) if d = dimF. (7.2)
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Theorem 7.1.1 (Steiner formula). IfK C R is a convex convex compact set andr > 0,

then there exists unique V;(K) € R called intrinsic i-volume fori = 0, . . ., n such that
n .
|K +rB"| = Z Vi(K)wp_ir" ™" (71.3)
i=0

In addition, these intrinsic i volumes satisfy the following properties:
(i) Isometry Invariance: V;(®K + z) = V;(K) for ® € O(n), ze R" andi =0,...,n;
(ii) Va(K) = |K], Va1 = 3 S(K), Vo(K) = 1;
(iii) V;(K) > 0 ifi < dimK, and V;(K) =0 ifi > dimK;
(iv) Dimension Invariance: If K C L for a linear d-subspace L C R", then V;(K) with
respect to L and R"™ coincide. In particular, V;(K) = H'(K) if dimK = i;

(v) Vi(K) is continuous in K fori =0, ...,n;

(vi) If P is a polytope, dimP > i and F'(P) denotes the family of i-dimensional faces
of P, then
ViPy= > H'(F)- BNF(P)); (7.4)
FeFi(P)
(vii) V;(B") = (?"))n—‘j)i"fori =0,...,n;
(viii) Mean projections (Kubota formula): Ifi =1,...,n— 1, £L"" is the space of

linear i-planes (Grassmanian), and o; ,, is the Haar probability measure on L'"
(invariant under O(n)), then

(on

WiWn—i Lin

Vi(K) = H(K|L) doi n(L); (7.5)

(ix) Vi(K) < V;(C) if K c C for compact convex sets K,C C R", and even V;(K) <
Vi(C) if dimC > i and K # C.

Remark. (Mean curvatures and mean width)

Mean curvature: If OK is Cf andi=1,...,n—1, then
1
Vi(K) = ———— [ on-1-i(k1(x), ..., kn-1(x)) dx
(n—Dwn-i Jok
where o,—1-;(k1(x), ..., kn—1(x)) is the (n — 1 — i)th symmetric function of the

principal curvatures at an x € dK (see (8.27) in Theorem 8.3.4).

Mean width: If K c R" is compact convex, then the width in the direction u € S"~!
is H'(K|(Ru)) = hg (u) + hg (—u), and hence the Kubota formula (7.5) yields

Vi(K) = 5 !

n—1

/ hi (1) + hg (—u) du = / hg dH™ . (7.6)
Sn—l Sn—l

Wn-1
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In particular, if P = conv{vy, ..., v,} C R" is a polytope (for example, v1, ..., v
are the vertices), then

1
Vi(P) = / max (vl, u) du. (7.7
Wn-1 sn-1 i=l,...,

Proof of Theorem 7.1.1. First we observe that if C is any family of compact convex
sets such that the Steiner formula (7.3) holds for any K € C, then using Vander-
monde matrix shows that there exist @, ; ; € R depending on n,i, j € N with V;(K) =
Z;-l:o @i, j|K + jB"| for any K € C; therefore, V;(K) is unique and continuous for
K € C (see Lemma 1.7.4 for the continuity of the volume).

First we prove (7.3) and (i)-(vi) for a polytope P c R". For K = P, the Steiner
formula (7.3) with coefficients as in (7.4) follows from (7.1) and (7.2), proving (i)-(vi)
where we note that for d = dim P, if d < n, then B(Np(P)) = 1, and if d = n and
Fi, ..., Fy are the facets, then B(Np(F;)) = %

If P c RB" for a polytope P and R > 0, then |P + B"| < (R + 1)"B", and hence
the Steiner formula (7.3) yields that V;(P) < (R+1) “n fori=1,...,n. We deduce via
approximating by polytopes (c¢f (1.13)) and the contlnulty of the volume that (7.3) and
the properties (i)-(v) hold for any compact convex set K ¢ R".

Next, V;(B") = L fori =0,...,nin (vii) follows from (7.3).

Kubota formula (7 5) in (viii) is proved by inductiononn > 2. Ifn=2,0rn > 3
and i = n — 1, then (7.5) is just the Cauchy formula (2.9), therefore, we may assume
that i < n — 2. Derivating the Steiner formula (7.3) with respect to r (cf. (2.7)) shows
that

n—1
S(K +rB") = Z(n — Wi (K)wp_i" ™.
i=0
We deduce from the Cauchy formula (2.9) and Lemma 2.3.7 and by induction that

e
. 1
Z(n —D)WVi(K)wp_ir" 7" = S(K + rB") = / H" V(K +rB")|ut) du
— Wp-1 Jsn-1
1 n—1
= / ZV(Klu Yon_1—ir" " du.
Wyp-1 Jsn-1 Py
Therefore, equating coefficients of 1=l fori=1,...,n -2 leads to the formula

Wn—1-i

Vi(K) = —@noloi / Vi(Klu*) du.
(n—wp-iwp-1  Jgn-

Applying the Kubota formula in each u*, u € §"~! by induction, and using the unique-
ness of the O(n) invariant Haar probability measure on £*" yields that there exists
cn,i > 0 depending on n and i with

Vi(K) = cn,i - H'(K|L) doin(L). (7.8)
Li,n
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Substituting K = B" in (7.8) implies that ¢, ; = (Den Monotonicity property (ix)

WiWn-i"

follows from the Kubota formula (7.5). ]

7.2 Isoperimetric inequality for Mean Projections

According to the Isoperimetric Inequality for convex bodies (see Section 2.4), given
the volume, the surface area is minimized by the ball. Here we extend this property to
any Mean Projection; namely, to any intrinsic volume V;(K) fori =1,...,n— 1.

Theorem 7.2.1 (Isoperimetric inequality for Mean Projections). IfK € K™, n > 2 with
|K| = |rB"| forr >0andi=1,...,n—1, then V;(K) = V;(rB") with equality if and
only if K is a ball. In particular,

Vi(K) > ¢inlK|7

forcin= (?)w? Jwn_; with equality if and only if K is a ball.

The main method to verify Theorem 7.2.1 is Steiner symmetrization originally
designed to prove the Isoperimetric inequality, and applied by Hadwiger [295] in our
context. We recall that if K ¢ R” is a convex body and u € S"~!, then the Steiner
symmetrial ©,. K (cf. Definition 1.10.1) of K is

t
@uLK:{x+ S-u:xeKluL&x+tu€K&x+su€K}.

Proposition 7.2.2. IfK c R" convex body,n >2,i=1,...,n—1andu € Sl then
Vi(0,.K) < Vi(K), (7.9)
with equality if and only if K has a hyperplane of symmetry parallel to u™*.

Proof. Let Ky =0, K bethe sSteiner symmetrial andK = EnK={x—tu: xeK|lut &x+tu e K}
be the reflected image over u™.

According to the Kubota formula (7.5), to prove (7.9), it is enough to verify that
if L € £5" such that L ¢ u™, then

Vi(KolL) < 3 (Vi(KIL) + Vi(RIL)) (7.10)

Writing Lo= L Nu* and X’ = X|L forany X c R", (7.10) yields for any line £ = z + Ru’,
Z € K()lLo = K|LO, we claim that

Vi(€NK)) < %(vl(mz(')wl(fm?)). (7.11)
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To prove (7.11), we consider v = u’/||u’||, and observe that there exist p;, p» € 0Kp
with p, p, € € and V(€ N K}) = (v, py — p}). Let p; = a; + 5(t; — s;)u for a; +
tiu,aj+s;u € K where a; € Klu*,t;,s; €R, j = 1,2, and hence a/, a), € £ and

Vi(tNKj) = <v,a’2 —al+ %(tz -85 -1 +s1)u’>;
Vit NK') =max{{v,x —y) :x,y € ENK'} > (v,a} + o’ — (a] +t1u));
Vi(¢tNK') =max{(v,x—y):x,y e {NK'} > (v, a5 — sou’ — (a] —s1u’)).

These last estimates yield the claim (7.11), which then implies (7.10), and in turn (7.9).

Equality in (7.9) yields that for L € £%" such that L ¢ u*, and any line £ ¢ L
orthogonal to Ly = L N u* and intersecting K|L (and hence u € € + L*) and any z €
K| Ly, using the notation as above, we have

* ax+ntu,a; +tu € relbd(K N (€ + LY)), and a tangent hyperplane in £ + L+ at
as +tou and at a; + tu is parallel to L*;

e ay—sou,ay — siu € relbd(K N (€ + L*)), and a tangent hyperplane in £ + L* at
as — sou and at a; — syu is parallel to L*.

Therefore, fixing an affine (n — i + 1)-subspace A with A N intK # () and parallel to u,
if L € £5" L ¢ u*, such that L* is parallel to A, and a + tu, a + su € relbd(K N A)
for t > s and a € K|L satisfies that a tangent hyperplane in A at a + tu is parallel to
L*, then a tangent hyperplane in A at a + su is parallel to &,. L. It follows that if
f: (KN A)|lut — Ris the convex function and g : (K N A)|u’™ — R is the concave
function satisfying that

KnA={x+t-u:xe(KNA)u-and f(x) <t <gx)},

then —D f(x) = Dg(x) for H a.ex € (K N A)|u*. Thus f(x) +g(x) =cforx e (KN
A)|u* where ¢ € Ris aa constant, and hence g(x) — § = § — f(x) forx € (K N A)|u™.
We conclude that A N K is symmetric through the hyperplane u* + § u (where ¢ € R
depends on A).

Fix a € intK|u*, and let a + tu, a + su € K for t > 5. The previous argument
yields that A N K is symmetric through the hyperplane u* + % uforany (n—i+1)-
subspace A with a + tu, a + su € A; therefore, K is symmetric through the hyperplane
ut+ 25y, [

2
Proof of Theorem 7.2.1. Proposition 7.2.2 and the use of iterated Steiner symmetrisa-
tions leading to a ball (cf. Lemma 1.10.4) yield (7.9). If V;(K) = V;(rB"), then we
may asume that the centroid of K is the origin o. It follows Proposition 7.2.2 that u*

is a hyperplane of symmetry for each u € §"~!, and hence K = rB". |
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7.3 Mixed volumes

We have already seen in the case of the Steiner formula (7.3) that a non-negative linear
combination of a compact convex set and a ball is a polynomial of degree n in the
coefficents. Following Minkowski’s ideas in [464,465], we extend this result to non-
negative linear combination of any number of compact convex sets. For the notion of
the surface area measure Sx on S"~! of a compact convex set K C R", see Section 2.5.

Theorem 7.3.1 (Mixed volumes). IfKi,...,K,,C,...,C; C R" are compact convex
sets, then
Z/ll-Ki = Z —  V(Knal;.. i K am) - l_[/lf"' (7.12)
i=1 ajp+...+am=n CK]! et Q/m' i=1 '
= ap,..., am€eN =
is a homogeneous polynomial of degree nin Ay, ..., 4, > 0.
(i) V(Ki,ay;. .. Ky, ay) = 0, it is uniquely determined, has the natural symmetry,

and depends only on the positive a;. We set V(Ky,...,K,) =V(Ky,1;...; Ky, 1).

I !
(ii)ZQjV(Kl,...,Kn_l,Cj)=V Kl,...,Kn_l,ZQjCj foro;=0,j=1,...,L
= j=1

n

(iii) n'V (K, . . ., Kyp) :Z(—l)’” Z |Kj, +...+K,|; or in other words,
i=1 1<ji1<...<ji<n
n n
VK, ... Ky) = Ki—Z‘ZKi+....
i= =1 lizj

(i) V(K,...,K) = |K]|.
(V) V(Ki+z1,.... K, +2,) =V(Ky,...,K,) forz; eR", i=1,...,n
i) V(®K1, ..., ®K,) = V(K1 ..., Kp) for ® € SL(n).
(vii) Setting V(K ,n —i;K»,i) = V(Ky, K»; i), we have
n
K+ 1Kol = ) (’:)V(Kl,Kz;i)A;’—ug. (7.13)
i=0
(viii) V(Ky, . .., K,) is continuous in K1, . . . , K,,.

(ix) If K c R" convex body and C C R" is a compact convex set, then

n

1 1
V(K,C; 1)=;/ ]/’lcdSK=—/ hCOVKd'}{n_l (7.14)
Sn- J'K

where the first inequality holds also if K is a compact convex set.

()C) V(C],,Cn) < V(Kl,...,Kn) lfCl C K;.
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Let us show that some funcdamental geometric quantities, like intrinsic volumes
and the area of an orthonal projection, occur as mixed volumes.

Example 7.3.2.

Intrinsic volumes: For a compact convex set K € K", comparing the Steiner formula
(7.3) and (7.13) shows that

S(K) =nV(K, B"; 1); (7.15)

V,-(K):(’—.)V(B",K;i) fori=0,...,n. (7.16)

n—i

Orthogonal projection: For a compact convex set K € K", x € R"\{0} and segment
s = conv{0, x}, (7.13) and calculating |K + A s| using integration over x* and the
Fubini theorem yield that

nV(K,s;1) = |Ix|| - H" N (K|xb) = H (s) - H (K |xD). (7.17)

Let us review various properties of convex bodies that we need to prove The-
orem 7.3.1. If K ¢ R" convex body and C c R" is a compact convex set, then Propos-
ition 2.5.9 yields

. |K+rC|-|K]|
lim —mM8M— =

r—0* r

/Slhcds,(:/a he o v dH™ !, (7.18)
n- K

where the first inequality holds also if K is a compact convex set. For an n-polytope
P c R"andu € S"~!, u is an exterior normal the face Fp (1) = {x € P: {x,u) = hp(u)}
of P (see Section 1.4 for properties of polytopes). We observe that if P = 37", A;P;
for polytopes Py,...,P,, C R"and 4y,...,4,, > 0, then

m
Fp(u) =) AiFp,(u). (7.19)
i=1
In addition, if Fy,, ..., Fj are the facets of P with exterior unit vectors uy, ..., ug,
then (2.4) says
k
1
Pl= =" hp(w)|Fl. (7.20)
i3

We need the fact that the (discrete) support of the surface area measure of positive
linear combination of polytopes does not depend on the coefficients. This property
follows from Lemma 1.6.9 about the normal cones of a Minkowski sum of polytopes,
but we also provide a direct argument.

Lemma 7.3.3. If Py,..., P, C R" are n-dimensional polytopes and A1, . .., A, > 0,
then supp Sym p; =SuppSym 4, p;.
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Proof. f0<a <Ay,...,A,, <bandu € "', then

Zm] Fp,(u)
i=1

anflq,{nfl

< H*! (Z AiFp, (1)
i=1

< bt (Z Fp, (1)
i=1

Proof of Theorem 7.3.1. First we consider the case of n-dimensional polytopes, and
then verify the general case of compact convex sets via polytopal approximation.

CaselK; =P; and C; = Q; are n-dimensional polytopes We may assume o € intP;,intQ ;,
and hence hp, (u) > 0, hg,; (u) > 0 foru € sl

We prove Case 1 by induction on n > 1 where the case n = 1 is trivial as V (s, 1) =
H'(s) forasegments. Ifn >2,u € S" !, ay,...,a, € N with ity =n—1and
F; c ut + t;u are compact convex fort; € R,i=1,...,m,thenleto(Fy,ay;. ..; Fp, am)
be the (n — 1)-dimensional mixed-volume.

For P=3" A;P;,2; >0,and U =suppSp +..+p,,, (7.19),(7.20) and the induction
hypothesis imply

|P| =% > hp(u)Fp(u) = % > (Z zihpi(u)) ! (i A Fp, (1)

uel ueUl \ueld i=1
1
= Z (Z /lihpi(u)) % (7.21)
n ueU \ueld
(n—1)! L
X Z —-v(Fpl(u),al;...;Fpm,a/m)-1_[/1.’ .
v ay!l-..oay! i t

..., ameN

We conclude (7.12) with coefficients V(Py,ay;. . . ; P, @) = 0where V(P aq;. . . s Py, ay)
is symmetric inits variables (P;, @;),and if P,,—1 = Py, then V(P aq;. . . s Pr—1, =13 Py @) =
V(P1,a1;...; Pp—1, @m—1 + @y). Uniqueness in (i) of V(Py, a1 . . . ; Py, @) follows
from taking mixed partial derivatives at A; = 0 in (7.12). In particular, we deduce the
properties (i) to (vii). As the volume and the Minkowski sum are continuous, (iii) yields
the continuity of the mixed volume in (viii), and representation (7.14) of the mixed
volume using the surface area measire in (ix) follows from (7.13) in (vii) and (7.18).

Finally, to prove the monotonicity property (x), we deduce from (ii) that if P =

l'.’:_]l A; P; for n-polytopes P;, Q, Q1,Qz,and 4; > Ofori=1,...,n— 1, then

(n—D! o
V(P,...,P,Q)= E ﬁ'V(Pl,al;---;Pn—l,an—HQ,l)'| |/ll(.l',
ap+...+am=n-1 Lete. m- i=1

..., am€eN
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and hence for U = supp Sp,+..+p,_,» we use (7.14) in (ix) and induction to deduce that

1
V(Pi,...,Pp_1,0) = - Z ho(u) - v(Fp (1), ..., Fp,_ (u)). (7.22)
n uel
In turn, (7.22) implies that V(Py, ..., Py-1,Q1) < V(P1,..., Pn_1,02)if Q1 C Q>
as hg, < hg,, and we finally conlude (x).

Case2K,...,K,,Ci,...,C; c R" are general compact convex sets

We choose a > 0 such that Ky, ...,K,,,Cy,...,C; Cint W for W = [—a, a]”, and
n-dimensional polytopes Pik), e, P,Sf), ng), R Ql(k) C W such that P;k) — K;,
Qﬁk) — C; (cf. (1.14)), and hence (iv) and (x) yield that each mixed volume built
from these polytopes them is at most |W|. Except for the uniqueness in (i), we deduce
(7.12) and the properties (i) to (vii) for any compact convex sets by approximation
and by the by now known properties of mixed volumes of polytopes. Uniqueness in
(1) of V(Ky, a1 .. .; K, ay,) follows from taking mixed partial derivatives at 4; = 0
in (7.12). Again, as the volume and the Minkowski sum are continuous, (iii) yields the
continuity of the mixed volume in (viii), and (7.14) in (ix) follows from (7.13) in (vii)
and (7.18). Finally, for the monotonicity property V(Cy,...,C,) < V(Ky,...,K,) if
C; C K; in (x), we may assume that ngk) C Pfk) for each i and k. ]

Remark 7.3.4 (Mixed area measure for n-polytopes). The formula (7.22) in the argu-
ment above and approximating a compact convex set C by n-dimensional potopes
yields that if Py, ..., P,_; C R" are n-polytopes, then

V(Py,...,Ppn1,C) = % Z he(u) - v(Fp,(u), ..., Fp_ (). (7.23)

uesupp SP|+...+P,L,1

Therefore, there exists a discrete measure Sp, . p, , on §"~1 with suppSp,,...p,, C
supp Sp,+...+p,_, such that for any convex compact set C C R", we have

V(P1,...,Py_1,C) = % /Sn_l hc dSp,,...p,_,- (7.24)
We will show the existence of mixed area measure Sk,
compact convex sets K, ..., K,_; € R" in Theorem 8.3.5.
We have seen in Theorem 7.3.1 (x) that the mixed volumes are monotone increasing
in each of their variables. Now we exhibit an example showing that this monotonicity
may not be strict

.....

Example 7.3.5 (Monotonicity of mixed volumes may not be strict). We observe that
B" c W' =[-1,1]" B"™ # W", but for any exterior unit normal u to a facet of W",
we have hwn (1) = 1 = hgn(u); therefore, (7.14) in Theorem 7.3.1 (ix) yields that
V(W™ B 1) = V(W™ W 1).
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Proposition 7.3.6. For convex compact Ky, ...,K,, c R", V(Ky,...,K,) > 0if and

only Ax;,y; € K; such that x| — y1,...,X, — Y, are independent.
Proof. Ifx; —y,_...,x, — y, are independent, then for s; = [x;, y;], we have
V(Ki,...,Ky) 2 V(sy,...,8) = |det[x; — yi,...,xn — yul|/n! > 0.

If there exist no suitable x;, y; € K;, then after possibly translating and reindexing,
there exist 1 < m < n and linear (m — 1)-plane L such that K, ..., K,, C L. Thus
there exist compact convex sets C C L and M C L* such that K; ¢ C if i < m and
K; c C+ M if j > m. We deduce that

n—-m
V(Ki,...,Kn) <V(C,m;C+M,n— m:Z"mV(Cm+JMn—m )=0
j=0

as|aC+pBM|=a™ g~ for a, B > 0 shows that the only positive mixed volume
involving C and M isV(C,m - 1, M,n—m+1). [ ]

7.4 The Minkowski inequality and the Aleksandrov-Fenchel inequality

The Minkowski inequality (7.26) is an equivalent form of the Brunn-Minkowski inequal-
ity below (cf. Remark 7.4.4), and the Aleksandrov-Fenchel inequality (7.30) is a fast
reaching generalization. We recall that if K, C c R" are convex bodies and «, 5 > 0,
then the Brunn-Minkowski inequality says that

laK + BC|" > a|K|7 +B|C|" (7.25)

with equality if and only if K =y C + z for y > 0 and z € R"; namely, K and C are
homothetic. The following statement was also included in Lemma 1.12.2 about equi-
valent forms of the Brunn-Minkowski inequality, but we provide the simple argument
for the reader’s convenience:

Lemma 7.4.1. If K, C € K" are compact and convex, then
) =1(1=)K +AC|

is a concave function of A € [0, 1].
If K + C is a convex body, then f is linear if and only if K and C are homothetic
convex bodies.

Proof. Forte [0,1],let M; =(1 —1)K +tC,and hence M1 s = =1 5 M + 3 M because
K and C are convex; therefore, the Brunn-Minkowski 1nequa11ty ylelds that f is con-
cave.
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If K + C convex body and f is linear, then 0 < (1) = 3 £(0) + % f(1) as f
is concave, thus K and C are homothetic convex bodiest by the equality case of the
Brunn-Minkowski inequality. ]

Theorem 7.4.2 (Minkowski inequality). If K,C c R" are convex bodies, then
V(K,C;1)" > |K["[C] (7.26)
where equality holds if and only if K and C are homothetic.

Proof. We may assume that |K| = |C|. Since f(1) =|(1 —A)K + 4 Clﬁ is concave
1

where f(A) = (|K|(l —D)"+nV(K,C,1)(1 =) 121+ g(2))" and and the degree

of each term in g(A) is at least two, we have

“(n-1)
K|

0<f(0)= T - (=n|K| +nV(K,C;1));

therefore, V(K,C; 1) > |K]|.
Equality in the Minkowski inequality yields that f"(0) = 0, and hence f, being
concave, is linear. Therefore, K and C are translates by Lemma 7.4.1. [

Using the representation (7.14) of certain mixed volumes via the integration over
some surface area measure, we deduce the following useful forms of the Minkowski
inequality:

Corollary 7.4.3 (Minkowski inequality with surface area measure).
(i) If K, C C R™ are convex bodies, then

/ he dSx > n|K|"+ |C|w (7.27)
Sn—l

where equality holds if and only if K and C are homothetic.
(ii) If in addition, |K| = |C|, then

/ hc dSk > / hk dSk (7.28)
Sn—1 Ssn-1

where equality holds if and only if K and C are translates.

Remark 7.4.4 (The Minkowski and the Brunn-Minkowski inequalities are equival-
ent). The argument in Theorem 7.4.2 shows that the Brunn-Minkowski inequality
(7.25) yields the Minkowski inequality. For the reverse implication, let us assume the
Minkowski inequality for any pair of convex bodies. If K, C ¢ R" are convex bod-
ies and A € (0, 1), then the linearity of the mixed volume in each variable and the
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Minkowski inequality (7.26) yields for My = (1 — 1)K + A C that
IMal =V(Ma, (1 - DK +AC;1) = (1= )V(Ma, K5 1) + AV(M,, Ci 1)
noloo 1 el 1
> (1 =D)[Mal 7 [K|" + A |Ma| 7 |Cl7.

In turn, we conclude the Brunn-Minkowski inequality | M, |£ > (1=K |% +A|C| 3

The Minkowski inequality directly yields for example the Isoperimetric and Urysohn
Inequalities (see Theorem 7.2.1). For K ¢ R" convex body with |K| = |rB"|, r > 0,
(7.27) implies that

S(K) =/ hgn dSk > n|B"|"|K|"" = S(rB")
Sn—]

with equality if and only if K is a ball. Similarly, for the Urysohn Inequality, (7.26)

yields
" vLE) >

n—1 n—1

with equality if and only if K is a ball.

n-1 1
Vi(K) = |B"|"7|K|" = Vi(rB")

Remark 7.4.5 (Anisotropic perimeter). Given a convex body C ¢ R" with o € intC,
if K ¢ R" compact convex, n > 2, then the Anisoperimetric Perimeter of K is

i 1K+ 0Cl-|K]
m —

Pc(K) =
c(K) Jim,

=nV(K,C;1),

and hence K — P¢(K) is continuous and monotone increasing in K. If K is a convex
body, then

Pe(K) = /6 e (i () dH (3) = /6 kol dH ),

In turn, the Minkowski inequality (7.26) is equivalent to the Anisoperimetric Isoperi-
metric Inequality Theorem 2.4.4 stating that

1 -l
Pc(K) = n|C|=|K| 7,
with equality if and only if C and K are homothetic.

We have proved the Minkowski inequality from the Brunn-Minkowski inequal-
ity (7.25) using the first derivative of an associated concave function. Using that the
second derivative of a concave function is non-positive leads to the second inequality
of Minkowski [464,465]:

Theorem 7.4.6 (Minkowski’s second inequality). If K, C C R" are convex bodies,
then
V(K,...,K,C)*> |K|-V(K,...,K,C,C). (7.29)
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Proof. Forg(d)=|K+AC|=3X", (})V(K,C;i)A’, the function A — g(A)7 is concave
for A > 0 by the Brunn-Minkowski inequality (7.25), and hence
0 1 1 » e T ) 2 12
0> — g =;87(0g(0)""" - 25 (£'(0)7g(0)"
94 1=0 "

= (n—1)|K|*2 (V(K,C;2)|K| _V(K,C; 1)2) .

A far reaching generalization of Minkowski’s first inequality (7.26) and second
inequality (7.29) is the Aleksandrov-Fenchel inequality (7.30) below (proved actually
only by Aleksandrov [3, 5, 7], see the Comments in Section 7.8). In this monograph,
we provide two arguments, one using strongly isomorphic polytopes in Section 7.A,
and one using the theory of elliptic operators in Section 8.5.2, both are based on
Aleksandrov’s original ideas as developed further by van Handel, Shenfeld [300].

Theorem 7.4.7 (Aleksandrov-Fenchel Inequality). If n > 3 and K1, K»,C3,...,Cy,
are compact convex sets in R", then

V(K\,K2,C3,...,C)?> > V(K1,Ki,C3,...,C)V(K2, Ka, C3,...,Cn). (7.30)

Unlike in the case of the Minkowski inequality, equality may occur in the Aleksandrov-
Fenchel inequality (7.30) even if the bodies are not pairwise homotopic, and the cases
of equality are not fully understood.

Remark 7.4.8 (Known equality cases of the Aleksandrov-Fenchel inequality (7.30)).

» K, K», C; are convex bodies with C! boundary (see Schneider [519], equality if
and only if the bodies pairwise homothetic, and even a stability estimate is proved
in this case by Schneider [520]);

*  Kj, K3, C; are zonoids (see Schneider [518] for the result, and Example 1.6.3 for
the notion of a zonoid);

* Kj, K>, C; are polytopes (see van Handel, Shenfeld [302]). This case is especially
important because the Aleksandrov-Fenchel inequality for polytopes appears in
Algebraic Geometry and in Combinatorics (see the Comments Section 7.8);

* (3 =...=C, (Minkowski’s second inequality) where the characterization of the

equality case had been open for 100 years (see van Handel, Shenfeld [301]).

Let us state some consequences of the Aleksandrov-Fenchel inequality (7.30).
"Algebraic manipulation” starting with (7.30) lead to the following version:
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Corollary 7.4.9 (Aleksandrov-Fenchel Inequality - general form).
If2<m<n-1landK,...,Ky,Cpuii,...,Cyh CR" are compact convex sets, then

m
V(Kls-'-,Km,cm+l,--',cn)m 2 HV(Ki$'"9Ki$Cm+]"-'an)'

i=1

If m = n, then Corollary 7.4.9 reads as
V(KL K 2 [ | VK. (7.31)
i=1

Alesker, Dar, V. Milman [12] give a simpler proof of (7.31) using optimal transport,
and even manage to verify that equality holds in (7.31) for convex bodies K1, ..., K,
if and only if K1, . . ., K,, are pairwise homothetic. The Isoperimetric inequality

V(B",K;i)" > |B"|"|K|

for the mean i-dimensional projections of a convex body K (cf. Theorem 7.2.1) directly
follows from the consquence (7.31) of the Aleksandrov-Fenchel inequality including
the characterization of equality.

In combinatorics, the consequence of Aleksandrov-Fenchel inequality (7.30) that
certain sequence of mixed volumes is log-concave (and hence uni-modal) is frequently
used:

Remark 7.4.10 (Log-concavity of mixed volumes). Fori,j > 1 andi + j < n, and
compact, convex sets K1, K2, Citjt1,...,Cq CR™ I C = Ciyjyq, ..., Cy (there is no
Cifi+ j =n), then

V(K1,i;K», j:C)? > V(Ky1,i— 1;Ks, j + 1;C)V(Ky, i+ 1;Ks, j — 1;C). (7.32)

7.5 Aleksandrov’s lemma for Wulff shapes

The main goal of this section is to present Aleksandrov’s result that the surface area
measure is the first variation of volume in the sense of Theorem 7.5.2 below. We note
that for a convex body K ¢ R”, aclosed Q ¢ " 'and ¢ : Q - R,if K = {x e R" :
(x,u) < @(u) for x € Q}, then Lemma 2.5.6 yields that Q is not contained in any closed
hemisphere and

{vk(x): x € 'K} C supp Sk C Q. (7.33)

Here we say that ¢ is lower semicontinuous if lim,;,_,c X, = x for x,,,, x € Q yields
that lim inf,;, e @ (X) = @(x), and inf,cq ¢ > 0 in this case. For Wulff shapes - that
have been introduced in Section 4.4 - we consider a more general notion where the
integrals in (7.34) make sense by (7.33):
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Lemma 7.5.1 (Aleksandrov). Let Q c S"~! be closed and not contained in any closed
hemisphere, and let ¢ : Q — (0, 00) be bounded and lower semicontinous. Then the
Wulff shape

W={xeR": (x,v) < ¢(v) forv e Q}

is a convex body with o € intW, hy (vw (x)) = o(vw(x)) for x € 'W and
/ pdSw = / hw dSw = n|W|. (7.34)
Sn-1 Ssn-1

Remark. The definition of Sy yields (cf. (2.15)) that (7.34) is equivalent with

( / godSW=) / o(vw) dH" ! = / hw (vw) dH L. (7.35)
Sn-1 oW ow

Proof. W isreadily a closed convex set with o € W. Since Q is closed and not contained
in any closed hemisphere, the function f(u) = max,eq{u, v) of u € ! is positive
and continuous, thus there exists § € (0, 1) such that f(u) > ¢ for any u € S"~!. In
addition, as ¢ is bounded and lower semicontinous, there exists 6 € (0, 1) such that
0<¢) <0 'forveQ. Ifx € §B" and v € Q, then (x,v) < 0 < ¢(v); therefore,
6 B" c W. On the other hand, if x = ru € W for r > 0 and u € $"~!, then there exists
v € Q with (u,v) > 6, and hence 6~! > ¢(v) > (x,v) = r{(u,v) > ré. We deduce that
r < (60)7!, thus W is a convex body with o € int W.
Turning to (7.34), according to (7.33) and (7.35), it is sufficient to prove that

e(rw(x)) = hw(vw(x)) forx € 3’W. (7.36)

If x € &’W, then there exists x; ¢ W with x; — x, and hence there exists vy € S"~!
satisfying {vg, xx) > ¢(vr) by xx ¢ W. We may assume that v — v € Q, thus the lower
semicontinuity of ¢ implies that

p(v) < lilgn inf (vx) < lilgn inf(vg, xx) = (v, x)

where x € W yields (v, x) < hw (v) < ¢(v). We deduce that v is exterior normal at the
x € 3’W with hy (v) = ¢(v), and in turn (7.36) follows. [

The typical cases in Aleksandrov’s Theorem 7.5.2 - essentially due to Aleksandrov
[7], and in this form to Schneider [522] - are when Q is discrete (and hence the Wulff
shapes are polytopes) or Q = §"~ !

Theorem 7.5.2 (Aleksandrov Lemma for Wulff shapes). Let Q ¢ S"~! be closed set
not contained in a closed hemisphere, let ¢ : Q X (—tg,ty9) — (0, ), tg > 0, be con-

tinuous such that
y e(u, 1) — ¢(u,0)
im—

10 t = 6t‘p(u90)
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exists uniformly in u € Q where 9;¢(u,0) is continuous on Q. For t € (—ty, tg), the
Wulff shape K, = {x € R" : (x,u) < ¢(u,t) foru € S""'} satisfies that

K = Kol
m--—-m--7=
t—0 t

‘/S"“ 0rp(u,0) dSk, (u).

Remarks.
e Ifp: Qx|[0,¢) — (0,0), then

1i |Kt| - |KO| _
m ———=

t—0* t

/ Orp(u,0) dSk, (u). (7.37)

o If o(u,t) = hg,(u) +tg(u) for some continuous g : S"~! — R and t € (—to, to),
then

K/ -|K
lim | Kel = 1Kol _ / g dSk,. (7.38)
t—0 t Ssn-1

Proof of Theorem 7.5.2. For any ¢ € (0, 1), since w tends uniformly in u €
Q1o d,¢(u,0)ast — 0, wehave (1 —&)p(u,0) < @(u,t) < (1+&)p(u,0) foru € Qif |z|
is small. We deduce that lim; .o K; = K¢, and hence Sk, tends to S, weakly according
to Proposition 2.6.12. Using again the uniform convergence of w, it follows
that
i [ £l —e(.0)
t—0* Jgn-1 t

dSk, (u) = /s | O0rp(u,0) dSk,(u) =1. (7.39)

On the one hand, using first (7.39), then (7.34) and ¢(u,0) > hg,(«) and later the
Minkowski inequality and K; — Ko, we deduce that

t

I = }1_1)1(1)1 (‘/Sn_] o(u, 1) dSk, (u) - ‘/Sn_l ¢(u,0) dSk, (u))

< limin’fl (/S"I hi, (u) dSk, (u) — /Snl hi, () dSKt(u))

t—0 1

n V(K;)" = V(K;; Ko, 1)"

toYr V(K V (K Ko, 1)1
. ooon V(K)"=V(K)"'V(Ky) . V(K;) = V(Ko)

< liminf — - 0 - - = liminf —=

=0t VKDV (K Ko, D10 t

—liminf > (V(K,) = V(K;: Ko, 1)) = liminf
t—0 t—0
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On the other hand, using first (7.39), then (7.34) and ¢(u, t) > hg, (u) and later
the Minkowski inequality and K; — K|, we deduce that

t—0 t

t=timt ([ etwnask- [ o0 dsso)

> lim SUPl (‘/Snl hi, (u) dSk,(u) - ‘/Sn] hi, (1) dSKo(u))

=0+ 1
V(Ko; K;, 1) = V(Ko)"
:limsupE (V(KO;K,,I)—V(KO))=limsup2- (Ko: Ki, 1) (Ko)

o 1 -0 1 YU V(Ko Ky, DIV (K, )
o n V(K)"'W(K)-V(Ko))" . V(K;) = V(Ko)
> limsup — - —— - - = lim sup ———.
-0t Y V(Ko K DIV 150 f
In turn, we conclude the Aleksandrov Lemma Theorem 7.5.2. [

7.6 The L, Brunn-Minkowski inequality for p > 1

In 1962, Firey [231] generalized the Minkowski addition of convex body - when sup-
port functions are added - into L, addition for p > 1, and verified the corresponding
Brunn-Minkowski type inequality. We recall that if K, C ¢ R" are convex bodies, and
A€ (0, 1)a, B > 0, then the Brunn-Minkowski inequality (cf. Lemma 1.12.2) says that

|laK +,8C|% > a/|K|% +,B|C|% with equality iff K, C are homothetic;
|(1-A)K +AC| > |K|'"|C|* with equality iff K, C are translates. (7.40)

In order to study the notion L, addition for p > 1, we recall some basic inequalities.
As tP is a strictly convex function of # > 0 (since the second derivative is positive), if
t,s >0and A € (0, 1), then

(I =Dt +A5)? < (1 = D)tP + A sP with equality if and only if 7 = s. (7.41)

In addition, we need the Minkowski inequality (cf. (10.6)) for integrals in the form that
ifp>1,a;,b; >0and y; >0fori=1,...,k,then

k P k % k 1%

(Z wila; +bi)p) < (Z Miall-’) + (Z l“ibf) (7.42)
i=1 i=1 i=1

with equality if and only if there exists A > O such that a; = Ab;,i =1, ..., k.

Lemma 7.6.1 (L, linear combination of convex bodies, p > 1). Let p > 1. For convex
bodies K,C c R" witho € K, C and a, 8 > 0 with a + B > 0, there exists a convex
body a - K +), B - C containing the origin whose support function is

1

heKsppC = (a .+ B hg) ’ (7.43)
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In particular,
@ K+, B-C={xeR": (x,u)? <ahgu)’ +Bhc@)?, ue s '}. (744

Remarks.
* IfoeintKando €intC,theno €int(a- K+, g-C).

e The case p = 1 is the classical Minkowski combination; namely, @ - K +; 8- C =
aK+pC.

Proof. We may assume that a, 8 > 0. Now ho k+,pc defined as in (7.43) is readily
homogeneous, continuous, and it is also convex as for z = %x + % v,x,y € R", applying
the convexity of g, h¢ and the Minkowski inequality (7.42) with u; = @, us = g, etc,
yields

1

(0 hi(@)? +Bhc(2)P)7 < (o (S () + L) + 8+ (She@) + L he ) )

IA

IA

S (@hk ()P +Bhe())7 + 3 (@ hg ()P +Bhe(3))7

1
Therefore, the non-negative function (a hz +p hg) " is the convex hull of a compact

convex set M C R" with 0 € M. Since K and C being convex bodies yields ik (u) +
hi (—u) > 0and he (u) + he (—u) > Oforany u € S"~ !, we have hay (u) + hpg (—u) > 0,
and hence M = a - K +, B - C is a convex body. |

We observe that the L, linear combination is equivariant with respect linear trans-
formations.

Lemma 7.6.2. If p > 1, K, C C R" are convex bodies with o € K,C, a, > 0 with
a+ >0, and ® € GL(n), then whose support function is

@ (®K)+,B- (PC)=®(a-K+,p-C). (7.45)

Proof. Since a - K +, 8- C = {x e R" : (x,u)? < a hx(u)? + Bhc(u)?, u € R"}
according to (7.44), we deduce(7.45) from the fact that hg pr(u) = hps (®'u) holds
for any compact convex set M C R" and u € R". |

Firey [231] proved the following simple, but very useful variant of the Brunn-
Minkowski inequality:

Theorem 7.6.3 (Firey’s L, Brunn-Minkowski inequality, p > 1). Let K,C C R" be
convex bodies with o € K, C, and let p > 1.

(i) |la-K+, 8- C|» > a|K|% + B|C|n for a, B > 0 with equality if and only if K
and C are dilates.
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(ii) |(1 =) - K +, - C| > |K|'""YC|* for A € (0, 1) with equality if and only if
K=C.

Proof. For (ii), (7.41) yields that h(;3).k+,2.c(u) = (1 = ) hg (u) + A hc (u) for any
u € §"~! with equality if and only if g (1) = hc (u). Therefore, the Brunn-Minkowski
inequality (7.40) implies

[(1=2)-K+,4-C| > |(1-)K+AC| > |K|'""*|C|* (7.46)

where equality yields that K = C by the equality case in (7.41).
Let us turn to (i). We set @ = |K|#,,BO = |C|%, K = aalK and C = B(;lC, and

y2
hence |Ky| = |Cy| = 1. For A = By

ol AT we deduce that

1
i »
hakcoppc = (@al + BB (1= DhG, +An?,)" .

Since [(1 = 4) - Ko+, A - Co| > 1 by (ii), we conclude the inequality in (i). If equality
holds in (i), then Ko = Co by |[(1 =) - Ko+, A - Co| = 1, and hence K and C are
dilates. ]

Similarly to the case of Brunn-Minkowski inequality (cf. Lemma 1.12.2), we deduce
the following equivalent formulation of the L, Brunn-Minkowski inequality:

Corollary 7.6.4. If p > 1 and K,C C R" are convex bodies with o € K, C, then A —
[(1-2)-K+,A- Clg is a concave function of A € [0, 1], which is a linear function
if and only if K and C are dilates.

Proof. We set M; = (1 —t) - K+, t-C fort € [0,1]. We deduce from (7.41) that
% - M, + p% - Mg C M% therefore, Theorem 7.6.3 yields Corollary 7.6.4. |

s
Next we discuss the L, analugue of the Minkowski inequality due to Lutwak [433].
The classical Minkowski inequality says that if K, C ¢ R" are convex bodies, then

/ he dSx = n|K|"% |C|w (7.47)
Sn—l

where equality holds if and only if K and C are homothetic. For the L, analogue, we
need the notion of cone volume measure (cf. Definition 2.6.1); namely, Vi is the Borel
measure on "~ ! satisfying dVi = %h k dSk foraconvex body K c R" witho € K, and
hence Vg (8" !) = |K|. As Sk is a finite measure, we observe that Vi ({hgx = 0}) =0
even if 0 € 0K where

{hg =0} ={ueS" ' hg(u) =0} = Ng (o) N S"!

for the exterior normal cone Nk (0) at o € K. On the other hand, possibly Sk ({hx =
0}) = Sk (Ng (0) N S™1) > 0if 0 € JK; for example, when K is an n-polytope.
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We also need the following form of Jensen’s inequlity (cf. (10.4)): If p > 1, u is
a Borel probability measure on the topological space X, and f € L{(X, u) is non-

negative, then
1
/fdﬂ < (/ £P dy)p (7.48)
X X

with equality if and only if f is u a.e. constant.

Theorem 7.6.5 (Lutwak’s L,, Minkowski inequality, p > 1). Ifp > 1, K,C Cc R" are
convex bodies with o € K, C, and either o € intK, oro € K and Sx ({hx =0}) =0,
then

n-p

hcd nep P
W Vi > |K| 7 |C|» (7.49)
snt g

with equality if and only if K and C are dilates.

Remark. If o € d K, then a condition like Sk ({hx =0}) =0is necessary (see Example 7.6.6).
In addition, the left hand side of (7.49) might be infinity.

Proof. We may assume that |K| = |C| = 1. We deduce from the Jensen inequality
(7.48), the fact that Sk (Ng (0) N S"~1) =0if 0 € d K, and from the Minkowski inequal-
ity (7.47) that that

1
ht r h 1
(/ —ngK) z/ —CdVK=—/ hc dSg > 1.
sn—1 hK sn-1 l’lK n Jgn-1

If equality holds then K and C are translates (by the equality case in the Minkowski
inequality) and there exists ¢ > O such that h¢ =t hg (by the equality case of the Jensen
inequality (7.48)); therefore, t = 1 and h¢ = hg. [ ]

Example 7.6.6. The L, Minkowski inequality (7.49) may not hold if 0 € d K and
Sk (Ng(0) N S"1) > 0. Let K c R" be a regular simplex of volume 1 such that the
exterior unit normals are ug, ..., u, € S~ the centroid of the facet with exterior
unit normal ug is 0, and hence the opposite vertex is —toug for some 79 > 0. Let C =
K + sug for s € (0, ty), and hence there exists r € (0, 1) such that hc(u;) = rhg (u;)
fori =1,...,n. Since suppVg = {uy,...,u,} and hc(ug) > 0, it follows that

h? h p 1 p . >
/ —ngK:(/ —Cde) <(—/ hcdSK) =1=|K|7|C|".
sn-1 hK sn-1 ]’lK n ,Jsn-1

Lutwak [433] extended the notion of surface area measure to the L, case (see also
Section 9.3 and Section 9.4):
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Definition 7.6.7 (L, surface area measure for p > 1). For p > 1,if K ¢ R" is a convex
body with either o € intK, oro € d K and Sk ({hx = 0}) =0, then its L, surface area
measure on S ! is

dSk.p = hy P dSk = nh” dVi.

Remark. Sk, is a Borel measure. Possibly SK’p(S"‘l) = o0 if 0 € OK, but even in
that case, Sk, (X) < oo for any compact X C {hgx > 0} = S""1\Nk (o).

Lutwak [433] considered the left hand side of (7.49) as the L, mixed volume;
namely, if p > 1, K, C c R" are convex bodies with o € C, and either o € int K, or
0 € 0K and Sk ({hg =0}) =0, then

1

hP 1
V,(K,C) = € qVe = - WP hiP dsg = —/ WdsSx ,. (1.50
»(K,C) /Sn_l M Vk nfsn_l chx " dSk =~ e Sk.p-  (7.50)

In particular, Sx,; = Sk and Vi (K,C) =V(K,C; 1).
Let us summarize the main properties of these notions; for example, that V,, (K, C)
is invariant under SL(n):

Proposition 7.6.8. Let p > 1, K, C C R" be convex bodies with o € C, and either
o€intK, oro € 0K and Sk ({hg =0}) =0.
(i) Vp(K,K) = |K|.
(ii) Vo (K.C) = L [ hP.dSk p > |K|"5"|C|"% with equality if and only if K and C
are dilates.
(iii) If ® € GL(n) with |det®| = 1, then

V, (@K, ®C) =V, (K,C). (7.51)

(iv) If, in addition, p # n and either o € intC, or 0o € 0 C and S¢c({hc =0}) =0,
then Sg , = Sc,p implies K = C.

Proof. (i) follows directly from the definition, and (ii) is just (7.49).
For (iii), (7.51) is a consequence of Proposition 2.6.15 and Lemma 2.6.14 as

p

h hoc (O 'u/||®  ul|)?
oC oC
—dVog = av,
/Snl Mok /S hox (@ ufloul)? VK

h d! p hp
:/ oc (P7"u) dVK(u)Z/ < avg.
S

sn-1 hq;[( (q)—tu)[’ n-1 hz

For (iv), we deduce from (7.50), Sk,, = Sc,p and L, the Minkowski inequality
as (i) that

1

h? 1 n-
K| =/ lh—gde = ;/ hgdSk p = ;/ higdSc.p = IC| 5 |K]|7; (7.52)
Sn* K S}’L* S"*
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therefore, |K| % > |C| 7 . Reversing the role of K and C in (2.25) implies |C |5 >
|K|™%", and hence |C| = |K| by p # n. In turn, equality in (7.52) implies equality in
(i), which fact combined with |C| = |K| yields that K = C. n

Finally, the form (7.37) of the Aleksandrov lemma and (7.50) yield the following
variational characterization of the L, surface area due to Lutwak [433]:

Lemma 7.6.9 (Lutwak). If p > 1, K,C C R" are convex bodies with o € C and o €
int K, then

2} P
im |K+,t-C|n —|K|n

t—0* t

=nV,(K.C) :/

Sn

g dSk .

7.7 Isoperimetric type problems for polytopes

Concerning the isoperimetric problem for polygons, Zenodorus (circa 200 BC - 140
BC) already suggested that among polygons of given number of vertices (sides), the
regular ones have the minimal perimeter, but this was only proved rigorously by Wei-
erstrass at the end of the 19th century (see for example [561]).

Theorem 7.7.1. For k > 3, among convex k-gons of given area in R?, the regular
ones have minimal perimeter.

Next we discuss the isoperimetric inequlity for polytopes in higher dimension, also
in terms of the mean projection. The following estimate, together with the Blaschke
Selection Theorem 1.7.3, ensures the existence of exteremal bodies.

Lemma 7.7.2. For a convexbody K C R" and 1 <i <n-1,n > 2, we have
Vi(K) =y - |K|%(diamK):%i fory(n,i) > 0 depending on n,1i.

Proof. If i = 1, then V| (K) > diam K as K contains a segment of length diam K.
If i > 2, then the Aleksandrov-Fenchel inequality Corollary 7.4.9 yields that

V(B"K;i))" ' =V(B",n-i;K,i— ;K, )" > V(B",K; )"} |K|'"!,

where V(B", K ;i) = ('l.')_lwn_iVl-(K) and V(B",K;1) = 221 Vi (K) > “2=L diam K.
n

The isoperimetric type inequalities for simplices in any dimensions was proved by
Steiner [542] alreasy in 1842 in the case of the perimeter, and much later by Hadwiger
[295] in the middle of the 20th century in the case of other mean projections.
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Theorem 7.7.3 (Isoperimetric Inequality for simplices). Fori=1,...,n—1,n > 2,
if C is a simplex and T is a regular simplex with |C| = |T|, then

Vi(C) = Vi(T),
with equality if and only if C is a regular simplex.

Proof. There exists a simplex Cy with |Cy| = |T'| and minimizing V;(Cyp) according to
Lemma 7.7.2 and Blaschke Selection Theorem!1.7.3, so all we need to prove is that
Cy is aregular simplex. We suppose that C has two edges of different length, and seek
a contradiction. It follows that Cy has two intersecting edges of different length, thus
Cy = conv{uvg, .. .,v,} where ||vs — vl # ||v2 — vol|.

For u = (v; —vg)/|lvi — vol] € $*!, we have

Co={x+tu:x € Colutand g(x) <t < f(x)}

where f, g are linear functions on u*. We deduce from Lemma 1.10.11 that the Steiner
symmetrial ®,.Cy (cf. Definition 1.10.1) is also a simplex of diameter at most D
(cf. Proposition 1.10.3), and V;(®,.. Cy) < V;(Cp) by Proposition 7.2.2 as ||vy — vgl| #
|lva — vo|| yields that there exists no hyperplane of symmetry for Cy parallel to u*. This
contradiction verifies Theorem 7.7.3. |

Remark. Given the number of vertices and the volume of a polytope in R, the use of
Steiner symmetrization and some calculations yield the solution of the isoperimetric
problem in the following cases. For 1 <i <nanda, b > 0, let Q(i;a, b) be a polytope
that is the convex hull of an i-dimensional regular simplex 7" of edge length a and an
(n — i)-dimensional regular simplex T’ of edge length b where the centers of T and 7’
coincide, and their affine hulls are orthogonal.

*  Q(|n/2];a, b) minimizes the surface area among polytopes of n + 2 vertices in
R" where a/b = /(|n/2] + 1)/([n/2] + 1) (cf. Béroczky, Boroczky [93]);

*  (Q(2;a,a) minimizes the ith intrinsice volume i = 1,2, 3 among polytopes of 6
vertices in R* (cf. Boroczky, Boroczky [93]);

*  Q(2;a, b) minimizes the surface area among polytopes of 5 vertices in R? where
a/b ~ 0.9451 (cf. Boroczky, Boroczky [93]);

» the regular octahedron minimizes the surface area among polytopes of 6 vertices
in R3 (cf. Boroczky, Kovacs [108]).

Definition 7.7.4 (Circumscribed polytope). We say that polytope P C R" is circum-
scribed around a ball B if B ¢ P and each facet of P touches B.

Remark. If B = B", then |P| = % - S(P), and hence the isoperimetric quotient is
S(P)/|P| =n | P %; therefore, minimizing the isoperimetric quotient among poly-
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topes circumscribed around B" is equivalent to minimizing volume.

According to Lindelof [411] from 1869, when minimizing the isoperimetric quo-
tient S(P)/ |P|nT_] of a polytope P of given exterior normals to the facets, we may
assume that the polytope is circumscribed around a ball.

Theorem 7.7.5 (Lindelof). Given u, . ..,ux € S*~! not contained in a closed hemi-
sphere, the minimum of the isoperimetric quotient among polytopes whose facet nor-
mals are among uy, . . ., uy is attained and only attained by polytopes with k facets
circumscribed around some ball.

Proof. Let Pp = {x € R" : (x,u;) < 1} be the polytope whose facets touch B" at
ui,...,ur. If Pis any polytope whose unit facet unit normals are among uy, . . ., ug,
then A p, (1) = 1 for any unit exterior normal u at a facet of P. It follows form the form
(7.27) of the Minkowski inequality that S(P) = [, , hp, dS, > n|P|"= | Po|; there-
fore, S(P)/|P| ST n|P0|% = S(Pgy)/|Pol I equality holds, then equality holds in
the Minkowski inequality, and hence P and Py are homothetic. ]

For the Platonic solids that are simple polytopes (three faces meet at each ver-
tex), beside Lindelof’s Theorem 7.7.5, L. Fejes Toéth’s elegant argument verifying
Theorem 7.7.8 depends on the Moment Theorem 7.7.6 proved also by L. Fejes Téth
[213,216,217]. We only quote this theorem, noting that H?(S8?) = 4n, and for an edge
to edge tiling of S2 by k spherically convex tiles, Euler’s theorem yields that the mosaic
has at most 3k — 6 edges.

Theorem 7.7.6 (Moment Theorem). Let X1, ...,xx € S% k > 4, be not contained in
any open hemispere, and let the spherical triangle T = convg{a, p, q} have angle
6’2%?2 at p satisfy that ds>(a, p) = ds2(a, q) and H*(T) = %.

() If f:(0,Z) — [0, ) is monotone increasing, then

/ min  f (dg¢2(u,x;)) du > (6k — 12)/f(dsz(u,a)) du. (7.53)
s >0 T

2 XU, x; )

(ii)If g : (0, Z) — [0, 00) is monotone decreasing, then

/ max g (ds2(u,x;)) du < (6k — 12)/g (ds2(u,a)) du. (7.54)
2 x;:(u,x;)>0 T

Assuming that f and g are strictly monotone, equality holds if x1, . . ., xy are vertices
of an inscribed regular tetrahedron (k = 4), or octahedron (k = 6) or icosahedron
(k=12).

Remark 7.7.7. (i) A stability version of Theorem 7.7.6 is verified by Boroczky, G.
Fejes Toéth [97].
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(ii) The integrals in (7.53) and in (7.54) make sense even if x1, .. ., x; € S? are con-
tained in a closed hemispere; namely, even if there exists au € S2 with d o (u,x;) >
% Yx;. The point is that 0 € conv{xy,...,xx} =Q C R3? as xq, ..., xx are not
contained in any open hemispere, and hence 0 € dQ and u € Np(0). However,
dimNg(0) < 2as oisnot a vertex (it is not among xi, . . ., xx); therefore, N (0) N
S?={veS®:de(,x) > 7 Vx;} satisfies that H?(Nk(0) N S§?) = 0.

We have already seen in Steiner’s Theorem 7.7.3 that regular tetrahedra are optimal
for the isoperimetric quotient. L. Fejes Toth [213,216,217] proved that the other two
Platonic solids that are simple polytopes are also extremal.

Theorem 7.7.8 (The Isoperimetric property of the 3-cube and the Dodecahedron).
For k = 6,12, among 3-polytopes of given volume and having at most k faces, the
ones with minimal surface area are the cube and dodecahedron, respectively.

Proof. According to Lindelof’s Theorem 7.7.5, any polytope Py ¢ R with at most &
faces minimizing the isoperimetric ratio S(Py)/ |PO|% among polytopes with at most
k facets is circumscribed around some ball B and has k faces. We may assume that
B = B3, and hence S(Po)/|Po|? = 3|Po|3.

Let the faces of Py touch S2 in exterior unit normals uy, ..., u; € S%; therefore,
the radial function of P is gp,(#) = min{(u, ud™': (u, u;) > 0} for u € 2, thus
Lemma 1.11.6 yields

1 1
Pol = — 3 = — 1 i -3
| OI 3 ‘/5:2 on(u) du 3 /sz ui:(rurflu?)>0<u’ “ ) du

1
=—/ min  cos”> dg>(u, u;) du.
S

3 2 up{u,u; y>0

In turn, Theorem 7.7.8 follows from the Moment Theorem (7.53) with f(f) = cos™3 .
[

Actually even a stability version of Theorem 7.7.8 is known, due to Boroczky, G.
Fejes Toth [97].

We recall that according to the Isoperimetric Inequality (cf. Theorem 2.4.1 or
Theorem 4.1.5), if K ¢ R" is a convex body, then

S(K S(B" 1
(n?l > ( n?l =nw] ~ V2en-\n
K| [B"] "

where f(n) ~ g(n) for positive f(n), g(n) means that lim,—. f(n)/g(n) = 1. We
provide a bound on the isoperimetric quotient of convex bodies with given number
of facets. The argument uses the bounds in (6.46); namely, if Px) > B" polytope of
minimal volume with k facets, then

K\ K\
1
cy! (log;) < |Pyl" < co (log;) (7.55)
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for an absolute constant co > 1.

Theorem 7.7.9. For an absolute constant ¢ > 0, if 2n < k < 2" and Py CR" isa
polytope with at most k facets, then

S(Pk)) . _cn

n-1 = :
n flo0 &
1P i)l log &

Remark. The estimate (7.56) is sharp, as there exist an absolute constant ¢ > 0 and a
polytope P(x) C R" with at most k facets such that

(7.56)

S(Px)) L _¢@n

~ n-1 — °
o [k
|P(k)| log .

Proof. 1t is equivalent to prove that the estimates of (7.56) and (7.57) hold for a poly-
tope P (i) of at most k facets minimizing the isoperimetric quotient S(Px))/|P (k) |nT_1 .
According to Lindelof’s Theorem 7.7.5, we may assume that P ) is circumscribed

(7.57)

around B", and hence S(Px))/|P (k) I"T_1 = n|P(k)|%. In particular, the lower bound
in (7.55) verifies (7.56), and the optimality of (7.56) follows from the upper bound in
(7.55). [

7.8 Comments to Section 7

The fact that non-negative linear combination of compact convex sets is a homogen-
eous polynomial in the coefficients, and the basic properties of mixed volumes were
established by Minkowski [464,465] around 1900, extending the ideas by Steiner [541]
(cf. Theorem 7.1.1) about the volume of the parallel body around 1840. The intrinsic
volume V;(K) of a compact convex set K C R”", the practical, dimension invariant
renormalization of the mixed volumes of form V(B", K; i) (traditionally called the
quermassintegral W,,_;(K)), was introduced by McMullen [446] only in 1991. The
integral formula in Theorem 7.1.1 representing the intrinsic volumes as mean projec-
tions is due to Kubota [388] around 1925.

Minkowski’s inequality is due to Minkowski [464,465] around 1900. Aleksandrov
[3,5,7] already provided two proofs of the Aleksandrov-Fenchel Inequality around
1937-38 (for additional arguments still based on Aleksandrov’s ideas, see also van
Handel, Shenfeld [300], Schneider [522] and Cordero-Erausquin, Klartag, Merigot,
Santambrogio [176]). Fenchel only stated the inequality, never actually provided a
proof. Both arguments in this monograph, the one using strongly isomorphic polytopes
in Section 7.A, and the one using the theory of elliptic operators in Section 8.5.2, are
based on Aleksandrov’s original ideas as developed further by van Handel, Shenfeld
[300].
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Bernstein [65] and Kouchnirenko [386] proved a very interesting connection between
the mixed volumes and the intersection number of complex algebraic hypersurfaces.
Fora = (ai,...,a,) € Z", we write x® = [TIL, x/" forx = (x1,...,x,) € (C\{o})".
a laurent polynomial is of the form p(x) = 3 ,c7» cox® Where there are only finitely
many ¢, # 0, and the associated Newton polytope of p is Q(p) =conv{a € Z" : ¢4 #
0}, and the associated complex hypsurface is X (p) = {x € (C\{o})" : p(x) =0}. Given
lattice n-dimensional polytopes Oy, ..., Q, (convex hull of finitely many points of
Z'"), the Bernstein-Kouchnirenko theorem says that for generic Laurent polynomial

D1,-..,pn With Q(p;) = Q;, we have
nV(Q1,...,0n) =#(X(p1) N...0 X(pn)). (7.58)

Here the condition "generic" ensures that X (p1), . . ., X(p,) are smooth hypersurfaces
in (C\{0})" that intersect transversally in finitely many points.
The Bézout theorem stating that given integers dy, . . ., d, > 1, the number of com-

mon roots of generic polynomials p; of degreed;,i=1,...,n,isd; - ... d, isaspecial
case of the Bernstein-Kouchnirenko theorem (7.58). For A = conv{o, ey,. . ., e, } where
ei,...,ey, is the canonical basis of Z", we take Q; = d;A in (7.58).

Another connection between the mixed volumes and the intersection number in
algebraic geometry is via ample divisors on projective toric varieties (see Cox, Little,
Schenck [179], Ewald [207], Fulton [250] and Oda [477]). In this setting, the Aleksandrov-
Fenchel inequality corresponds to the Hodge index theorem. In turn, the relations
between the Aleksandrov-Fenchel inequality and the Hodge-Riemann theorem has
been recently investigated in terms of valuations of convex bodies by Kotrbaty [383]
and Kotrbaty, Wannerer [384,385].

The Aleksandrov-Fenchel inequality for mixed volumes also has important applic-
ations in combinatorics, for example concerning counting the number of linear exten-
sions of a poset (see for example Chan, Pak [148], Kahn, Saks [364] and Stanley [540]).
Here we sketch Stanley’s result in [540] about linear extensions of a k element poset
(partially ordered set) P = {py,. . ., px—1} for k > 3. A linear extension of P is an order
preserving bijection 7 : P — {1,...,k},and form = 1,..., k, let N,,, be the number
of linear extensions of P where 7(po) = m. For the polytopes

Qo={(x1,...,x51) € R¥1 . x; <x;ifp; < pjandx; =0if pg < p;},
01 ={(x1,...,xr-1) € REL . <x;ifp; < pjandx; = 1if pg > p;},

Stanley [540] verifies that N, can be represenseted as a (k — 1)-dimensional mixed
volume

Nm = V(Q],i - I;Qo,k - m),
and applies the Aleksandrov-Fenchel inequality (7.32) to prove that

Ny, > Nyt Nt
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for m =2,...,k — 1; or in other words, the sequence Ny, ..., N is log-concave.
According to van Handel, Shenfeld [302] characterizing the equality case of the Aleksandrov-
Fenchel inequality for polytopes, if N,, > 0 and N,2n =Npu_1Nps1,then N, =N, =

N, m+1-

Schneider [524] - clarifying earlier work by Esterov [205], who used representa-
tion of mixed volumes using toric varieties - expressed the mixed volumes of polytopes
in terms of the family of their normal cones and the product of their support functions.
For fixed n-dimensional polytopes Pi,...,P, CR", let® denote the family of n-tuples
(P, ..., Py) of n-polytopes such that the family of normal cones of P; coincide with
the family of normal cones of ﬁl In this case, Schneider [524] prove that the mixed
volumes of the n-tuples in # depend only on the product of the n support functions.
A typical example when this theorem applies is when all polytopes are strongly iso-
morphic (cf. Section 1.8).

Concerning the isoperimetric problem in the spherical and hyperbolic spaces (see
Section 4.A for their fundamental properties), the isoperimetric inequality for polygons
of given number of vertices (sides) was extended to the spherical and the hyperbolic
space by L. Fejes Téth [216]. In addition, L. Fejes Toth [215] proved that among tetra-
hedra of given volume in H?, the regular one has the minimal surface area. Isoperimetric-
type problems for polytopes in two and three-dimensional spaces of constant curvature
are discussed in L. Fejes Téth [216], L. Fejes Téth, G. Fejes Téth, W. Kuperberg [217],
Florian [237], and in higher dimensional spaces by Basit, Lang [58].

Even if mixed volumes of arbitrary convex bodies have no analogues in the spher-
ical and hyperbolic space, mean projections and mean curvatures do have analogues,
and Aleksandrov-Fenchel-type inequalities are proved for them by for example Andrews,
Hu, Li [24], Hu, Li [327] and de Lima, Girao [410].

7.A Supplement: Proof of the Aleksandrov-Fenchel inequality based
on polytopes

This section proves of the Aleksandrov-Fenchel inequality for the mixed volumes based
on the argument by Aleksandrov [4], as it was simplified by Shenfeld, van Handel
[300].

Theorem 7.A.1 (Aleksandrov-Fenchel Inequality). Ifn > 3 and Cy,...,Cy-2, K, L
are compact convex sets in R", then

V(K,L,Ci,...,Ch2)> > V(K,K,Ci,...,Ch2)V(L,L,Cy,...,Cn_2). (7.59)
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7.A.1 Some properties of symmetric matrices

If € is a symmetric d X d matrix for d > 2, then there exist eigenvectors xi, ..., Xg4
forming an orthonormal basis of R4 and eigenvalues A; > ... > A, suchthat Ex; = A;x;
andif j=1,...,d—-1andx e R4 satisfy that (x;,x) =0fori=1,...,/, then

(Ex,x) < Aj1{x,x). (7.60)

We also need the version Theorem 7.A.2 of the Perron-Frobenius theorem (for a
proof, see Theorem 10.8.2 in the Appendix). Let & = [e;;] be a d X d matrix. We say
that & is non-negative, if e;; > Oforany i, j = 1,...,d, and we say that the off-diagonal
entries of & are non-negative, if e;; > 0 when i # j. Assuming that the off-diagonal
entries of & are non-negative, we say that & is irreducible, if for any i # j there exist
pairwise different ig, ...,ix € {1,...,d} suchthatiy =i,ix = j,and e; _, ;. > O for
m=1,...,k.

Theorem 7.A.2 (Perron-Frobenius Theorem for irreducible symmetric matrices). If
& is symmetric non-negative irreducible d X d matrix with positive entries on the diag-
onal, and Ay is the largest eigenvalue, then

* A1 > 0and A is a simple eigenvalue;

* there exists an eigenvector x| whose coordinates are all positive and Ex; = 1x1;

* any eigenvector x of & whose coordinates are all non-negative satisfy x = r x| for
r>0.

If all we know about a d X d matrix & that its off-diagonal entries of & are non-
negative and & is irreducible, then there exists y > O such that & + vy I; is anon-negative
irreducible d X d matrix with positive entries on the diagonal. Since A is an eigenvalue
of & with eigenvector x if and only if x is an eigenvector for & + y I; with eigenvalue
A+, we deduce the following consequence of the Perron-Frobenius Theorem 7.A.2:

Corollary 7.A.3. If the off-diagonal entries of a symmetric d X d matrix & are non-
negative and & is irreducible, and A, is the largest eigenvalue, then

* Ay is a simple eigenvalue;

* there exists an eigenvector x| whose coordinates are all positive and Ex| = 1x1;
e any eigenvector x of & whose coordinates are all non-negative satisfy x = r x for

r>0.

If € is a symmetric matrix, its positive eigenspace is the subspace spanned by the
eigeinvectors corresponding to positive eigenvalues.

Lemma 7.A.4 (Hyperbolic Quadratic Forms). For a symmetric d X d matrix &, d > 2,
the following conditions are equivalent for x,y € R,

(i) (x, Ey)* = (x, Ex)(y, &) if (v, Ey) = 0.
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(ii) The dimension of the positive eigenspace of & is at most one.

Proof. Letd; >...> A4betheeigenvectors of €, and letxy,. . ., x4 be the eigenvectors
forming an orthonormal basis of R such that Ex; = A;x;. We may assume that 1; > 0
because otherwise (x, &Ex) < 0 for any x € R4, and hence Lemma 7.A.4 readily holds.

Assuming (i), 0 > A1 A2{x1,x1){x2,x2) follows by applying (i) to x = x| and y = x;
therefore, 4; < 1, < 0fori > 2.

Assuming (ii), we may also assume that (y, &y) > 0. Since 4; < A, < 0 by (ii),
we deduce that (z, &z) < 0 holds for any z € R satisfying (z, Ex;) = 0. In particular,
(y, &x1) # 0 follows from (y, Ey) > 0. Since (z, Ex1) = 0 for a = (x, Ew)/(y, Ew)
and z = x — @y, it also follows that the condition that & is symmetric yields

0> (z,E7) = (x,Ex) = 2a(x,Ey) + a2(y,8y)

(x, 8y)? ( <x,8y>)2 (x, )
= (x, Ex) - 22 4 (v, & -2 > (x, Ex) - 2L
8 - ey TN T ey ) 2 TG
In turn, we conclude (x, Ey)? > (x, Ex){y, Ey). [

7.A.2 Mixed volumes of strongly isomorphic simple polytopes and multilinear
forms

The sole goal of this section is to prove Theorem 7.A.7, which yields that mixed
volumes of strongly isomorphic simple n-polytopes in R” can be represented by sym-
metric multilinear forms of the vectors made up from the values of the support func-
tions at the unit exterior normals of the facets. First, we recall some facts about simple
and strongly isomorphic polytopes (cf. Section 1.8). For d > 1 and d-dimensional
strongly isomorphic M1, ..., My C R” such that their affine hulls are parallel to a lin-
ear d-space L c R", we write V(My, ..., My) to denote their d-dimensional mixed
volume (the dimension is determined by the number of variables). Writing vy, . .., v, €
L N S"~! to denote the common normals to the (d — 1)-dimensional faces, (7.23) says
that

1 m
V(M. Ma) = 5 D i (00) -V (Faa, (0, Fag, () (7.61)
i=1

where we set V(Fay, (v;), ..., Fym, (v;)) =1ifd = 1.

The polytopes Py, ..., Py C R" are strongly isomorphic if forany 1 <i < j < n,
P; and P; have exactly the same set of normal cones; or equivalently, dimFp, (u) =
dimFp, (u) foranyu € § n=1 In this case, dim P; = dim P ; and the affine hulls of P; and
P; are parallel if dim P; < n. A d-dimensional polytope P C R" is simple, 1 < d < n,
if exactly d edges meet at any vertex of P. We note that any at least one-dimensional
face of a simple polytope is simple. According to Lemma 1.8.6, a family of strongly
isomorphic polytopes can be obtained by deforming a simple polytope.
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Lemma 7.A.5. For a simple n-polytope P C R", there exists &g > 0, such that if
Ui, ...,u, are the unit exterior normals of the facets of P, and |t; — hp(u;)| < &
fori=1,...,k, then P = {x € R" : {x,u;) < t;} is a simple n-polytope strongly iso-
morphic to P.

For the rest of the section, we fix a simple n-polytope K ¢ R”, n > 2, and write Pk
to denote the family of simple polytopes in R” strongly ismorphic to K, Tlg to denote
the family of d-dimensional faces K, d =0, ...,n — 1, and Uk to denote the family
of exterior unit normals to the facets F' € 7—}?‘1 of K. Any P € Pk can be encoded
by the vector 1p € RY(K) such that the coordinate of 2 p corresponding to u € Uy is
l_z;,“) = hp(u). Next, for any face F € Fd d=1,...,n—1,let Ly =lin(F — F) be the
pararllel linear d-subspace, let ¢ be the family of simple d-polytopes in R" strongly
ismorphic to F, and let Uy C Lp N S"=1 pe the family of exterior unit normals to
the (d — 1)-faces of F. Similarly as above, any polytope P € P can be encoded by
the vector ip € RUF) such that the coordinate of /1p corresponding to u € U(F) is
fz}”) = hp(u). Let us show how these vectors of the form /1p, P € Pr generate RUF),

Claim 7.A.6. LetG =K, or G € Tlgford €{2,...,n—1}. Forany x e RY9) gnd
P € Pg, there exist a > 0 and Q € P¢ such that x = f_zQ —ahp.

Proof. Choose a > 0 such a~!||x|| < & for the &9 > 0 in Lemma 7.A.5. Writing x )
to denote the coordinate of x corresponding to a u € U(G), Lemma 7.A.5 provides a
Q' e Psuchthatifu € U(G),then hg (u) = hp(u) + a~'x™ andhencex = f_zQ —ahp

for Q = aQ’. [
For any F € Fd d=1,...,n-1, and strongly isomorphic Py, ..., Py € P,
we write V(Py, ..., Pg) to denote their mixed volume (the common dimension of

the polytopes is determined by the number of variables). For the irreducibility of a
symmetric matrix, see the discussion in front of Theorem 7.A.2

Theorem 7.A.7. Using the notation as above, there exists a symmetric (invariant

under the permutations of the variables) real multilinear formV (x1,...,x,) ofx1,...,X, €
RUK) and for any G € Tlgfor de{l,...,n— 1}, there exists a symmetric real mul-
tilinear form V(x1, . .., xq) of x1, . . ., xq € RUC) with the following properties:

(i) V(hp,,... hp,) =V(P1,....,Py) for Pi,...,P, € Pk, and if F € F for d €
{1,...,n—1}, then V(hp,,...,hp,) =V(Py,...,Py) for Py,...,Py € Pr.

(ii) Let G =K, or G € Tlgford €{2,...,n—1}. Foranyx € RYUS) andu € U(G),
there exists a "(d — 1)-face” Fy(u) € RUFGW) of x such that

o forfixedu € U(G), Fy(u) is a linear function of x € RU(G) ;
o forfixedu € U(G), Fx(u) = hg, ) ifx = hp for P € Pg;
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o ifxi,...,xqg € RUC) gndx,y = (x;u))ueru((;), then
1
V(xi,...,xq) = = Z XUV (Fo ), ..., Fry, (0)) . (7.62)
ueU(G)
(iii) Letn =2, orletn > 3 and Py, . . ., P,_> € Pk. Then there exist a symmetric irre-

ducible matrix A : RUK) - RUK) gych that A has non-negative off-diagonal
entries, and for x,y € RUX) | the coordinate of Ax corresponding to u € U(K)

is
V (Fx(u), Fp,(u),...,Fp,, ifn >3,
e { (Fe(w). Fp, ). ... Fp, ,(w) ifn> .
V(Fx(u)) ifn=2,
and hence
x, Ay) =nV (x,y,P1,..., Pn_2) (7.64)

where V (x,y,P1,...,Pn_2) =V (x,y,hp,, ..., hp, ), and (x, Ay) =2V (x,y) if
n=2.

Proof. We prove (i) and (ii) by inductionond =1,...,n. If d =1 and F € 7:1; is an
edge, then let F = [p, ¢q], and hence u = ﬁ is the exterior unit normal at p and
U(F) = {u,—u}. We deduce that V(F) = (u, p — q) = hp(u) + hp(—u) (cf. (7.61));
therefore, V(x) = x + x(=%) for x e RUF),

Nextlet G =K,or G € 7—'1? ford € {2,...,n— 1}. Any (d — 2)-dimensional face
of G is contained in exactly two (d — 1)-faces according to Proposition 1.4.3, thus
let Qg = {(u,v) € U(G) X U(G) : dim (Fg(u) N Fg(v) = d — 2} where the empty
set has dimension —1. For (u,v) € Qg and P € Pg, let @, be the angle of u and v,
let Fp(u,v) = Fp(u) N Fp(v) the common (d — 2)-face of Fp(u) and Fp(v), and let
wy.p € U(Fp(u,v)) be the exterior unit normal to the (d — 2)-face Fp(u,v) of Fp(u)
in Lg, (u,0) Where w, , € U(Fg(u,v)) depends only on G, u, v and not on the choice of
P. We observe that a,,, = a,,, and Fp(u,v) = Fp(v,u), but w, , # w, , for (u,v) € Qg.
For (u,v) € Qg, it follows that

Wy.p = CSC Uy * U — COt @y - U
for csc ay,, = 1/sinay, > 0, and hence choosing some p,,, € Fp(u,v), we have
th(u)(wu,v) = (Puos wu,v> = CSCayy - hp(v) —cotayy - hp(u). (7.65)

Since U(Fg (1)) = {wyp : (4,0) € Qg} for u € U(G), we deduce from (7.61) that
if Py,...,P4q € Pg, then

V(Fpl (Lt), e de_l (M)) = (766)

1
— > (escu - hpy, (v) = cotauy - hp, ) V(Fp (1,0),. .., Fp, , (u,0))
{v:(u,v) Qs }
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where we set V(Fp, (u,v),...,Fp, ,(u,v)) = 1if d = 2. Applying again (7.61) yields

1
V(P Pa) == D e, () V(Ep (). Fp, () = (7.67)
ueU(G)
1
ad-D (csc up - hp, (u) - hp, | (v) — cotayy - hp,(u) - hp, (1)) -
(u,v)eQc

-V(Fp,(u,0),...,Fp, ,(u,0)).

Therefore, we define F (1) forx e RY(%) and u € U (G) in a way such that the coordin-
ate of F(u) corresponding to w,, , provided (u,v) € Qg is is

CSC gy - X = cot @y - xM.

We conclude the existence of a suitable multilinear function V (x1,. . .,xq) of xq,...,x4 €
RUG) satisfying (i) and (ii) (via) combining (7.65), (7.66), (7.67) and the induc-
tion hypothesis. To show that V(x1, ..., x4) is symmetric in x1, ..., x4, We note that

xi = hg, — i_lec for some Q;, 0} € Pg,i=1,...,d, according to Claim 7.A.6, and we
use the symmetry of the mixed volumes in its variables.

Finally, we consider (iii), where either n = 2, or n > 3 and we are given some
Py, ..., P2 € Pk. We deduce from (7.66) and (7.67) that there exists a symmetric
matrix A : RUK) — RUK) gych that A has non-negative off-diagonal entries, and
A satisfies (7.63) and (7.64) for x, y € RUK),

Therefore, all we have to check is the irreducibility of A. What we know is that the
entry of A corresponding to a (u,v) € Qk is positive by (7.63). Now let u,v € U(K),
u # v be arbitrary. Choose p € relint Fx (u) and g € relint Fx (v), and an affine 2-plane
A containing p and ¢ such that A does not intersect any (n — 3)-dimensional face of
K. Tt follows that A N K is a polygon whose vertices are the intersections of A with
certain (n — 2)-faces of K, and the edges are intersections with facets of K. Therefore,
taking a path on the relative boundary of A N K from p to ¢, the facets of K containing

the edges of the path generate an ordered list uy, . . ., u;;, € Qg with ug = u and u,, = v
where the (n — 2)-face of K corresponding to (u;_1, u;) € Qg generates the ith vertex
of the path. In turn, we conclude the irreducibility of A. [

7.A.3 Proof of the Aleksandrov-Fenchel inequality using strongly isomorphic
simple polytopes

The key step of the proof of the Aleksandrov-Fenchel inequality (7.59) is to verify
the "reverse Cauchy-Schwarz" inequality in Proposition 7.A.8 for bilinear forms built
from strongly isomorphic polytopes. We recall for a simple n-polytope K € R", Pk is
the family of polytopes strongly isomorphic to K, and U (K) is the family of exterior
unit normals to the facets of K. A P € Pk is encoded by the vector hp € RUK) where



232 Steiner formula and Mixed volumes

the coordinate of hp corresponding to a u € U(K) is hp(u), and we use P and hp
interchangeably in the symmetric multilinear form V(-,...,-) of Theorem 7.A.7. We
also note that according to the Minkowski inequality (7.26), if K, L ¢ R? are polygons,
then

V(K,L)* > V(K,K)V(L,L). (7.68)

Proposition 7.A.8. Let K C R”" be a simple n-polytope, n > 2, let P € Pk and ifn > 3,
then let Cy,...,Cp_y € Px such that o € int Cy. If x e RUK)  then

V(x,P,Ci,...,Cn2)* >V (x,x,Cl,...,Ch2) V(P,P,Cy1,...,Chn) (7.69)
where the inequality is V(x, P)? > V(x,x)V(P, P) in the case n = 2.

Proof. Letthe family of exterior unit normals to the facets of K be U (K) ={u1,...,ux} C
S"=1 and we identify RUK) with R*. We write el,...,ex todenote the correspond-
ing orthonormalt basis of R¥ where e; corresponds to u;. We also note that in the case

n > 3, o € int Cy yields that

he,(up) >0 fori=1,... k. (7.70)

We prove Proposition 7.A.8 by induction on n > 2. If n = 2, then Claim 7.A.6
providesana > 0and a Q € Pk suchthatx + ahp = i_zQ. We deduce from the Minkowski
Inequlaity (7.68) that

V(x+ahp,hp)? =V(Q,P)* > V(Q,0)V(P,P) =V(x+ahp,x +ahp) V(hp, hp),

which inequality is equivalent with V (x, hp)? > V(x,x)V(hp, hp) by the linearity and
symmetry of the bilinear form V (x, y), x, y € R¥.

Nextletn > 3. Now Theorem 7.A.7 provides a k X k irreducible symmetric matrix
A with non-negative off-diagonal entries such that if x, y € R¥, then

<x’ﬂy> =V(X,Y»Cl»-~,cn—2)-

We alter the definition of A in order to have better control of the eigenvalues, and
also alter the scalar product accordingly: Let A : RK — R be the linear transform
satisfying that for x € R¥ andi = 1, ..., k, the ith coordinate of Ax is (cf. (7.63))

he, (ui) -V (Fx(ui), Fe, (ui), . .., Fe,_, (u;))
V (Fe, (ui), Fe, (ui), . .., Fe, ,(ui))

he, (ui)
= ﬂ i 5
(AAx) V (Fc,(ui), Fe, (u;), . . ., Fe,_, (u))

(Ax); =

(7.71)

and hence _
Ahc, = he,. (7.72)
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In addition, let (-, ) be the scalar product on R¥ (cf. (7.70)) such thatif x = (x1,...,xz) €
RK andy = (y1,...,Vx) € R, then

: V(F i) Fe,(u), ..., Fc, ,(u;
R "

i=1

and hence there exist0y,...,0; > 0suchthaté; =0;e;,i=1,. .., k form an orthonormal
basis of RF with respect to (-, )o, and

(x, Ay)o = (6, Ay) =V (x,9,Cl,...,Cn_2) . (7.73)

We deduce that the k x k matrix of A with respect to the basis €1, . . ., & is symmetric,
irreducible, and has non-negative off-diagonal entries. Therefore (7.72), the positivity
of i_zcl (cf. (7.70)) and the Perron-Frobenius theorem Corollary 7.A.3 yields that 1 is
the maximal eigenvalue of A, anditis a simple eigenvaule.

Next we claim that if x € R¥, then

(Ax, Ax)o = (x, Ax)o. (7.74)

For n > 4, it follows from first applying (7.71) and the definition of (-, -)o, and then the
known (n — 1)-dimensional version of (7.69), and finally (7.62) that

k hC] (l/li) % (Fx(ui)v FC] (ui)’ cee 9FCn_2(ui))2

(Ax, Ax)g = ; % (Fcl (ui), Fe, (u;), ..., Fc,,_z(”i))

k
> " hey (i) -V (Fe(u), Fo(wi), Fo, (), ..., Fe, (i)
i=1

= nV(Cl,X,X, Cz, e ,Cn).

Here (x, ﬁx)o =nV(Cy,x,x,Ca,...,C,) follows from the the symmetry of the mul-
tilinear form and (7.64), proving (7.74) if n > 4. The argument is the same if n = 3,
only no C, ..., C, are involved.

Finally, (7.74) yields that any eigenvalue A of A satisfies A2 > A. Since we have
already seen that 1 is the maximal eigenvaule and it is a simple eigenvalue, we deduce

that the positive eigenspace of A is one dimensional. Since (hp, Ah p=V(P,P,Cy,..

0 by (7.73), Lemma 7.A.4 implies (7.69). ]

Before starting the argument to prove the Aleksandrov-Fenchel Inequality, let us
point out that any finite family of compact convex sets can be simultaniously approx-
imated by strongly isomorphic simple polytopes according to Proposition 1.8.5.

Proposition 7.A.9. For compact convex sets Cy,...,Cy C R" and € > 0, there exist
strongly isomorphic simple polytopes Py, ..., Pr C R" such that 5§y (C;, P;) < € for
i=1,...,k

* Cn—2) >
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Proof of the Aleksandrov-Fenchel Inequality (7.59). It follows from Proposition 7.A.9
that the Aleksandrov-Fenchel Inequality (7.59) is equivalent to the following state-
ment: Ifn >3and Cy,...,Cy,_2, K, L C R" are strongly isomorphic simple n-polytopes
containing the origin in their interior, then

V(K,L,Ci,...,Ch2)? > V(K,K,Ci,...,Ch2)V(L,L,Cy,...,Cn2). (7.75)

In turn, (7.75) follows from Poroposition 7.A.8 by taking L = P and x = hg (cf. The-
orem 7.A.7. u

7.B Supplement: The Simplex Mean Width conjecture and some
related results

In this section, we mostly survey some extremal properties of the mean width of
polytopes of bounded complexity. We recall that the first instrinsic volume V| (P) is
proportional to the mean width of the polytope P = conv{vy,...,vr} € R”, (cf. (7.6)
and (7.7)), and

Vi(K) = ‘/S maxk(vi, u)du. (7.76)

Wpn-1 n-11=1,...,

Remark 7.B.1 (Some extremal properties of the Platonic solids). Let k =4,6,12 and
i =1,2,3. For a 3-polytope P > B* and having at most k faces, the minimum of V; (P)
is attained exactly if P is a circumscribed regular tetrahedron, cube and dodecahedron,
respectively. For volume and surface area, this is due to L. Fejes Toth [213,216,217]
(see Theorem 7.7.8), for the mean width (or V; (P)), this is due to Florian [236].

For a 3-polytope P ¢ B and having at most k vertices, the maximum of V;(P) is
attained exactly if P is an inscribed regular tetrahedron, octahedron and icosahedron,
respectively. For volume, this is due to L. Fejes Toth [214,216], for the surface area
(V2 (P)), this due to Linhart [413], and for the mean width (V;(P)), this due to Linhart
[412] (see Theorem 7.B.2).

We present the argument for the following theorem due to Linhart [412] based on
the Moment Theorem (7.54).

Theorem 7.B.2 (Linhart). For k = 4,6, 12, among 3-polytopes of at most k vertices
contained in B3, the ones with maximal mean width are the inscribed regular tetra-
hedron, octahedron and icosahedron, respectively.

Remark. Stability version is due to Boroczky, G. Fejes Téth [97].

Proof. Let P C B be a polytope having maximal mean width assuming that P has at
most k vertices, and hence P has k vertices vy, ..., € S"=1 and o € P. Therefore,
Theorem 7.B.2 follows from (7.76) and applying (7.54) in the Moment Theorem with
g(t) = cost. ]
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If B is ball in either in R", or in the hyperbolic space H", or in the sphere S",
then among simplices contained in B, the regular simplex has the maximal volume.
Probably known to Steiner in R" (as his symmetrization method yields the state-
ment), due to Bordczky [89] on §”, using spherical Steiner symmetrization, and due
to Peyerimhoff [488] in H", using Euclidean Steiner symmetrization in the Beltrami-
Cayley-Klein model of H" (see Section 4.A for the Beltrami-Cayley-Klein model).
Actually, Haagerup, Munkholm [291] (see Peyerimhoff [488] for a simpler proof)
prove that among all simplices in H", n > 3, the regular ideal simplex has maximal
volume (ideal simplex in the Beltrami-Cayley-Klein model of H" is a Euclidean sim-
plex whose vertices are ideal points, and hence lie on S"~1).

If we are to maximize the mean width and not the volume of a simplex contained
in a ball in R", the problem becomes much more difficult.

Conjecture 7.B.3 (Inscribed Simplex Meanwidth Conjecture). Among simplices con-
tained B", n > 4, the inscribed regular simplices, and only them, maximize the mean
width.

Litvak [414] provides a survey about history, equivalent formulations of Conjec-
ture 7.B.3 in terms of random Gaussian processes and coding theory. We note that
the conjecture was believed to hold by the imformation theory comunity (see for
example Balakrishnan [33] in 1963), and false proof was published for example by
Landau, Slepian [409] in 1966 applying similar ideas as in the 3-dimensional case
Theorem 7.B.2.

If in oder to verify Conjecture 7.B.3, one tries the mimic the argument in the
3-dimensional case of the Simplex Mean Width Conjecture 7.B.3 using the Momen
Theorem (7.54), the missing result is the following one:

Conjecture 7.B.4. For p € S™, m > 3 and r € (0, 7), among spherical simplices
Q C 8™ of given m-volume, the regular simplices centered at p maximize H™(Q N
Bsm (p, r))

The case m = 2 of Conjecture 7.B.4 is due to L. Fejes Toéth [216,217]. Conjec-
ture 7.B.4 would yield the analogue of the Moment Theorem 7.7.6 on §"~! for n > 4
and k =n + 1, and via this statement it would yield Conjecture 7.B.3 (see Litvak [414]).

Following Litvak [414], let us collect some observations concerning the Simplex
Mean Width Conjecture 7.B.3 where A,, is the regular simplex inscribed into B".

e Vi(A,) ~ 4y/mVInn as n tends to infty;

o if Q c B"isasimplex, then V{(Q) < (1 + %)Vl (A;) for an absolute constant
c>0;

e ifn=2m - 1,and C,, regular cross polytope inscribed into R N B", then V| (A,,) <
"T” V1(C). This shows how hard the Simplex Mean Width Conjecture is, as an
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inscribed polytope of dimension about n/2 has the same number of vertices and
essentially the same mean width as the n-dimensional regular simplex.



Chapter 8

Convex bodies and Gaussian curvature

We recall from Section 2.1 that if K € R” is a convex body, then K is Lipschitz, and
H ! ae. point y € dK is regular; namely, there exists a unique exterior unit normal
vector vk (y) € S*~! at y, and we write 0’K to denote the set of regular boundary
points. However, 9K is even twice differentiable at "~ a.e. point y € K according
to Aleksandrov’s theorem. This chapter is concerned with notions and arguments using
the Gaussian curvature at these points. These notions are naturally easiest to handle
for convex bodies with Cf boundaries; therefore, this is the case where we focus our
attention. We show that K being C? is equivalent to saying that hg is C? with pos-
itive defnite Hessian on §”~!. The topics include approximation of any convex body
by ones with C;° boundary, using similar type of approximation to verify the weak
convergence of surface area measure, various versions of affine surface, and a close to
be optimal stability version of Brunn-Minkowski inequality for convex bodies. While
Chapter 7 has already introduced mixed volumes using Minkowski’s original ideas
based on polytopes, in this chapter, we build the theory independently based on Hil-
bert’s and Aleksandrov’s approach based on of mixed discriminants of the Hessians
of the support functions of convex bodies with C2 boundary. This other approach con-
nects the Brunn-Minkowski theory to the realm of Minkowski type Monge-Ampere
equations, discussed in Chapter 9 and Chapter 2?.

8.1 Second order differentiability of the boundary

According to Aleksandrov’s Theorem 10.6.2 (ii) on the second order differentiabily
of convex functions, for {"~! a.e. point on the boundary of a convex body in R”, the
boundary is twice differentiable in the following sense:

Theorem 8.1.1 (Aleksandrov). If K c R" be a convex body, then H"™ a.e. point
y € 0K satifies that y € 0'K is a regular point, and writing u = —vg (y) and xo = y|u*,
for the convex function ¢ : (intK)|u™ — R with the properties that x + ¢(x)u € 0K,
y = X0 + @(x0)u, there exists a positive semi-definite quadratic form Q on u™ such
that

1
@(x) = p(xo) = 3 Qy (x = x0) + o(|lx = xo|*)
as x € ut tends to xo. In this case, we set

k(y) = detQy (Gaussian curvature).
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Morveover, there exists an orthonormal basis v1, . . .,0,_1 € ut (the "principal direc-

tions") such that
Oy (Z livi) = Z Ki()’)fiz
i=1

i=1
for k1 (¥),...,kn—1(y) = 0 (the "principal curvatures" at y), and x(y) = Hf’:_ll ki ().

13
For H" ! a.e. x € (intK)|u*, we have writing z = x + ¢(x)u,

det D% (x)
K Z) = n+l

=— T (8.1)
(L+[1Dgl?) >

Remark. 9K is C? if 0K is C? and k(y) > O for y € K. In this case, vk : 9K — §"~!
is the Gauss map, and as K is strictly convex (3K contains no segment), we deduce
that hg is C! on R*\{o} and Dhg (u) = x if x € 'K, and u = tvg (x) for t > 0 (see
Lemma 1.6.7).

Definition 8.1.2. If 1 <i < d and A is a d X d symmetric matrix, then ;A is the ith
symmetric function of the eigenvalues of A. In particular, 0; A is the sum the determ-
inants of the i X i principal minors of A.
Example 8.1.3 (Gaussian curvature for balls and polytopes).

Polytopes: If K is an n-polytope, then x(y) = 0 for any y € 9’K.

Balls: Letvy, . . ., v, be any orthonormal basis of R”. For z = (z1,...,2,x) = X1, ZiU;

and R > 0, we have
hg g (2) = Rllzll = Ry + ...+ 22

If z # o, then
d Rz;
d_thB"(Z) = —
! z%+...+z%
d? (z%+...+zﬁ)—z?
— hrpn(z) = R- > I
dz; (z1 +...4+25)2
2 —Rzizj
hrpi(z) = ————— fori#j.
dzizj (Z3+...+23)3

Since v, = (0, ...,0, 1), it follows that

D?hgpn (v,) = diag[R, ..., R,0]. (8.2)
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It follows that for any x € 9RB™ and the exterior unit vector # = x/R, we have

-1 D*hgpn (1) R

k(x) = R,

)

Definition 8.1.4 (Curvature function). If 9K is Cf for a convex body K c R”, then
fx : 8"~1 — (0, c0) is the curvature function where fx (vi (y)) = for y € K.

o D*hgpn (1)

K(y)

Theorem 8.1.5. If 0K be C2, then hy is C*> and D*hy is positive defnite on R"*\{o}.
Lety € 0K.

(i) D’hi (v (y)) = diag [ 0| with respect to the orthonormal basis

1 1
ki (¥)? " Kn1 ()

U1y Un—1, VK (¥) of R" where vy, . . ., v,—1 are the principal directions at y, and
K1 (y) ., Kn—1(y) are the corresponding principal curvatures.
(il) — ( ) = O'n—lDth(VK(y)) = fk (v ().

(iii) If g + S"~! — R is bounded measurable, then
[ etwartw = [ gttt arr! o (8.3)
sn-1 oK
| soxenar = [ oD dn w6
_ /S ) fie () dH () (8.5)

1 1
(iv) |K|=—/ hKdeﬂ"‘lz—/ hi - 0p1D*hg dH" "
n ., jsn-1 n Jgn-1

Proof. For (i), k(y) = detQ, > 0 and k1(y), ..., kn-1(y) > 0in Theorem 8.1.1 (iii).
Assume y = xg = o, and use the orthonormal basis vy, . .., v,-1, v, of R" where v,, =
vk (y) and vy, ..., v, the principal directions at y, thus Dhg (tv,) =y = Dhg (v,)
for ¢ > 0 yields

0n0;ihg (vy,) =0 fori=1,...,n. (8.6)

Using the notation of Theorem 8.1.1 and «; = «;(y), we have

-1
O(X1s. .. Xnot) = 52” +o(|Ix1?)

forx = (x1,...,x4-1) € vy and C? function ¢, thus

Do(x1,....xp-1) = (kixr + o(lIx[]), . . ., kn-1Xn-1 + 0(|Ix]])).
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For z = (x, ¢(x)) € K, we deduce that ¥, = (D¢(x), —1) exterior normal at z, and
Ve = (kixr +o(llx), - - -, kn—1xn-1 + o([Ix[]), = 1). (8.7)

Combining (8.7) and «q, . . ., k,—1 > 0 yields a local diffeomorphism x — V,, x € v,f,
Vz € Uy + Ui, 7 = (x, ¢(x)) implying

Dhg (kix1, . .., kno1Xn—1,—1) = (x1 + o(lIx])), . ... xa1 + o(|lx[]), o (lIx]|*)) € K.
It follows that for w = (wy, ..., w,—1) € v;;, we have
w1 Wy -1
D (... w1 ~1) = (K—1 ol s 2L ol o(lul)
and hence D?hk (vi (y)) = diag [ﬁy) ces mO] (cf. (8.0)).

Readily, (i) implies (ii). For (iii), (8.7) yields that if X ¢ dK measurable, then
H e (0) = [ k) a# ),
X

We deduce (8.3), and in turn (8.3) yields (8.4) and (8.5).
Finally, (iv) follows from (2.3) taking g = hg in (8.4) and (8.5). [ ]

We deduce from Theorem 8.1.5 that if K is C? for a convex body, ¢ > 0 and
u e S" ! then

D?hk (tu) = % - D*hg (u). (8.8)

Still, we usually consider the restriction of hg to S§"=1 Let us discuss the various
related notions of differentials of functions on the sphere:

Definition 8.1.6. Fora C? function & : "' — R, let A(tu) =t - h(u) and h(tu) = h(u)
fort > 0and u € "', and hence h, h : R"\{0} — R are C? on R"\{o}. In particular,
Ru is an eigenspace (with eigen value zero) of both D/ () and D?h(u), and we define

Vh(u) = Dh(u)|ur = Dh(u)|,e (8.9)
V2h(u) = D*h(u)l,e (8.10)
D?h(u) = D*h(u) = D*h(u)),: . (8.11)

Remark. V1 is the spherical gradient and V27 is the spherical Hessian of / in Defini-
tion 8.1.6 with respect to a moving orthogonal frame in the sense of Riemannian geo-
metry (see Schneider [522], Section 2.5) where combining (8.10), (8.11) and h(x) =
[lx]l - A(x) yield

D?h(u) = D*h(u) = V*h(u) + h(u) I, (8.12)
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for u € $"~! on the tangent space u*.

We recall that if K c R" convex body with o € int K, then ok (1) - u € K and
ok (u) = ||u||1‘<1 for u € $"~'. In particular (cf. Section 2.2),

AK is C? = pg is C>on §" ! < || - ||x is C? on R"\{0}.

In addition, ||u||x+ = hx and ||u||x = hg. for the polar K* = {x e R" : (x,y), y € K}
of K (cf. Section 1.9).

Theorem 8.1.7. Let K C R" be a convex body.

(i) 0K is Cf if and only if hx is C* and D%hg positive definite on € S"~, which in
turn holds if and only if h = hi|gn-1 is C* and V?*h is positive.

(ii) Assuming o € intK, 0K is C? if and only if 0K* is C2.

Remarks. Similar results hold if C? is replaced by C<°. For the relation between the
Gaussian curvatures at x € dK and x* € dK* with (x,x*) = 1, see Theorem 8.9.4.

Proof. We may assume o € int K. (i) and (ii) follow from verifying the following cycle
of implications:

OK is C2 = D*hg pos. def. = 9K* is C2 = D%hg- pos. def. = 9K is C2.

Having Theorem 8.1.5, (i) and (ii) follow by proving thatif /g is CZ on R”\{0} and
D?h (u)],- positive definite u € S"~!, then OK* is C2. As || - ||k = hk, we already
know that K* is C2. Therefore, all we have to prove is that

Kox-(z) > 0if 7 € OK*. (8.13)

Since this property is invariant under linear transformations, we consider the (unique)
y € 0K such that (y, z) = 1, and apply ® € GL(n) such that § = ®y € §"~!, Vg =79
for K = ®K and each principal curvature at § € 9K is one. It follows that there exists
a € (0, 1) such that for the ellipsoid E with one principal semi axis is conv{0, y}, and
the other principal semi axes are of length a, the "upper half of E" is contained in K;
namely, {x € E : {x,7) > 0} C K.

On the other hand, K* = ®~'K* satisfies that ®’z = § and vg. = J. Since any
w € K* with (w, ) > 0 satisfies (w, x) < 1 for any x € E with {x, §) > 0, we deduce
that {w € K* : (w, ) > 0} c E*, which in turn yields (8.13). [

Now we characterize C? functions on the sphere S”~! that are restrictions of sup-
port functions.

Lemma8.1.8. For C? functionh:S" ' =R, let h(tu) =t - h(u) fort > Oandu € S*~ !,
and hence h : R" — R is C? on R™*\{o}.
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(i) h = hg|gn-1 for a convex body K if and only if D*h(u) is positive semi-definite for
ue Sn—l’.

(ii) 0K in (i) is C? if and only if V?h = 52i~z(u) = D?h(u)|,. is positive definite for
ues1

Remark.

* The convex body K in (i) is strictly convex (0K contains no segment), but may not
have a C! boundary (cf. Lemma 1.9.6).

o If his C* and V?h is positive definite, then 0K is C° in (ii).

 Itfollows that forany f € C2(S" ") (f € C* (5" 1)), there exist R > 0 and a convex
body K c R with Cf boundary (with C{° boundary) such that f = hg — hg p».

Proof. D?h(x) positive semi-definite for R”\{o} if and only if / is convex on the half
space {x € R" : {x,u) > 0} for any u € S"~!. As h is homogeneous by definition, the
convexity of / is equivalent to the property that 7z = hg for a compact convex set (cf.
Lemma 1.6.8). In this case, K is a strictly convex body by Lemma 1.6.7.

Finally, (ii) follows from Theorem 8.1.7. ]

Next we verify that differences of support functions with CJ° boundary are dense
among continuous functions on §"~!.

Proposition 8.1.9. If g : S"' — R continuous and € > 0, then there exists convex
bodies K,C C R" with C{° boundary such that

llg = (he — hg)lleo < &5 namely, |g(u) — he(u) + hg(u)| < € foru € Nas

Proof. According to the Stone-Weierstrass theorem Corollary 10.5.2, there exists a
polynomial on R” such that its restriction 4 to S~ ! satisfies ||g — /|| < £. In particular,
his C®, and let A(tu) =1 - h(u) fort > 0and u € §™ 1.

Choose R > 1 such that for any u € $"~!, each eigenvalue of D?/(u) is larger than
1 — R. For K = RB", each eigenvalue of D?hy (u)|u* is R for u € S"~!, and hence
D?(h + hg)(u)|u* is positive definite for u € S*~!. It follows from Lemma 8.1.8 that
h+ hg = h¢ for a convex body C ¢ R with C° boundary by Lemma 8.1.8. |

Firey [234] solved the problem of approximating by convex bodies with C;° bound-
ary in an elegant manner.

Theorem 8.1.10 (Approximation by smooth convex bodies). If C C R" is compact
convex and & > 0, then there exists a convex body K O C in R" with C{° boundary
such that 6 (K, C) < g, where K is o-symmetric if C is o-symmetric.

Remark. It is equivalent to saying that hg is C* on R™\{o} such that D?hg (u)],,: is
positive definite for u € 7! and ||hc — hk||le < €.
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Proof. Let P be an n-polytope such that C C int P and 6 (C, P) < § (cf. (1.14) where
P is o-symmetric if C is o-symmetric). It is sufficient to construct a convex body
M > C such that hps is C* and 6y (P, M) < § because K = M + £ B" works for
Theorem 8.1.10.

Assume that o € int P and vy, . . ., v are the vertices of P. Fori =1,...,k, E; is
an ellipsoid centered at v; /2 such that

. £
conv{o,v;} C intE; C conv{o,v;} + 3 B"

(e.g. E; has semi axes ”'g” +%£.%,...,%). As E;isanellipsoid, hg, (x) = y/(Aix, x) +
(%, x) for a positive definite n X n matrix A;, thus hg, > 0is C* on R"\{o}.
Let M, be the convex body for p € [1, co] with

1
Kk v
1
hw, = max hg, and hy, = (;;hgi) for p € [1, c0)

where hyy, is convex by the Minkowski inequality and is C* on R"\{o} if p < oco. For

large p € (1, 0), we have P ¢ M), C M, C P+ % B", and hence 6 (P, M) < %.
Finally, let K = M), + £ B" for large p. Since hm, |gn-11s C*, it follows that hig | gn-1

isCY,and 6 (C,K) < €. n

8.2 Surface area measure and the curvature function

Surface area measure has been already introduced in Section 2.5. Here we discuss
properties that are related to the second differentiability of the boundary. First, we
recall the definition of the surface area measure.

Definition 8.2.1. For a compact convex set K C R", the surface area measure Sk is
the following Borel measure on §"~ !,

* If K is convex body, then
Sk(w)=H"" ({x € K : vk (x) € w});

namely, /sn-l gdSk = fak g o vk dH™! for bounded measurable g : S"~! — R.

o IfdimK=n-1landK c x+u* foru € S"~! and x € R", then supp Sx = {u, —u}
and Sk ({u}) = Sk ({-u}) = H" 1 (K).
e IfdimK < n-2,then Sk =0.

Example 8.2.2.
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» If K is an n-dimensional polytope with facets F1, . . ., F), and exterior unit normals
Ui,...,Un,then

supp Sk = {u1,...,um} and Sx ({u;}) = H" Y (F),i=1,...,m.

e IfK=rB"forr >0,then Sg = "1 - H" 1
+ If9K be C?, then dSk = frdH" " where fx (vk(x)) = 1/k(x), forx € 9K, is the

so called curvature function on S”~! according to Theorem 8.1.5. In other words
(cf. (8.12)),

dSx = on_1D*hgx dH" ! = det D2hgx dH"!

det (V2h + hl,_y) dH"! (8.14)

for the C? function & = hg|gn-1.

Using Aleksandrov’s Theorem 10.6.2 and Theorem 8.1.1 on the second order
differentiabily of convex functions and hypersurfaces, the formula (8.14) for convex
bodies with C? boundary can be partially generalized to any convex body.

Remark 8.2.3. For any convex body K ¢ R", Sx = S% + S} on §"=! where

e dS% = fxdH"! is the absolutely continuous part, and fx (1) = On_1D?*hi (1)
(see Theorem 3.5 in Hug [337]) is the "generalized" curvature function for H!
ae uesl;

*  S§% is asingular Borel measure (i.e. there exists X C 5"~ such that H"~1(X) =0
and S};(S"*I\X) = 0) and S} is regular (see Theorem 10.1.3).

Example 8.2.4. Let K c R” be a convex body.

e [If K is apolytope, then Sk = S}

« If 0K is CZ, then dSk = dS% = fxdH" .
Let us list some fundamental properties of the surface area measure that are dis-

cussed in this book.
Basic properties of Sk

© Sg($™h) = S8(K);
o Saux=A""1-Sk;

e Sk Borel measure, “first variation of the volume" (see Theorem 7.5.2); in particular
(cf. Lemma 2.5.7 and Proposition 2.5.9),

1 K+oC
K| :_/ hg dSk and  lim M=/ hc dSk; (8.15)
n Jsn- o0—0* 1% sn-1

e Sk =Scif and only if K and C are translates (cf. Proposition 8.4.3);

* Sk is weakly continuous in K (see Proposition 8.4.1);
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. /S"‘l u dSk (u) = o (cf. Lemma 2.5.7) and supp Sk is not contained in a closed
hemisphere (cf. Lemma 2.5.6), which properties characterize a surface area meas-
ure of convex body (see Theorem 9.2.3).

8.3 Mixed volumes and smooth convex bodies

Mixed volumes have already been considered in Chapter 7, and their study there was
based on polytopes. In this section, our discussion of the mixed volumes is independ-
ent of Chapter 7, and is based on Theorem 8.1.5 for a convex body K c R" with
C? boundary. Let us summarize the corresponding properties of convex bodies with
smooth boundary following Theorem 8.1.5:

Remark 8.3.1. Foraconvex body K ¢ R” with C? boundary and u € §"~!, D%hy (u) =
D?hg (u)|,+ is a (n — 1) x (n — 1) positive definite matrix, and u is an eigenvector of
D?hg (u) with eigenvector zero. In particular,

01(D*hg (1)) = 0(D*hi () (8.16)

fori=1,...,n—1.1fu = vg(x) for x € K, then

det D*hg (1) = 001 D*hic (u) = fic (u) = k(x)7"; (8.17)
K| = % /Sn_] hx det D*hyx dH™ . (8.18)
If C ¢ R" with C? boundary and a, 8 > 0, then
D*hokspc = aD*hg + B D*he. (8.19)
It follows from (8.14) and (8.15) that
9133+ @ = /5 e -det D*hg dH"". (8.20)

If h = hg|,+, then the spherical Hessian V2h satisfies (icf. (8.12))
D?hi (u) = V2h(u) + h(u)I,—, on the tangent space u*. (8.21)

Based on (8.18) and (8.19), the idea is that first we understand the determinant of
linear combination of matrices in order to verify that the volume of a positive linear
combination of smooth convex bodies is polynomial in the coefficient.

Deﬁnition 8..3.2 (Mixgd Discriminant). Id Ay, ..., Ay are d X d real matrices, A; =
[ail), s as)] for aﬁ.l) eR9, d > 1, then
1 . 4
D(Ar.....Ad) = — > det[a\™ D). {7 (D],

m:{l,..., d}—A{1,..., d} bijection
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Remark. D(Ay,...,A;) is symmetric and linear in its variables Ay, . .., Ay; namely,
if B1,...,B8x € Rand By, ..., Bg are d X d real matrices, then
k k
D|Ay,...,Aa1, ) BiBi|= D BiD(AL..., Aa 1, B)), (8.22)
j=1 j=1
andif Ay,...,A,, are d X d real matrices and Ay, ..., 4, € R, then
m
det| > 4;451= > D(Ai.. Ay Ay (8.23)
j=1 Qlyenns ige{l,..., m}
Lemma 8.3.3. If Ay, ..., Ay are d X d positive semi-definite symmetric matrices,

d>2 then D(Ay,...,Aq) =0, and even D(Ay,...,Ag) >0 if Ay,..., Ay are
positive definite.

Remark. More precisely, given positive semi-definite Ay, ..., Ay, D(A1,...,Aq) >0
if and only if there exist independent vy, ..., v4 such that v; is an eigenvector of A;
corresponding to a positive eigenvalue. In particular, if A; # 0 is positive semi-definite,
and A,, ..., Ay are positive definite, then

D(Ay, ..., Ag) > 0. (8.24)

Proof. As any semi-definite matrix is a non-negative linear combination of matrixes
of the form v v’ for v € §9~!, we may assume that A; = v; v} for v; € §d-1,

Letey,...,eq form an orthonormal basis, and let v; = ®e; for d X d matrix ® and
hence
d d
det (Z AiA; | = det | @ Z Aieie! | @ | = (det®)?A; ... 2.
i=1 i=1
Therefore, D(Ay, ..., Aq) = det[v, ..., vg]?/d! > 0, and D(A;, ..., Aq) > 0 if
v1,...,0, independent. n

Theorem 8.3.4 (Mixed volumes for smooth convex bodies). IfKi,...,K, andCy,...,C;
are convex bodies in R" with Cf boundaries, then

= D V(K K)o A,

I15enns inef{l,..., m}

(i)

[
J=

I
o;jV(Ki,...,Kn1,Cj) =V Kl,...,Kn_l,ZQjCj forany o; > 0.
1 =
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n
(ii) n'\V(K1, ..., Ky) = Z(—l)"—" Z Kj +...+Kj]|

i=1 1<ji<..<ji<n
(iii) V(K1, . . ., K,) is continuous and symmetric in K1, . . ., K.
(v)V(Ki+z1,...,Kn+2z) =V(Ky,...,K,) forzy,...,z2, € R™
(v) V(®K,, ..., ®K,) = V(K1 ..., Ky) for ® € SL(n) .

n—i i
————
(vi) Setting V(K1,...,K,Ks,...,K3) =V (K|, Ky;i), we have
n

V(LK) + 1K) = Z (’:)V(Kl, Ko i) A7 25, (8.25)
i=0

(vii) For an absolutely continuous so called mixed area measure Sk, ... k,,_, on S~ L

1 _ _
V(K. ....Ky) = —/ hg, D (Dthl, . .,Dthn_l) dH"!
n sn-1

1
= —/ hk, dSk,,...K,_,- (8.26)
n sn-1

wiii) V(K,...,K) = |K| and Sk....x = Sk.
(ix) V(K1,....,Kn) >0and V(Ki,...,Ky) > V(C,...,Cy) if C; C K;.

(x) Mean curvatures: ifi=1,...,n—1and 0K is Cf, then

n(”_, 1) -V(B",K;i) (n=wn_i - Vi(K) =/ o:D*hi (u) du
1 sn-1

/ Opo1-i(k1(x), ..., kp-1(x)) dx. (8.27)
0K

Proof. We may assume that o € int K;, thus hg, (u) > Oforu € S"landi=1,...,m.
According to (8.18) and (8.19), if K = Y} | A;K;, then
1 _
V(K) = - / hi (u)D*h (u) du;
n ., Jsn-1
hK = Z }-LhK,s
i=1
D’hx = . AiD%hg,.
i=1

Therefore, (8.23) and (8.26) yield (i)-(vi), and Lemma 8.3.3 implies that V (K1, . . ., K;;) >
0in (ix). It follows from (8.20) that if M, C c R" are convex bodies with C2 boundaries,
then

1 _
V(M,...,M,C):—/ he - det D?hyg dH™ .
n Jgn-1
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Considering M = Zl'.’:_ll AiK;for Ay,...,4,-1 > 0and the linearity of the mixed volume

and the mixed discriminant imply (vii). In turn, (vii) yields (viii) and (ix).
d—i i
——— ——
For (x), (‘;)D(Id, .1, A, ..., A) =0;(A) for any d X d positive definite matrix

A, and hence (8.16) and (vii) imply

n—1-i i

1 — — — —
V(B",K;i) = —/ hgn - D(D*hgn,...,D*hgn,D*hk, ..., D*hg) dH" !
n  Jsn-1

1(n—1\" . »
Sn,—l

n 1

Theorem 8.3.5. The mixed volumes can be defined for any convex compact sets in
R™ in a way such that Theorem 8.3.4 (i)-(vi) hold; moreover, V(K,...,K) = |K|,
V(Ki,....Kn) 20and V(Ky,...,K,) 2 V(Cy,...,Cp) if C; C K.

(a) If K C R"™ convex compact and C C R" convex body with o € intC, then S(K) =
nV(K,B"; 1) and Pc(K) =nV(K,C;1).

(b) For any convex compact sets K1, ...,K,_1 C R", there exists a (unique) finite

Borel measure Sk, ... k,_, on SV called mixed surface area measure such that

.....

for any compact convex C C R", we have
V(Ki,...,Kn-1,C) = %./Sn_l hc dSk,,...k,_, (8.28)
where Sk, .k = Sk.
Remarks. The symmetry and positive linearity of the mixed volumes and the unique-

ness of the mixed surface area measure yield that Sk, .. k,,_, is symmetric and positive
linear in each of its variables.

.....

Proof. We may assume that all convex compact sets Ky, ..., K, Cy, ..., C,, are
contained in int RB" for some R > 0. We can approximate them by convex bod-
ies El, e, Em, 51, R C~m with Cf boundary, and each mixed volume is at most
V(RB",...,RB") = R"w, by the monotonicity property (ix). Therefore each formula
holds by approximation.

For (a), use Theorem 8.3.4 (vi) and Pc(K) = lim,_,o+ WLQHK'.

To construct the mixed surface area measure Sk, . k,_, for convex compact sets
Ki,...,K,—1 CR"in(b), theideais to consider a positive linear operator L : C(S"‘l) —
R such that for any compact convex M C R",

L (haglgn-1) = V(K . ... Kno1, M). (8.29)
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Let V c C(S"!) be the real vector vectorspace generated by the restrictions of the
support functions of compact convex sets to S”*~!. As the mixed volume is positive
linear (see Theorem 8.3.4 (1)), the definition of L as in (8.29) extends to a linear operator
on V. It follows from the monotonicity of the mixed volumes (see Theorem 8.3.4
(ix)) that L is a positive operator; namely, L(f) > O for non-negative f € YV, and
hence also L(|f]) < ||f|le - L(1) where L(1) = V(Ky, ..., K,-1, B"). Since V is
dense in C(S"~!) according to Proposition 8.1.9, L can be extended into a positive
linear operator on C(S"‘l). Then Sk,,...x,_, is the unique Borel measure on sn-1
representing L provided by the Riesz Representation Theorem 10.1.4. ]

We repeat the statement and proof of Lemma 7.3.6.

Lemma 8.3.6. For convex compact Ky, ..., K, CR", V(Ky,...,K,) > 0ifand only
dx;, y; € K; such that x| — yy1, . ..,X, — Y are independent.

Proof. Ifx1 —y,_...,x, — y, are independent, then for s; = [x;, y;], we have
V(Ki,....,Kn) 2 V(s1,...,s,) = |det[x; — y1,...,x, — yull/n! > 0.

If there exist no suitable x;, y; € Kj, then after possibly translating and reindexing,
there exist 1 < m < n and linear (m — 1)-plane L such that Ky, ..., K, c L. Thus
there exist compact convex sets C € L and M C L* such that K; ¢ C if i < m and
K; c C+Mif j > m. It follows that
n-m
V(Kyi,...,K;) <V(C,m;C+M,n—m) = Z (n ;m)V(C,m+j;M,n—m—j) =0.
j=0

Next we show that the centroid of the mixed surface area measure Sk, .. g, , on
§"~1is the origin in R".

Lemma 8.3.7. IfK,...,K,_1 C R" are convex and compact, then
/Snl udSk,... k, ,(u) =o0; (8.30)
and if K c R" is a convex body with Cf boundary andi=1,...,n— 1, then
/ u oi(D*hg (1)) dH" ' (u) = 0. (8.31)

Proof. For any z € R", hy;,(u) = (z,u), and hence Proposition 7.3.6 and (8.28) yield
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implying (8.30).
(8.31) is the consequence of (8.30) and the observation that

oi(D*hi) dH" = dSpn  pig K
—_——— —— —

n-1-i i

(see the proof of Theorem 8.3.4 (x)). [ ]

8.4 Mixed volumes, Minkowski inequality and the Surface area
measure

In this section, we use the theory of Mixed Volumes to establish two fundamental
properties of the surface area measure; namely, weak continuity and characterization
of uniqueness. As a nice application of the continuity of mixed volumes (cf. The-
orem 8.3.4) and the fact that differences of support functions with C? boundary are
dense among continuous functions on S”~! (cf. Proposition 8.1.9), first we show that
the surface area measure is weakly continuous on the space of compact convex sets.

Proposition 8.4.1. If compact convex sets K, tend to K in R", then Sk, tends weakly
to Sg; namely, lim,,_, /S"—I gdSk,, = fsn-' g dSk for any continuous g - S""! - R.

Proof. As Ky — K., [, hc dSk,, = nV (K, C:1) > nV(K,C:1) = [, hc dSk
holds for any C € K" with C2 boundary by continuity of mixed volumes (cf. The-
orem 8.3.4), and hence ./S"*‘ gdSk,, — /S"*‘ g dSk for g € C(S"!) by Proposi-
tion 8.1.9. ]

As we will shortly see, the Minkowski inequality (8.33) follows from the Brunn-
Minkowski inequality (cf. Theorem 1.12.3) stating that if K, C c R" are convex bodies
and a, 8 > 0, then

laK + BC|7 > alK|" + B|C|# (8.32)

with equality if and only if K =y C + z for y > 0 and z € R". Here we provide a proof
of the Minkowski inequality that is actually shorter than the one already provided
in Theorem 7.4.2. We use the formulation of the mixed volumes in terms of surface
area measures (cf. (8.28)), and note that the Minkowski inequality (8.33) is actually
equivalent with the Brunn-Minkowski inequality according to Remark 7.4.4.

Theorem 8.4.2 (Minkowski inequality). If K, C C R" are convex bodies, then

n-1

1
;/ he dSk = V(K,C; 1) > |K|"% |C|# (8.33)
Sn—l

with equality if and only if K and C are homothetic.
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Proof. We may assume that |K| = |C|, and hence (8.33) is equivalent to V(K, C; 1) >
|K| with equality if and only if K and C are translates.

The function f(¢) = |K +¢ CI% is concave for ¢ € [0, 1] by the Brunn-Minkowski
inequality (8.32) because M, = K + ¢C satisfies M% s = % M; + % M;; therefore,
the representation of |K + ¢ C| in terms of mixed volumes (cf. Theorem 8.3.4) and the
Brunn-Minkowski inequality (8.32) lead to

V(K,C;1)- K|+ = £7(0) = f(1) = £(0) = |K +C|n — [K[# > |K|7,

yielding the Minkowski inequality (8.33).
If equality holds in the Minkowski inequality (8.33), then |K + C|# = 2 |K|=, and
hence K and C are translates. ]

Finally, we characterize the cases when two surface area measures coincide.

Proposition 8.4.3. For convex bodies K,C C R", Sk = Sc if and only if K and C are
translates.

Proof. 1t follows from Sx = S¢ and the Minkowski inequality (8.33) that

n n

1 1 o
K| = -/ hg dSkg = -/ hx dSc =V(C,K;1) > [C]"% |K|7;  (8.34)
Sn—l Sn—l

therefore, |K| > |C|. Reversing the role of K and C in (8.34) yields |C| > |K]|, and
hence |C| = |K|. In turn, equality in (8.34) implies equality in the Minkowski inequality
(8.33), and hence we deduce from |C| = |K| that K and C are translates. [

8.5 The Hilbert-Aleksandrov operator and the Aleksandrov-Fenchel
inequality

Our main goal is to sketch the poof of the Aleksandrov-Fenchel inequality for the
mixed volumes based on the paper Shenfeld, van Handel [300] that puts the classical
approach by Hilbert and Aleksandrov on Brunn-Minkowski type inequalities into a
new perspective.

Theorem 8.5.1 (Aleksandrov-Fenchel Inequality). Ifn > 3 and Cy,...,Cn—2, K, L
are compact convex sets in R", then

V(K, L’ Cl, LR ,Cn—2)2 Z V(K’ K7 Cl» LR ,Cn—2)V(L, L’ Cl’ L ,Cn—Z)- (835)

It was David Hilbert who provided a proof of the Brunn-Minkowski inequality
based on the theory of elliptic differential operators at the beginning of 20th century
(his argument is sketched in the 1934 classic Bonnesen, Fenchel [81]), and Aleksandrov
developed further Hilbert’s approach in the 1930’s. The main idea, is that given convex
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bodies Cy, .. .,C,—2 C R"™ with C;° boundary and o € int C;, one considers the elliptic
differential operator (cf. Section 8.5.1)

Af =D(D*f,D?he¢,,...,D*he, ), (8.36)

for f € C*(S™!), which, according to (8.26), satifies that

1 - - -
V(K,L,Cy,...,Chn) = — / hxD (DzhL, D*he,, ..., DzhCH) dH"!
n Jgn-1

- % (hx, Ay (837)

for convex bodies K, L ¢ R" with C? boundary and o € intK, o € int L. Here for
0, € Ly(S" 1, H™ 1) o C?(5" 1), we have

(o, 9) = /Sn_l oy dH" !,

The representation (8.37) of the mixed volume suggests that in order to under-
stand the Hilber-Aleksandrov operator (8.36), we need some properties of mixed dis-
criminants. We note that if A; # 0 is a symmetric positive semi-definite matrix, and
A, ..., Ay are symmetric positive definite matrices, then

D(A1, A, ..., Ag) >0 (8.38)
according to (8.24). The other key property is an Aleksandrov-Fenchel type inequality,
proved in Section 8.A:

Theorem 8.5.2 (Aleksandrov’s Mixed Discriminant Inequality). If d > 2, A is any
symmetric d X d matrix, and B, My, ..., My_, are positive-semidefinite symmetric
d X d matrices, then

D(A,B,My,...,Mg_2)?* > D(A,AM,,...,My_2)D(B,B,My,....My_) (839)

where no My, ..., Mg_» occur in the case of d = 2.

In the upcoming Section 8.5.1, we collect some fundamental properties of elliptic
operators defined on C*(S""!), and we prove the Aleksandrov-Fenchel Inequality
(8.35) in Section 8.5.2.

8.5.1 Self-adjoint Elliptic linear operators and Hyperbolic Quadratic Forms

For properties of self-adjoint elliptic linear operators, see Section 10.7 (based on Caf-

farelli, Cabré [138] and Evans [206], Chapter 6). Following Caffarelli, Cabré [138]).
If & is a self adjoint elliptic operator as above, then its positive eigenspace is the

subspace spanned by the eigeinfunctions corresponding to positive eigenvalues.
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Lemma 8.5.3 (Hyperbolic Quadratic Forms). Let & be a self adjoint elliptic operator
densily defined on C*(S"™") c Ly(S""!, u) for an absolutely continuous measure u
on §™~1 with positive C* density function, and let (-, -) u be the inner product corres-
pending to u. Then the following are equivalent:

(i) (0, EY)2 > (0, 80) (W, EW) if o0 € CZ(S") and (y, EY), > 0.

(ii) The dimension of the positive eigenspace of & is at most one.

Proof. Let A1 > A, > ... be the eigenvectors of &, and let @1, @2, ... € C*(S" 1)
form an orthogonal basis of L, (S"~!, ) where Ex; = A;x;. We may assume that 1 > 0
because otherwise (¢, E¢), < Oforany o € C* (8"1), and hence Lemma 8.5.3 readily
holds.

If (i) holds, then 0 > A1 A2 (1, ¢1) 4 (@2, ¢2)u follows by applying (i) to ¢ = ¢ and
Y = ¢y; therefore, 4; < A, < 0fori > 2.

Assuming (i), we observe that (£, E¢), < Oforany £ € C (5"~ 1) with (£,E¢1), =
0 by (10.15). We may assume that (, &), > 0, and hence (¢, E¢1), # 0. It follows
that (¢,E¢1), =0fora = (¢, E1)u/ (Y, E@1), and € = ¢ — ay; therefore, the con-
dition that & is symmetric yields

0> (6,88, = (0,80), —2a(p, EW)y + &> (Y, EY),.

(@, 8¥)} (0, 8y )2 (0. 802
= (0, 8@y — —— (4, E BT S (g, LSy
8=y gy, T VB (“ w.en) =0 e,

In turn, we conclude (¢, E¥)% > (0. EQ) (W, EYr) . =

8.5.2 The Aleksandrov-Fenchel Inequality via Elliptic operators

In this section, we prove the Aleksandrov-Fenchel Inequality (8.35) using an argument
due to Shenfeld, van Handel [300] based on Hilbert’s and Aleksandrov’s ideas.

Since any compact convex set can be approximated by convex bodies with C}°
boundary (cf. Theorem 8.1.10), we may assume that Cy, ..., C,_2, K, L C R" are
convex bodies with C;° boundary and containing the origin in their interior, and hence
he, () > 0 and 52hci(u) is postive definite fori = 1,...,n —2 and u € S"~'. We
consider the differential operator

Af =D (52 7. D%he,, ... ,52hcn_2) (8.40)

-D (sz, D%he,, ... ,ﬁzth) +D (f o1, D%he,, ..., Ezth)

for f € C*(S™71).
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Next we claim that if f, g, h € C®(S"!), then

D (Ezg,ﬁzh, D%he,.. ..,Bzhcmz) dH"! (8.41)
Sn—l

=/ gD (D*f,D%h, D*he,, ..., Dhe, ) dH™!
Sn—l

which reads as [}, f - D (52g,52h) dH = [,g-D (52f, 52h) dH? if n = 3.
According to Lemma 8.1.8, there exist convex bodies K, K’, L, L', M, M’ C R" with
C{ boundary such that f = hx — hgs, g = hp, — hy, and h = hyy — hyy . Since for any
convex bodies P, Q, R ¢ R with C{° boundary, (8.26) and the symmetry of mixed
volumes (cf. Theorem 8.3.4 (iii)) yield

/ hp - D (D*hg, D*h, Dhe, .., Dhe, ) dH"™!
Sn—l
=nV(P,Q.R,C, ...,Cn2) =nV(Q.P,R,C, ...,Cn2)

=/ ho - D (D*hp, D*hi, Dhe, ... Dhe, ) dH™,
Sn—l

and the mixed discriminant is linear in each of its variable, we conclude (8.41).

If M is any d X d positive semidefinite matrix with ||M|| = 1 (cf. Section 8.5.1),
then D(M, D?hc,, ..., D?h¢, ,) > 0 by (8.38), and hence A is a uniformly elliptic
differential operator (see (10.13) in Section 10.7). In addition, (8.41) yields that A is
also symmetric with respect to L, (S, H"~!); namely,

(f,Ag) = (f,Ag) forany f,g € C°(S"1). (8.42)

The Aleksandrov-Fenchel Inequality (8.35) is equivalent to the inequality (hx, Ahy)? >
(hg, Ahg)(hp, Ahp) (cf. (8.37)); in particular, it is sufficient to verify that the bilin-
ear form (-, A-) extended to L,(S"~!, H"~!) is hyperbolic (cf. Lemma 8.5.3 (i)). In
order to achieve this goal, we provide another interpretation of this bilinear form on
C>(S™~1). We consider the absolutely continuous measure

D(D?he,, D?he,, ..., D*he,_,)
du =

n—1
e dH

1

with positive C* density function, and the differential operator

Af= he, - D(D*f,D?he,, ..., D?hc, ,)
D(D2h¢,, D?he,, ..., D?he,_,)

for f € C2(S"~1). Similarly, as for A, we deduce that A is uniformly elliptic. For the
inner product (¢, %), = fsn-l oW du of o, € Ly(S" !, ), we have

(f, Ag) = (f, Ag), forany f,g € C*(s"") (8.43)
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by definition; therefore, (8.42) yields that Ais symmetric (and hence self adjoint) with
respect to the inner product (-, ).

The reason to work with A instead of A is that hc, is obviously an eigenfunction
of A with eigenvalue 1. As hc, > 0, we are automatically ensured that 1 is the maximal
principal eigenvalue of A (cf. (?2)).

Lemma 8.5.4. If f € C*(S""1), then using the notation as above, we have

(AL AL > (fL AL

Proof. 1t follows from applying first Aleksandrov’s Mixed Discriminant Inequality
(8.39), then (8.41), and finally (8.43) that

(Af, AL), 2/ e, - D(D*f,D*f,D%he,, ..., D*he, ) dH"!
Sn-

:/ 1f-Z)(ﬁzhcl,ﬁzf,ﬁzhcz,...,Ezhcmz)dﬂ"‘l = (f, Af)u.
Sn-
| |

Proof of the Aleksandrov-Fenchel Inequality (8.35). It follows by approximation (cf.
Theorem 8.1.10) that we may assume that Cy,...,C,_2, K, L C R" are convex bodies
with C{° boundary and containing the origin in their interior, and hence h¢c, > 0 and
52hci is positive definite fori = 1,...,n — 2. We use the elliptic differential operator
A as above that is self adjoint with respect to (-, -),,, and satifies that

(hp, Ahg), =nV(P,0Q,Ct,...,Cno2) (8.44)

for convex bodies P, Q ¢ R" with C{° boundary by (8.37) and (8.43).

Let A be any eigenvalue of A with eigenfunction ¢ € C*(S"~!). We deduce from
Lemma 8.5.4 that A2 > A, and hence either 1 > 1 or 1 < 0. Now hc, > 01is an eigen-
function of A with eigenvalue 1, thus 1 is the simple maximal principal eigenvalue of
A (cf. Proposition 10.7.1).

It follows that the positive eigenspace of Alis one-dimensional; therefore, (A1, Ah L)f, >
(hg, Ah K)u(hr, Ah L)u by Lemma 8.5.3, yielding the Aleksandrov-Fenchel Inequal-
ity (8.35) by (8.44). [

8.6 Stability of the (Anistropic) Isoperimetric and the
Brunn-Minkowski inequalities for convex bodies

The Anisotropic Perimeter and the Anisotropic Isoperimetric Inequality has been dis-
cussed for convex bodies in Section 2.4, for sets with rectifiable (or simply Lipschitz)
boundary in Section 4.3, and most generally, for sets of finite perimeter in Section 5.2.1.
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In this section, we provide stability versions of the Brunn-Minkowski Inequality and
the Anisotropic Isoperimetric Inequality fior convex bodies based on estimates in the
case of convex bodies with C? boundary. In turn, we conlude the stability of the Iso-
perimetric Inequality for convex bodies.

While we derived the Anisotropic Isoperimetric Inequality from the Brunn-Minkowski
inequality in Section 4.3, in this section, we use the reverse path: First we prove the
stability of the Anisotropic Isoperimetric Inequality using optimal transport and the
divergence theorem for convex bodies with C? boundary, which in turn yields the case
of general convex bodies, and then deduce the corresponding stability results for the
Brunn-Minkowski inequality. This section essentially follows the arguments of Figalli,
Maggi, Pratelli [224,225], and for the improvements on the factor 6,,, we borrow ideas
from Segal [531] and Kolesnikov, E. Milman [381].

Letusrecall thatif K, E C R" are convex bodies with o € intK, then the Anisotropic
perimeter of E in terms of K is

E+oK| - |E
i |E+oK| ~|E]

. (845
Jim (8:45)

Px(E) = / i (vi) dH = / Vil dH"! =
OE OE

The last formula yields that P (E) = nV(E, K; 1) is continuous in E and K, and
Pog (P E) =|det®| - Px(E) for ® € GL(n). (8.46)

In this setting, the natural distance of convex bodies is in terms of the volume of the
symmetric difference. To define the “homothetic distance” A(K, E) of convex bodies
=1 =1
K,E cR" leta=|K|» and 8 = |E|™, and let

A(K,E) = min{|aKA(x + BE)| : x e R"}.

A(-,-) is actually a metric on the homothety classes of convex bodies (see Claim 8.6.14).
Figalli, Maggi, Pratelli [224,225] proved the following estimate with the optimal expo-
nent in terms of A(K, E), and the best estimate for the factor 8,, has been obtained by
Kolesnikov, E. Milman [381].

Theorem 8.6.1. For 0,, = cn=>(logn)~2 where ¢ € (0, 1) is an absolute constant, if
K, E c R" are convex bodies with o € intK, then

Px(E) > n|K|#|E|"" [1+6,-A(K,E)?]. (8.47)

Remark. Here the exponent 2 of A(K, E )2 is optimal, and 6, can’t be larger than
36n2 (see Remark 8.6.6).

Theorem 8.6.1 yields directly the corresponding stability version of the Isoperi-
metric Inequality, due to Fusco, Maggi, Pratelli [251]. We verify a version where the
factor 8, is slightly better than in Theorem 8.6.1 if E is close to be a ball:
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Theorem 8.6.2. If E C R" is a convex body, then
L.
S(E) > nwi |E|" [1+min{6,A(B", E)2, 6,}] (8.48)

where 0, = 2712n~* and 6,, > 0 depends on n and can be explicitly calculated.

To have a stability version of the Isoperimetric Inequality in terms of the Hausdorff
metric, we note that if 6 (E, B") > 6 for 6 € (0, %), then either there exists u € §*~!
such that (x,u) < 1 - ¢ for x € E, and hence B"\K contains a circular cone of height
6 and of base of radius y/1 — (1 — §)2 > V5; or (1 — 6)B" C K and there exists z € K
with ||z]| = 1 + 8, and hence K\ B" contains a circular cone of height ¢ and of base of
radius 6 - ——21=9 > }‘\/3; therefore,

(1+6)2—(1-6)2

|EAB"| > £nL . 5%t (8.49)
n4n-1
In turn, we deduce the following estimate from Theorem 8.6.2:

Corollary 8.6.3. For ¢ < [0, %), r > 0 and centered convex body E C R"™ with |E| =
|rB"|, if g (E,rB"™) > r6, then

TR
S(E) 2 nw}t [E|"% [1+7, - 6" (8.50)
where 1, > 0 depends only on n and can be explicitely calculated.

Remark. The optimal exponent of 6 in (8.50) is 2 if n = 2 by Bonnesen [84], (n+ 1) /2
if n > 4 by Fuglede [249], and 6* is replaced by 6°/|log | if n = 3 by Fuglede [249]
(see Groemer [272] for a comprehensive survey).

In order to consider the stability of the Brunn-Minkowski inequality , let

E| |K
o (K, E) = max {u u} > 1
K| |E]|
for convex bodies K, E C R".
We note that Figalli, Maggi, Pratelli [225] proved Theorem 8.6.1 with the explicit

n-1 3
factor 6}, = (%)2 that has somewhat worst order as n tends to infinity. The-

orem 8.6.1 yields the following (essentially optimal) estimate:

Theorem 8.6.4. For 6, = cn=>(logn)~2 where ¢ € (0, 1) is an absolute constant, if
K, E c R" are convex bodies, then

O AKEP| (8.51)

o(K,E)n

K+ E|" > (IK|7 +|E|7) |1+

In turn, Theorem 8.6.4 can be written in the following form:



258 Convex bodies and Gaussian curvature

Corollary 8.6.5. For 6,, = cn™*(logn)~2 where ¢ € (0, 1) is an absolute constant, if
K, E c R" are convex bodies with |E| = |K|and Tt < A <1 -1 fort € (0, %], then

|(1-DK+AE| > |K|[1+6,7 A(K,E)*| . (8.52)

Remark. According to Theorem 8.6.7 due to Figalli, van Hintum, Tiba [223], A(K, E)
in (8.52) can be replaced by |E| ™! min_cgn |M,\E| for M, = conv{E U (K — z)}, while
in this case, 6,, > 0 depending on n might be much smaller.

Remark 8.6.6 (Constants in the stability results for convex bodies).

e If the absolute constant ¢ = ¢ works in Theorem 8.6.1, then (8.79) in the proof of
Theorem 8.6.4 shows that ¢ = i ¢ works in Theorem 8.6.4 and Corollary 8.6.5.

+  Here the exponent 2 of A(K, E)? and the exponent 1 of 7 are optimal, and 6,, can’t
be larger than 36172 in (8.47) and (8.51) as the following example by Harutyunyan
[303] shows: It is sufficient to verify that 8,, can’t be larger than 9n~2 in (8.51).
For small € > 0, letm = [n/2], K = [-1,1]" and fort, = 1 + &, let

Eo- [—tete]™ x [—15" 1™ ifn=2m
O [testel™ x [—t5h 5 x [-1,1] ifn=2m+ 1.

It follows that |[E .| = |K| = 2", and as E, K are o-symmetric, we have
A(E;,K) =2""EAK| =t " (0 =)+ (1 —t.") >me > (n/3) e

if £ > 0 is small enough. On the other hand, if € > 0 is small enough, then

== 2% (l+e+(1+e)71)" =
K|n +|Egln 2 ( ) 2
<l+e*<1+9n%A(E,K)%

2m
|K+E8|% R o (1+s+(1+s)‘1)"

* As it was observed by Segal [531], Dar’s conjecture (1.43) would imply that one
can choose 6,, < c¢/n? for an absolute constant ¢ > 0 in (8.47) and (8.51).

Figalli, van Hintum, Tiba [223] have proved an essentially optimal stability version
of the Brunn-Minkowski Inequality for linear combinations of measurable sets:

Theorem 8.6.7 (Stability of the Brunn-Minkowski Inequality for measurable sets,
Figalli, van Hintum, Tiba). Forn >2andt € (0,1/2], there exist ¢,,, dy s > 0 depend-
ing on n and n, t such that if the measurable sets X,Y C R" satisfy that

(1 =X +1Y] < (1+6)|X| and |X] = Y] > 0 (8.53)

for 8 € (0,d,;), then there exists a convex body K such that X,Y —y C K for some
y € R, and
IK\X| = |K\(Y = y)| < c,t™'6"2|X]. (8.54)



Stability of the (Anistropic) Isoperimetric and the Brunn-Minkowski inequalities 259

Remarks.
» The exponents of ¢ and ¢ are optimal in (3.3) according to Remark 8.6.6.

* The condition that 6 < d, ; in Theorem 3.1.5 for some d,; > 0 depending on
n and ¢ is necessary. For example, take X = [0, 1]" N {p} and Y = [0, 1]" where
l|pll > 2n. Then | X|=|Y|=1and |(1 — )X +¢Y| = (1 +¢")|X]| but |conv X| can be
arbitrarily large, and hence d,, ; < t". Actually, d,, ; = t"* according to van Hintum,
Keevash [312].

» Figalli, van Hintum, Tiba [223] verified an even stronger estimate if we compare
the X and Y satisfying (3.2) to their respective convex hulls:

|convX\X| < ¢, 6 |X| and [convY\Y| < ¢, 16 |Y]

where ¢, ; > 0 depends on n, ?.

8.6.1 The Anisotropic Isoperimetric Inequality in the case of C? boundary

In this section, we provide provide a simple proof of the Anisotropic Isoperimetric
Inequality for convex bodies with C2 boundaries using the same idea as in Section 5.2.1
in the case of sets of finite perimeter. The fundamental tool is optimal transport, and
we heavily use Theorem 8.6.8 by Caffarelli [137] (see also Villani [558], Theorem
4.14). For a convex body E ¢ R" and « € (0, 1), we say that a function F' : E — R™
is CK@ for k € N if F is C* in intg, and all of its partial derivatiaves up to order k
extend to a C%® function on E.

Theorem 8.6.8 (Caffarelli). Let E, K C R" be convex bodies with Cf boundaries,
andlet f : E — (0,00) and g : K — (0, 00) be C%®. Then there exists a C*® convex
function ¢ on E such thatT = D¢ : E — K C R" is a C"-? diffeomorphism satisfying
DT (x) is a positive definite symmetric matrix for x € E and

f(x) =g(T(x)) -det DT (x). (8.55)
Theorem 8.6.9 is a special case of Theorem 5.2.4 for sets of finite perimeter:
Theorem 8.6.9. If K, E C R" are convex bodies with Cf boundary and o € intK, then
Px(E) > n|K|#|E|"", (8.56)
with equality if and only if K and E are homothetic.

Proof. We may assume that |E| = |K|, and then we show that the equality case is
characterized by E and K being translates. Applying Theorem 8.6.8 to the functions
f =1f and g = 1, there exists a C' diffeomorphism T : E — K such that DT'(x) is a
positive definite symmetric matrix and det DT (x) = 1 forx € E. FordivT =tr DT, the
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AM-GM inequality for the eigenvalues of DT yields thatdivT (x) > n(det DT (x)) i=n
for x € E, with equality if and only if each eigenvalue of DT (x) is 1; or equivalently, if
DT (x) = I,,. We deduce from the Divergence Theorem 2.1.4, and as T'(x) € K yields
(T'(x),vg(x)) < hg(vE(x)) for x € OE that

Pk (E) = /a ; hg (Ve (x) dH" ! (x) > fa E<T(x),vE(x)>dﬂ"“(x) (8.57)

=/divT(x)dx2/ndx=n|E|=n|K|rlr|E|nnl. (8.58)
E E

which proves the anisotropic isoperimetric inequality. If Pk (E) = n|K |% |E| 7 and
|E| =|K]|, then equality in (8.58) yields that divT'(x) = n(detDT(x))% =nforx €intE;
therefore, DT = I,,. We conclude that T (x) =x + zforaz e R",andhence K=E+7. =

8.6.2 Stability of the Anisotropic Isoperimetric inequality for convex bodies

In order to estimate the error in (8.58) withing the proof of the Anisotropic Isoperi-
metric inequality Theorem 8.6.9, we consider the error in the AM-GM inequality. The
argument leading to the stability version Lemma 8.6.10 of the AM-GM inequality is
due to Harutyunyan [303]. We note that the optimal factor is 2n instead of 4n in (8.59)
(see Alzer [17]).

Lemma 8.6.10. IfA;,...,1,>0,14= ,ll(/ll +...+A4,) is the arighmetic mean, and
A = (A, ... )Y is the geometric mean, then

Z(ai ~26)* < 4n (m'alx ) - (Aa = Ag). (8.59)
i=1 =
Proof. We may assume thatd,, >...>1; > 0. As % ", VA; = VA and (VA; + \//lg)z <
2(A; + Ag) by the AM-GM inequality, we deduce that

Au> g+ Z(\/— %) > A+ — Z(/l—/lc)z

204 +1g)°

which in turn yields (8.59) as A; + g < 24,,. [ ]

Let ey, ..., e, be an orthonormal basis of R". For a symmetric n X n matrix A,

its Hilbert-Schmidt norm is [|A|| = \/X", [|Ae;||>. As the Hilbert-Schmidt norm (see
Section 10.8) is independent of the orthonomal basis of R", we have

1Al = D 2 (8.60)
i=1
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where up, ..., i, are the eigenvalues of A. We deduce from (8.59) (applied to the
eigenvalues of @) and (8.60) (applied to @ — [,,) that if @ is a symmetric positive
definite matrix with det® = 1 and eigenvalues 4, . .., 4, > 0 (and hence max’_ 4; <

tr d, then
@ — I || = + Z(ai ~ 12 < 2Vor oV @ —n. (8.61)
i=1

We also need the Poincaré type inequality (6.20) due to Kolesnikov, E. Milman
[381] that we quote as (8.62). We recall that the centroid of a convex body E ¢ R" is
denoted by ok, see Section 1.11). According Section 6.4, for any convex body E c R",
one find a ® € SL(n) such that E = ®(E — o) is in quasi-isotropic; namely, there
exists 4 > 0 such that fE(x, u)? dx = A for any u € S"~'. Here E is in isotropic position
if, in addition, |E| = 1. We recall Proposition 6.4.16 as follows:

Proposition 8.6.11 (Kolesnikov-Milman). If E ¢ R" is a centered convex body in
quasi-isotropic position, and f : E — R is Lipschitz, then

/ |f =my| dH™! Scnlogn-/llDflld?—(" (8.62)
OE E

for an absolute constant ¢ > 0.

Finally, we need an estimate (8.63) for the volume of the difference of two convex
bodies due to Figalli, Maggi, Pratelli [225]. We recall that for a convex body K ¢ R”
and x € R", IIx (x) is the closest point of K to x, and ||[[Ig (x) — g (y)|| < |lx — yl|
for x, y € R" according to Lemma 1.2.11.

Lemma 8.6.12. If E, K C R" are convex bodies and E ¢ K, then
|E\K| < / Mg (x) — x| dH" ' (x). (8.63)
(OE)\K

Proof. We consider R” embedded into R™*! as fi-for foe S" R™! and hence X =
((0E)\K) +(0,1) fy c R™! is an embedded Lipschitz n-manifold (see Remark 10.4.7),
whose points we write as (x,¢) € X forx € (0E)\K and ¢ € (0, 1).

We claim that the function F : X — R" defined by

F(x,t) = (1 —=t)x + xg (x) =x + t(TIg (x) — x) (8.64)

is Lipschitz and satisfies (int E)\K C F(X). As Ik is a contraction, if x,y € (0E)\K
and t € (0, 1), then

IF G, ) = F(y,)ll = 11 =) (x = y) + 1 (g (x) =g (W)l < llx = yll, (8.65)

thus F is Lipschitz with factor 1 + max,cg ||[IIg (x) — x||. If z € (int E)\K, then x =
s(z —Tlg(z)) € OFE for some s > 1 where z — I[Ig (z) is an exterior normal at [1x (z) €
0K, and hence z = F(x,t) for t = Sé;l
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Next we estimate |det DF (x, )| for x € (0’E)\K and ¢ € (0, 1), and hence X is
differentiable at (x, ). We consider an orthonomal basis fy, fi, ..., fn—1 of the tangent
space vg(x)*t ¢ R™! at (x, 1), and write §;F to denote the partial derivative in the
direction of i = 0,...,n — 1. It follows from (8.64) that dyF (x, t) = I1x (x) — x, and
from (8.65) that ||9; F (x,t)|| < 1 fori=1,...,n — 1; therefore, Hadanard’s inequality
(10.17) yields

n—1
|det DF(x,1)] < [ [ 19:F (x, 1)) < 1T (x) = x|
i=0

We conclude that

1
|E\K|s/ / |detDF(x,t)|dtd7-{"1(x)§/ Ik (x) = x|| dH" 1 (x).
(OE)\K J0 (OE)\K

Proof of Theorem 8.6.1. Since Px(E) = nV(E, K; 1) is continuous in E and K, we
may assume that £ and K have C? boundary. According to (8.46), we may also assume
that |E| = |K| =1, and E is a centered convex body in isotropic position. In particular,
the Anisotropic Isotropic inequality (8.56) is equivalent to Px (E) > n. We set

S(E.K) = Pk(E)

1 b}
and hence Theorem 8.6.1 is equivalent with the existence of a z € R” such that

|EA(K - z)| < cn? logny8(E, K) (8.66)

for an absolute constant ¢ > 0. Since |[EA(K — z)| < 2 for any z € R", we may assume
that
O(E,K) < 1. (8.67)

Applying Theorem 8.6.8 to the functions f = 1z and g = 1, there exists a C!
diffeomorphism 7 : E — K such that DT (x) is a positive definite symmetric matrix
and det DT (x) = 1 for x € E where divT = tr DT. We deduce from (8.58) in the proof
of the Anisotropic Isoperimetric inequality that

1
0(E,K) > —/ (divT(x) —n) dx (8.68)
nJE
In addition, the Divergence Theorem, T(x) € K for x € E and (8.67) yield that

/ div T (x) dx = / (T(x),vE(x)) dH" ' (x) < / hi (ve(x) dH" " (x)
E OE OE
=Px(E)=n(6(E,K) +1) <2n. (8.69)
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As det DT (x) = 1 for x € E and DT (x) = 1 is positive definite, we deduce from
(8.61), the Holder inequality, tr DT (x) = div T'(x), (8.68) and (8.69) that

/||DT(x) —I,||dx < 2/ Vtr DT (x)v/tr DT (x) — n dx
E E

<2- \//E divT (x) dx - \/‘/E (divT(x) —n) dx
< 4n+6(E,K). (8.70)

On the other hand, writing T = (T4, ..., T,) for C! functions7; : E » R,i=1,...,n,
we have | DT (x) — 1,]| = \/Z?:l IT; (x) — e;||? for x € int E. To verify (8.66), we trans-
late K in a way such that my, = 0 for f;(x) = T;(x) — {(e;, x). We deduce by applying
the inequality between the quadratic mean and the arithmetic mean, then Proposi-
tion 8.6.11 to f;(x) = T;(x) — (e;, x), and finally the triangle inequality that

/EIIDT(X)—InIIdxz %[EZHDTi(x)—eindx

1 n
> T(x) — (en, )| d
> /BE;II () = (s, )|l dx

3
cin2logn
1

/ |7 (x) — x|| dx (8.71)
OE

3
cin2logn

for some absolute constant ¢; > 0. Here |[EAK| = 2|E\K| follows from |E| = |K|, and
hence Lemma 8.6.12, T'(x) € K, and combining (8.70) and (8.71) yield

[EAK| = 2|E\K]| < 2 / Ik () — x| dH™ (x)
(OE)\K

< 2/ IT(x) - x|| dx < 8cin? log n\/5(E, K).
OE

We conclude (8.66), and in turn Theorem 8.6.1. [ ]

8.6.3 Improvement in the case of the Isoperimetric inequality for convex bodies

If K = B" in the argument above and E is close to B", then we use the following
improvement of Proposition 8.6.11 (cf. Proposition 6.4.18):

Proposition 8.6.13. IfE C R" is a convex body with |E| = |B"| and |EAB"| < (4n)~%"|B"|,
and f : E — R is Lipschitz, then

/ |f = my| dH™! 38\/71~/||Df||d7-(".
OE E
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Proof of Theorem 8.6.2. The argument is based on the proof of Theorem 8.6.1 in the
previous section. We set K to be the centered Euclidean ball of volume 1, and assume
that |E| = 1. It follows from Theorem 8.6.1 that there exists an explicit 6,, > 0 such
that if §(E, K) < 6,, then |(E — w)AK| < (4n)~2" for a suitable w € R". Therefore,
Proposition 8.6.13 yields that

/ |f =my| aH" " < 8\/2-/ |Df|l dH". (8.72)
OE E
for any Lipschitz function f : E — R.

Using (8.72) instead of Proposition 8.6.11 in the calculations leading to (8.71)
implies

1 n
/Enmm—zﬂn dx > %/E;numm—eindx
1 n
> o 20 - el

1
o | 1760 —xla,
n JOE

and hence Lemma 8.6.12, T(x) € K, and (8.70) yield

EAKI=2E\K| <2 [ (o) =] a0
(OE)\K
< 2/ IT(x) - x|| dx < 64n*\/8(E, K),
OE
proving Theorem 8.6.2. ]

8.6.4 Stability of the Brunn-Minkowski Inequality for convex bodies

We prepare the proof of Theorem 8.6.1 by some simple observations. First (2.3) yields
that

Par(M) = /a o (30 dH1 ) = (8.73)

holds for any convex body M c R”. In addition, since, hx+rg = hx + hg for convex
bodies K, E c R", we have

Pk+e(M) = Px(M) + Pp(M). (8.74)

We also note that A (-, -) is a metric on the homothety classes of convex bodies because
it is obviously symmetric, and satisfies the triangle inequality:
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Claim 8.6.14. If K, E, M c R" are convex bodies, then
AK,E) < A(K,M)+A(E,M).

Proof. We may assume that |K| = |E| = |M| = 1, when the claim follows from KAE C
(KAM) U (EAM) as if x € K\E, then either x € M, and hence x € EAM,orx ¢ M,
and hence x € KAM. m

Proof of Theorem 8.6.4. According to Theorem 8.6.1, there exists and absolute con-
stant ¢ > 0 such that for 8, = én=>(log n) 2, we have

Px(K+E) > n|K[#|E+K|"" (1+8,-AK.K+E)?);
(8.75)

Pe(K +E) nE|%|E + K|+ (1486, - A(E,K +E)?).

\%

When adding the two estimates in (8.75), we use first that Px (K + E) + Pe(K+ E) =
n|K + E| by (8.73) and (8.74), after that the estimate

1 1 1 1
K|% +|E|* |K|* +|E|*
20'(K,E)rl'2max{| [ +IE]" 1K+ |E] }

Kl»IEl
and finally Claim 8.6.14 and the inequality between the quadratic and arithmetic means
to obtain

1 1
K+E|n K|n -
K+E[- K] - (140, AK K +E)?) (8.76)
IK|= +|E|=  |K|7 +|E|x
|E|x
= (1 +0,-AE,K + E)Z) (8.77)
IK|7 +|E|=
0, (A(K,K+E)*+A(E,K +E)?)
>1+ , (8.78)
20(K,E)n
0, - A(K,E)?
21+(—1). (8.79)
40(K,E)n
|

8.7 The Logarithmic Brunn-Minkowski and the Logarithmic
Minkowski conjectures

This section discusses the Logarithmic (L) Brunn-Minkowski Conjecture (8.82) and
the Logarithmic Minkowski (L) conjecture (8.83) that strengthen the Brunn-Minkowski
inequality and the Minkowski inequality. We recall that for A € (0, 1) and convex bodies
K, C c R", the Minkowski linear combinationis (1 —A)K+AC = {x e R" : {(x,u) <
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(1 =D hg(u) + A he(u) Yu € S*~1}, and according to the Brunn-Minkowski inequal-
ity is (cf. Lemma 1.12.2), we have

[(1-)K+AC| > |K|"YC4, (8.80)

with equality if and only if K and C are translates. In addition, the Minkowski’s inequal-
ity (8.33) can written in the form that if |K| = |C|, then

/Sl thSKZ/Sl hg dSk, (8.81)

with equality if and only if K and C are translates.
For A € (0, 1) and o-symmetric convex bodies K, C c R”, their logarithmic or Ly
combination is

(1 -D)K +9AC = {x € R" : {x,u) < hx(u)'"the(u)? foru € S"°1},

and hence (1 — 1)K +¢ AC c (1 = A) K + A C. The Log Brunn-Minkowski Conjecture
is the strengthening of (8.80) for origin symmetric convex bodies, stating that

|(1 =K +9AC| > |K|'A|C|* (8.82)

where assuming that K and C have C! boundary, equality holds only if K and C are
dilates. The equivalent Logarithmic Minkowski conjecture claims that if |K| = |C],
then

/ log he dVk > / log hg dVk (8.83)
Sn—l Sn—l

where assuming that K and C have C! boundary, equality holds only if K = C.

The importance of these conjectures is exhibited by some equivalent formulations
and possible consequences. As it is dicussed in Section 9.4, the Log Minkowski con-
jecture (8.83), including the characterization of equality case for o-symmetric convex
bodies K, C ¢ R" with C;° boundary and |K| = |C], is equivalent with the uniqueness,
conjectured by Lutwak [433], of the solution of the Monge-Ampere equation

hdet(V?h + h1d) = f (8.84)

for a given positive even C™ function f on $"~!.

According to Saroglou [509], the Log Brunn-Minkowski Conjecture yields the
"Strong B-conjecture" stating that if u is an even log-concave measure on R” and K C
R" is an o-symmetric convex body, then ¢ — u(e’ K) is alog-concave function of r € R.
Concerning the Gaussian probability measure y, on R" with density function e‘””x”2,
it was an earlier celebrated "B-inequality" by Cordero-Erausquin, Fradelizi, Maurey
[174], and the case when u is a rotationally symmetric log-concave even measure has
been verified by Cordero-Erausquin, Rotem [178].
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As another possible consequence of the Log Brunn-Minkowski Conjecture (cf.
Livshyts, Marsiglietti, Nayar, Zvavitch [422]), Colesanti, Livshyts, Marsiglietti [171]
conjectured the following generalization of the Gardner-Zvavitch conjecture: If y is
an even log-concave measure on R", then

(1= DK +20)7 > (1 = Du(K) 7w + Au(C)n (8.85)

holds for any o-symmetric convex bodies K, C C R". In the case when y is a Gaus-
sian density (the case of the original Gardner-Zvavitch conjecture), the conjecture was
finally verified by Eskenazis, Moschidis [204]. In additon, Cordero-Erausquin, Rotem
[178] proved (8.101) if u is a rotationally symmetric log-concave measure.

8.7.1 Some equivalent formulations of the Logarithmic Brunn-Minkowski and
Logarithmic Minkowski conjectures

For A € (0, 1) and convex bodies K, C c R" containing o in their interior, Boroczky,
Lutwak, Yang Zhang [110] define the logarithmic or Ly combination by the formula

(1-2)-K+9d-C={xeR": (x,u) < hg(u)' hec(u)' foru e "'},

In some sense, the Ly combination generalizes the coordinatewise product of uncon-
ditional convex bodies (see Section 8.7.6).

Let us list some basic properities of the Ly combination of convex bodies K,C c R"
containing o in their interior (see Section 8.7.5):

e (1-2)-K+94-Cc (1-2)K+aC is aconvex body containing the origin its
interior.

e The Ly combination is linear invariant; namely, if ® € GL(n), then
(1-2)-D(K)+9gA-®P(C)=D((1-2)-K+9A1-C). (8.86)

e (1-2)-(aK)+ - (BC) = al-ﬂﬁﬂ((l —A)-K+oA- c) for @, 8 > 0.

e The Ly combination of polytopes is a polytope, but the boundary of the Ly com-
bination of convex bodies with C2 boundaries may not be even C'.

e K=Ki+...+KyandC=C; +...+Cy, forcompactconvex sets K1,...,K,;,Cy,. ..

of dimension at least one and containing the origin where }}", dim K; = n and

Ci=0;K;for6; >0,i=1,...,m,then (1 - )K +9 AC = 3", 0{K;.

Boroczky, Lutwak, Yang, Zhang [110] conjectured the following strengthening of
the Brunn-Minkowski inequality for origin symetric convex bodies, and Martin Henk
proposed the version with centered convex bodies (see also [107]). We recall from
Section 1.11 that a convex compact set is centered if its centroid (with respect to its
affine hulll) is the origin.
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Conjecture 8.7.1 (Log Brunn-Minkowski conjecture). If 1 € (0,1) and K,C c R"
are centered convex bodies, then

[(1-2)-K+o4-C| = |K|'"MC)? (8.87)

with equality ifand only if K =K1+ ...+ K, and C = C + . . . + Cy, for centered com-
pactconvex setsKy,...,K,,Cy,...,Cy of dimension at least one where Z;Zl dimK; =
n and K; and C; are dilates, i = 1, ..., m.

Remark. For the case of equality, see Lemma 8.7.7. In particular, if K strictly convex
or dK is C!, then equality in (8.87) yields that K and C are dilates according to Con-
jecture 8.7.1.

As it was observed by Nayar, Tkocz [472], (8.87) may not hold if K, C c R" are
arbitrary convex bodies with o € int K and o € int C. For example, if K = [—%, %]",
then [(1 —)K +9 A(K —z)| < 1ifz € intK and z # o.

The following examle shows that (1 — 1)K +¢9 AC might be much smaller than

(1=K +AC:
Example 8.7.2. If a > Ois large, n =2, K = [=}, 1] X [-a,a] and C = [-a, a] x
[=L -, E] then (cf. Lemma 8.7.7)
[_1’ 1]2
2

4+ b b )

The importance of the Ly combination is exhibited by the observation (cf. (8.104))
that if 1 € (0, 1) and K and C are centered convex bodies in R”", then

1 1
Z'K"'OE'C

1 1

47MKI"YCIP < (1= 1) - K+ A - C| < n®? K| (8.89)

Naturally, the Log Brunn-Minkowski Conjecture 8.7.1 states that 47" can be replaced
by 1. The upper bound in (8.89) shows that the Log Brunn-Minkowski Conjecture 8.7.1
is significantly stronger than the Brunn-Minkowski inequality as |(1 — 2)K + AC]|
might be arbitrary large if |K| = |C| = 1 according to Example 8.7.2.

Let us state the Logarithmic Minkowski conjecture due to Boroczky, Lutwak,
Yang, Zhang [110] for origin symmetric bodies, and to Bordczky, Kalantzopoulos
[107] for centered convex bodies.

Conjecture 8.7.3 (Log-Minkowski conjecture). If K, C c R" are centered convex
bodies, then

hc Kl IC|
log — dVg > —1 8.90
‘/Sn log I K = |K| (8.90)
with equality ifand only if K =K, + ...+ K, and C =Cy + . . . + Cy, for centered com-
pactconvex sets Ky, . ..,K,,,Cy,...,Cpy of dimension at least one where 3" | dim K; =

n and K; and C; are dilates, i = 1,...,m.
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Remarks.

*  The conjecture is GL(n) invariant by the invariance properties of the cone volume
measure (cf. Proposition 2.6.15 and Lemma 2.6.14).

* An equivalent form of Conjecture 8.7.3 is that if |C| = |K| for centered C and K,
then

/ loghc dVkg > / log hg dVk (8.91)
Snfl Snfl

where the case of equality is like in Conjecture 8.7.3.

*  We note that the choice of the right translates of K and C are important in Con-
jecture 8.7.3 as it is shown by the example - due to Nayar, Tkocz [472] - when
K =[-1,1]" and C # K is a translate of K.

In Lemma 8.7.4, we say that the centered convex bodies K, C ¢ R" have dilated
summands if K = K| +...+ K, and C = C| +... + C,, for centered compact convex
sets Ki,...,K,,,Ci,...,C,, that are of dimension at least one, Z:’il dim K; = n and
K; and C; are dilates, i = 1,...,m.

Lemma 8.7.4. If ¥ is a family of centered convex bodies in R" that is closed under
Lo combination, then the following are equivalent if they hold for all K,C € F:
(i) [(1=2)-K+9A-C| > |K|'""YC|* with equality if and only if K and C have
dilated summands;
(ii) fc. k(1) =|(1 = Q) - K +9 A - C| is log-concave where log fc k is linear if and
only if K and C have dilated summands;
(iii) fsn-' log Z—I‘i dVg > % log % with equality if and only if K and C have dilated
summands.

Remark. The typical # is the family of convex bodies invariant under a subgroup
G c GL(n) (cf. (8.806)), like origin symmetric convex bodies (when G = {I,,, —1I,,}).

Proof. (i) = (ii): Let My = (1 =) - K +9 A - C. According to (i), (ii) follows if
t,s,af € (0,1) witha+p=1,thena - M; +9 - Mg C Myr485. In turn, Lemma 2.5.6
yields thatitis sufficient to prove that hing,,, 5, (VMo,.p5) = BN (VM yyp,) T0T 2 € 0" Maraps
and N = a - M; +9 B - My, which inequality is the consequence of the fact that if
7€ 0" Marips and u = vy then Lemma 7.5.1 yields

at+fs?

Pt (0) = i () =P e () = (g () hew)')” () he )?)”
> hag, () g, (0 > b (),

Since log fx.c concave, it is linear if and only if fK,c(%) = fK,c(O)%fK,c(l)%, and
hence (ii) has the same equality conditions as (i).
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(ii) = (iii): We may assume that |K| = |C| = 1and R"'B" c K,C c RB" for some R >
1, and hence fx.c(1) > 1ford e (0,1)and R2 < hc/hx < R®. Ase' =1+1+0(t?)
provided [f] < % where the implied constant in O (-) is an absolute cosntant, we deduce
that if 0 < A < (4log R)~' and u € §"~!, then

c

hi () " he (u)? = hg (u) exp (a -log Z—) =hg (u) + A - hg(u)log Z—C +O(2’RIogR).
K K

It follows from Aleksandrov’s Lemma 7.5.2 for the Wulff shape (cf. (7.37)) that

h h
0< fr (0)= / hi -log =< dSg = n/ log =< dV, (8.92)
’ sn-1 hK hK

Ssn-1

proving (iii). Equality in (8.92) yields fy ~(0) = 0, and hence log fx c(0) is linear.

(iii) = (i): Using again the notation M = (1 — 1)K +¢ AC, we deduce from Lemma 2.5.6
and Lemma 7.5.1 that Az, (1) = hg (1) "*he(u)? for Sy, ae. u € S"~!; therefore,
(iii) implies

1-ap4

h h
o:/ log X—C€ avy, =(1-2) log —~ dVMA+/1/ log —= dV)y,
Ssn-1 hM/l Ssn-1 /’l/\/[/1 Ssn-1 hM,l
(1-2)|M,| K| A|Mal ICl _ IMal, K" CI?
> log log = log
n |M | n IMal  n |Ma]

We conclude that |[M,| > |K|'=4|C|*, and equality in (i) yields equality in (iii).  m

Remark 8.7.5 (Equivalent formulations of the Log Minkowski conjecture for o-symmetric
convex bodies without the case of equality).

Log Minkowski strengthening Minkowski’s second inequality: Kolesnikov, E. Mil-
man [381] and Putterman [495] prove that the Log Minkowski conjecture (8.91) for all
o-symmetric convex bodies K, C € R" is equivalent with the conjectured inequality

2

V(K,C;1)? -1 1 h
( ok e+ —/ —< qvg, (8.93)
K| n n Jgn-1 h%{

again for all o-symmetric convex bodies K, C c R" where the implication that the
the Log Minkowski conjecture (8.91) yields (8.93) was proved earlier by Colesanti,
Livshyts, Marsiglietti [ 171]. Here (8.93) is a strengthened form of Minkowski’s second
inequality (7.29) because |K| - + [, % dSx > V(K, C;1)? by the Holder’s inequal-
ity.

Actually, Kolesnikov, E. Milman [381] calculated the second derivative of A
[(1 = 2)K +9 AC| at A = 0 for o-symmetric convex bodies K, C ¢ R” with C2 boundary
to show the equivalence of (8.93) with alocal version of the Log Minkowski conjecture,
and Putterman [495] extended the result to the global version.
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Spectral gap formulation of Log Minkowski: A related equivalent formulation
using the Hilbert-Brunn-Minkowski operator is due to Kolesnikov, E. Milman [381],
and is discussed in Section 8.8.1 in detail. The elliptic and symmetric Hilbert-Brunn-
Minkowski operator L for a convex body K ¢ R" with Cf boundary is defined for a
@ eC?(8" ) as

_ D(D(¢ hi), D*hx, ..., D*hg)
D(D2h, ....D%hg)

Lk (8.94)
The normalization is chosen by Kolesnikov, E. Milman [381] in a way such that eigen-
values of — Lk are non-negative, and the positive eigenvalues are at least 1, which
property - in line with Hilbert’s original approach - is actually equivalent with the
Brunn-Minkowski inequality for convex bodies. If K is o-symmetric, and 41 .(—Lxk)
is the minimal positive eigenvalue when we restrict — L g to even functions, then Koles-
nikov, E. Milman [381] prove that

Me(-Lg) > —

(8.95)
n—1

for any o-symmetric convex body K ¢ R" with C2 boundary is equivalent to (8.93)
for any o-symmetric convex bodies C, K ¢ R". In turn, (8.95) for any o-symmetric
convex body K ¢ R" with C? boundary is equivalent to the Log Brunn-Minkowski
Conjecture 8.7.1 for o-symmetric convex bodies C, K ¢ R". All these properties are
discussed in more detail in Section 8.8.1.

Log Minkowski and Monge-Ampére equations: As it is dicussed in Section 9.4,
the Log Minkowski Conjecture 8.7.3 for any o-symmetric convex bodies K, C ¢ R"
with C;° boundary is equivalent to saying that for any positive even C* function f on
S"~1, the Monge-Ampére equation

hdet(V2h+ h1d) = f (8.96)

on the sphere $"~! has a unique even solution (cf. Remark 9.4.7). In this case, we
deduce the Log Minkowski inequality (8.90) for any o-symmetric convex bodies K, C C
R" by approximation.

The conjectured "B-property" due to Saroglou [508]: For any N > 2 and o-symmetric
convex body K ¢ RN and N x N positive definite diagonal matrix ®, the function
s |[-1,1]" N ®*K] of s € R is log-concave.

The conjectured "strong B-property” due to Nayar, Tkocz [473]: For any N > n
and n-dimensional linear subspace L of RY, the n-volume of L N ]_[fi e el ]isa
log-concave function of (1, ...,ty) € RV,

Log Brunn Minkowski for log-concave measures due to Saroglou [509]: The even
Log Brunn-Minkowski Conjecture 8.7.1 yields that for any even log-concave measure
puonR"and A € (0,1), we have

p((1=2)-K+9d-C) > u(K)' *u(c)* (8.97)
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for any o-symmetric convex bodies K, C ¢ R". In turn, if (8.97) holds for one fixed
even log-concave measure du = f dH"~" with f(0) > 0 and f differentiable at o (for
example, for the Gaussian y,,), then the Log Brunn-Minkowski Conjecture 8.7.1 for
origin symmetric convex bodies follows.

Log Brunn Minkowski in terms of optimal transport due to Kolesnikov [377]: The
paper [377] provides an equivalent formulation of the Log Brunn-Minkowski Conjec-
ture for origin symmetric convex bodies in terms of displacement convexity of certain
functional of probability measures on the sphere.

8.7.2 Some known cases of the Log Brunn-Minkowski and the Log Minkowski
conjectures

The Log Brunn-Minkowski Conjecture 8.7.1 and the Log Minkowski Conjecture 8.7.3
are still open but have been verified in various cases. In RZ, Conjectures 8.7.1 and 8.7.3
are verified by Boroczky, Lutwak, Yang, Zhang [110] for origin symmetric convex
bodies, but it is still open for general centered planar convex bodies.

For unconditional convex bodies, Conjectures 8.7.1 and 8.7.3 have been verified by
Saroglou [508] (see Section 8.7.6). This result was extended to convex bodies invariant
under reflections through n independent linear hyperplanes by Boroczky, Kalantzo-
poulos [107], and even a stability version is provided by Boroczky, De [96] in this
case. The two conjectures for convex bodies are also verified for complex bodies by
Rotem [500].

The Log Brunn-Minkowski Conjecture 8.7.1 and the Log Minkowski Conjec-
ture 8.7.3 also holds for origin symmetric convex bodies in a neighbourhood of a
fixed centered ellipsoid E; more precisely, for origin symmetric K and C provided
E cK,C c (1+cy)E where ¢, > 0 depends only on n. In this form, the statement
is due to Chen, Huang, Li, Liu [154] extending the local estimate by Kolesnikov, E.
Milman [381] (an analogues result holds for linear images of [, balls for g > 2 if
the dimension 7 is high enough according to [381] and the method of [154]). If R?,
some additional partial results are obtained by Chen, Feng, Liu [152], and some earlier
partial results are due to Colesanti, Livshyts, Marsiglietti [171].

Xi, Leng [570] considered a version of the Log Brunn-Minkowski Conjecture 8.7.1
where the convex bodies K and C in R" are translated by vectors depending in both
K and C. We set r(K,C) =max{t > 0: 3Jx, x +¢tC c K} and R(K, C) = min{z >
0:3x, K c x +C}, and say that K and C are in dilated position if 0 € K N C and
r(K,C)C c K c R(K,C) C. We observe that r(C,K) K c C c R(C,K) K in this
case. Now for any convex bodies K and C there exist z € K and w € C such that K — z
and C — w are in dilated position. If n = 2 and K and C are in dilated position, then
Xi, Leng [570] proved Conjecture 8.7.1 including the characterization of equality.
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8.7.3 Some cases when only the Logarithmic Minkowski conjecture is known

There are some cases when the Logarithmic Minkowski Conjecture 8.7.3 is known;
namely, given an o-symmetric convex body K c R",

/ ] log he dVk > / ] log hg dVk (8.98)
sn- sn-

holds for any o-symmetric convex body C c R" with |K| = |C|; however, no cor-
responding version of the Log Brunn-Minkowski inequality exists because Lo com-
binations are not in the family. These results are still very important as (8.98) is the
inequality intimately connected to the uniqueness of the solution of the Monge-Ampere
equation (8.96) called even Logarithmic Minkowski problem (see Section 9.4).

The most elementary case where Conjecture 8.7.3; or equivalently, (8.98) is known
is when K is an o-symmetric ellipsoid, as it is verified by Guan, Ni [285] as follows:
We may assume that K = B" and |C| = |B"|, and hence the Jensen inequality (10.4)
and the Blaschke-Santal6 inequality (6.26) yield

1 1
exp / loghe - —dVk | = exp / log hc - dH" !
sn—1 |Bn| sn-1 n|B”|

-1
1 n
> hom. =l >, )
_(/Sn_l & 4H ) > (8.99)

As generalizations of this observation, (8.98) is verified

* under rather generous explicit curvature pinching bounds for dK by E. Milman
[460] and Ivaki, E. Milman [351];

» if there exists a centered ellipsoid E such that E ¢ K c (1 +¢,)E where ¢, > 0
depends on n according to Chen, Huang, Li, Liu [154] building on earlier local
estimates by Kolesnikov, E. Milman [381] (the proof of this result requires much
deeper tools than the simple argument in (8.99) for the case K = E);

» if K is a zonoid by van Handel [299] (with equality case only clarified when K has
C? boundary).

Let g > 2. Then the unit ball By c R" of the {4-norm || - [|4 is a zonoid, and hence
(8.98) holds when K = BZ. Combining the methods of Kolesnikov, E. Milman [381]
and Chen, Huang, Li, Liu [154], one finds a threshold N, > 2 and a constant ¢, 4, > 0
for n > N, such that (8.98) holds if ®By C K C O(1+ cn,q)BZ where n > N, and
@ € GL(n).

While the cases when Logarithmic Minkowski Conjecture 8.7.3 is known seem to
be rather spares in the space of all o-symmetric convex bodies, E. Milman [460] proved
that for any o-symmetric convex body M, there exists an o-symmetric convex body
K with C;° boundary such that M ¢ K c 8M and (8.98) holds for any o-symmetric
convex body C.
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8.7.4 Some consequences and variants of the The Logarithmic
Brunn-Minkowski and Logarithmic Minkowski conjectures

The validity of the Log-Minkowski (or Log-Brunn-Minkowski) Conjecture is also sup-
ported by the fact that various consequences of it has been verified. For example,
the L,-Minkowski Conjecture has been proved when p € (0, 1) is close to 1 (see
Theorem 8.8.5). It follows from its form (8.97) due to Saroglou [509] that the Log-
Brunn-Minkowski) Conjecture yields the "B-conjecture”" for any even log-concave
measure ¢ on R” stating that if K ¢ R” is an o-symmetric convex body, then ¢ —
u(e'K) is alog-concave function of 7 € R. Concerning the Gaussian probability meas-
ure y,, on R with density function e~ 7/1* ”2, it was an earlier celebrated " B-inequality"
by Cordero-Erausquin, Fradelizi, Maurey [174] (see Herscovici, Livshyts, Rotem, Vol-
berg [310] for a stability version), and the case when u is a rotationally symmetric
log-concave even measure has been verified by Cordero-Erausquin, Rotem [178].

Next, the Gardner-Zvavitch conjecture in [257] stated that if K and C are origin
symmetric convex bodies in R”, then

V(1= DK +20) 7 > (1 = D)yn(K)7 + Ayn(C)n. (8.100)

According to Marsiglietti [442] and Livshyts, Marsiglietti, Nayar, Zvavitch [422], the
log-Brunn-Minkowski conjecture would imply the Gardner-Zvavitch conjecture. After
various attempts, the conjecture was finally verified by Eskenazis, Moschidis [204] not
much before that, Kolesnikov, Livshyts [379] verified that if the exponents % in (8.100)
are changed into ﬁ, then this modified Gardner-Zvavitch conjecture holds for any pair
of centered convex bodies K and C.

We note that independently of the log-Brunn-Minkowski conjecture, various Brunn-
Minkowski type inequalities have been proved and conjectured for the Gaussian meas-
ure, the most famous ones being the Ehrhardt inequality and the Gaussian isoperimetric
inequality (see Livshyts [421]).

Colesanti, Livshyts, Marsiglietti [171] conjectured the following generalization of
the Gardner-Zvavitch conjecture: If u is an even log-concave measure on R”, then

(1= DK +20)7 > (1 = Du(K) i +Au(C)n (8.101)

holds for any origin symmetric convex bodies K and C. According to Livshyts, Marsigli-
etti, Nayar, Zvavitch [422], the Log-Brunn-Minkowski Conjecture 8.7.1 would imply
the conjecture (8.101). Cordero-Erausquin, Rotem [178] proved (8.101) if u is a rota-
tionally symmetric log-concave measure. In addition, Livshyts [420] verified that (8.101)
holds for any even log-concave measure on R" and origin symmetric convex bodies K
and C if the exponents % in (8.101) are changed into n=*=°(1),
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For A € (0, 1) and o-symmetric convex bodies Ky, K; € R", Xi [569] proposes the
Reverse log-Brunn-Minkowski Conjecture

&3 < 1Kol 1K1 (8.102)

where dSk, /d(Sk, + Sk,) denotes the Radon-Nikodym derivative for i = 1,2 and

dSK 1-2 dSK A
dS= = 0 1 J(Se + S0 ).
K (d(SK0+SK1)) (d(SK0+SK1)) ( Ko Kl)

Xi [569] prove that the Reverse log-Brunn-Minkowski Conjecture [?] is equivalent to
the Log Brunn-Minkowski Conjecture 8.7.1 for o-symmetric convex bodies.
Additional local versions of Conjecture 8.7.3 are due to Colesanti, Livshyts, Marsigli-
etti [171], Kolesnikov, Livshyts [380] and Hosle, Kolesnikov, Livshyts [318].
Saroglou [509] proved the following variant of the Logarithmic Brunn-Minkowski
conjecture: If 2 € (0, 1) and K and C are convex bodies in R", then

|(1-=2)-K+o4-C)| < |K*|'""YCH [ (8.103)

In turn, V. Milman, Rotem [456] observed that this result leads to the following estim-
ates:

Lemma 8.7.6. If A € (0, 1) and K and C are centered convex bodies in R", then
47MNKIYCIM < |(1=2) - K+ A - C| < 2K Y ) (8.104)

Proof. Forthe lower bound, G. Kuperberg’s Reverse Blaschke-Santald inequality (6.32),
(8.103) and the Blaschke-Santald inequality (6.25) yield that

ATBP<|(1-2) K+ A-Cl-|((1-2)-K+91-C)*
<|(1-A)-K+gd-C|-|K* '™
|B"|?
IK|'=4|C|t

<|(1=2)-K+9d-C|-

For the upper bound, Lenma 1.11.5 due to Kannan, Lovdsz, Simonovits [361]
yields the existence of centered ellipsoids £’ ¢ K and E c C such that K ¢ nE’ and
C C nE. After alinear transform, we may assume that £’ = B’} and E is unconditional.
Let ay, ..., a, be the half axes of E, and hence C C C = [T, [-na;,na;] and K C
K = [-n,n]" with |C| < n®/2|C| and |K| < n*/?|K]. Since |(1 =) - K +9 - C| =
|E|1‘/1 |5|’l, we conclude the upper bound in (8.104). [
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8.7.5 Some basic properties of the L, product

Let K, C ¢ R" be convex bodies with o € intK,int C, and let 2 € (0, 1). Since there
exists R > 1 such that R"'B" c K, C c RB", we deduce that R"'B" c (1 - )K +9
AC C RB", and hence (1 — 1)K +¢ AC - being convex by definition - is a convex body.
Since he pr (1) = hag (@ u) holds for any compact convex set M C R”, ® € GL(n) and
u € R", it follows that

(1-2)-®K) +01-PC) =D ((1-2)-K+91-C). (8.105)

We recall that accordingto Lemma 7.5.1,if z € 8’ ((1 = ) K +9 AC) and u = v (1 _ 1)k +9ac (2),
then
hii-a) koac () = h ()~ he (u)* (8.106)

In addition, Lemma SKsuppBasic yields that M = {x e R" : {(x, v (y)) < har (vas (y)) Vy €
0’ M} for any convex body M C R".

Lemma 8.7.7. f K=K +...+K,, CR"and C=C| + ...+ C, C R" are convex
bodies for compact convex sets K1, . .., Ky, Cy, ..., Cy of dimension at least one and
containing the origin where ;‘11 dimK; =nand C; =0;K; for6; >0,i=1,...,m,
m > 1, then (1 — )K +9 AC = 3", 61K;.

Proof. If m = 1, then the lemma readily holds; therefore, we assume that m > 2. Let
L;=linK;,i=1,...,m. According to (8.105), we may assume that Ly, ..., L, are
pairwise orthogonal.

Lemma 8.7.7 follows if for any z € 0’ ((1 — 1)K +¢ AC) with u = v(1_ 3 k+yac(2),
we have u € L; forani € {1,...,m}. Let x € 0K such that u is an exterior normal art
x. Then x = x, ...+ x,, for x; € K;. We may assume that there exists index p > 1 such
that x; € relbd K; fori < p and x; € relint K; fori > p. In particular, there exists exterior
unit normal u; € L; to K; at x; for i < p such that u = Zf’zl
We may assume that for some index g with 1 < ¢ < p, a; >0ifi < g,and a; =0
if i > g. We observe that u = Z?zl @;u; is an exterior normal at y = 3., A;x; € 0C,
hg (u;) = {x,u;y and he(u;) = (y,u;yfori=1,...,q. Asz€d'((1-2)-K+g1-C),
(8.106) and the Holder inequality (10.3) yield that

au; foray,...,a, 2 0.

q 1-2 q A
(@) = h-ay ke @) = hg)'he () = (Z aix, ui>) (Z @iy, u,->)
i=1 i=1

q q
> ) i u) My, u)t = ) aihic () he (u)!
i=1 i=1

q
aih(1-pk+gac (Ui) = Za’i(z,ui> = (z,u). (8.107)

i=1

M

~
1l
—_
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We deduce that h¢j_ 1) k+pac (i) = (z,u;) fori =1,...,q, and hence uy, ..., u, are
exterior unit normals at z € §’((1 — 1)K +9 AC). We conlude that g = 1; therefore,
uel. [ |

Similar argument yields that the Ly combination of polytopes is a polytope.

Lemma 8.7.8. If K, C C R" are n-polytopes, then (1 — 1)K +¢ AC is an n-polytope
whose facet exterior unit normals are facet exterior unit normals to the Minkowski
sum K + C, as well.

Proof. Letuy,...,u, be the exterior unit normals to the facets of the polytope K + C
(cf. (1.4)). Lemma 8.7.8 follows if whenever u = v(j_)k+,1c(z) fora z € 9’((1 —
DK +9 AC), then u € {uy, ..., u,}. Let w be a vertex of K + C such that u is an
exterior normal at w to K + C. According to Lemma 1.4.10, the normal cone at w is the
positive hull of a subset of {u1, . .., u,,}; therefore, we may assume that u = Zl.q: | @ilki
foray,...,aqy 20,9 > 1, whereu;,. .., uy are exterior normals atw to K + C. Now w =
x +y foravertex x of K and a vertex y of C,and hence u, u, . . ., u, are exterior normals
at x to K and at y to C, and hg (u;) = {x,u;) and hc(u;) = (y,u;) fori =1,...,q.
Exactly the same calculations as in (8.107) yield that &) k+oac (u;) = {z, u;) for
i=1,...,9,and hence ui,...,u, are exterior unit normals at z € 9’ ((1 — 1)K +9 AC).
We conclude that g = 1; therefore, u = u;. n

Example 8.7.9 (The boundary of the L combination of convex bodies with C2 bound-
aries may not be C ). Letey, es be the orthonormalbasis of R%. For a > 2, and consider
the ellipses E, = diag[a,a™']B? and E,, = diag[a~', a] B2. Since E, C P, = [a,—a] X
[é, _71] andE, c P, = [1, =] x [a, —a], we deduce using Lemma 8.7.7 that

a’ a

L Eg+o S Eqct Po+od - Po=[-1,11x[-1,1] =W.

| 1
For u = (_ﬁ’_ﬁ)’ we have
h (u)%h~ (u)% > (ae u)%(ae u>% —a/\/§> hw(u) = h =~ (u);
E, E, 1> 25 = w = %'Ea"'O%'Ea >

therefore, u is not an exterior normal at a regular boundary point of % -E, +o % . Ea
by (8.106).

8.7.6 The Logarithmic Brunn-Minkowski and Logarithmic Minkowski
conjectures for unconditional convex bodies

This section discusses the Ly combination of unconditional convex bodies. Here a
convex body K c R” is unconditional if (£x,..., +x,) € K for (x1,...,x,) € K.
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From Section 3.6, we recall the notion of coordinatewise product of unconditional
convex bodies: If K, C ¢ R" are unconditional convex bodies and A € (0, 1), then

Kt = (sl T Al
(X15.-.5xn) € K & (y1,-..,¥n) €C}.

The coordinatewise product is a classical notion of Functional Analysis, while the
Lo combination was only defined in the 2012 paper Boroczky, Lutwak, Yang, Zhang
[110]; still the two notions are closely related as

K'"t.ctc(1-2)-K+y1-C. (8.108)

To prove (8.108), itis sufficient to verify that if x = (x1,...,x,) € K,y=(y1,...,Yn) €
Candu = (uy,...,u,) € S"! with x;, y;,u; > 0, then (z, u) < {x,u)' =y, u)* for
z=(xX1y1,...,XnYn). In turn, this property follows from the Holder inequality using
the measure p on {1,...,n with u({i}) = u;.

According to Theorem 3.6.4, the coordinatewise product satisfies the following
Brunn-Minkowski-type inequality:

Theorem 8.7.10 (Uhrin-Bollobas-Leader, equality by Saroglou). If K, C c R" are
unconditional convex bodies and A € (0, 1), then

K'Y = |k Clt (8.109)

Equality holds if and ony if K = ®C for a positive definit diagonal matrix ©.

In turn, (8.108) directly yields the L.og Brunn-Minkowski Conjecture 8.7.1 for
unconditional convex bodies, as it was observed by Saroglou [508]. The non-trivial
part is to characterize equality, which was also done by Saroglou [508] (with a slight
correction in [107]).

Theorem 8.7.11. If K, C c R" are unconditional convex bodies and A € (0, 1), then
[(1-2)-K+9A-C| > |K|'YC4, (8.110)

with equalityifandonly if K =K1 ® .. . ® K,and L=L1 ® ... ® L,, for unconditional
compact convex sets K1, ...,Ky, Ly, ..., Ly of dimension at least one, m > 1 where
", dimK; = n and K; and L; are dilates, i = 1,...,m.

Proof. Combining Theorem 8.7.10 and (8.108) yields (8.110). If K and C are as
described after (8.110), then we have equality in (8.110) according to Lemma 8.7.7.
On the other hand, if equality holds in (8.110), then we deduce from Theorem 8.7.10
and (8.108) that K!=1.Ct=(1-2)-K+9A-Cand|K'~*. CY| = |K|'"*|C|*. Accord-
ing to Theorem 8.7.10, there exists a positive definite diagonal matrix @ such that C =
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®K.Letey,...,e, be the corresponding orthonormal basis of R”, and for ¢ € R, con-
sider the diagonal matrix @' defined by (®’e;,e;) = (De;,e;) fori=1,...,n. Since the
definition of the coordinatewise product yields that K'=1 - (®K)* = 1 (K= . K1),
we have

DK =(1-2)-K+pA-(PK). (8.111)

If all eigenvalues of ® are the same 8 > 0, then C = 6K, and hence the character-
ization of equality follows with m = 1. Therefore, we may assume that Ly, ..., L,
m > 2, are the eigenspaces of ® with eigenvalues 61, ... .6,, with 8; # 8; fori # j
Since K = {x e R" : {x, vk (y)) < hx (vk(y)) Yy € 0’K} according to Lemma 2.5.6,
Theorem 8.7.11 follows from the claim

vk (y) e U L;fory € d'K. (8.112)

We prove (8.112) by contradiction; therefore, we suppose that vk (y) ¢ U, L; for a
y=(1,...,¥n) €0’K,and setu = (uy,...,u,) =vg(y).Since K is unconditional, we
may assume that each #; > 0 and each y; > 0. Possibly after reindexing, we may also
assume that e; € Ly and u; > 0, and e¢,, € L,, and u, > 0 by the indirect hypethesis.
Using the unconditionality of K, u; > 0, u,, > 0 and y € 9’K, we also deduce that
y1>0andy, >0As(®'u,e;) =6 {u,er) > 0and (®'u, e,) = 0}, (u, e,) > 0 where
01 # 0,,, we deduce that

neither u nor ®~! u is parallel to v = ®~u. (8.113)

We observe that v = ®~u is an exterior normal at the regular boundary point ®y
of ®'K. Combining this property with (8.111) and Lemma 7.5.1 yields that

(0, ®%y) = hg (V) hok ()2 (8.114)

On the other hand, since vk (y) =u for y € 3’K and v (®x) = @~y for ®y € ¢’ (PK),
we deduce from (8.113) that

(v,y) < hg(v) and (v, Py) < heg (v).

In particular, the Holder inequality (10.3) yields that

n n

" 1-1 p
(0, @1y) = 3wy < (Z Qi_/lui)’i) (Z Hg_l”i)’i) = (0.3)' v, @y)*
i=1 =

i=1 i=1

< hg ()" hok ()™

This contradicts (8.114), and completes the proof of Proposition 8.7.11. ]
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8.8 The L, Brunn-Minkowski and the L, Minkowski conjectures and
inequalities when p € (0,1)

This section discusses possible L, versions of the Brunn-Minkowski inequality and
the Minkowski inequality for p € (0, 1) and centered convex bodies,; namely, the L,
Brunn-Minkowski and the L, Minkowski conjectures/inequalities. These conjectures
and inequalities connect on the one hand, the Ly (logarithmic) Brunn-Minkowski Con-
jecture 8.7.1 and the Lg (logarithmic) Minkowski Conjecture 8.7.3, and on the other
hand, the Brunn-Minkowski inequality and the Minkowski inequality (the L; case) and
their L, generalizations for p > 1 by Firey [231] from 1962 (see Section 7.6). We recall
that for @, 8 > 0 and convex bodies K, C c R", the Minkowski linear combination is

a-K+B-C={xeR": (x,u) <ahg(u)+Bhc(u)Vue S}, (8.115)
and according to the Brunn-Minkowski inequality is (cf. Lemma 1.12.2), we have
leK+BC|" > al|K|7 +a|C|n (8.116)

with equality if and only if K and C are homothetic in (8.116). In addition, Minkowski’s
inequality (8.33) says that if 0 € int K, then

h 1 n
/ —Cdez—/ he dSk > |K|"% |C|n, (8.117)
sn-1 //lK n Jsn-1

with equality if and only if K and C are homothetic.
On the other hand, for A € (0, 1) and convex bodies K, C c R" containing the
origin in their interior, the Ly (logarithmic) combination is

- -K+9d-C={x¢€ c{x,u) < hg(u)  ""“he(u)”* foru e "}
(1-2) - K+9d-C={xeR": (x,u) < hg(u)'*he(u)* f s

As it is discussed in Section 8.7, the Ly Brunn-Minkowski conjecture and the L
Minkowski conjecture due to Bordczky, Lutwak, Yang, Zhang [110] says thatif K, C C
R™ are centered convex bodies and A € (0, 1), then

[(1-2)-K+9d-C| > |K|'""YC|*, (8.118)

hc K|, |Cl
log— dVg > — log —, 8.119
/Snl 0gy cdVk =~ Og|K| ( )
where equality yields that K and C have dilated summands; namely, K =K +...+ K},
and C = Cy +... + C,, for centered compact convex sets Ky, ..., K,,,Cy, ..., Cy, that
are of dimension at least one, Z:’; 1dim K; = n and K; and C; are dilates, i =1, ...,m.

However, our main focus is the case p € (0, 1) in this section. For a, 8 > 0,
Boroczky, Lutwak, Yang, Zhang [110] defined the L, combination of the convex bod-
ies K, C c R" containing the origin in their interior as

@ K+, B-C={xeR": (x,u)? < ahxgu)? +Bhcw)?, ues" '}, (8.120)
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which is a convex body containing the origin in its interior. This extends the definition
of Firey’s L, addition for p > 1 (see (7.44)). Given p € (0, 1), let us list some basic
properities of the L, combination of convex bodies K, C C R" containing the origin
in their interior where (8.121) follows from the relation hgps (1) = hps (®'u) for any
convex body M, (8.122) follows from the Jensen inequality (10.4), and the last property
is proved in Section 8.8.2:

* The L, combination is linear invariant; namely, if ® € GL(n) and a, 8 > 0, then
a-DK)+,B-®(C)=P(a-K+,5-C). (8.121)
e Ifg>r=>0andAe (0,1), then
(1-2)-K+12-Cc(1-2)-K+,4-C. (8.122)

* The L, combination of polytopes is a polytope, but the boundary of the L, com-
bination of convex bodies with C? boundaries may not be even C'.

Boroczky, Lutwak, Yang, Zhang [110] conjectured the following strengthening of
the Brunn-Minkowski inequality for origin symetric convex bodies, and Martin Henk
proposed the version with centered convex bodies (see also [107]).

Conjecture 8.8.1 (L, Brunn-Minkowski conjecture for p € (0,1)). IfK,C C R" are
centered convex bodies, then

oK+, B C|" > a|K[% +pIC|F (8.123)
Jor a, B > 0 with equality if and only if K and C are dilates, and

|(1-2) K+, 4-C| > K" C (8.124)
for A € (0, 1) with equality if and only if K = C.

Remark. (8.123) and (8.124) are equivalent where (8.123) yields (8.124) by the AM-
GM inequality. On the other hand, writing K = a¢Ky and C = BoCy for ag = |K |1/
and S = |C|'/", applying (8.124) to Ko, Co and A = 2B~ implies (8.123).

As it was observed by Nayar, Tkocz [472], Conjectiure 8.8.1 may nothold if K, C C
R™ are arbitrary convex bodies with o € int K and o € int C. For example, if K =
[-3, 11" then [(1-2) - K+, A- (K —z)| < lifz €intK and z # o.

Next we state the L ,-Minkowski conjecture due to Boroczky, Lutwak, Yang, Zhang
[110] for origin symmetric bodies, and to Boroczky, Kalantzopoulos [ 107] for centered

convex bodies.

Conjecture 8.8.2 (L ,-Minkowski conjecture for p € (0,1)). IfK,C CR" are centered

convex bodies, then
p

h n—
/ 2 qvy > KIS IC)R (8.125)
Sn-1 hK
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with equality if and only if K and C are dilates.

Remarks.

¢ The conjecture is GL(n) invariant by the invariance properties of the cone volume
measure (cf. Proposition 2.6.15 and Lemma 2.6.14).

¢ An equivalent form of Conjecture 8.7.3 is that if |C| = |K| for centered C and K,

then

hC p -1

] _hK |K|" dVkg > 1 (8.126)
sn-

for the probability measure |K|~!dVx with equality if and only if K = C.
*  We note that the choice of the right translates of K and C are important in Con-

jecture 8.7.3 as it is shown by the example - due to Nayar, Tkocz [472] - when
K =[-1,1]" and C # K is a translate of K.

Lemma 8.8.3 shows that the L, Brunn-Minkowski Conjecture 8.8.1 and the L,
Minkowski Conjecture 8.8.2 for p € (0, 1) and origin symmetric convex bodies are
equivalent.

Lemma 8.8.3. If p € (0, 1), and F is a family of centered convex bodies in R" that
is closed under L, combination, then the following are equivalent if they hold for all

K,Ce¥F:
(i) |(1 -A)-K+,4- C| > |K|'""1|C|* with equality if and only if K and C have
dilated summands;
P
(ii) The function A — \(1 -A)-K+,4- C|” is concave on (0, 1], and is linear if
and only if K and C are dilates;

p n— p
(iii) /sn-l Z—,‘; dVg > |K|Tp |C|’Z with equality if and only if K and C are dilates.
K

Remark. The typical ¥ is the family of convex bodies invariant under a subgroup
G c GL(n) (cf. (8.121)), like origin symmetric convex bodies (when G = {I,,, —1,,}).

Proof. The proof of (i) = (ii) and (ii) = (iii) as essentially the same as in the Ly
case in Lemma 8.7.4; therefore, we not present the argument.

(iii) = (i): Using the notation M, = (1 = 2) - K+, A - C, we deduce from Lemma 2.5.6
and Lemma 7.5.1 that hps, (1) = ((1 = D)hg(u)P + 4 hc(u)p)% for Sy, (and hence
Vm,) ae. ue §"=1: therefore, (iii) implies

(1=DhE +Ah? WP WP
|M;| = / X Cavy, =(1-2) — dV, +/l/ —< dVy,
Ssn-1 hM/l Ssn-1 hM/l sn-1 hM,{

_p P e P
> (1= )IMa|' 7 [K|7 +2]Ma|' =7 |C .

We conclude that | M, ,1|57) > (1-2)|K |5 +1|C| ., and equality in (i) yields equality
in (iii). [
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Remark 8.8.4 (The L, Minkowski conjecture is "monotonein p"). The Jensen inequal-
ity (10.4) yields the following where 1 > g > p > 0 and K, C C R" are centered convex
bodies with |K| = |C| = 1:
(i) If the inequality in the L, Brunn-Minkowki inequality holds for K and C; namely,
[(1-2)-K+,1-C|>1(cf.(8.118)and (8.124)),then [(1 =2) - K+5,4-C| > 1.
(ii) If the inequality in the L, Minkowki inequality holds for K and C; namely,
r
Jonr 10g € dVie > 0'if p = 0 (cf. (8.119)) or [, , :—g dVg = 1if p > 0 (cf.
(8.125)), then

hP
/ < avg > 1 (8.127)
p K _ b .
Ssn—1 K
where equality in (8.127) yields C = K provided 6K is C'.

For the characterization of equality, what the Jensen inequality (10.4) directly
yields is that there exists ¢ > 0 such that h¢c(u) =t - hg (u) for Sk a.e. u € S"~.
Since supp Sx = §™"!if K is C', we deduce that C = ¢ - K, and hence |K| = |C|
implies that C = K.

Given "the monotonicity of the L, Minkowski conjecture" as in Remark 8.8.4,
it is not surprising that one of the most major result concerning the L, Minkowski
conjecture is about the case when p < 1 isclose to 1. This result is due to Chen, Huang,
Li, Liu [154], based on the local result by Kolesnikov, E. Milman [381]. Another
argument for the local-to-global step is provided by Putterman [495].

Theorem 8.8.5. If 1 — @ < p < 1 for an absolute constant ¢ > 0, then the L,
Brunn-Minkowki Conjecture 8.8.1 and the L, Minkowski Conjecture 8.8.2 hold for
any origin symmetric convex bodies K, C and A € (0, 1).

According to Remark 8.8.4, the L, Brunn-Minkowski Conjecture 8.8.1 and the
L, Minkowski Conjecture 8.8.2 follow for p € (0, 1) in all cases when the Ly Log
Brunn-Minkowski and the Log Minkowski conjectures are known

Remark 8.8.6 (Some known cases of the L, Brunn-Minkowski (LpBM) and the L,
Minkowski (LpM) conjectures for o-symmetric convex bodies for p € [0, 1) without
characterization of equality).

* n =2 (both (LpBM) and (LpM), Boroczky, Lutwak, Yang, Zhang [110]).

* K, C are unconditional (Saroglou [508]), and more generally, K, C are invariant
under reflections through n independent linear hyperplanes (both (LpBM) and
(LpM), Boroczky, Kalantzopoulos [107]).

* Complex bodies (both (LpBM) and (LpM), Rotem [500]).
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e ECK,Cc(1+cy,)E wherec, > 0depends only on n and E is a centered ellipsoid
(both (LpBM) and (LpM), Chen, Huang, Li, Liu [154] and Kolesnikov, E. Milman
[381]).

* K is a zonoid and C is any o-symmetric convex body (only (LpM), van Handel
[299]).

* Under rather generous explicit curvature pinching bounds for 0K by E. Milman
[460] and Ivaki, E. Milman [351].

8.8.1 Equivalent formulations of the L, Minkowski Conjecture 8.8.2 for
p € (0,1) and o-symmetric convex bodies

If p € (0, 1), then the following statements are equivalent if they hold for all o-symmetric
convex bodies K, C C R"™. Here the equivalence of (i), (ii) and (iii) are proved in

Lemma 8.8.3, the equivalence of (iii) and (iv) is discussed in Remark 9.4.7. The equi-

valence of (ii) (without characterization of linearity of the concave function) and (v)

follows from taking the second derivative of 1+ |(1 — A)K +, AC| at A = 0" and some

additional arguments according to Kolesnikov, E. Milman [381] (see also Putterman

[495]), and we discuss the equivalence of (v) and (vi) - due to Kolesnikov, E. Mil-

man [381] - below. The implication that (i) yields (v) was proved earlier by Colesanti,

Livshyts, Marsiglietti [171].

(i)|(1-2) - K+, 2 C| > |K|'"Y|C|* with equality if and only if K and C are dilates;

P
(ii) The function A +— |(l —A)-K+, A-C|" isconcave on [0, 1], and is linear if and
only if K and C are dilates;
p
(iii) h—g dVk > |K| = |C|%, with equality if and only if K and C are dilates.
Ssn—1 K
(iv) The inequality in (iii) for any o-symmetric convex bodies K, C ¢ R" with C°
boundary is equivalent to saying that for any positive even C* function f on §*~!,
the Monge-Ampere equation

h'=P det(V2h+ h1d) = f

on the sphere S"~! has a unique even solution. The inequality in (iii) for any o-
symmetric K, C follows from the smooth case by approximation.

V(K,C:1)* _n—1 1- h2
mUEE I, C 2 e
K] n—p n=p Jsn-1 h
form of Minkowski’s second inequality (7.29) because the the Holder’s inequality
2
implies [K| - L [, 22 dSk > V(K,C; D)2,

(vi) The inequalities above without characterization of equality are equivalent to

n —
Are(—Lx) > 2P
n-—1

dVg, which is a strengthened
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for any o-symmetric convex body K C R" with C}° boundary and the Hilbert-
Brunn-Minkowski operator Lk (see below for definition).

In the rest of the section, we discuss the equivalent formulation (vi) of the L -
Minkowski Conjecture 8.8.2 using the Hilbert-Brunn-Minkowski operator introduced
by Kolesnikov, E. Milman [381] extending Hilbert’s work around 1910. For a convex
body K c R" with C{° boundary, Kolesnikov, E. Milman [381] defines the Hilbert-
Brunn-Minkowski operator Lk as

_ D(DX(¢hk),D*h, ..., D*hk) B
D(D2hg, ...,Dhg)

Lk (8.128)

fora ¢ € C®(S""!) where D(-,...,-) is the mixed discriminant of n — 1 matrices
of size of (n — 1) X (n — 1) (cf. Definition 8.3.2), and we frequently write simply
hk to denote hk|gn-1, as well. As Theorem 8.8.9 below shows, the L, Minkowski
Conjecture 8.8.2 is essentially equivalent with the spectral gap estimate that
n—-p
n—1

Ae(~Lk) > (8.129)

for any o-symmetric convex body K ¢ R” with C;° boundary where 1 ,(—Lg) is the
minimal positive eigenvalue when we restrict — L to even C* functions on §"~!,

First we discuss the elementary properties of Hilbert-Brunn-Minkowski operator.
Let us recall (cf. Definition 8.1.6) that for any y € C* (S~ !), writing ¢ : R*\{o} and
¥ : R"\{o} to denote the functions ¢ (tu) = t - ¥ (u) and ¥ (tu) = y (u) for t > 0 and
u € S" ! we have

V2 () = DX ()], and D2y (u) = DX ()l = V2 (u) + 4 () - Inoy. (8.130)
For basic properties of self-adjoint elliptic operators, see Section 10.7.

Lemma 8.8.7 (Kolesnikov, Milman). Let K € R" be a convex body with C;° boundary
and o € intK.

(i) Lk is elliptic.
i) [ elLxtyavi= [ (Liow Vi for gy € C(S"), and hence Ly
Snfl Snfl
has a self-adjoint extension to Lo(S"!, V).

(iii) Lx ¢ = 0 for any constant function .

(iv) =Lk lk w =tk w for any w € R" where lk ,,(u) = fi:(ly)

Proof. For (iv), we have {k ,, () hg (1) = (w,u) is alinear function, and hence 52({’1(,th)
is the zero matrix.
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To understand Lk, using the notation of (8.130) yields
D*(¢ hi) () = D* ($hi) () lur = @(u) - D*hi () + hi (u) - V(u) + Grp(u)

where Gk (u) = [D@(u)Dhg (u)']|,. + [Dhg (u)D@(u)']],., or in other words,
Grko = (Vo) (Vhg)' + (Vhg) (V). It follows that

D(V’¢.D’hx.....D*hk)  D(Gxg.D’hx.....D*hk)

£ = 2 ~ (8.131)
D(D?hg, ..., D*hk) D(D%hy, ..., D2hg)

Lxy=hg

In particular, Lk is elliptic (cf. (8.24) and (10.13) in Section 10.7).
If ¢ is a constant, then ¢ is also a constant, and hence Vo(u) = D@ (u)|,+ and
V2p(u) = D>@(u)|, are zero. We deduce from (8.131) that Lg¢ = 0.
By now, all we are left to do is to prove (ii). We recall (cf. (8.40)) the differential
operator
Ap = D(D*¢, D*hk, ..., D*hk) (8.132)

for ¢ € C*(S"~!), which is symmetric with respect to L,(S"~!, H"~!) according to
(8.42); namely,

/ - Ay dH" = Y- ApdH" " forany ¢,y € CX(S"1).  (8.133)
Ssn-1 Ssn-1

For any f € C(5"!), we have (cf. (8.14))

1 1 - _
/ fde:—/ f-thSK=—/ f-hg-D(D%hk, ..., D*hg) dH"!
Sn—l Sn—l Sn—]

n n
We deduce that

1

[ ecxnavi= [ o) awh) ane
1 _
— o [ - Ak e = [ uLreavi

n ., Jsn-1 sn-1

completing the proof of Lemma 8.8.7. ]

The following is Hilbert’s result (see [31 1], Chapter XIX) about the Brunn-Minkowski
inequality as reinterpreted by Kolesnikov, E. Milman [381]:

Theorem 8.8.8 (Hilbert). For a convex body K C R" with C° boundary and o € intK,
all eigenvalues of — Lk are non-negative, the eigenvalue 0 is simple, the eigenvalue 1
has multiplicity n where the corresponding eigenspace consists of all €k ,, w € R",
and the rest of the eigenvalues are larger than 1.
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Remark. Hilbert’s key observation was (in the setting of Kolesnikov, E. Milman [381])
that the positive eigenvalues of — Lk are at least 1, and this fact is equivalent with the
Brunn-Minkowski inequality.

Next let K be an o-symmetric convex body with C;° boundary, and let 2| . (—Lg)
be the minimal positive eigenvalue when — L is restricted to even C? functions on
$"=1. Since now the eigenfunctions ¢k ,, w € R", are odd, we have 1 .(—Lk) > 1.
Kolesnikov, E. Milman [381] proved that any uniform improvement on this spectral gap
estimate is equivalent to the L, Minkowski Conjecture 8.8.2 for a suitable p € [0, 1).

Theorem 8.8.9 (Kolesnikov, E. Milman). Let p € [0, 1), and let K C R" be an o-
symmetric convex body with C° boundary. The estimate 1 o(—Lk) > ’:I_T’l) is equi-

valent with (v) above for any o-symmetric convex body C C R

Remark. In particular, for given p € [0, 1), the estimate 1 .(—Lk) > == for any
o-symmetric convex body with C}° boundary is equivalent to saying that the the L,
Minkowski Conjecture 8.8.2 holds for any o-symmetric convex bodies K, C c R"
(without the characterization of the case of equality).

As a spectacular achievement, Kolesnikov, E. Milman [381] managed to provide
a uniform positive lower bound for A; .(—Lk) — 1, which, combined with the bound
of Theorem 4.7.12 due to Klartag [373] on the Cheeger constant in the KLS constant,
reads as follows.

Theorem 8.8.10 (Kolesnikov, Milman). If K c R" is an o-symmetric convex body
with C° boundary, then

/ll,e(_LK) Z 1+ 2
n*logn

for an absolute constant ¢ > 0.

[

Combining Theorems 8.8.9 and 8.8.10 yields Theorem 8.8.5; namely, if 1 — -, Togn
p < 1 for an absolute constant ¢ > 0, then the L, Brunn-Minkowki Conjecture 8.8.1
and the L, Minkowski Conjecture 8.8.2 hold for any origin symmetric convex bodies
K,Cand A € (0,1).

Remark 8.8.11.

* According to E. Milman [460], Ax = (n — 1) Lk is the centro-affine Laplacian for
a convex body K ¢ R" with C{° boundary and o € intK.

*  While in this section, we have been discussing the case when 0K is C° in order to
match the set up of most books on elliptic operators, the theory work for convex
bodies with C? boundary, as well.
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8.8.2 L, combination of polytopes when p € (0,1)

For p € (0, 1), we show that the L,, combination of n-polytopes is a polytope, but the
boundary of the L, combination of convex bodies with C? boundaries may not be
even C'.

Lemma 8.8.12. Ifp € (0,1) and K, C C R" are n-polytopes, then (1 — 1)K +, AC is
an n-polytope whose facet exterior unit normals are facet exterior unit normals to the
Minkowski sum K + C, as well.

Proof. Letuy,...,un be the exterior unit normals to the facets of the polytope K + C
(cf. (1.4)). As aconvex body is determined by the exterior normals at the regular bound-
ary points (cf. Lemma 2.5.6), Lemma 8.8.12 follows if whenever u = V(1-2)K+,AC (2)
foraz € 0’((1 =A)K +, AC), thenu € {uy,...,u,}. Letw be a vertex of K + C such
that u is an exterior normal at w to K + C. According to Lemma 1.4.10, the normal
cone at w is the positive hull of a subset of {u1, ..., u,}; therefore, we may assume
that u = Z?zl au; forayq,...,a4 20, g > 1, where uy, . .., u, are exterior normals
atwto K+ C. Now w =x+y for a vertex x of K and a vertex y of C, and hence
u,ui,...,uqy are exterior normals at x to K and at y to C, and hg (u;) = {x,u;) and
he(uy) = (y,u;) fori =1, ..., q. It follows from the fact that the function defining
the Wulff shape agrees with the support function at the exterior normals at the regular
boundary points (cf. Lemma 7.5.1) that

(@) = haaykapac ) = (1= Dhg P + Ahe)P)7

9 p q P\p
= ((1—1) (Zaxx,u») +2 (Zaxy,ui)) )
i=1

i=1

q P q p
= ((1 - ) (Z aihwi)) +4 (Z aihc<u,~)) )
i=1 i=1

We apply the Minkowski inequality (10.6) with f(u;) = (1 — D)hg(u;)P, g(u;) =
A he(u;)P and u({u;}) = a; and with parameter 1/p > 1 instead of p to conclude
that

P

q
(zu) 2 Z ; (1= D () + A (i) ")

=

MQ I

aih(1- 1K epac (1) > Zaxz ur) = (z,u).

Il
—_

i

We deduce that /(1) k+pac(u;) = (z,u;) fori =1,...,q, and hence uy, ..., u, are
exterior unit normals at z € 3’ ((1 — 2)K +¢ AC). We conclude that ¢ = 1; therefore,
u=1uj. ]
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Example 8.8.13 (For p € (0, 1), the boundary of the L,, combination of convex bodies
with C% boundaries may not be C'). Let p € (0, 1), let ey, e> be the orthonormal
basis of R?, and let @ > 2 be large enough such that b = iy (L+ a=P)lr < 5. We
consider the ellipses E, = diag|a, a~'1B? and Ea = diag[ail, a)B?.Since E, Cc P, =
[a,—a] x [é, _71] andE, c P, = [é, _71] X [a, —a], we deduce using Lemma 8.8.12
that

Y Eg+pt-Escl P+, Pu=[-b,bl x[-b,b] =W.

On the other hand, for u = (\l@, \l@), we have

1 1 B 1 1 P
5 he, (W)’ + 3 hga(u)p) > (5 (aer, u)? + 3 (aez, u)?

2
a .
= E > hw(u) = h%,Eaer%,E“(u),
therefore, u is not an exterior normal at a regular boundary point of % By +p % Eq
by Lemma 7.5.1.

8.9 Affine surface areas

8.9.1 Affine Surface Area and Centro-Affine Surface Area

Let K ¢ R" be a convex body. We deduce from Theorem 8.1.1 on the second order
differentiabily of K and Aleksandrov’s Theorem 10.6.2 on the second order differ-
entiabily of convex functions that the boundary of K are "~ and the (restricted)
support function A |g»-1 are a.e. twice differentiable in the Aleksandrov sense. In par-
ticular, we can speak about the generalized Gaussian curvature «(x) € [0, co) at H"~!
a.e. x € 0K, and the generalized curvature function

fic() = @1 D2 () = det ( D2 ()]s

at H" ! a.e. u € S"~! where the equality between the two formulations follows from

the homogeneity of Ak as a function on R". Accoding to Remark 8.2.3, the surface

area measure Sk on S”! can be written as Sk = S% + Sk where

e dS% = fxdH™ ! is the absolutely continuous part and fx (u) = 0,_1Dhg (u) is
the generalized curvature function for H"~! a.e. u € S"~! (see Theorem 3.5 in
Hug [337]);

e Sk isasingular Borel measure (i.e. there exists X C §"~1 such that H""1(X) =0
and Sj;(S”‘l\X) = 0) and S} is regular (see Theorem 10.1.3).
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In the following defininition of the two core notions of affine surface area from about
1910, the equivalence of the two types of definitions follows from Theorem 8.1.5 if
the convex body K has C? boundary, and is due to Hug [335] for any convex body.
Definition 8.9.1. Let K be a convex body in R”.

Affine Surface Area

k) = [ ke aH @ = [ fe i w.

Centro-Affine Surface Area Assuming that o € intK,

Q(K) = /{9 K g1 () = /5 KW =1 (),

K (x, vk ()7 " hi ()T
Remarks.
¢ Q(K) is translation invariant; namely, Q(K) = Q(K + w) for w € R";
e Q(K) = "% Q(K) and Q1K) = Q(K) for A > 0;
« If K CR"is a convex body with C? boundary and o € intK then Q(K) > 0 and
Q(K) > 0;
e If K c R"is a polytope with o € intK, then Q(K) = ﬁ(K) =0.
One of the core properties of affine surface area and the centro-affine surface area
is their inriance under SL(#). In order to discuss this property, we need the notion of
the SL(n) invariant centro-affine curvature.

8.9.2 The Centro-Affine Curvature

The invariance of the centro-affine curvature under volume preserving linear trans-
formations was already observed by Tzitzéica [555] in 1908.

Definition 8.9.2 (Centro-Affine Curvature, Tzitzéica). If K c R" is aconvex body with
o € intK, and 0K is twice differentiable at x € K, then the centro-affine curvature at
X is

kg(x) kk(x)
(v ()Y hg (vie(x)mH
Proposition 8.9.3 (Tzitzéica). If K C R" is a convex body with o € intK, 9K is twice
differentiable at x € 0K, and ® € GL(n), then

ko(K,x) =

ko(PK, ®x) = (det ®)*ko(K, x).

Remark. It follows that k(K ,x)‘% is proportional with the volume of the osculating
o-symmetric ellipsoid at x.
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Proof. We may assume that det ® = 1. It is equivalent to prove that if 1 € (1,2), then
A ko(K, x) < ko(PK, ®x) < Ako(K, x). (8.134)

Fix A € (1,2). First we verify some formulas for a convex body M c R" with
o € intM assuming that d M is twice differentiable ata y € M. For u = —vk (y) and
z0 = ylut, let p : (intM)|u* — R be the convex function such that z + ¢(z)u € K and
y =20+ ¢(z0)u. As M is twice differentiable at y, there exists a positive semi-definite
quadratic form Q. with k() = det Oy, on u* such that

0(2) - 0(z0) = 5 0y~ 20) + (2~ 2P,
If0 <t < {y,vam(y)), then we consider the cap
CM,y,1)={weM:(wvm(y)={,vm(y) -t}

Firstlet k(y) > 0. There exists (M, y) € (0,1) such thatif 0 <z < §(M, y){y,va(¥)),
then as subsets of u*,

Aﬁ-{%QySt}S{goSt}S/M"li*“-{%QySI},

which in turn yields that

n-1

2"7_11‘7 2"7_11‘"7_]
32T (g en) <t 220
k(y)2 k(y)2
Therefore if k(y) > 0and 0 < s < §(M, y), then
n+l n+l n+l
2 2% Gom ()
PR LMY <My, s(ovm (D)) (8.135)
n+1 k()2

n+l  n+l n+l
2752 (yvm(y) ”

<ab. 1
n+1 k(y)?

el
where 220 2 — M )T
y)2

K
If k(y) = 0, then similar argument as above yields
lim "% |C(M. 3. s, v ()] = oo. (8.136)
s—0+
Since ®(vk (x)1) = vox (Px)*, we deduce that
© C(K,x,s(x,vk(x))) = C(OK, Dx, s{(Px, vok (Dx)))

for small s > 0, and hence |C(K,x, s(x, vk (x)))| - |C((I>K, Dx, 5(Ox, vox (Dx)))].
Therefore, combining (8.135) and (8.136) yields (8.134). ]
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As we have seen in Section 1.9, the polar K* = {y € R" : (y,x) < 1} of a convex
body K C R" with o € intK satisfies that (OK)* = ®~'K* for ® € GL(n), andif y € R"
is an exterior normal x € 9K with (y,x) = 1, then x is an exterior normal at y € dK*.
The following statement was already known at the beginning of the 20th century in
the case of C? boundary, and is due to Hug [336] for general convex bodies.

Lemma 8.9.4 (Hug). Let K C R" be convex body with o € intK. If 0K is twice differ-
entiable at x € K with kgi (x) > 0, then 0K* is twice differentiable at x* € dK* with
kok+ (x*) > 0 and
ko(K,x) - ko(K*,x*) =1 (8.137)

where x* is the the exterior normal at x with (x*,x) = 1.
Proof. Since this property is invariant under linear transformations by Proposition 8.9.3,
we may assume that x = v (x) = x* = vg+(x*). In addition, we may assume that each
principal curvature at x € dK is one.

For any ¢ > 0, we consider the ellipsoid E. whose one semi axis is conv{0, x},
and the other semi axes are of length 1 + &. It follows that conv{0, x} is a semi axis of

E7, as well, and the other semi axes of E, are of length (1 + &)~ ! In addition, for any
& > 0, there exists s € (0, 1) depending on ¢ and K such that

{zeE.:(z,x)>1-s}c{zeK:{(z,x) > 1 -5} CE,.
We deduce the existence of ¢ € (0, s) (depending on &, K and s) such that
{zeE,  (z,x) 21—t} c{z€e K :(z,x) > 1 -t} C E,
which in turn yields (8.137) by the arbitraryness of € > 0. u

Similar argument like the one for Lemma 8.9.4 yields the following statement:

Lemma 8.9.5. Let K C R" be convex body, and let x € K. 0K is twice differen-
tiable at x with kak (x) > 0 if and only if hx is twice differentiable at vk (x) with
0n_1D?*hi (v (x)) > 0, and in this case, we have

(i) fx (vk (x)) = 0u_1D*hi (vk (x)) = Kok (%)

(ii) ko (K, x)™" = fix (vi (x)) - h (vig ()",
Remark. Based on (ii), fx (1) - hg (u)"*', u € §*~!, is frequently called the centro-
affine curvature function.

Proof. We may assume that o € intK. Let ey, . .., e, be an orthonormal basis of R"
where e, = vk (x), either ey, . .., e,_] are the principal directions at x € 9K (if 9K is
twice differentiable at x) or ey, . . ., e, are the principal directions for D?*hg (v (x))

(if hk is twice differentiable at vk (x)). In particular, if hg is twice differentiable at
vk (x), then any second partial derivative involving d, is zero. In the argument, we
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use Proposition 8.9.3 and the fact that hp g = hg o @ for any convex body K and
® € GL(n).

First applying a linear transform with e, — ¢, + Z?:_ll a;e; and e; > e; fori <
n — 1, we may assume that x = hg (v (x)) - vk (x). Then applying a linear transform
with e; - ¢; fori < n—1and e, — Be,, we may assume that ik (e,) = 1. Finally,
applying a a linear transform with e; — t;e; fori < n -1 and e, — ¢e,, we may
assume that either each principal curvature at x = e,,, or each eigenvalue of D?hg (e,
corresponding to e;, i < n—1,is 1.

Since hg (u) = ||u|| k-, we complete the argument for (i) using the ellipsoids E ¢
and E7, as in the proof of Lemma 8.9.4. In addition, (ii) follows from (i). ]

8.9.3 L, Affine Surface Areas for p > 0 and Linear invariance

Lutwak [435] provided a rather natural generalization of the notions of affine surface
area and centro-affine surface area in the case of convex bodies with C? boundaries.
This new notion of L ,-affine surface area for p > 0 was extended to any convex body by
Hug [335], who also verified the equivalence of the two types of definitions for any con-
vex body (see also Schiitt, Werner [529] and Werner [562] for equivalent definitions).
One definition of the L ,-affine surface area in (8.139) uses the notion of auxiliary cone
volume measure Vi, introduced in Section 2.6, living on 0K for a convex body K c R"
with o € intK. In particular, if 2 C K is Borel, then Vg (E) = |U{conv{o, x} : x € E}|,
and if ® € GL(n), then

Vo k (OF) = | det @| - Vg (B). (8.138)

Definition 8.9.6 (L ,-affine surface area). If p > 0 and K C R" is a convex body with
o € intK, then

P
Q,,(K):n/ KO(K,x)m’ladVK(x):/ %dx (8.139)
oK oK (2, vic (1)) 7
n n(l-p)
_ n+ n+, n—1
= I dHT (8.140)

Ssn-1

Remark. Qy(K) = n|K|, Q;(K) = Q(K) and Q,,(K) = Q(K).
The following invariance properties of the affine surface areas directly follows
from (8.138) and Proposition 8.9.3.
Theorem 8.9.7. Let K C R" be a convex body.
(i) QDK + w) = Q(K) if ® € GL(n), det® = +1 and w € R™.
(i) Q@ K) = Q(K) if o € intK and ® € GL(n).
(iii) Qp, (P K) = Q(K) for p > 0 if o € intK and ® € GL(n), det® = +1.
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8.9.4 Upper semicontinuity, Affine Isoperimetric Inequality

We recall that |K*| = %/SH ok ()" du = %/S"*l hk (u)™" du if K is a convex body
with o € intK (see Section 1.9). We now prove a useful upper bound on the volume of
the L, affine surface area in terms of the convex body and its polar.

Proposition 8.9.8. Letr K C R" be a convex body with o € intK, and let 0 < p < n.

(i) Q(K) < nv|K| - [K*|.

n-p

—~ 2p n— > n
(ii) Qp(K) < no Q(K) w7 |K| w0 < n|K*|77 |K|77.

. ol 2 n-l A
Remark. In particular, Q(K) < nn1 Q(K)»+1 |K|nT < p|K*| e |[K |74,

Proof. Applying Holder inequality to (8.140) and to (8.139), we deduce

1 1
Q(K) =/ (hi fx)? h,?" dH" ' < (/ hk fx d?{"-l)2 (/ h dﬂ"‘l)z
Sn—l Sn—l Sn—l

1 1
< (/ hk dsK)2 (/ g dﬂ"—l)z = (n|K|)? (n|K*])?
Sn—l Sn—]

QP(K)zn/ KQ(K,X)# dVi (x)
oK
2p

n—p

— n+ — n+p n—p ~ 2 n-p

Sn(/ Ko(K,x)éde(x)) (/ 1dVI<(X)) "= 0 Q(K) K|
oK oK

The affine surface area, that was defined at the beginning of 20th century for con-
vex bodies with C2 boundary, was long conjectured to be upper semicontinuous (see
Theorem 8.9.10). Finally, Lutwak [432] provided the following representation of the
affine surface area for convex bodies with C2 boundary in 1991 that yields automatic-
ally the upper semicontinuity, and the representation was extended to any convex body
by Dolzmann, Hug [192]. Here we prove Theorem 8.9.9 for convex bodies with C?
boundary, and the general case is handled as Theorem 8.B.2 in Section 8.B.

Theorem 8.9.9 (Lutwak, Dolzmann-Hug). If K C R" is a convex body, then

1 n
n+l n+l
Q(K)= inf (/ g"dw"‘l) (/ g-ldSK) . (8.141)
g:Sn—1_>((),oo) sn-1 sn-1

g continuous

Proof of Theorem 8.9.9 if K is C2. Now dSk = fxdH" ' where fx is continuous
and positive. On the one hand, if g : §7=1 — (0, o) is continuous, then the Holder
inequality yields

1 n
n+l n+l n
(/ g"dﬂ"—l) (/ g‘lfkd‘H”_l) 2/ fETdH ™ = Q(K).
Ssn-1 Ssn-1 Ssn-1
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L
Taking g = f¢*' finishes the proof of (8.141). |
Theorem 8.9.10 (Main properties of the Affine Surface Area). Let K C R" be a convex
body.

e QK) = "5 Q(K) for A > 0.

* Q(z+®K)=Q(K) ifz € R" and ® € GL(n), det® = 1.

2 e

» Affine Isoperimetric Inequality Q(K) < nw;"' V(K)THI, with equality if and
only if K is an ellipsoid.

» Upper semi-continuity Q(K) > limsup,,_,., Q(Ky,) if limy,—e Ky, = K.

n(n-1)
n+l

Proof. Homogeneity of degree
invariance from Theorem 8.9.7.
For the Affine Isoperimetric Inequality, we may assume that cx = o by the trans-
lation invariance of Q(K), and then use the Blaschke-Santal6 inequality (6.25) and
Proposition 8.9.8 (ii) with p = 1.
For the upper semi-continuity, one cosiders a continuous g : $"~! — (0, o) such

that 1
n+l n+l
(/ g" dﬂ"—l) (/ g ! dSK)
Ssn-1 sn-1

is arbitrary close to Q(K). Applying the same g in Theorem 8.9.9 for each K,,, shows
that Q(K) > limsup,,,_,., Q(Kp). ]

follows from the definition, and equi-affine

Remark 8.9.11 (Some additional properties of the Affine Surface Area).
* The affine surface area is not decreased by Steiner symmetrization, see Section 8.C.

* The affine surface area can be characterized as an equi-affine invariant and upper
semi-continuous valuation (finitely additive measure on the space of compact con-
vex sets, see Section 8.D).

* The affine surface area is related to the floating body and plays a very important
role in polytopal approximation (see the Comments to Chapter 8).

Turning to the case of L, affine surface area for p > 0, we start with the analogue
of Theorem 8.9.9 verified by Lutwak [435] when the boundary is C2, and by Hug [335]
in general (the argument for Theorem 8.B.2 in Section 8.B also proves Theorem 8.9.12
in general).

Theorem 8.9.12 (Lutwak, Hug). If p > 0 and K C R" is a convex body with o € intK,
then

P n

Q,(K)= inf g drH " e PP ase|
P g:81=15(0,00) sn-1 sn-1 K

g continuous
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Remark. The measure h;p dSk on " ! in Theorem 8.9.12 is the so-called L p-
surface area measure (see Section 9.3).

Proof of Theorem 8.9.9 if 0K is Cf. We have dSg = fxdH"~! where fx is continu-
ous and positive. If g : §"~! — (0, c0) is continuous, then the Holder inequality yields

n n(-p)

Qp(K):/Sl TS fx dH™!

P _n_
n+p n+p
< (/ 8" d‘H"l) (/ lg’ph};pr dH"!
N Sn-

y

Finally, Q, (K) is attained when g = fI?T”. ]

It follows from (2.28) that if M C R convex body with o € int M and f : M —
[0, o) is measurable, then

/ Fdvy =1 / Flon () - 1) - oar ()" dH (). (8.142)
oM n.Jsn-1

The following statement due to Hug [336] relates the L, affine surface areas of a
convex body and its polar.

Lemma 8.9.13 (Hug). If p > 0 and K C R”" convex body with o € intK, then
Q,(K) =Q,2,,(K"). (8.143)

Proof. Let 2 ¢ §"! be the measurable set of all u € §"~! such that hg is twice
differentiable at u with fx (1) = 0,1 D*hg (1) > 0 (see Theorem 10.6.2). According
to Lemma 8.9.4 and Lemma 8.9.5, u € E if and only if K™ is twice differentiable at
ok+(u) - u € OK* and ksk+ (0~ (u) - u) > 0. It follows by (8.139) (applied to K*) and
(8.140) (applied to K) that Q, (K) > 0 if and only if €,,2,,,(K*) > 0, which are in turn
equivalent with H"~!(Z) > 0. In this case, Lemma 8.9.4 and and Lemma 8.9.5 that if
u € E, then
Ko+ (0K (u) - u)
his (vi- (o (u) - u)))"*!

We conclude from (8.139), (8.142), (8.140) and n+'1j1/27p) = ;i that

= i Wi ()",

Qi (k) = [ k(K0 Vi (0

oK

_ / Kok (0K () - w) ™7

n(n+l) OK* (u)n dq'{n_l(l/l)
hi+ (v (oK~ (u) - u))) mr

- / Fic )77 B (1) 57 e ()" dH () = Q0 (K).
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Theorem 8.9.14 (Main properties of the Centro-Affine Surface Area). Let K c R" be
a convex body with o € intK.

Linear invariance: §~2((I) K) = S~2(K) if ® € GL(n);
Upper semicontinuity: Q(K) > lim SUP,,y 50 Q(Kyp) if limyy_yeo Kn = K
Invariance under polarity: ﬁ(K ) = ﬁ(K ),

Centro-Affine Isoperimetric Inequality If ok = o, then
Q(K) < nw,

with equality if and only if K is an o-symmetric ellipsoid.

Remark. The centro-affine surface area can be characterized as a GL(n) invariant and
upper semicontinuous valuation (see Section 8.D), and it is also related to polytopal
approximation (see the Comments to Chapter 8).

Proof. GL(n) invariance follows from (8.138) and Proposition 8.9.3, and upper semi-

continuity follows from Theorem 8.9.12 as in the case of the affine surface area.
Next (8.143) yields Q(K) =Q(K*). For the Centro-Affine Isoperimetric Inequality,

we use the Blaschke-Santal6 inequality (6.25) and Proposition 8.9.8 (i). ]

Finally, we consider the L, afline surface area:
Theorem 8.9.15 (Main properties of the L,, Affine Surface Area). Let K C R" be a
convex body with o € intK, and let p > 0.
* Q,(PK)=Q,(K) if® € GL(n) with |det®| = 1.

* Upper semicontinuity
Q,(K) > limsup,,_,., Q,(K,,) iflim,, e Ky = K;

* Q[J(K) = an/p(K*);

* L, Affine Isoperimetric Inequality If ox = o, then
2p_ n-p
Qp(K) < n|B*| =7 |K|7#r

with equality if and only if K is an o-symmetric ellipsoid.

Remark. The centro-affine surface area can be characterized as a GL(n) invariant and
upper semicontinuous valuation (see Section 8.D), and it is also related to polytopal
approximation (see the Comments to Chapter 8).

Proof. Theorem 8.9.7 yields the invariance under volume preserving linear maps, and
upper semicontinuity follows from Theorem 8.9.12 as in the case of the affine surface
area.
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Next, Q) (K) =€,2/,,(K") is just (8.143). For the L ,-Affine Isoperimetric Inequal-
ity, if 0 < p < n, then we use the Blaschke-Santal6 inequality (6.25) and Proposi-
tion 8.9.8. If p > n, then (8.143) and the case 0 < p < n yield

n 2, n—
Q,(K) = Q2 ), (K*) < n|K|75 |K*| 75 < n|B" |75 |K| "5,

n?/p

with equality if and only if K is a centered ellipsoid. ]

8.10 Comments to Chapter 8

The main properties of related to the second differentiability of convex bodies were
worked out by Aleksandrov [2—4,7]. Originally, Minkowski himself proposed a way to
approximate any compact convex set by smooth convex bodies (see Bonnesen, Fenchel
[81]), but his argument contained a gap. Here we present the probably simplest con-
struction due to Firey [234].

Given ¢ € (0, 1), Schneider (see [522], Theorem 3.4.1) constructed a convex body
T K for any compact convex set K € K" such that i, g is C* onR"\ {0}, 0y (K, T.K) <
Reif K c RB", R >0,TK isaballif K is a ball, and in general, PTK =TK if ® is an
isometry of R with ®K = K, T.(aK + BC) = aT K + BT.C and 6y (T K,T.C) <
(1+&)6g(K,C)fora,B >0and C € K". Inparticular, T. K + & B" is a good approxim-
ation of K with C}” boundary, and if X is of constant width D > 0 (i.e. K — K = DB"),
then T.K + & B" is of constant width, as well.

The fact that non-negative linear combination of compact convex sets is a homo-
geneous polynomial in the coefficients, and the basic properties of mixed volumes,
and the relation of mean curvatures to mixed volumes were established by Minkowski
[464,465]. The representation of the intrinsic volumes as mean projections is due to
Kubota [388].

See Florentin, V. Milman, Schneider [235] for a characterization and related prop-
erties of the mixed discriminant of positive definite matrices, and V. Milman, Schneider
[462] for some additional characterizations of mixed volumes.

Minkowski’s inequality is due to Minkowski [464,465] around 1900. Aleksandrov
[3,5,7] already provided two proofs of the Aleksandrov-Fenchel Inequality around
1937-38 (for additional arguments still based on Aleksandrov’s ideas, see also van
Handel, Shenfeld [300], Schneider [522] and D. Cordero-Erausquin, B. Klartag, Q.
Merigot, F. Santambrogio [176]). Fenchel only stated the inequality, never actually
provided a proof. Both arguments in this monograph, the one using strongly iso-
morphic polytopes in Section 7.A, and the one using the theory of elliptic operators in
Section 8.5.2, are based on Aleksandrov’s original ideas as developed further by van
Handel, Shenfeld [300]. For various problems in algebraic geometry or combinatorics,
etc, related to the Aleksandrov-Fenchel inequality, see Section 7.8.
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For convex bodies K and C, the first stability forms of the Brunn-Minkowski
inequality were due to Minkowski himself (see Groemer [272]). If the distance of the
convex bodies K and C is measured in terms of the Hausdorff distance, then Diskant
[191] and Groemer [271] provided close to optimal stability versions (see Groemer
[272]). However, the natural distance is in terms of the volume of the symmetric dif-
ference, and the optimal result is due to the work of Figalli, Maggi, Pratelli [224,225]
and Kolesnikov, E. Milman [381] (see Section 8.6).

The L, version of the Brunn-Minkowski inequality for p > 1 was proved by Firey
[231] in 1962 (see Section 7.6) as a consequence of the classical Brunn-Minkowski
inequality, the p = 1 case. The right extension of the L, combination for p € [0, 1) was
eventually developed by Boroczky, Lutwak, Yang, Zhang [110] within Erwin Lutwak’s
L ,-Brunn-Minkowski theory, which started with the seminal paper Lutwak [433] in
1993. The L ,-Brunn-Minkowski conjecture for origin symmetric convex bodies in R"
for p € [0, 1) was stated by Boroczky, Lutwak, Yang, Zhang [110], who verified the
the conjecture when n = 2. The conjecture has been verified if p < 1is close to 1 in any
dimension by Chen, Huang, Li, Liu [154] based on the local results by Kolesnikov,
E. Milman [381] (see Puttermann [495] for another local-to-global approach based
on results by Kolesnikov, E. Milman [381]). For p € [0, 1), the L, Brunn-Minkowski
conjecture is deeply related to many open problems in Convex Geometric Analysis,
for example, it is intimately connected the uniqueness of the solution of the even L -
Minkowski problem, a Minkowski type Monge-Ampere equation on the sphere. The
L ,-Brunn-Minkowski conjecture is discussed from the point of view of the Brunn-
Minkowski theory and Elliptic operators in Section 8.7 (the fundamental case p = 0)
and Section 8.8 (the case p € (0, 1)), and from the point of view of Monge-Ampere
equations on the sphere in Section 9.4. A functional analogue of the L(-addition is
presented by Crasta, Fragala [182].

The centro-affine curvature was already considered by Tzitzéica [555] in 1908.
The notion of affine surface area for convex bodies with C2 boundary was developed
by Blaschke [74]in R? and R3 around 1920, who established the affine invariance, the
connection to the Blaschke-Santal6 inequality and the affine isoperimetric inequality,
and his results were extended to any dimension by Santal6 [505].

It was a highly non-trivial task to extend the notion of affine surface area as it was
defined by Blaschke around 1920 (cf. [74]) for convex bodies of Cf boundary to any
convex bodies. Leichtweiss’ attempt in [398] was based on Dupin’s floating body in
1986, and Schiitt, Werner [528] provided a more satisfactory definition based on the
convex floating body defined by Bardny, Larman [47] and Schiitt, Werner [528] (see
below for the definition of these two notions of floating body). The definition of affine
surface area using the extremal problem (8.141) is due Lutwak [432], who showed
his notion coincides with the classical definition in the case of convex bodies with
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C? boundary. Lutwak’s approach verified the long conjectured upper-semicontinuity
of the affine surface area, had an important role in the solution of the affine Plateau
problem by Trudinger and Wang [554]. Finally, Dolzmann, Hug [192] proved that all
these notions of surface area (Lutwak’s approach, and using centroaffince curvature
or convex floating body) are equivalent for any convex body. For a survey on affine
surface area, see Schiitt, Werner [530].

Let us discuss some properties of the Affine Surface Area that are not listed in
Theorem 8.9.10 and Theorem 8.D.5:

Best approximation with respect to the volume, C* boundary: If K c R" convex body,
dK is C?, P,, c K polytope with at most m vertices and maximal volume, and
P,y O K polytope with at most m facets and minimal volume (see Bordczky
[90]), then

del,,_ n+
lim maT |[K\Py,| = —=L . Q(K) T
m-—0o0
div,,_ n+
lim m T [P \K| = —2=L . Q(K)#T
m—o0
I TR | _ 1 5 . : dely-1 _
where del.l =g, divy = 15, del, = L and div, = Tsv3 moreover, lim, e —2L =
limy 0 dlvT”" = (2me)~! (see Hoehner, Kur [315] for more exact estimates, which

paper also discusses the history of this problem).

Random approximation: Schiitt [527] proved that if K c R" is any convex body,
and Q,, is a the convex hull of m random points of K acccording to the uniform
propability measure, then

. 2 2
Tim m7T - BIK\Qul = yalK|7T - Q(K)

where y, > 0 depends on n (see Bordczky, Fodor, Hug [100] for the value of vy,
and for a clarification concerning the argument).

Convex floating body: Let K C R" be a convex body, let 0 < § < and for any

1
eK]’
u € S ! we consider tu.s € Rsatisfying that |C,, s| = § for the cap C,, s = {x €
K : (x,u) > t, s}. Now Bardny, Larman [47] and Schiitt, Werner [528] defined

the convex floating body K s by
Ks={xeK:(xu)<t,sYueS '} =cl(K\U,egn1 Cu.s)-

We note that the centroid ox € Ks by Lemma 1.11.4. Schiitt, Werner [528] proved
(see Prochno, Schiitt, Werner [494] or Werner [564] for a clear formulation of the
statement) that

2
“1\nm1 .. |K|-]K
n+1 -0+ Onsl
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In 1822, Dupin [196] considered the floating body that is the envelope of the
centroids of the (n — 1)-dimensional sections {x € K : {(x,u) =, s} foru € S"~!.
Dupin’s floating may not be convex, but it is convex when 4K is C? and 6 is small,
and in this case, it agrees with the convex floating body K). This floating body
was investigated in detail for example by Blaschke [74] and Leichweiss [398].

For the Affine Isoperimetric Inequality, Blaschke’s and Santal4’s approach was to
prove it for convex bodies with C2 boundaries via Steiner symmetrization with char-
acterization of the equality, and then deduce the Blaschke-Santalé inequality. Meyer,
Pajor [451] proved the Blaschke-Santal6 inequality via Steiner symmetrizatio with a
characterization of the equality case for all convex bodies, and Lutwak [434] explained
how the Affine Isoperimetric Inequality and the Blaschke-Santal6 inequality are equi-
valent, even including the equality case.

We note that Hug [335] managed to characterize equality in the Affine Isoperimet-
ric Inequality for any convex body via Steiner symmetrization. The curvature relation
(8.137) is significantly generalized by Hug [338], Theorem 5.1.

The centro-affine surface area was introduced by Blaschke [74]. Due to its GL(n)
invariance, the centro-affine surface area shows up in the asymptotic formula in the
case best approximation by polytopes with respect to the Banach-Mazur distance. For
o-symmetric convex bodies K, C ¢ R", their Banach-Mazur distance dppm (K, C) is
the minimum of log A where there exists ® € GL(n) such that K ¢ ®C c AK. It is
a metric on the equivalence classes of o-symmetric convex bodies with respect to
linear transformations. Mow if K ¢ R” convex body, 0K is C 2 and Py, is an o-
symmetric polytope with at most 2m vertices minimizing ogm (K, P2,), and P (2,,) is
an o-symmetric polytope with at most 2m facets minimizing 6gm (K, P(2m)), then (see
Boroczky [90])

2
n-1

1{,- ~
Wlli_ljlw(zm)% - 0pMm (K, Pam) = 5 (wn 11) -Q(K) T
1 (01|
Jlim (2m)77 - e (K. Pam) = (wll) QK™
-

where ,,_ is the covering density; namely, the minimal density of a covering of R"~!
2

by equal balls. We note that lim,,_, ﬁﬁ =1.

Lutwak [432] introduced L ,-affine surface area for p > 1, which notion was exten-
ded to p > 0 by Hug [335], and even further to p < 0 by Werner, Ye [565]. If -n < p <0
and K c R" is a centered convex body (o0 = 0), then Werner, Ye [565] proved that

2p n-p
Q,(K) > n|B"|77 |K| ™7, (8.144)

with equality if and only if K is a centered ellipsoid. In addition, Ludwig [426] verified
thatif —n < p <0, then Q,, (K) is lower semicontinuous on the space of convex bodies
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containing the origin in their interior. Ludwig [426] actually extended the L ,-affine
surface area to a broad Orlicz setting, which extended affine surface area shows up in
the characterization of upper or lower semicontinuous SL(#n) invariant valuations on
the space of convex bodies containing the origin in their interior by Ludwig, Reitzner
[429]. Concerning the L,-affine surface area, Steiner-type formulas are proved and
investigated by Tatarko, Werner [550,551]. Some additional extensions of the notion
of L ,-affine surface area discussed by Werner [563] and Caglar, et al [140].

8.A Supplement: Aleksandrov’s Mixed Discriminant Inequality
The sole goal of this section is to prove the following inequality for mixed discriminants
(see below for their definition):

Theorem 8.A.1 (Aleksandrov’s Mixed Discriminant Inequality). If d > 2, A is any
symmetric d X d matrix, and B, My, ..., My_, are positive-semidefinite symmetric
d X d matrices, then

D(A,B,My,.. .,Md_2)2 >D(AAM,,... .My 2)D(B,B,Mq,...,M;_,) (8.145)
where no My, ..., Mg_» occur in the case of d = 2.

The proof - due to Shenfeld, van Handel [300] - of the Mixed Discriminant Inequal-
ity Theorem 8.A.1 given here is rather technical, as all known arguments (see, for
example, Schneider [522], Section 5.5), and is based on similar ideas like the proof of
the Alexandrov-Fenchel inequality in Section 8.5.

Let us collect some some basic properties of the mixed discriminant of real d X d
matrices Ay, ..., Ag for d > 1. According to Definition 8.3.2, if A; = [agi), o ,ag)]
for aﬁ.i) € R?, then

|
D(Ar....A) = & D deta! ™). a" )] (8.146)
" wi{l,...,d}—{l,...,d} bijection

In particular, for any permutation 7 : {1,...,d} — {1,...,d}, we have
D(A]9 e ,Ad) = "D(Aﬂ'(l)’ e ’Aﬂ(d))a

andif Aq,...,44 € R, then

d
det (Z ﬁiAi
i=1

We deduce from (8.147) that if U € GL(d), then

= D DAy LAY Ay (8.147)
i,...,ig€{1,...,d}

DWUAU,..., UAqU") = det(UU") - D(A1, ..., Ad). (8.148)
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We note that if Ay, ..., Ay are symmetric positive definite, then
DA, Ay, ..., Ay) >0 (8.149)
according to Lemma 8.3.3.
For x = (x1,...,xq) € R4, we use the breviation diag(x) = diag[xy, .. . ,Xq] to
denote the corresponding diagonal matrix. For j =1,...,dand d > 2, let A;j ) denote

the (d — 1) X (d — 1) matrix obtained by removing the jth column and the jth row of
the d x d matrix A;, and hence (8.146) yields that if x = (x1,...,xg) € R¢, then

d
) 1 . .
D(Ar, ..., A, diag(x)) = ~ > oxo@Ay, LA, (8.150)
j=1
If & is a symmetric d X d matrix for d > 2, then there exist eigenvectors x, . . ., xg

forming an orthonormal basis of R% and eigenvalues A; > ... > Ay suchthat Ex; = A;x;
andif j=1,...,d-1andx € R4 satisfy that (x;,x) =0fori=1,...,J, then

(Ex,x) < Ajpr(x,x). (8.151)

We also need the following special case of the Perron-Frobenius theorem (see The-
orem 10.8.1 in the Appendix for a proof):

Proposition 8.A.2 (Perron-Frobenius Theorem for symmetric positive matrices). If
each entry of the symmetric d X d matrix & is positive, and A is the largest eigenvalue,
then

* A1 > 0and Ay is a simple eigenvalue;

* there exists an eigenvector x| whose coordinates are all positive and Ex| = 11x1;

* any eigenvector x of & whose coordinates are all positive satisfy x = r xy forr > Q.
If € is a symmetric matrix, its positive eigenspace is the subspace spanned by

the eigeinvectors corresponding to positive eigenvalues. The following statement has

been proved as Lemma 7.A.4, but the argument is essentially the same as in the case
of Lemma 8.5.3:

Lemma 8.A.3 (Hyperbolic Quadratic Forms). Fora symmetric d X d matrix &, d > 2,
the following conditions are equivalent for x,y € RY.

(i) (x, Ey)* = (x, Ex)(y, Ey) if (v, Ey) 2 0.
(ii) There exists a w € R? such that {x, Ex) < 0 if (x, Ew) = 0.

(iii) The dimension of the positive eigenspace of & is at most one.

We are ready to verify the case d = 2 of the Mixed Discriminant Inequality (8.39):
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Lemma 8.A.4. If A is a symmetric 2 X 2 matrix and B is a symmetric positive definite
2 X 2 matrix, then
D(A,B)? > D(A, A) - D(B, B). (8.152)

Proof. We may assume that B is positive definite by repacing it with B + & I, for small
g > 0. Therefore, we deduce from (8.148) that we may also assume that B = [ and
A = diag(x) for x = (x1,x2) € R In this case, (8.150) yields that D(A, B) = %,
D(A, A) = x1xp and D (B, B) = 1, therefore, (8.152) is a conseuence of the AG-GM
inequality. ]

Lemma 8.A.5 is the core special case the Mixed Discriminant Inequality (8.39).
The main idea of the proof of Lemma 8.A.5 is to construct a scalar product (-, -),, on
R and a symmetric d X d matrix A with positive coefficients such that the Mixed Dis-
criminant Inequality (8.39) for suitable matrices is the consequence of the inequality
(X, Ay)2 > (x, Ax) 4 (y, Ay), whenever (y, Ay), > 0, and the vector 1 = (1,...,1) €
R4 is an eigenvector of A with eigenvalue 1. We verify the inequality (Ax, ?(x)ﬁ >
(x, Ax), assuming the Mixed Discriminant Inequality (8.39) for (d — 1) x (d — 1)
matrices, which, together with the Perron-Frobenius theorem, ensures that the positive
eigenspace of A is one dimensional. In turn, Lemma 8.A.3 completes the argument.

Lemma 8.A.5. Let d > 3, and let My, ..., My_, be positive definite matrices such
that My = I4. If x,y € R? such that each coordinate of y is positive, and the Mixed
Discriminant Inequality (8.39) holds for (d — 1) X (d — 1) matrices, then

D((x), (), M1,...,Ma-2)* = D((x), (x), My,...,Ma_2) D((y), (y), My, . ., Ma_2)

(8.153)
Proof. Letey,...,eyq be an orthonormal basis with respect to (-, -). We consider the
scalar product (-, -),, on R and the d x d matrix A such thatif x = (xy,...,x;) € R¢
andy = (y1,...,yq) € R?
=D xy DM M M) (8.154)
j=1
D(x)D, MY, ... MY
(Ax); = . )(n 5 (djf) (8.155)
DM M, ..., M)
(jk) (Jk)
=Z Xk DM, ... M) (8.156)
— () ) () )
Fd=-1 pom M7, ... . MP)

where (Ax); is the jth coordinate of Ax, j =1,...,d, Z)(Ml(j),Ml(j),- . -,M‘(/;)z) >0
and Z)(Ml(jk), cen, M‘(l];kz)) > 0 by (8.149), and we used (8.150). In particular, (8.150),



Supplement: Aleksandrov’s Mixed Discriminant Inequality 305

(8.155) and I = (1) yield

X AV = (Ax, )y =d - D((x), (), My, ..., Ma-2); (8.157)
Al =1. (8.158)
Since there exist #1, ..., tg > 0 such that t1eq, ..., tge,4 is an orthonormal basis with

respect to (-, ), by (8.154), we deduce from (8.156) that each coefficient of A is
positive in this basis, and from (8.158) that 1 is a positive eigenvector of A in this
basis with eigenvalue 1. Since A is symmetric in this basis by (8.157), the Perron-
Frobenius Theorem 8.A.2 yields that 1 is a simple eigenvalue of A that is the maximal
eigenvalue.

Next, first we apply Mixed Discriminant Inequality (8.39) for (d — 1) X (d — 1)
matrices, then (8.150) and M, = I4, and finally (8.157) to obtain

d () ) (J)\2
DD, M M)y
(A, Axy = B 2,0 ")
o om?) M7, ... M)
d
> D()D, 0D, My, ... M)
j=1

d-D((x), (x), My,...,Maq_3) = (x, Ax), (8.159)

where D ((x)7), (x)), Mz(j), s Mg(lj_)z) = D((x)Y), (x))) is meant in the case of
d = 3. It follows from (8.159) that A is an eigenvalue of ‘A, then A2 > A, and hence
either 4 > 1 or A4 < 0. Since we have already seen that the maximal eigenvalue of A
is 1, and it is a simple eigenvalue, we deduce that the the dimension of the positive
eigenspace of A is one. In turn, Lemma 8.A.3 and (8.157) yields (8.153). ]

Proof of Theorem 8.A.1. We prove Theorem 8.A.1 by induction on d > 2 where the
case d = 2 is just Lemma 8.A.4. Therefore, let d > 3, and we assume that the Mixed
Discriminant Inequality (8.39) holds for (d — 1) X (d — 1) matrices. Our goal is to
prove that if A is any symmetric d X d matrix, and B, My, ..., M4_, are positive-
semidefinite symmetric d X d matrices, then

D(A,B,My,...,Mg_2)>> D(AAM,....My_2)D(B,B,Mi,...,My_5).
(8.160)
Adding €1 for small € > 0, we may assume that B, My, . .., M4_, are positive-definite.
According to (8.148), we may also assume that

M, =1,
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First we verify the special B = I;; namely, if A is any symmetric d X d matrix,
then

DA, 1, M, ... ,Md_2)2 > DA A M, ..., Mg 2)D(Ig,14,My,...,Mg_5).
(8.161)
Applying any orthogonal transformation U as in (8.148) keeps the condition M| = I,
and hence we may assume that A is a diagonal matrix. However, Lemma 8.A.5 yields
(8.161) in this case.
Let M, denote vector space of dimension d(d + 1)/2 of real d X d symmetric
matrices. Considering the symmetric bilinear form

Q(A,B)=D(A,B,My,...,My_>)

for A, B € My, we have Q(A, I;)> > Q(A, A)Q(Iy, 1) for any A € M, accord-
ing to (8.161) where Q(14, I4) > 0 by (8.149). In particular, if Q(A, I5) = 0, then
Q(A, A) < 0; therefore, the equivalence of (i) and (ii) in Lemma 8.A.3 imples that
Q(A, B)* > Q(A, A)Q(B, B) for any positive definite B € M. In turn, we conclude
Theorem 8.A.1. ]

8.B Supplement: Upper semicontinuity of the Affine Surface Area

The key statement to prove the upper semicontinuity of the affine surface area of general
convex bodies (cf. Theorem 8.9.10) is Theorem 8.B.2 below proved by Dolzmann, Hug
[192]. The following observation is needed in the argument for Theorem 8.B.2.

Lemma 8.B.1. Ifn > 0 and f > n for f € L{(S""), then there exists a sequence
hy € C®(S™Y) such that h,, > %foreachmandlimm_,m /S'H |y — flAH1 =0.

Remark. Similar statement can be proved using spherical convolution (see Feng Dai,
Yuan Xu [185], Chapter 2).

Proof. For an orthonormal basis ey, ..., e, of R™! let e;y, = —e; fori=1,...,n,
therefore, ey, . . ., ey, are the exterior unit normals of the facets Fi, ..., F2,, respect-
ively, of the cube W = 3. [-1,1]e;. Fori = 1,...,2n, let F] = File; = W N e;,
let ®; be the radial projection of F; onto $”~!, and let 7; : e — S"~1 be defined by
mi(x) = “;‘:—Z‘” and hence 7;(F/) = ©; and Oy, ... .~,®2n tile S7~ 1. )
Fori=1,...,2n,let fiiy = f - 1o, on S" 71, let f(;) : e;- — [0, c0) satisfy f(;)(x) =
f(mi(x))ifx € F/ and fiy(x)=0ifx ¢ F/,and asin Lemma 10.2.3 in the Appendix, let
-1
ki(x) =ye(1 - ||x||?) forx € e;- be aC™ function where ¢(#) =0if7 <0,and (1) = e *
if # > 0, and the constant y > 0 is chosen in a way such that /e,i kid7‘("*1 =1.Form>1,

we consider the approximate identity & (; , (z) = m" 'k(mz) and fz(,-),m = f(i) *K(i),m



Supplement: Upper semicontinuity of the Affine Surface Area 307

on e;, and hence ﬁ(i),m > 0, lim,;; 00 /e.i |il(i)’m - f(i) |dH" ' =0andifx € F!, then
- ~ _ - n
= [ Fi k(=3 dH ()2 /F K= dH T (0) 2

as F} is an (n — 1)-cube. Now we define h,, = Z?fl h(iy,m where hgy m(mi(x)) =
E(i),m(x) forx € e;- and h(jy , (u) =0ifu € S"~1 with (u, e;) < 0. Since each ; is a con-
traction, and f(u) = Z?fl fi)(u) for H" lae. ueS" !, we conclude Lemma 8.B.1.

[

We also need the following consequence of the Mean Value Theorem: If 7 > 0 and
a,b > n, then 1
lawT — bt | < gt |a — b|. (8.162)

Theorem 8.B.2 (Dolzmann-Hug). If K ¢ R" is a convex body, then

1 n
n+l n+l
Q(K)= inf (/ g"d?-("l) (/ gldSK) ) (8.163)
g:8"=15(0,00) sn-1 sn-1

g continuous

Proof. We recall that dSk = fxdH"™' +dS3, on §"~! where fx = 0_1D*hk is
measurable and the singular part S} is a regular Borel measure (cf. Theorem 10.1.3)
s.t. 3 H"!-measurable X c §"~! satisfying H" ! (X) = 0 and S3 (S"~'\X) = 0.

The right hand side RHS of (8.163) is estimated by the fact that fxdH"~! is the
absolutely continuous part of dSk and by the Holder inequality:

1 n
n+l n+l
RHS >  inf (/ g" d?("‘l) (/ g ' fxdH™!
g:8=15(0,00) sn-1 Ssn-1

g continuous

> [ fFT AR = Q(K).
Snfl

Therefore all we have to prove is that for any & > 0, there exists continuous g : sn-l
(0, o) such that

1 n
Al e+l n
(/ g" dﬂ"‘l) (/ g ! dSK) < fETdH" ' +e. (8.164)
Ssn-1 sn-1 Snfl

Forn € (0,1), let f,, = max{n, fx } € L1($"~1). Our first step towards verifying (8.164)
is that for any € (0, 1), there exists continuous g,, : $"~! — (0, c0) such that

n_

1
n+l n+l n_
(/ gi;dﬂ"‘l) (/ g,‘,lfnd?l”‘l) </ FrTdH w7, (8.165)
Sn—l S”’l S”’l
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To prove (8.165), we consider a sequence of continuous A, : "' — [ 2,7_1 ,00) provided
by Lemma 8.B.1 such that lim,;, /S'H | B — fry| dH™ ! = 0. Tt follows from (8.162)

that

lim (5T = £ dH =0, (8.166)

m—oo Jgn-1

e
For ¢, = hji", ¢! < —2— yields

17 n+l

tim [yl gy - b

m—oo S’“l

dH" ' = lim ; Ut |y = hm| dH™ 1 =0,

nm-—o00 sn

which estimate combined with (8.166) implies that we can take g,, = i, for large m
in (8.165).

According to Lebesgue’s Dominated Convergence Theorem, we can fix a a small
n € (0, 1) in (8.165) such that

(/ g;;dw"—l) (/ g,;ldeﬂ"—l) </_ fe dw"—1+§. (8.167)
sn-1 Ssn-1 sn-1

FixaG > lsuchthat G™! < g, <G.
To deduce (8.164) from (8.167), we note that there exist compact C,,, C X and
open U,, D X such that

‘ 1 1
S5 (S"N\Cp) < — and H" N (Up) < —
m

mn+l

as Sj; and H" 1, being finite Borel mesures on Sn=1 are regular (cf. Theorem 10.1.3).
Form > G, letf,, : S*~! — [0, m] be continuous such that 6,,(x) = m if x € C,, and
Om(x) =0if x ¢ Uy, and let ¢,, = max{g,, 0,,}. In particular,

/ o dH"! s/ g dH"! +/ m" dH"1
Sn—1 S"”I\Um U
1
< / g dH" '+ —,
sn-1 m

and as 90;11 < g;l < GonS"!and 90;11 = % on C,,, we also have

1
/Sn_l gpmldSKS/Sn_l g,,lfkd?l"1+/U . Gds;+/ — dS

S8 Sn—l
S/ g,‘,lde?("‘l+E+M.
sn-1 m

m

Therefore, (8.167) yields that we can choose g = ¢, for large m in (8.164). |
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8.C Supplement: Affine Isoperimetric Inequality via Steiner
symmetrization

Lemma 8.C.1 (Minkowski’s determinantal inequality). If A, B positive semidefinite
symmetric n X n matrices and p > n, then

1

1 o1 1 1 P
E(detA)P +§(detB)P < det §(A+B) .

Assuming that A, B positive definite, equality holds if and only if A = B.

Proof. It follows from the Jensen inequality (10.4) that we may assume that p = n.
In addition, we may assume that A, B positive definite, and hence also that both A, B
are diagonal with eigenvalues ay,...,a, > 0and by, ..., b, > 0, respectively. In this
case, the inequality is

e

i=1

' + (ﬁ bi)n < (ﬁ(ai +bi))n ,
i=1

i=1

which follows from the AM-GM inequality as

n m n o n n
a; " b,‘ " 1 a; 1 bi
(l_lla[+bi) +(1—1[a[+b[) S;(Za[+b[)+;(2a[+b[):1'

i= i= i=

Let us recall the well-known formula for the Gaussian curvature for a graph of a
convex function. For (relatively) open and convex Q C u*, u € "', and for convex ¢ :
Q- R, letZ={x+p(x)u:xeQ} cR"bethe graph of ¢. If ¢ is twice differentiable
at x € Q, then the Gauss curvature x(z) at z = x + @(x)u is

det D% f(x
k(z) = IACY —. (8.168)
(A+Df)H =
The following statement is due to Santal6 [505].
Theorem 8.C.2 (Santald). If K c R" is a convex body and u € S"~', then
Q(0,.K) > Q(K). (8.169)

Assuming in addition that 0K is C2, equality holds in (8.169) if and only if the mid-
points of the secants of K parallel to u are contained in a hyperplane.
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Proof. There exist continuous concave functions f and g on K|u* such that
K= {x+tu t—g(x) <t < f(x)forx e K|ul}.

Let X C (intK)|u™ be the set of points x € (intK)|u' where both f and g twice differ-
entiable, and hence H" ! ((K|u*)\X) = 0. For Z* = {x + f(x)u : x € X} c 0K and
Z7 ={x+g(x)u:x e X} c dK, we have

k) = /z+ k(2)7T dH" ! (2) + /z k(2) @ dH"(z)

- / (det D2 £(x)) ™ + (det D2g(x)) 1 dH"1 (x).
X

Since
0,.K = {x+tu : —w <r< Mforx eK|u*},
we deduce that
Q(6,.K) =2 / (det D't ()‘)*;ewzg(x))"l“ dH" (3).
X

As D?f(x) and D?g(x) are positive semidefinite for x € X, Lemma 8.C.1 yields
(8.169).

Now let us assume that K is C? and equality holds in (8.169). As D?f(x) and
det D?g(x) are positive definite and continuous functions of x, Lemma 8.C.1 yields
that D% f (x) = det D?g(x) for all x € (intK)|u™. Therefore, there exist v € u andy € R
such that if x € K|u™*, then f(x) = g(x) + (v, x) + 7, and hence

3 (Gt )+ (= g ) = (5.0 + 2.
[

In turn, we deduce the Affine Isoperimetric Inequality following Affine following
Santal6 [505].

Theorem 8.C.3 (Affine Isoperimetric Inequality, Santald). If K c R" convex body,
then )
—= n—1
Q(K) < nw'V(K)n, (8.170)

Assuming that 0K is C2, equality holds in (8.170) if and only if K is an ellipsoid.

Proof. Since starting from K, a sequence of Steiner symmetrizations lead to a ball
of volume |K| (cf. Theorem 1.10.7 or Theorem 1.A.3), we deduce (8.170) from The-
orem 8.C.2.

If AK is C? and equality holds in (8.170), then Theorem 8.C.2 yields that the
midpoints of the secants of K parallel to u are contained in a hyperplane for any u €
§"~1. Therefore, Theorem 6.2.1 implies that K is an ellipsoid. |
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8.D Supplement: Valuations on convex bodies

Let K™ be the space of compact convex sets in R” equipped with the Hausdorff metric.
We observe that the Minikowski addition makes K™ a cancellative abelian semigroup.
In addition, let K (”0) be the subspace of K™ consisting of convex bodies K with o €
intK.

Definition 8.D.1 (Valuations on convex compact sets). For a cancellative abelian
semigroup A, a function Z : K" — A (or Z : (K("o) — A) is called a valuation if
K,CeK"(orK,C € ‘KE‘O)) satisfy that K U C € K™, then

Z(KUC)+Z(KNC) = Z(K) + Z(C). (8.171)

We observe that if K, C € K™ satisfy that K U C is convex, and hence lies in K",
then
hgue = max{hg, hc} and hgnc = min{hg, h¢c}. (8.172)

In this section, we only consider some fundamental properties of continuous or
semicontimuous valuations on compact convex sets. For surveys on various related
aspects of the theory of valuations, see for example the monograph Alesker [9], the
survey papers McMullen, Schneider [448] and Schneider [523].

Examples of valuations on compact convex sets

(a) Z(K) =y for a constant y € R for K € K";

(b) Z(K) = |K| = V,(K) for K € K";

(¢)Given A € K", Z(K) = |K + A| for K € K" as
(K+A)U(C+A)=(KUC)+A;

(d)Giveni=1,...,n—1,Z(K)=V;(K) for K € K" (follows from (b) and the Kubota
formula (7.5) representing V;(K) as mean projection);

(e) Generalizing (d), given Cy, ..., Cy,, € K" where 1 < m < n,
Z(K)=V(Cy,...,Cp,K,...,K) for K € K" (follows from (c) and Theorem 7.3.1
(iii));

(f) Z(K) = K — K for K € K" (here A = K");

(g) Z(K) = Q(K) for K € K" as Q(K) = fa'K KK(x)ﬁ dH"1(x) if K is a convex
body;

(h) Z(K) = [ xdxforK € K[, (here A =R");

(i) Given p > 0, Z(K) = Q,(K) for K € 7(("0) (in particular, Z(K) = ﬁ(K)) as

L
Q,(K) = /(,),K Lﬂﬂv_ dx (use also (8.172)).

n(p-1)
(x, vk (x)) ™P
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For references about properties of continuous valuations discussed in this section,
see Alesker [9]. Any continuous valuation Z : K" — R satifies the inclusion-exlusion
principle; namely, if K; U ... U K,, € K" for Ky, ..., K,, € K", then

Z(KiU...UKp) iZ(K,-)— Z Z(KinKj) +...
i=1

1<i<j<m

3

(-1)i! Z Z(Kj N...NK}).

1<j1<...<ji<m

1

Remark. According to Groemer [270], if a valuation Z satisfies the inclusion-exlusion
principle, then Z can be extended to be a finitely additive measure on the finite unions
of convex compact sets. For example, the constant one valuation on K™ extends to the
Euler characteristic of finite unions of convex compact sets (a result due to Hadwiger
[295]).

Let us review some results about valuations that characterize quantities related to
this book. If G is a subgroup of the group of affine transformations of R” (any element
of G is of the form x — ®x + w for ®GL(n) and w € R™), then we say that a valuation
Z K" - A, A cancellative abelian semigroup, is G invariant if Z(gK) = Z(K)
for g € G and K € K", and a valuation Z : K" — R" or a valuation Z : K" — K"
is G equivariant if Z(gK) = gZ(K) for g € G and K € K". The modern theory of
valuations started with Hadwiger’s characterization theorem in 1957 (see Klain [368]
for a simpler proof).

Theorem 8.D.2 (Hadwiger [295]). Z : K" — R is a continuous valuation invariant
under isometries of R" if and only if there exist yy, . . .,Yn € R such that

n
Z(K) = )" yiVi(K).
i=0
Remark. It is sufficient that Z is SO(n) and translation invariant and continuity of Z
can be replaced by monotoncity (Z(K) < Z(C) if K c C).

We say that a valuation Z : K" — R is homogeneous of degree ¢ € R if Z(1K) =
A9Z(K) for A > 0. Concerning volume, Hadwiger [295] verified that any translation
invariant and n-homogeneous valuation Z : K" — R is of the form

Z(K) =y|K| foray € R, (8.173)

and Klain [368] proved the same conlusion for any continuous, translation invariant
and even (Z(-K) = Z(K)) valuation Z : K" — R that vanishes on lower dimensional
compact convex sets. In addition, Schneider [521] characterizes any continuous, trans-
lation invariant valuation Z : K" — R that vanishes on lower dimensional compact
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convex sets; namely, there exist y € R and an odd continuous function g : §*~! — R
(g(—u) = g(u)) such that

2(6) =yIK1+ [ gdsr.
sn-

Next, Haberl and Parapatits characterized the moment vector among vector valued
valuations, and Ludwig characterized the difference body among Minkowski (compact
convex set valued) valuations. Let us remark that the centroid of a convex body is not
a valuation.

Theorem 8.D.3 (Haberl, Parapatits [293]). Z: ’K(”o) — R" is a continuous and SL(n)
equivariant valuation for n > 3 if and only if there exists y € R such that

Z(K) :'y/dex.

Theorem 8.D.4 (Ludwig [425]). Z : K" — K" is a continuous, SL(n) equivariant
and translation invariant valuation if and only if there exists y > 0 such that

Z(K) = y(K - K).

Ludwig, Reitzner [428] characterized the affine surface area among valuations as
follows.

Theorem 8.D.5 (Ludwig, Reitzner [428]). Z : K" — R is an upper semicontinuous,
translation and SL(n) invariant valuation if and only if there exist yo,y1 € R and
v2 > 0 such that

Z(K) =y0 + 711K + 72Q(K).

Remark. Z : K" — R is an upper semicontinuous, translation and SL(n) invariant
valuation that vanishes on polytopes if and only if Z(K) = yQ(K) fory > 0.

Ludwig, Reitzner [429] characterized all upper semicontinuous and SL(n) invari-
ant valuations on ‘K("o) . Their result yields the following characterization of the centro-
affine surface area.

Theorem 8.D.6 (Ludwig, Reitzner [429]). Z: K ("0) — R is an upper semicontinuous,
and GL(n) invariant valuation if and only if there exist vy € R and vy, > 0 such that

Z(K) = yo +71Q(K).

Remark. In particular, Z : K ("0) — R is an upper semicontinuous and GL.(n) invari-
ant valuation that vanishes on polytopes if and only if Z(K) = yﬁ(K ) fory > 0.

For 0 < p < n, Ludwig, Reitzner [429] even characterized the L ,-surface area
€, (K) as upper semicontinuous and SL(#) invariant valuation
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Z: ‘K("O) — R that is homogeneous of degree ¢ = n(n — p)/(n + p) (recall that Q(K) =
Q; (K)).

Let us provide some hints about the flourishing theory of the structure of the space
of continuous and translation invariant valuation that is main topic of Alesker [9].
According to McMullen’s decomposition theorem in 1977, the existence of mixed
volumes depends on the properties that the volume of a compact convex set is a con-
tinuous translation invariant valuation that is homogeneous of degree n.

Theorem 8.D.7 (McMullen’s Decomposition [467]). Let Z : K" — R be a continuous
and translation invariant valuation.

(I)Z=Zo+Z\+...+Z,where Z; is a continuous and translation invariant valuation
that is homogeneous of degree i.

(ii) Given K1, .. .,K,,, e K", Z(A1 K1 + . . . + A4, K,y is apolynomialin A4, . . ., A, =0
of degree at most n.

Observe that McMullen’s decomposition is in line with Hadwiger’s Theorem 8.D.2.

The next crucial step towards understanding continuous and translation invari-
ant valuations is Alesker’s theory introducing representation theory as the main tool
around 2000. We write Val(R™) to denote the real (or complex) topological vector
space of continuous and translation invariant valuations on K™ that is actually a Banach
space. There is a natural GL(7) action on Val(R") defined by gZ(K) =Z(g~'K) forg €
GL(n) and K € K™. In addition, any valuation Z : K" — R can be written (uniquely)
as Z =Z*"+Z" where Z* is even (Z*(-K) = Z*(-K)) and Z~ is odd (Z~(-K) =
—Z~(-K)); namely; Z*(K) = $(Z(K) + Z(-K)) and Z~(K) = $(Z(K) — Z(-K)).
According to McMullen’s decomposition Theorem 8.D.7,

Val(R") = é (Val* (R") @ Val; (R"))
i=0

where Val! (R") (Val; (R")) is the subspace of even (odd) continuous and translation
invariant valuations of Val;(R") of valuations homogeneous of degree i. We note that
Valp(R") = RVp and Val,,(R") = RV,, by Hadwiger’s theorem (8.173). According
to Alesker’s irreducibility theorem (see [9]), the irreducible closed subspaces with
respect to the natural action of GL(n) on Val(R") are exactly Val! (R") and Val; (R"),
i=0,...,n. As aconsequence, Alesker proved McMullen’s conjecture that the mixed
volumes (see Example (e)) are dense among continuous and translation invariant valu-
ations.

The dense subspace Val™ (R™) of the so-called smooth valuations where Z € Val™ (R")
if the map GL(n) — Val®(R"), g — gZ is C* is equipped with two natural products
through the work by Alesker, Bernig and Fu (see [9]). We note the valuation K +— |K +
A| in Example (c) and the mixed volume in Example (e) are smooth if A, Cy, ..., Cy,
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have C{° boundary. For the Alesker product Val™ (R") x Val* (R") — Val®(R"), if i +
j<nthenZ-Ze Val?j’rj (R") for Z € Val>(R") and Ze Valj-o (R™), and Val*(R") X
Val” ;(R") — Val;(R") = R -V, is a perfect pairing. In addition, it satisfies the
Hard Lefschetz theorem stating that Z — Z - Vl'l‘zi is an isomorphism Val*(R") —
Val?_.(R") for 0 < i < n/2. The convolution Z * Z goes the other way, and the two
products are connected by the Fourier transform F : Val™(R") — Val™(R") map-
ping Val®(R") into Val;;_;(R") and satisfying IF o F(Z)(K) = Z(-K) and F(Z - Z)=
F(Z) « F(Z).

Concerning some applications of the theory of valuations on compact convex
sets, Hadwiger’s Theorem 8.D.2 directly yields the principal kinematic formula, and
Bernig, Hug [64] prove very general kinematic formulas based results on valuation.
Haberl, Schuster [294] applies results on Minkowski valuations to obtain new Sobolev
type inequalities. In addition, Aleksandrov-Fenchel-type inequalities are verified by
Alesker [10] and Kotrbaty, Wannerer [384,385] based on Kotrbaty’s Hodge-Riemann
relations on valuations in [383].

We note that other important families of valuations that are defined on polytopes
(see Alesker [9] and Boroczky, Ludwig [109] for classical results, and for example
Haberl, Parapatits [293], Jochemko, Sanyal [357, 358] for recent advances), on poly-
hedra (see e.g. Barvinok [57]), on lattice polytopes (see Boroczky, Ludwig [109]), on
fans of polyhedra (see Backman, Manecke, Sanyal [32]), on hyperplanes (see Gates,
Hug, Schneider [262]), on function spaces (see Ludwig [427] or Colesanti, Ludwig,
Mussnig [170]), and even on manifolds (see Alesker [8] and Alesker, Bernig [11]).






Chapter 9

The Minkowski Problem, the L ,-Minkowski problem,
and the L ,-Brunn-Minkowski inequality/conjecture

9.1 Monge-Ampére equations in R¢

In this section, we collect some properties of convex functions (see Section 10.6) that
are related to Monge-Ampere equations. Our main references are Figalli [222] and
Trudinger, Wang [553]. For the whole section, let Q C R4, d > 1,be aconvex, bounded,
open set, and let ¢ : Q — R be a convex function. We consider three key notions:

Subdifferential: 9¢(x) = {z € R? : o(y) > ¢(x) + (z,y — x) for y € Q} for x € Q,
which is a compact convex set.

Monge-Ampere measure: If w C Q is a Borel set, then

p(w) = H (U 3s0(x)) : ©.1)
If ¢ is C?, then

Ho(w) :/ det D% dH.
w

Monge-Ampere equation: For given finite Borel measure u on €, find convex ¢ on
Q such that

My = (py is the solution Aleksandrov’s sense, or in the sense of measure)
detD*¢ = f ifdu=fdH". 9.2)

The regularity of the solution of the Minkowski problem (9.2) was intensively
investigated by Nirenberg [476], Cheng, Yau [160] and Pogorelov [490] in the middle
of the 20th century, and finally, Caffarelli [135, 136] settled this issue around 1990.
The first step is in Caffarelli [135] where for a convex, compact K ¢ R, anx € K is
called an extreme pointifx = (1 — )y + Azfory,z € KandA € (0,1) impliesy =z =x
(cf. Definition 1.6.4 and Lemma 1.6.5).

Theorem 9.1.1 (Caffarelli). For A, > A1 > 0 and convex open bounded € C R4, d>1,
let convex ¢ : Q — R satisfy

A <detD%*p < 1, 9.3)

in the sense of measure; namely, 1H(w) < py(w) < H (w) for Borel for w C Q.
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1) If o(y) 20forally € Qand S = {y € Q: ¢(y) = 0} is not a point, then S (more
precisely, cl1S) has no extreme point in Q.

(i) If ¢ is strictly convex, then ¢ is C.

Remark. We note that (i) does not rule out the possibility that S is an open segment
whose endpoints are in 9Q.

Caffarelli [ 136] deals with the case when the Monge-Ampére measure has a Holder
continuous density functions (see Theorem 9.1.3).

Definition 9.1.2 (Holder continuity). Fora € (0,1] and Z c R, afunction f: Z — R
is C%@_ if there exists ¢ > 0 such that | f(x) — f(y)| < ¢ - |lx — y||* forx,y € Z, and
f is locally C%@, if each z € Z has a neighborhood where f is C*¢ (and the implied
constant depends on the neighborhood).

In addition, for open U ¢ R? and integer m > 1, a function 4 : U — Ris C"™¢ if
his C™, and each partial derivative of  of order m is C*?.

Remark. The C%! functions are the Lipschitz functions.

Theorem 9.1.3 (Caffarelli). For an open bounded convex Q c R%, d > 1, let the func-
tions ¢, f on Q satisfy that ¢ is strictly convex, ™' < f < A for a constant A > 1,

and
detthp =f
in the sense of measure.
() If f is continuous, then ¢ is locally C® for any a € (0,1); and in general, if f is
C* for an integer k > 0, then ¢ is locally C**-@ for any a € (0, 1).
(i) If f is locally C*? in Q for some a € (0, 1) and integer k > 0, then ¢ is locally
Ck+2,a.

Remark. Instead of (i), Caffarelli [136] actually proves that if f is continuous, then for
any open ball B whose closure is in ©, ¢ is in the Sobolev space W>!(B) for any [ > n.
Since W>!(B) c C1-®(B) if 7 =1 — @ according the Sobolev Embedding Theorem
(cf. Demengel, Demengel [188]), ¢ is locally C@ for any « € (0, 1).

9.2 The Minkowski Problem

This section discusses the classical Minkowski problem dating back to around 1900.
We use several notions introduced in Section 8.1 and Section 8.2, like the curvature
function fx and the surface area measure Sk on S n=1 etc.
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Remark 9.2.1 (Minkowski Problem). Characterize a finite non-trivial Borel measure
u on §"~! such that
=Sk 9.4)

for a convex body K c R”, and characterize the case when Sx = S¢ for another convex
body C c R". IfdSk = fx dH"~ I then determine how smooth K has to be under some
smoothness assumptions on fx.

Let us discusses the results in Section 8.1 and Section 8.2 from the point of view
of the Minkowski problem. For any Borel set w ¢ S*~!,

Sk (@) = H"™ ! (Uuew F(K,u)) = H" ™! (Uuew Ohk (1));

therefore, Sk is the "Monge-Ampere measure” for the restriction & = hg|gn-1. On the
other hand, for any C? function & : S"~! — R, there exists a convex body K c R" (ora
point) such that h = hg|gn-1 if and only if V2h + hl,_ is positive semidefinite where
V (or V?) is the covariant differentiation (Hessian) on $”~!. Here 0 € K (o € intK) if
and only if 7 > 0 (h > 0) on §"~!.
If 0K is Cf for a convex body K ¢ R, x € K, u = vg(x), and h= hg|gn-1, then
e x=Dhg(u) =Vh(u)+ h(u) u,
o dSg =det (V2h+hl,_,) dH"
. i 2 1 1
the eigenvalues of V=h(u) + h(u) I, are IR )

are the principal curvatures at x € 0K, and det(V2h(u) + h(u)l,_1) = fx (u) =

where k1 (x),. .., kn—1(x)
1

K(x)

for the Gaussian curvature k(x) = l'.l:_]l ki (x) and curvature function fx.

Minkowski Problem as a Monge-Ampére equation on S”~': Given a measurable
function f : "' — [0, c0), find & : §”~! — R such that

det(VZh+hl,_)) = f 9.5)

Remark. We search for an # that is the restriction of a convex 1-homogeneous func-
tion on R"™. The Minkowski Problem Remark 9.2.1 is the version of (9.5) in sense of
measure (or Aleksandrov solution).

Our proof of Theorem 9.2.3 is based on the variational method, and an essential
tool is the Aleksandrov lemma Theorem 7.5.2 that we now recall:

Lemma 9.2.2 (Aleksandrov Lemma for Wulff shapes). LetQ C §"1 pe closed set not
contained in a closed hemisphere, let ¢ : Q X (—tg,ty) — (0, 0), ty > 0, be continuous

such that 0
lim o(u, 1) — ¢(u,0)

t—0 t - 6,g0(u,0)
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exists uniformly in u € Q where 9;¢(u,0) is continuous on Q. For t € (—ty, ty), the
Wulff shape K, = {x € R" : (x,u) < ¢(u,t) foru € S""'} satisfies that

K| = Kol _
m———— =

li
t—0 t

‘/S"“ 0rp(u,0) dSk, (u).

We will use the notion of a spherical cap. For u € $"~! and ¢ € [0, 1), an open
spherical cap centered at u is

Qu,8) ={veS" ' (v,u) > 8} (9.6)

where Q(u, 0) is an open hemisphere. The solution of the Minkowski problem about
characterization of the surface area measure is due to Minkowski [464, 465] around
1900 if the measure is discrete (the case of polytopes) or absolutely continuous with
positive C* density function, and to Aleksandrov [4,7] in 1938 in general.

Theorem 9.2.3 (Minkowski problem). For a finite Borel measure 1 on S"~', there
exists a convex body K with u = Sk if and only if

(a) supp u intersects each open hemisphere of S*~!;

(b)/ udu(u) =o € R".
Ssn-1
In addition, S = Sc if and only if K and C are translates.

Proof. The necessity of the conditions (a) and (b) have been proved in Lemma 2.5.6
and Lemma 2.5.7. The uniqueness of the surface area measure has been characterized
in Theorem 2.5.11.

For the most involved part of the proof, for the sufficiency of the conditions in
Theorem 9.2.3, let u be a finite Borel measure on S*~! satisfying (a) and (b). The
main idea comes from the fact that if S3; = u for a convex body M, then the form
(2.24) or (7.28) of the Minkowski inequality says that /sn-l he du > /S"“ har du for
any convex body C with |C| = |M]|; or in other words, C = M minimizes the integral
fsn-' he du over all convex bodies C with |C| = |M|.

Let C be the set of convex bodies C with 0 € C and |C| = 1, and we consider
inf [, he du for C € C. Let G, € C such that

nm-—o00

lim hcmd,uzinf{/ hcdp:CeC}.
Ssn-1 Ssn-1

We claim that {C,,} is bounded. Otherwise (proving the claim indirectly), there exist
R,, > 0 with lim,,_,c0 Ry, = o0 and u,,, € S"~! such that R,,u,, € C,,. We may assume
thatu,, — u € "' Now (a) yields the existence of § € (0, 1) such that ¢ = u(Q(u, 6)) >
0. In turn, there exists threshold m > 0 such that if m > mg, then Q(u, §) € Q(u,,6/2),
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and hence u(Q(u,,,6/2)) > g. It follows that

lim/ he, du = 1im/ (R, 0y du(v)
m—eo Jgn-1 M=% JQ(up,,5/2)

R0 R
lim ——du(v) > lim —— - g = co.

\

\%

This contradicts the definition of {C,,}; therefore, {C,,} is bounded.

Since {C,,} is bounded, we may assume that C,, tends to convex compact set K
by the Blaschke Selection Theorem 1.7.3. As each |C,,| = 1, we have |K| = 1 by the
continuity of volume (cf. Lemma 1.7.4), thus K € C; therefore,

/ thu:min{/ hcd,u:CeC}. 9.7
Sn—l Sn—l

1
L=1-Sk for/lz—/ I 9.8)
n ,Jsn-1

We claim that

where (9.8) is equivalent with saying that

/Slgd,u:/l‘/SIgdSK 9.9)

for any continuous function g : §*~! — R. For ¢ > 0, we consider the Wulff-shape
K, ={x e R": {x,u) < hx(u) +1tg(u) Yu € S*7'},

and hence Ky = K, and the Aleksandrov Lemma 9.2.2 that

= / g dSk. (9.10)
=0 Ssn-1

If |¢| is small, then |K,|771 - K; € C, and we deduce from hg, < hg(u) +tg(u) and
from (9.7) that

d
— |K
=Kl

1 o1 hi, dp
f@) = IOg/ l(hK +1g) du — ;logIKtl > logfsl—l > f(0).
Sn— 4

|

In particular, the differentiable function f has a minimum at ¢ = 0, and hence (9.10)
implies that

, B 1
0=f(0)=ﬁl/ gdu——/ ¢ dSk,
Sn—l Sn—]

n

proving (9.9), and in turn (9.8). Therefore, u = Sy, for M = K. ]
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Actually, uniqueness in the Minkowski inequality fsn-l hc dSk > /Sn-l hk dSk
for convex bodies K, C ¢ R" up to translation is equivalent with the uniqueness of the
solution of the Minkowski Problem (9.4) up to translation:

Remark 9.2.4 (The Minkowski inequality and the uniqueness of the solution of the
Minkowski Problem). The uniqueness of the surface area measure has been charac-
terized in Theorem 2.5.11 based on uniqueness in the Minkowski inequality.

On the other hand, let us asssume that we know the uniqueness solution of the
solution of the Minkowski Problem (9.4) for 4 = Sk for a convex body K c R" up
to translation. The proof of Theorem 9.2.3 taking u = Sk for a convex body K ¢ R"
shows that /sn-' hc dSk among convex bodies C with |C| = |K| attains its minimum
ataC=Cand S & = Sk (the latter follows by the variational argument). Now the
uniqueness of the solution of the Minkowski Problem (9.4) implies that C =K +z for
a z € R"; therefore,

/ he dSk 2/ hé‘dSK=/ hg dSk
sn-1 Ssn-1 Ssn-1

for any convex body C ¢ R” with |C| = |K].

In order to apply the results discussed in Section 9.1 to the regularity of the solution
of the Minkowski problem on S"~!, we need to transfer the local equation into an
equation on a convex set in R"~!.

Remark 9.2.5 (Transferring Monge-Ampére equation on $"~! to Monge-Ampére in
R"1). Lete € S"~!, and let & = hg|gn-1 be a solution of the Monge-Ampére equation
(9.5) for a convex body K c R”. Setting ¢(y) = hg(y + ) for y € e+, (8.8) implies
that

det D*p(y) = g(y) goty € et (9.11)

in the sense of measure where for y € et, we have

e = (1) f(&)
( ) N

Combining (9.11) with the results in Section 9.1 mostly due to Caffarelli [135,136]
imply the differentiability of the solution of the Minkowski problem in the case of
Holder continuous density function (cf. Definition 9.1.2).

Theorem 9.2.6 (Caffarelli). Iffs,H uf(u) du = o for a C%® function f: S" ' —
(0, 00) for a € (0, 1), then any convex body K with dSk (u) = f(u) du has Cf’“ bound-

ary, hg is C>® on R™"\{o}, and f = fx is the curvature function.
If in addition, if f is C"™ for an integer m > 1, then K and hx are C"™>,
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Proof. We may assume that o € intK.

First we show that K is C!. The argument is indirect, we suppose that there exists
a z € dK such that dim Nk (z) > 2 for the normal cone Nk (z) at z, and seek a contra-
diction (cf. Section 1.5). Fora w € R" such that z — w € intK, (w+w') N Ng(z) isa
compact convex set of dimension at least 1, and let € be an extreme point of this set (cf.
Lemma 1.6.5). It follows that e = é/||é]| € $"*~! is an extreme point of the compact,
convex set §” = Nk (z) N (e + et) N (e + B™) of dimension at least 1, and hence o is
an extreme point of § = S’ — e.

We deduce from Remark 9.2.5 that ¢(y) = hgx(y + e) for y € e’ satisfies the
Monge-Ampere equation

det D*@(y) = g(y)

for a positive continuous function g on e*. It follows from the definition of a support
function that ¢(y) = hg(y +e) > (y +e,z) for y € e*, and ¢(y) = (y + e, z) if and
only if y + e € Nk (z). We deduce that ¢(y) = tildep(y) — {(y + e,z) > 0 is convex on
Q =et Nint B,

det D*¢(y) = g(y) 9.12)
for the function g on Q such that 17! < g(y) < A for a constant A > 1, and

c{yeQ: p(y)=0}=S.

This contradicts Theorem 9.1.1 as o is an extreme point of S; therefore, 0K is C 1
Next we show that g is C%® near any e € S"~! (here we redefine the notions
from the previous paragraph). As 0K is C', we deduce from Lemma 1.9.6 that the
function ¢(y) = hx(y + €) for y € et is strictly convex, and it satisfies (9.12) for a
function g on Q = e N int B" that extends to a positive C% function on e* N B"
according to Remark 9.2.5. Therefore, Theorem 9.1.3 yields that ¢ on Q, and in turn
hi on e +int B" is locally C>. |

Given a measure du = ¢ dH" for a continuous density function ¢ on R”, Livshyts
[418] defined the weighted surface area measure S, g of a convex body K C R" in a
way such that

Sur(@) = [ g
v (w)
for a measurable w C $"~! (note that this notion is unrelated to the L, surface area
measure Sk _p, p € R, discussed in Section 9.3). In addition, Livshyts [418] proved the

variational formula

K+ 0C)—u(K

lim HE +00) — u( )=/ he dS,
0—0* 1% sn-1

for any convex body C c R" with o € int C. The Minkowski problem for the weighted
surface area measure is considered in various settings by Livshyts [418], Kryvonos,
Langharst [387] and Fradelizi, Langharst, Madiman, Zvavitch [246].
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9.3 The L ,-Minkowski problem

In this section, we summarize some major results and conjectures concerning the L -
Minkowski problem initiated by Erwin Lutwak in the 1990’s (starting with the case
p > 1in Lutwak [433]) that extends the classical Minkowski problem (p = 1, cf. Sec-
tion 9.2), and Firey’s [233] Logarithmic Minkowski problem about the cone volume
measure when p = 0. In the case p > 0, more detailed discussions about these topics
are provided in Sections 9.A, 9.B and 9.C because the uniqueness of the solution of
a Monge-Ampere equation is connected to Brunn-Minkowski type inequalities in this
case. Since convex bodies in the rest of the chapter contain the origin, let X and K (”0)
denote the family of convex bodies K € R” such that o € K or o € int K, respectively.

Definition 9.3.1 (L ,-surface area measure Sk ). For p € R, and a convex body K €
K}, the L ,-surface area measure Sk, is the Borel measure

Sk p = hy P dSk

on §"~! where in the case when p > 1 and o € 0K, we assume that Sg ({u € " ! :
hi (1) = 0}) = 0; or equivalently, Sk (Ng (0) N $"~1) = 0. This last condition we typ-
ically write as Sx ({hx = 0}) = 0.

Let us list some basic properties that directly follow from the definition where
p € Rand K € K, and we also assume Sk ({hx =0}) =0if p > 1 and 0 € K:

* DSk, =Sok,p for ® € O(n); namely, Sk , is equivariant under orthogonal
transformations.

« Ifg: S"!' — R Borel, then (cf. (2.15))
/ gdSk,p = /a g(vk (1) - (vi (x), ) 7P dH" ! (x) (9.13)
sn-1 'K

where the integral makes sense even if p > 1 and 0 € 9K as in this case, the condi-
tions Sx ({hx =0}) =0and H" ' ({x € 9'K : {(vk (x),x) = 0}) = 0 are equivalent.
* Sk,p is a finite measure if 0 € int K or p < 1. In the case p > 1 and o € JK,
SK,p(S"‘l) might be infinite even if Sx ({hg = 0}) = 0.
e IfA>0,then
Sak,p=A4"""-Skp. 9.14)
* Sk,p is weakly continuous for K € K(,), and even for K € K, if p < 1.

For the last property, if K,,, tends to K for K,,,, K € K,, then Sk, tends weakly to Sk
according to Proposition 2.6.12 (see also Proposition 8.4.1). On the other hand, h}{:np
tends uniformly to h}gp eitherif p < 1,orif p > 1 and K, K € K(,) (see Lemma 9.A.1
for a statement in the case p > 1, K,;, € K, and 0 € 9K).
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Example 9.3.2 (Some fundamental L,, surface area measures).

p =1: Sk, =Sk (surface area measure, cf. Sections 2.5 and 8.2):
Sk+z = Sk for z € R™.

p =0: Sk, =nVk (Vg cone volume measure, cf. Section 2.6):
If w ¢ §"! Borel set and ® € GL(n) with det® = +1, then

SK’O(CL)) = Sq>K’0 ({ o L ue w}) .

u
D~ ull
p=-n: If 0K is C2, and vk (x(u)) = u for u € "' and x(u) € 9K, then
dSk,-n(u) = ko(K,x(u)) ™" dH"™" (u)

where ko (K, x) = —<5___ = 4 (®K, ®x) if ® € GL(n) with det® = =1 (cf.

(x,vK (x))m#!
Section 8.9.2). In particular, characterizing Sk —, is equivalent with characterizing

the centro-affine curvature «y (K, x(u)).

The main question addressed by this section is the following version of the Minkowski
problem proposed by Lutwak [433] in 1993.
Remark 9.3.3 (L ,-Minkowski Problem). Let p € Rand n > 2.

Monge-Ampére equation on S"~' : Given measurable f : "' — [0, c0), find suitably
differentiable 4 : S"~! — [0, c0) such that

det(V2h+hl,_i) = hP~'f if p>1; 9.15)
h'=P det(Vh+ hi,_y) = f if p < 1. 9.16)

In the sense of measure:
*  h=hg|gn for K € K is an Aleksandrov solution of (9.15) or (9.16) if

dSk.p = fdH"! 9.17)

where Sk ({hg =0}) =0if p > 1.

» For p € R, characterize L ,-surface area measure Sk, of a K € K[} as a Borel
measure on S" ! where Sx ({hx =0}) =0if p > 1.

In particular, the L,-Minkowski Problem is just the classical Minkowski problem
if p =1 (cf. Section 9.2), and the Logarithmic Minkowski problem about the cone
volume measure posed by Firey [233] in 1974 if p = 0.

Let us list the known not too technical existence results about the solution of the
L ,,-Minkowski Problem without symmetry assumption. If p = n, then no scaling is
possible (Sk,, = Sak,p for 4 > 0, cf. (9.14)); therefore, the solution is only known
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up to homothety (cf. Hug, Lutwak, Yang, Zhang [339]). Out of the three fundamental
cases; namely, p = 1,0, —n, we exclude the classical p = 1 case because it is discussed
in Section 9.2:

Remark 9.3.4 (Some known results about the L ,-Minkowski Problem).

p >0, p # 1,n: If y is anon-trivial finite Borel measure on $”~! not concentrated on
any closed hemi-sphere, then u = Sk, for convex body K € K} where Sk ({hk =
0}) =0if p > 1 (cf. Theorem 9.C.1).
This result is due to Chou, Wang [162] and Hug, Lutwak, Yang, Zhang [339] if
p > 1, and to Chen, Li, Zhu [156] if O < p < 1 (cf. Section 9.C).

p = 0 (Logarithmic Minkowski Problem): If u is a non-trivial finite Borel measure on
$"=1 such that

dim L

u(Lns" 1< (8" 1) for any proper linear subspace L c R”, (9.18)

then u = Sk 0 = nVk for a convex body K € K (e.g. any absolutely continuous
measure is a cone volume measure). This result, proved as Theorem 9.C.1, is due
to Chen, Li, Zhu [157]. Actually, Chen, Li, Zhu [157] also prove that the conditions
(i) and (ii) in Theorem 9.3.6 are sufficient (the argument is similar to the one for
Theorem 9.B.5 in the even case).

On the other hand, there are some non-trivial obstructions for a finite Borel measure
on S"~! to be a cone volume measure. For example, for any convex body K € K"
and u € §"°1, Boroczky, Hegedts [102] (cf. (2.35)) prove that

Vi (u) + Vi (=) +2(n = DV (u)Vi (—u) < Vg (8" ) (= [K]).  (9.19)

-n<p<0: Ifdu=fdH"" is a non-trivial measure for a non-negative function
f e Lwp (S" 1 H" 1), then u = Sk,p for a convex body K € K7, see Bianchi,
Boroczky, Colesanti, Yang [69].

p = —n: The p = —n case of the L,-Minkowski problem is the critical case because
its link with the SL(n) invariant century old notion of centro-affine curvature. If
K e 7((”0) has C2 boundary, then dSx,_,, (1) = ko(x(u)) ™' du where vg (x(u)) = u
for u € §"~ ! and x(u) € K, and ko (K, x(u)) = kg (x(u))/hg (1) is the SL(n)
invariant centro-affine curvature (cf. Proposition 8.9.3). This case is far the most
mysterious, hardly anything is known.

If the f in (9.16) is unconditional and satisfies certain additional technical con-
ditions, then Jian, Lu, Zhu [356] verify the existence of a solution. Moreover, the
paper Guang, Li, Wang [289] solves a variant of the centro-affine Minkowki prob-
lem. Stancu [539] links the centro-affine Minkowki problem to the logarithmic
Minkowski problem (when p = 0).

On the other hand, Du [194] constructs the first explicit example of a positive C% <,
a € (0, 1), function f on §™=1 such that (9.16) has no solution when p=-n,and
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Chou, Wang [162] proved an implicit condition on possible functions f in (9.16)
(see also [69]).

p < —n: In this super-critical case, if u is an absolutely continuous measure on "'

with positive continuous density, then u = Sk , fora K € 7(("0) according to the
groundbreaking paper Li, Guang, Wang [288] where hg |gn-1 is C?,
On the other hand, for p < —n, Du [193] constructs a non-negative c% ae(0,1),
function f on S! that is positive everywhere but a fixed pair of antipodal points and
the L, Minkowski problem (9.16) has no solution, not even in the Aleksandrov
sense (see Du [193] for the case n = 2).

Both the variational and the flow methods - the two main methods leading to the
results above - are reviewed in Remark 9.3.7.

Concerning the super-critical case p < —n open for many decades in spite of intense
research, it is not surprising that the flow method is the one succeeding, as E. Milman
[459] points out the limitations of the variational argument in this case. The ground-
breaking paper Li, Guang, Wang [288] solves the problem by introducing a whole new
approach, mixing the flow method with homology theory to find the right initial con-
dition. When n = 2, the case p < —2 = —n is further investigated by Ivaki [346] and
Yang, Liu, Fang [576].

Let u be a finite Borel measure on S"~! not concentrated on any closed hemi-
sphere. If K, , € K, satisfies u = Sk, for p > n, then Zou [583] proves that

pli_r)rioKﬂ,p =K,={xeR": (x,u) <1, Yu € supp u};
for example, Ak, |gn-1 tends uniformly to the constant 1 function as p tends to infinity
if u has a positive density function f in (9.15).

A general sufficiency condition for all p < 0 (see Theorem 9.C.2) is due to Zhu
[581]: if u is a discrete measure on $"~! such that supp u is not contained in a closed
hemisphere and any # elements of supp u are independent, then there exists a polytope
Qe 7(("0) such that 4 = Sg ,,. However, this result does seem to be useful to construct
solutions for more general measures if p < 0 because no method is known how to
control the diameter of the solution in the case of weak approximation by such discrete
measures.

Remark 9.3.5 (Open problems).

p < 0: For p <0, not even a conjecture is known for any p < 0. Probably, the most
challenging case is when p = —n.

p € (0,1) and supp Sk, is lower dimensional: Let p € (0, 1), and for a non-trivial
finite Borel measure p on S"~!, let L = linsupp . If n = 2, then Béroczky, Trinh
[119] and Chen, Li, Zhu [156] prove that u = Sk , for K € 7(3 if and only if
supp u is not a pair of antipodal points; or in other words, dim L # 1. However, a full
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characterization of the L, surface area measure under the conditiondimL <n -1
is still not known. So let dim L < n — 1. If supp ¢ € L is contained in a closed
hemisphere centered at a point of L N S"~!, then u is an L,, surface area measure
according to Bianchi, Boroczky, Colesanti, Yang [69]. On the other hand, Saroglou
[511] proved that if u(w) is the dim L-dimensional Lebesgue measure of w N L
for any Borel w c $"~!, then y is not an L p surface area measure.

We shortly discuss the L (Logarithmic) Minkowski Problem in more details because
this has been very intensely investigated the last decade. The even case has been com-
pletely characterized by Boroczky, Lutwak, Yang, Zhang [111] (cf. Theorem 9.B.5).

Theorem 9.3.6. For a non-trivial finite even Borel measure i on S"~", there exists an

o-symmetric convex body K C R" with i = Sk o = nVk if and only if

() u(Lns" 1 < di%l‘ - u(8"=Y for any proper linear subspace L c R";

(i) u(LNs* 1) = di%’“ - u(8" VY in (i) is equivalent with the existence of a comple-
mentary linear subspace L’ C R" withsuppu C LU L’, and in this case, K = C + C’
for o-symmetric compact convex sets C C L+ and C' C L'+,

Remarks.

*  For any non-trivial finite Borel measure y on §”~! satisfying (i) and (ii), Chen, Li,
Zhu [157] prove that u = Sx,0 =nVg foraK € K.

e The cone volume measure Vg = u of any centered convex body K c R" (the
centroid o = 0) satisfies the properties (i) and (ii) according to Boroczky, Henk
[104]. In addition, Boréczky, Henk [105] prove a stability version of (ii), and
Freyer, Henk, Kipp [248] prove an analoguos property of centered convex poly-
topes with respect to affine subspaces.

* A Borel probability measure u on $"~! satisfies the conditions (i) and (ii) if and
only if there exists an isotropic linear image @, u for a ® € GL(n) according to
Boroczky, Lutwak, Yang, Zhang [112] where u is isotropic if n /S,H uQudu(u) =
Id,,, and for any Borel set w C S"=1 we have

_ o t(u) |

Letusreview the main approaches to find a solution of the L ,-Minkowski problem.
One approach based on weak approximation by discrete measures if p > 0 is discussed
in more detail in Section 9.C because that approach is the least technical.

Remark 9.3.7 (How to find a solution of the L ,-Minkowski problem).
Overall strategy: For p € R, a fundamental tool is the entropy of a K € K, with respect
to a Borel probability measure u on S*~!. If p > 1, then the entropy is

1
Eup(K) = —/ hi du,
P Jsn-1
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and if p < 1 and ¢ € int K, then the corresponding entropy is

I%[S,H he_edu if p#0

Eup(K, &) =
pop UK€ {/S,LlloghK_gdp it p=0.

First one considers special measures, either discrete ones, or ones that are absolutely
continuous with a positive continuous density function, and finds a solution with suit-
ably bounded entropy using either the flow method or the variational method in this
case. Then the more general measures in Remark 9.3.4 are weakly approximated by
the special type of measures, and the entropy bound ensures that the solutions for the
approximating special type of measures are bounded for p > —n (cf. Proposition 9.A.2),
and hence a subsequence converges to a solution of the original problem.

The flow method for p < 1: Here we mostly follow Bordczky, Guan [101] (see Bryan,
Ivaki, Scheuer [132] in the even case). Given p € (—n, 1), and a positive C* probability
density function f on U ﬁ > ﬁ and our aim is to solve the Monge-
Ampere equation

h'"P det(VZh + hl,_1) = V¥ det(Vh + hl,_)) = f. (9.20)

For a convex body My c R" with C;° boundary and | My| = 1, the theory of anisotropic
flows (cf. e.g. Boroczky, Guan [101] for references) provides us a family of convex
bodies M, of C{° boundary for ¢ € [0, T) that satisfy the evolution equation

%X(x,t) =—f(»)%%(x, )Y v(x,1) (9.21)

where forz € [0,T) and x € IM,, we have X (x,t) =x, v =v(x,t) = vy, (x), and k(x, 1)
is the Gaussian curvature at x € dM,, and in addition, M; tends to a point p € int My
as ¢ tends to 7. Assuming p = o, the dilate M, of M, with |M,| = 1 corresponds to the
normalized flow satisfying the evolution equation

0 = _ J(P)R(x, 1)
6tx(x’ = fsn_l Fw)k(u, 1) du

V(1) + X(x, 1) (9.22)

where forz € [0,T) and x € dM,, we have X (x,7) = x, 7 = ¥(x,1) = vir, (x),and R (x, 1) is
the Gaussian curvature at x € (91\71,; moreover, K (V(x,1),t) = K(x,t). Now the supremum
SUP ¢ cine 37, &y, p(ﬂt, &) of the entropy for the probability measure du = f dH" ! is
non-increasing in ¢. Therefore, as Guan, Ni [285] prove, diameter bounds in terms of
the entropy for p > —n (cf. Proposition 9.A.2) yield that M, converges to a convex
body K € K, ast — T, and hg|gn-1 satisfies (9.20).

When p = —n, the argument breaks down because the entropy does not bound the
diameter anymore - consider for example centered ellipsoids, whose L_,-surface area



330 The L,-Minkowski problem and the L ,-Brunn-Minkowski inequality

is a constant multiple of the Lebesgue measure - and M, can actually be unbounded
(see Andrews [21]). When p < —n, Li, Guang, Wang [288] use homology theory to
find a suitable initial condition M to tackle this issue.

Historically, Firey [233] indicated in 1974 that the surface of the worn stone can be
modeled by the differential equation (9.21) when f is a suitable constant function and
a =1 (and hence p = 0), and the support function of the limit shape of the normalized
equation (9.22) satisfies (9.20).

The variational method for p > —n: When p > 0, one can find a solution of the L -
Minkowski problem for a rather general measure u on S~ ! by first using the variational
method to find a polytopal solution in the case when u is a discrete measure (see
Section 9.C). The discrete case is due to Hug, Lutwak, Yang, Zhang [339]if p > 1, to
Zhu [580] if p € (0, 1), and to Boroczky, Heged(s, Zhu [103] if p = 0.

If p € (—n, 1) and f is a positive continuous function on S*~!, then the variational
method can be also used to solve the Monge-Ampére equation

h'=P det(V*h + hl,_y) = f, (9.23)

as it is done by Chou, Wang [162] and Bianchi, Boéroczky, Colesanti, Yang [69]. We
sketch the main steps. Let du = f dH"~", and let C be the family of convex bodies
C € K} with |C| = 1. For any C € C, there exists a unique £c € C (depending also on
p and p) such that the entropy &, , (K, &) for & € C is maximized at £ = £c. Using
the diameter bounds in Proposition 9.A.2 in terms of entropy, we obtain a C € C such
that

Eup(C.&) = n eig Eup(C,E), (9.24)

such that h = hs_ é- satisfies
det(V2h+ hl,_)) = hP~'f (9.25)

in the sense of measure. The path from (9.24) to (9.25) is a variational argument (sim-
ilar to the one in Theorem 9.2.3 in the case of the classical Minkowski-problem) if
&g € int C. However, &z may lie in aC if p > 2 —n (see Example 9.3.9); therefore,
we need a twist in the argument (see Chou, Wang [162] or Bianchi, Boroczky, Coles-
anti, Yang [69]). For small € > 0, we replace the function ¢ — % tP (ort — logt if
p = 0) in the definition of the entropy by a C! strictly concave function ¢ () that
coincides with the original function if # > 3& and . (¢) = |;7_1| t7" (or g(t) = —t™"
if p=0)ifr e (0, e]. Now the C, = minimizing this modified entropy satisfies that the
corresponding "center" (the analogue of { ) lies in int C,, and hence assuming the the
corresponding "center" is the origin, a variational argument yields that

det(V2h+ hl,_1) = ¢.(h) f
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holds for the support function. Finally, letting € tending to zero, we obtain a common
solution of (9.24) and (9.25).

Starting with Haberl, Lutwak, Yang, Zhang [292], Orlicz versions of the L -
Minkowski problem have been intensively investigated; namely, the function ¢ > ¢! =7
in the Monge-Ampére equations (9.15) and (9.16) corresponding to the L ,-Minkowski
problem is replaced by certain ¢ : (0, 00) — (0, 00), and hence the new Monge-Ampére
equations is of the form

o(h)det(V2h+hl,_,) = f (9.26)

where f is a given non-negative function on $"~!. Typically, the solution is only up to a
constant factor; namely, there exists some ¢ > 0 such that ¢(h) det(V2h + h1d) =c - f.
The known existence results about the L ,-Minkowski problem for p > —n have been
generalized to the Orlicz L ,-Minkowski problem where ¢(t) replaces =P by Huang,
He [329] if p > 1 (see also Xie [572], and uniqueness if f is constant in (9.20) is
clarified by Ivaki [349]), by Jian, Lu [355] if p € (0, 1), and by Bianchi, Boroczky,
Colesanti [67] if p € (-n,0).

9.3.1 Positiveness and smoothness in the Lj,-Minkowski problem

According to Boréczky, Fodor [99] (correcting a formula in Chou, Wang [162]), the
L ,,-Minkowski problem - that is a Monge-Ampére equation on S"~! (cf. (9.30) and
(9.31)) - can be locally written as a Monge-Ampére equation on R”~! in a rather natural
way using the homogeneity of the support function (cf. (8.8)).

Remark 9.3.8 (Transfering local equation on $"~! to Monge-Ampére in R"!). Let
p €Rand e € "L, Setting ¢(y) = hix(y +e) for y € e*, a solution & = hg|gn-1,
K c R" convex body, of the Monge-Ampere equations (9.30) and (9.31), (8.8) implies
that

det(D%p) = o7 g if p>1; (9.27)
©' P det(D*¢) = g if p <1. (9.28)

in the sense of measure where for y € e*, we have

_ (1 e e+y |
g = (1+1v1?) f(—1+||y||2)

As it was observed by Hug, Lutwak, Yang, Zhang [339]if 1 < p < n and by Bianchi,
Boroczky, Colesanti [68] if 2 — n < p < 1, the solution of the L ,-Minkowski problem
may not be positive even if the f in (9.15) and (9.16) is positive and C% .
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Example 9.3.9. For p € (2 —n,n), we show that there exists a convex body K € K}
such that 8K and h = hg|gn1 are C1+@ for some a > 0, 0 € K (and hence h(e) = 0
for the exterior unit normal e at 0), and

dSk,p = fdH"!
on S"~! for a positive and C% function f.
We fix e € $"~!, and write x + te = (x,1) forx € e and ¢ € R. For
2(n—-1) q 2n—2

= —= > 1with — =
n+p-—2 g-1 n-p

> 1,

we choose the convex body K ¢ R" in a way such that (x, —||x||9) € 0K if x € et N
B" and 0K \{o} is C2. For y(x) = ||x||%, x € e* N int B", we observe that Dy (x) =
gllx||972x if x # 0 and Dy (0) = o, and one exterior normal to K at (x, —||x||?) € 0K
is ¥(x) = (Dy(x), 1) and

hg (7(x)) = (g = DIx]|?.

In particular, writing 61, 8, to denote positive constants that depend on p and n, if
y = Dy (x) = qllx]|9"%x, then

q_ 2(n-1)
o(y) =hg(y,1) =61 - |lyll«" =61 - [|yl| "7
2(p-1)

_ a9 _ B
D’p(y) = 0 - IIyll VT2 = gy - [y 7D

We deduce that ¢ solves the Monge-Ampere equation
- 1-
¢ "PD%*p(y) = 0,70,
on et N B", and hence the statement in Example 9.3.9 follows from Remark 9.3.8.

Next we show, following Chou, Wang [162], that Example 9.3.9 is optimal in the
sense that if p > n or p <2 —n and the f in the L, Minkowski problem (9.17) is
bounded and bounded away from zero, then the solution & = hg|gn-1 for K € K is
positive; namely, o € int K.

Lemma 9.3.10. For f : sl (A7), a> 1, if K € K, is a solution of the L,
Minkowski problem (9.17) where

e either p > nand Sk ({hx =0}) =0;

e orp<2-n;

then o € intK, and hence h > 0 for h = hg|gn-1.

Proof. We suppose that 0 € 0K, and seek a contradiction. According to Lemma 1.2.9,
there exist ¢, 7 € (0, 1) and an exterior unit normal e € $"~! to K at o such that

—te +rB" C intK. (9.29)
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First let p > n and Sg ({hg =0}) = H" ' ({x € 'K : (v (x),x) =0}) = 0. As
hix (vk (x)) = (vk (x),x) < ||x]| for x € 'K, (9.13) and (9.29) yield

A-HH (ST 2 f =/ hePdSk = | (v (x),x)' 7P dH" " (x)
Nas N IK

> / el P dH () > / Iy l=P dH™ ()
0K elnrBn

,
= (n - Dwp-1 / s"IP ds = ,
s=0

which is absurd, verifying Lemma 9.3.10 if p > n.

Assuming p < 2 — n, we consider the spherical cap Q(e, 0) = {u € "' : (u,e) >
cos o} for o € (0, Z), which satisfies H" ! (Q(e, 0)) > w,_1 (sin 0)" 1. If D = diam K,
x € Kand u € Q(e, 0), then writing x in the form y — se for s > O and y € e, we have
lI¥|l < |lx]| £ D, and there exists an orthonormal basis vy, . . ., v, of R" with e¢ = v; and
[ly|lv2 = y, and hence

(x,u) < (y,u) < D{vp,u) < D\1 —(vj,u)? < Dsinp.
Therefore hg (1) < D sin o for any u € Q(e, 0) and ¢ € (0,, Z), thus
1 1

A < = hiP as
: H =1 (Q(e, 0)\{e}) Jace,0)\ (e} f H1(Q(e, 0)\{e}) Jate,onte} © K
p'-r D'"p
< < (sin@)""P - Sk (Q(e, 0)\{e}) < Sk (Q(e, 0)\{e}) .
Wn-1 Wn-1

Since lim,_,0+ Sk (2(e, 0)\{e}) =0, we arrive at a contradiction, which in turn proves
Lemma 9.3.10. ]

Concerning the smoothness of the solution of the L ,-Minkowski problem (9.15)
and (9.16), Chou, Wang [ 162] explained that the same argument based on Theorem 9.1.1
and Theorem 9.1.3 due to Cafarelli [135, 136] that lead to Theorem 9.2.6 yields the
following.

Theorem 9.3.11 (Caffarelli). If p € R and the f in (9.15) and (9.16) is positive and
C%?, and in addition, the solution h is positive (or equivalently, o € int K for the
corresponding convex body K), then h is C> (and 0K is Cf’a ).

Remark. We note that, under the condition that f is positive and C%¢, the solution &
in (9.15) or (9.16) is positive

e ifp>norp <2-n(cf. Lemma 9.3.10),

* orif f and & are even.

Additional results about the smoothness of the solution are provided by Bianchi,
Boroczky, Colesanti [68] in the case 2 —n < p < 1. For example, if p < min{1,4 — n},
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and the f in (9.16) satisfies A=' < f < A for some A > 1, then # is strictly convex even
if h(u) = 0 for some u € S"~! (or equivalently, dK is C! for the corresponding convex
body K even if 0 € 9K).

9.4 Uniqueness in the L ,-Minkowski problem

Uniqueness of the solution of a differential equations has always been a central prob-
lem. In the case of the L ,-Minkowski problem for p > 0, the role of uniqueness is even
more significant as it is intimately connected to Brunn-Minkowski type inequalities
(see Section 7.6 for p > 1, Section 9.2 for the classical case p = 1, Section 8.8 for
p € (0,1) and Section 8.7 for p = 0).

We recall (cf. (9.15) and (9.16)) that for p € R and measurable f : $"~! — [0, o0),
the L,-Minkowski Problem is the Monge-Ampere equation

det(V2h+ hl,_i) = hP~' f if p > 1; (9.30)
=P det(V2h+ hl,_1) = f if p<1. (9.31)

Remark 9.4.1 (Uniqueness of the solution of the L ,-Minkowski problem).

Unique solution for p > 1: See Proposition 7.6.8 due to Hug, Lutwak, Yang, Zhang
[339] in the case (9.30) where we have uniqueness even in the Aleksandrov sense.

No uniqueness if p < 1, not even for even measures if p < 0: See Chen, Li, Zhu[156]

if p € (0, 1), and Li, Liu, Lu [402] if p < O (in the letter case, we may assume that
the f and 4 in (9.31) are even and have axial rotational symmetry according to
[402]). In addition, E. Milman [459] shows that for any o-symmetric convex body
C c R" with C? boundary, one finds a ¢ € [-n,0) where g = —n if and only if
C is a centered ellipsoid with the property that for any p < ¢, there exist multiple
even solutions of the L ,-Minkowski problem (9.31); or in other words, there exists
o-symmetric convex body K # C with C? boundary with Sk, = Sc_p.
One of the useful tools for non-uniqueness results is that if p € (-n, 1) and f is a
positive continuous function on § n=1 then there always exists a solution of (9.31)
minimizing the entropy (cf. (9.24) and (9.25)); therefore, one just needs to produce
a solution with higher entropy.

According Remark 9.4.1, the uniqueness question concerning (9.31) is still an
intriguing one if p € [0, 1), but before discussing this problem, we survey results about
Firey’s classical question whether the solution of (9.31) is unique if f is a constant
function.

Remark 9.4.2 (Firey’s isotropic L, Minkowski problem). In his seminal work about
the "shapes of worn stones" in 1974, Firey [233] proved that if p = 0, then there is
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a unique even solution of the Monge-Ampére equation - the now called "isotropic
L ,,-Minkowski problem" -

h'=P det(V*h + hl,_;) =1 on S"°; (9.32)

namely, the constant 1 function corresponding to the unit ball B". After along sequence
of partial results, finally Brendle, Choi, Daskalopoulos [126] verified that the constant
1 function is the unique solution of (9.32) without the evenness condition if —n <
p < 1. On the other hand, the SL(n) invariance Proposition 8.9.3 of the centro-affine
curvature yields that any centered ellipsoid of volume |B"| is a solution of (9.32), and
they are actually the only solutions (see the "classical papers" Calabi [142], Pogolerov
[489], Cheng, Yau [161], and the novel approaches Crasta, Fragald [182], Ivaki, E.
Milman [350] and Saroglou [510]). Concerning the uniqueness of the solution of (9.32)
assuming p < —n, if n = 2, then it was clarified by Andrews [22]; namely, (9.32) has
the unique constant 1 solution if =7 < p < —2, and the solution is not unique if p < —7.
If n > 2, then Du [194] proves that (9.32) has multiple solutions if p < —2n — 3.

As a variation of the isotropic L ,-Minkowski problem, uniqueness of the solution
of (9.31)if p € [0,1) and f is C%¥ close to 1 (without the evenness assumption) is
proved by Boroczky, Saroglou [117] (the case p = 0 and n = 3 was handled earlier
by Chen, Feng, Liu [152]). In addition, for any p > —n (with evenness condition for
certain range of p), Ivaki [348] proved that if the f in (9.31) is close to be a constant,
then any solution has to be close to be a ball.

Lutwak [433] proposed the following fundamental conjecture for the uniqueness
of the solution in the even L,-Minkowski problem if p = 0 in 1993, and the case
p € (0, 1) was proposed by Boroczky, Lutwak, Yang, Zhang [110].

Conjecture 9.4.3 (Even L ,-Minkowski conjecture for p € [0, 1) and smooth data).
If p € [0,1) and f is a positive even C* function in (9.31), then (9.31) has a unique
even solution.

Remark. Kolesnikov, E. Milman [381] prove that knowing the L ,-Minkowski con-
jecture for some p € [0, 1) yields the L,-Minkowski inequality when g € (p, 1).

Conjecture 9.4.3 has been verified in the following cases:
* n =2:Proved by Boroczky, Lutwak, Yang, Zhang [110].
*  f and h are unconditional in R": Proved by Saroglou [508].

* pe(pn 1) whereO < p, <1- nlggn for an absolute constant ¢ > 0: Combin-

ation of the local result by Kolesnikov, E. Milman [381] and the local to global
approach based on Schrauder estimates in PDE by Chen, Huang, Li, Liu [154]
(see Puttermann [495] for an Aleksandrov-type argument for the local to global
approach).




336 The L,-Minkowski problem and the L ,-Brunn-Minkowski inequality

More generally, the following two conjectures are due to Boroczky, Lutwak, Yang,
Zhang [110] in the o-symmetric case.

Conjecture 9.4.4 (Even L ,-Minkowski Conjecture for p € (0,1)). If p € (0,1) and
K, C c R" are o-symmetric convex bodies with Sk, = Sc,p, then K = C.

We say that the o-symmetric convex bodies K, C ¢ R" have dilated summands if
K=Ki+...+K,andC=C +...+Cy, form > 1 and o-symmetric compact convex
sets C;, K; ¢ R" of dimension at least 1 such that Z;’; 1 dimK; = n and C; = A;K; for
A; >0,i=1,...,m. If in addition we have |K| = |C| in this case, then Vg = V¢
according to Corollary 9.B 4.

Conjecture 9.4.5 (Even log-(Lo-)Minkowski Conjecture). For o-symmetric convex
bodies K,C Cc R", Sk.0 = Sc.0 (or equivalently, Vg = V¢ ) if and only if |K| = |C| and
K and C have dilated summands.

Again, Conjecture 9.4.4 and Conjecture 9.4.5 have been verified in the planarn =2
case by Boroczky, Lutwak, Yang, Zhang [110], and if both K and C are unconditional
in any dimension by Saroglou [508].

Given a non-trivial finite even Borel measure u on S”~!, while solving the even
L ,,-Minkowski problem for p € (0, 1) by Haberl, Lutwak, Yang, Zhang [292], and for
p = 0 by Boroczky, Lutwak, Yang, Zhang [110], the authors considered the entropy
function 1
> Jon hldu it pe(0,1)

Jonrloghcdu if p=0

of an o-symmetric convex body C c R", and proved the following properties (cf. Pro-
position 9.B.1).

Ep,p(C) = {

Proposition 9.4.6. Let p € [0, 1), and let u be a finite even Borel measure p on S"~!
such that any open hemisphere has positive measure, and if p = 0, then even

dim L

w(Lns" 1 < -1 (S"7Y) for any non-trivial linear subspace L C R".

(i) Eu,p (C) attains its minimum for o-symmetric convex bodies C C R" with |C| = 1.
(ii) If an o-symmetric convex body C C R™ with |C| = 1 minimizes Eu.p(C) among
o-symmetric convex bodies C C R"™ with |C| = 1, then there exists 1 > 0 with
u=_S, C.p
For p € [0, 1), let us discuss the connection between uniqueness of the solution
of the even L,-Minkowski problem and the conjectured L,-Minkowski inequality
for o-symmetric convex bodies (cf. Conjecture 8.8.2 and Conjecture 8.7.3). Let K C
R"™ be an o-symmetric convex body such that if p = 0, then K is not of the form
K = K + K for the at least one dimensional compact convex sets Ky, K; € R" with
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dim Ko + dim K = n, and hence Sk o(L N §"~1) < 9L . g ,(S"~1) for any non-
trivial linear subspace L ¢ R" according to Theorem 9.3.6. In particular, for any p €
[0, 1), Proposition 9.4.6 yields that Es,. ., (C) attains its minimum for o-symmetric
convex bodies C c R" with |C| = |K|, and any minimizer C satisfies S Kp =9, C.p
for a 4 > 0. Now if Conjecture 9.4.4 and Conjecture 9.4.5 about the uniqueness of
the solution of the even L ,-Minkowski problem hold, then C =K for any minimizer;

therefore, any o-symmetric convex body C ¢ R" with |C| = |K]| satisfies

Jonr W2 dSk Jonr Ml dSk p if pe(,1)
fonrloghcdSko = [ loghgdSko if p=0.

\%

\

As dSk , = nhl_(p dVyg for the cone volume measure dVg = % hk dSk satisfying
Vi (8"~ 1) = |K| (see Section 2.6), we deduce Remark 9.4.7.

Remark 9.4.7 (Uniqueness for L ,-Minkowski problem versus L ,-Minkowski inequal-
ity). Conjecture 9.4.4 and Conjecture 9.4.5 about the uniqueness of the solution of the
even L ,-Minkowski problem for p € [0, 1) are equivalent to saying that if K, C c R"
are o-symmetric convex bodies, then

h?
/ h—,‘j dVk > |K| 7 |C|" provided p € (0, 1), (9.33)
Sn—l K

with equality if and only if K and C are dilates, and

hc K|, IC|
log— dVg > — log — 9.34
./snl OghK K2z~ Og|K| (9.34)
with equality ifandonly if K = K| + ...+ K, and C =C| +. . . + C, for centered com-
pactconvex sets K1, . . ., K;;, Cy, . . ., Cp, of dimension at least one where Zl'.'il dimK; =
n and K; and C; are dilates, i = 1,...,m.

According to Lemma 8.8.3, (9.33) is equivalent with the L ,-Brunn-Minkowski
Conjecture for o-symmetric convex bodies and p € (0, 1), and according to Lemma 8.7.4,
(9.34) is equivalent to the Lo or Logarithmic Brunn-Minkowski Conjecture for o-
symmetric convex bodies.

Conjecture 9.4.3 is equivalent to the cases of (9.33) and (9.34) when 0K and 0C
are C;°. On the other hand, assuming that Conjecture 9.4.3 holds for p = g for some
q € [0, 1), then the inequalities in (9.33) and (9.34) hold for p € [q, 1), and equality
holds in (9.33) provided p € (g, 1) and 9K is C! if and only if K = C according to
Remark 8.8.4.
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9.5 Comments to Chapter 9

In this section, we collect some recently well-investigated analogues of the L ,-Minkowski
problem. For Minkowski-type problems for log-concave functions, see Section 10.9.2.
Recall that K’ ("0) (K7)) is the set of convex bodies K ¢ R" with o € intK (o € K).

9.5.1 The Christoffel-Minkowski problem about the radii of curvatures

Given a positive continuous function f on $”~!, the Christoffel problem - posed by
Christoffel [163] in 1865, and hence preceeding the Minkowski problem - considers
the existence of a convex body K ¢ R with C2 boundary such that the sum of the
principal radii of curvature at x € 9K is f(vk(x)).

From the point of view of measures (cf. Schneider [522]), Theorem 8.3.5 about
mixed volumes yields that for any convex body K c R" andi =1,...,n — 1, there
exists the so-called ith area measure S;(K,-) - that is a finite Borel measure on S"~!
introduced by Aleksandrov [2] and Fenchel, Jessen [220] - satisfying that if C c R"
is a compact convex set, then

i n—-1-i
n-1\ ——— — ——
n( )V(K, ...,K,B",...,B",C) = /S-n_l he(u) dS; (K, u). (9.35)
In particular, the (n — 1)th area measure S, (K, -), is just the classical surface area
measure Sx. The normalization is chosen in a way such that if K ¢ R" is a convex
body with Cf boundary, then for the C? function 4 = hg|gn-1 and u € S"~! (cf. Defin-
ition 8.1.6 and (8.12)) and the differential operators

V2h(u) + h(u) -1 = D*hic (1) = D*hig ()
(8.26) and (8.27) in Theorem 8.3.4 yields that
dSi(K, ) = 07 (52]’![{) d?‘{n_l = 0; (Vzh + hln—l) d?‘[n_l

where 0 (A) is the ith symmetric function of the eigenvalues of an (n — 1) X (n — 1)
symmetric matrix A. In other words, if K C R” is a convex body with C2 boundary,
then the density function of S; (K, -) at vk (x) for x € 9K is the ith symmetric function
of the principal radii of curvatures at x. The corresponding differential equation on
§"~1is the Christoffel-Minkowski problem

o; (Vzh + hl,,_l) y (9.36)

where a C? function & on §”~! is thought such that V?h + hl,_; is positive definite
everywhere. The last condition says that 4 = x| ga1 for convex body K ¢ R with C2
boundary (cf. Lemma 8.1.8).
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The ith area measure S; (K, -) is readily translation invariant and O (n) equivariant.
Applying (9.35) to the case when C is a point p € R", and hence ¢ (u) = (p,u), shows
that for any convex body K c R", we have

/ udS;(K,u) = o,
Ssn-1

and hence the function f in the Christoffel-Minkowski problem (9.36) should satisfy

/ u f(u)du=o. (9.37)
sn-1

The original Christoffel problem posed by by Christoffel [163] in 1865 is the case
i =1 of (9.36); namely, it is about the sum of the radii of curvatures. After various
attempts to characterize the possible f in (9.36) for i = 1, among others by Hilbert
and Hurwitz around 1900, it was Firey [232] in 1967 first providing a full but rather
complicated classification (similar results are due to Berg [61] and Goodey, Yaskin,
Yaskina [266]). A more accessible classification is provided by Li, Wan, Wang [405],
who link the Christoffel problem on $”~! to the Laplace equation Ahg = f on R"\{o}
where f(/l u) =271 f(u) for A > 0 and u € S"~'. Schneider [517] solved the discrete
Christoffel problem on $”~!; namely, characterized S; (P, -) for n-polytopes P c R".

The Christoffel-Minkowski problem (9.36) when 1 < i < n — 1 is even more mys-
terious, see Guan, Ma [282], Guan, Lin, Ma [283], Guan, Ma, Zhou [284] up to 2006,
and the recent paper Bryan, Ivaki, Scheuer [133] (see Guan [279] for a survey of the
methods of the earlier papers).

For L, versions of the Christoffel-Minkowski problem, see, for example, Guan,
Xia [286], Ivaki [347], Chen [151], Li, Ju, Liu [400] and Hu, Ivaki [326].

9.5.2 Aleksandrov’s problem on integral curvature and some of its versions
(prescribed curvature measures, L, Aleksandrov problem)

For K € K (”0), we parametrize the boundary of K using the radial image as
rx(u) = ox(u)u € 0K

for u € §*~! and the radial function px («) > 0. Then Aleksandrov [6] defined the
integral curvature measure of a Borel set w C S"~! as

Jk(w) = H"! ({v € $" ! 3u e wsuchthatv e NK(rK(u))}) , (9.38)

where v € Nk (rg (u)) says that v is an exterior normal at rx (1) € K. It follows that

J (SN = HH (S = nw,.
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If 9K is C? (and hence ok is C?, as well), then (cf. Lemma 2.2.3)

Jk(w) = / k (re(u)) dH" ! (9.39)
ri (w)

= / « (ric (1)) 0x ()" \Jox (W) + IV ok (w) |2 dH" (). (9.40)

The formula (9.39) explains the name integral curvature measure.
Aleksandrov [6] characterized integral curvature measures, and hence solving
what later was called Aleksandrov problem.

Theorem 9.5.1 (Aleksandrov). Fora Borel measure pon 8"~ with pu(S"~1) = H*~1(§"1),
u=Jgforak e 7(("0) if and only if

(w) < H™! ({u es" ! Tvew (uo)> 0}) (9.41)
for any Borel set w contained in a closed hemisphere, and K is unique up to dilation.
Remark. The condition (9.41) can be expressed in terms of the polar

C'={ueS" ' (uv)y<0Vvew}

of a spherically convex compact set C  §"~!. Here C* is a spherically convex compact
set, as well, which satisfies C*™* = C. Now (9.41) is equivalent to saying that for any
spherically convex compact set C ¢ S*~!, we have

w(C) +H™H(C*) < H (s,

Regularity of the solution of the Aleksandrov problem is investigated by Guan, Li
[280].
Remark 9.5.2 (Known proofs of Theorem 9.5.1).
* Aleksandrov [6,7]: First proving for polytopes (discrete measures), and then using
topology to handle the case of general convex bodies.
e Oliker [478] and Bertrand [66]: Using optimal transport.
e Boroczky, Lutwak, Yang, Zhang, Zhao [114]: Variational argument.

As (9.40) indicates (cf. Guan, Li, Li [281]), given a positive continuous function
f on S""!, finding a convex body K € 7({’0) with dJx = fdH"~! leads to a fully non-
linear elliptic partial differential equation $”~!. On the other hand, Lemma 9.5.3 below
shows that the Aleksandrov problem for the polar (dual) body is a Monge-Ampere
equation, a familiar setting in this book.

First, in line with (2.5), the reverse radial Gauss image of a Borel set w C Ssn-lig
the set of u € §”~! such that some v € w is an exterior normal at o (u)u; namely,

ay(w)={ueS" " : Ne(rg(w) Nw # 0}, (9.42)
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and hence (9.38) and Proposition 1.9.3 yield that
Jg(w) = H ! (o (w)) . (9.43)

In order to provide an integral formula based on (9.43), let 7(x) = x/||x|| be the

radial projection R*\{o} — $"~!, and for K € 7(("0), let Ng = (70’ K) N (0’ K*) be

the set of points u € $"~! such that

ak (u) = vk (rg(u)) = vk (0k (1)) (9.44)
is well defined for u € Nk, and ak (u) is an exterior normal only at rx (1) € 0K and
g (ag(u)) = u. (9.45)

Here we used that for z = rg«(ax (1)) € 0’K*, we have n(z) = u and ay (n(z)) =
vi+(z). Since H"~! a.e. boundary point of a convex body in R”" is regular, and 7 is
locally Lipschitz, we deduce that

! (S"‘l\NK) - 0. (9.46)

Using the function f(v) = og (a;‘((v))_" for v € Kk in Proposition 2.6.8, and the
formulas (9.43), (9.45) and (9.46), we deduce from Lemma 2.2.4 that

Tk (w) = H! (a;;(w))=n/ g,;"de:/ h(||Vh||+h2)_Tn dSk (9.47)
NNk w

wNN

for the Lipschitz function & = hg|gn-1 and any Borel set w ¢ S"~!. Thus (8.14) yields
the Monge-Ampére equation for £ if Jg- is absolutely continuous.

Lemma 9.5.3. IfK € ‘K("O) is a convex body with C% boundary, then dJg+ = f dH"™!

where for the C? function h = hi|gn-1, we have
h (||Vh|| + hz)T det (v"‘h + hln_l) - 7. (9.48)

Let us discuss briefly two generalizations of the Aleksandrov problem. The first is
the characterization of curvature measures introduced by Federer [212] originally for
sets of positive reach, and discussed in depth by Schneider [522] in the case of convex
bodies. Here we only consider the case of a convex body K € ‘K("O) with Cf boundary.
Fori=0,...,n—1and Borel n C dK, the ith curvature measure C; (K, n) satisfies
(cf. Lemma 2.2.3)

(1= )wm_s - Co(Ko ) = / i (K1 (), o o ()
n

:/ Op-1-i(Ki,...,Kn-1) OTK"
ret ()

02 ok + IV ok |12 dH™!
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where o (K1, . ..,k,—1) atx € K stands for the jth symmetric function of the principal
curvatures k1(x), ..., k,—1 at x. Here the normalization is chosen in a way such that
Ci(K,S" 1) = V;(K) (cf. (8.27)). According to Guan, Li, Li [281], characterizing the
measure C; (K, 7k (w)) of Borel sets w ¢ §~! leads to a fully non-linear elliptic partial
differential equation $”~!, which coincides with the Aleksandrov problem if i = 0 by
(9.40).

For p € R, the L, version of the Aleksandrov problem posed by Huang, Lutwak,
Yang, Zhang [332], asks for characterization of the L, Aleksandrov integral curvature
measure

dJk,p = QIp(dJK (9.49)

for K e K (”0 where the classical Aleksandrov problem is the case p = 0. It follows
from Lemma 9.5.3 that the Monge-Ampere equation for the L, Aleksandrov integral
curvature measure Jg+ , of the polar body is

det(V2h+ hl,_1) = WP~ (||VA|? + BD)Z - f.

For related results, see, for example, Zhao [579], Li, Sheng, Ye, Yi [406] Mui [468]
and Wu, Wu, Xiang [567].

9.5.3 L, Dual curvature measures

In order to define the dual curvature measures for g € R, firstlet K € 7<(”0). For a Borel

setw c S"L using the reverse radial Gauss image a*(w) in (9.42), Huang, Lutwak,
Yang, Zhang [331]) defines the gth dual curvature measure by the formula

gK,q(w) =/ 0% dH" .
a*(w)
We deduce from (9.47) and Lemma 2.2.4 that

Crq(w) =n / ok (@ ()4~ dVic () (9.50)

q-n

:/h(lth||+h2) T dsk 9.51)

for h = hg|gn-1. For example,
J EK,n = nVk (cf. Section 2.6);
. C~K,0 = Jg~ (cf. Section 9.5.2, especially (9.47)).
For g € R, Lutwak [433] defined the gth dual volume of a K € K, as
VK=~ [ gtare,

n
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and the same formula works if ¢ > 0 and K € K} (so possibly 0 € 9K in this case).
Readily, V,(K) = |K|.

Remark 9.5.4 (Continuity of Vq and weak continuity of C k.q)- Ifg€Rand K,,, € K(,)
tends to K € K(,), then readily Vq (K,) tends to Vq (K), and (9.50) and the weak
continuity of Vi yields that CVKm,q tends weakly to 5K,q.

If ¢ > 0, then the same holds even if K € K|, according to Béroczky, Fodor [99].

Huang, Lutwak, Yang, Zhang [331] established the characteristic property of the
dual curvature measure that it encodes the first variation of the dual volume.

Theorem 9.5.5. For K € ‘K("O), g € R\{0} and g : "' — R continuous, the Wulff

shape K, = {x e R" : (x,u) < hg(u)(1 +1tg(u)), Yu € S"~'} satisfies

V,(K;) -V, (K ~
hmM:Q/ gdCk 4.
t—0 t n Ssn-1

We observe that the cone volume measure Vg (cf. Section 2.6, Section 9.3 and
Section 9.4) lies at the cross road: nV is the L surface area measure (cf. Section 9.3)
on the one hand, and the nth dual curvature measure on the other hand.

Concerning the dual Minkowski Problem for g € R, it follows from (9.51) that the
corresponding Monge-Ampere equation is

(IVA|? + B2 ™2 - hdet(V2h + h1d) = f. (9.52)
The case g = n about the cone volume measure is discussed in Sections 9.3 and 9.4, and

the case g = 0 about the Aleksandrov problem is covered in Section 9.5.2. If ¢ # 0, n,
then the following results are known:

« If g <0, then any Borel measure on S”~! not concentrated on a closed hemisphere
is a gth dual Minkowski curvature measure according to Zhao [578] and Li, Sheng,
Wang [404].

* Ifg > 0andn =2, then (9.52) has a solution for any measurable f provided % <
f < cforac > 1 according to Chen, Li [155].

+ If0 < g < n, then a finite even Borel measure i on $"~! is a gth dual Minkowski
curvature measure if and only if

,u(LﬁSn_l) < dir{r;L _”(Sn—l)

for any proper linear subspace L C R" according to Bordczky, Lutwak, Yang,
Zhang, Zhao [113] where one needs to add that u is not concentrated onto a great
subsphere if ¢ < 1.

e Ifg>2n+landK € 7(210) is origin symmetric, then Henk, Pollehn [307] prove

the necessary condition

EK,q(L N Sn—l) < qfnt]dimL . 5K,q(Sn_l)
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for any proper linear subspace L C R".

Remark. In particular, it is an intriguing open problem to characterize a gth dual
Minkowski curvature measure on $”~! if ¢ > 0, or an even gth dual Minkowski curvature
measure on §" ! if ¢ > n.

No uniqueness of the solution of the dual Minkowski problem (9.52) in general,
for example, if ¢ > 2n, even assuming that f = 1 and 4 is even according to Chen,
Chen, Li [149].

Next we discuss the L;, dual Minkowski problem introduced by Lutwak, Yang,
Zhang [437] that is a common generalization of the L,-Minkowski problem and the
L ,,-Aleksandrov problem. For p, g € R, Lutwak, Yang, Zhang [437] defines the gth
L, dual curvature measure on $"~1 by

dCx p.q = h’dCk 4,
and hence

CK,p,n = SK,p;
Ck.0.9 = Ck.q;
Ck,p,0 = Jk*,p-

Given a Borel measure u on S*~!, the simplest version of the gth L p dual Minkowski
problem asks fora K € ‘K(”O) with u = Cg 4, and the correspondig Monge-Ampére
equation is (cf. (9.52))

h'=P det(V2h + h1d) = (||VA|? + h2) 2" - f. (9.53)

Improving on Boroczky, Fodor [99] and Huang, Zhao [334], Chen, Li [150] and Lu,
Pu [424] prove that if p > 0 and g # p, 0, then any Borel measure not concentrated on
a closed hemisphere is a gth L, dual Minkowski curvature measure (more precisely,
if p < g, then some modification of the Monge-Ampére equation might be needed).
Huang, Zhao [334] proved the same for p, g < 0 and p # g within the category of even
measures. See also Guang, Li, Wang [287] for a flow approach when p < O and g > n
under regularity assumptions.

Uniqueness of the solution of the gth L, dual Minkowski problem (9.53) is thor-
oughly investigated by Chen, Chen, Li [149] and Li, Liu, Lu [402]. The case when
n =2 and f is a constant function has been completely clarified by Li, Wan [401].
Uniqueness in the the isotropic case, when the f in (9.53) is a constant, was verified
for certain ranges of values of p and ¢ by Ivaki, E. Milman [350] in the even case, and
by Hu, Ivaki [325] in the general case.

Orlicz versions of these Monge-Ampere equations have been considered by Li,
Sheng, Ye, Yi [406], Feng, Hu, Liu [221] and Hu, Liu, Ma [322] in the case of the
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Aleksandrov problem, by Xing, Ye [573] in the case of the dual Minkowski problem,
and Gardner, Hug, Weil, Xing, Ye [255,256], Xing, Ye, Zhu [574] and Liu, Lu [416]
in the case of the L, dual Minkowski problem in general.

Another important related variant of the dual Minkowski problem is the so-called
"Chord Minkowski Problem" (cf. Lutwak, Xi, Yang, Zhang [436]) and its L, version
by Xi, Yang, Zhang, Zhao [571] for p > 0, and by Li [407,408] for p < 0, see also
Guo, Xi, Zhao [290] and Xi, Yang, Zhang, Zhao [571]. In addition, the "Affine dual
Minkowski problem" is proposed by Cai, Leng, Wu, Xi [141].

9.5.4 Gaussian Minkowski problem

|2
For the Gaussian density dy, (x) = B 1) T ¢="5" dx in R and a convex body K € K ?0)’
T

in line with the more general set up in Livshyts [418], Huang, Xi, Zhao [333] defined
the Gaussian surface area measure on S"~' by the formula

(K +1C) = yn(K
fim 22K +7C) = 7n )=/ he dS,, k
t—0 t sn-1

for any convex body C ¢ R”". In other words, for any Borel w ¢ S"~!, we have

1 llx2
Sy..k(w) =/ —e 2 dﬂ"_l(x).
” vl () (2m)3

In particular, if K is strictly convex (no segment on the boundary), and hence the a
(cf. (9.42)) is a continuous function $” — S”, then

ok (e ()
2

1
ds u) = — ex
7n,K( ) (271_)7 p(

We deduce from Lemma 2.2.4 that the Gaussian Minkowski problem leads to the
Monge-Ampere equation

) asr.

1 _ V| 2+h?
2

_ . e ~det(V2h+hil,_;) = f.
g ( n=rf

These notions are due to Huang, Xi, Zhao [333], who obtain significant results about
the even Gaussian Minkowski problem. Their results are extended to the not necessar-
ily even case by Feng, Liu, Xu [219] and Chen, Hu, Liu, Zhao [153]. Uniqueness of
the solution is discussed in the works above and in Ivaki, E. Milman [350]. Various
properties of the Gaussian surface area measure is discussed in depth by Fradelizi,
Langharst, Madiman, Zvavitch [246].

Remark 9.5.6. Uniqueness can’t be expected in the Gaussian Minkowski Problem in
general as, for example, a small ball and suitable large ball have the same Gaussian
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surface area measure. For K, C € ‘K("O) with v, (K), v, (C) > % Huang, Xi, Zhao [333]

prove that S, x =S, c implies K = C. Therefore, the uniqueness question is really
interesting under the assumptions y,(K), y,(C) < %

Concerning sufficient conditions for the Gaussian Minkowski Problem, let us quote
the following result from Feng, Liu, Xu [219].

Theorem 9.5.7. If i is a Borel measure on 8"~ with u(S"1) < \/%7 thenu=3S8,
foraK e 7(("0) with v, (K) > %

The L ,-Gaussian Minkowski problem is considered for example by Liu [415] and
Feng, Hu, Xu [218]. Orlicz versions of the Gaussian Minkowski problem are discussed
by Li, Sheng, Ye, Yi [406].

9.5.5 Capacity, Torsion rigidity and the first eigenvalue of the Laplacian

This section discusses theories analogues to the Brunn-Minkowski theory that have
been built for the classical notion of electrostatic (Newtonian) capacity and the torsion
rigidity.

The electrostatic capacity C;(X) (see Colesanti, et al [172] for background) of a
compact set X C R", n > 3, is defined by

C>(X) = inf {/ Dl : ¢ € CX(R™), @(x) > 1forx e X} ,
er

and if Q c R" is a bounded open convex set, then
Cr(Q) =sup{C>(X) : X c Q compact},

which satisfies C» (s Q) = 5" 2C,(Q) for s > 0. Forn > 3, s € (0, 1) and bounded open
convex sets Qp, Q1 C R, Borell [87] proved the Brunn-Minkowski type inequality

Co((1 = $)Q+5Q) 72 > (1 - 5)Ca(Q) 72 + 5 C2(Qy) 72, (9.54)

where equality holds if and only if Qy and € are homothetic according to Caffarelli,
Jerison, Lieb [139].

For a bounded open convex set Q c R", the equilibrium potential U = Ug associ-
ated to Q is the unique solution of the boundary value problem

AU
U(x)

0 on R\(clQ)

1 for x € 0Q and limy_,o U(x) =0 ©.55)

where A is the Laplace operator. Now Q = int K for the convex convex body K = cl Q,
and the corresponding finite Borel measure i o on S"~! - the so-called electrostatic
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capacitary measure - is defined by the formula
pa@= [ DUl ar
vil(w)

for Borel w c S™~! where the integral on 9K = dQ makes sense and finite according
to Dahlberg [184]. According to the Poincaré formula, we have

1
G (Q) = p— /S | hk dus . (9.56)

For a continuous g : S"~! — R and the open Wulff shape Q; = {x € R" : (x,u) <
hi (u) +tg(u), Yu € S"'}, the electrostatic capacitary measure satisfies the vari-
ational formula (cf. Jerison [354])

d
—(Cr(Q
5 2(€)

= / gdwr o 9.57)
=0 sn-1
which actually yields (9.56) by taking g = hg.

The Minkowski problem for capacity and a finite Borel measure u on S*~! has
been solved by Jerison [353], proving that u = us o for a bounded open convex set
Q c R™ if and only if u satisfies Minkowki’s conditions (a) and (b) in Theorem 9.2.3;
namely, the centroid of u is the origin of R”, and u is not concentrated on any closed
hemisphere. Uniqueness of the solution up to translation was clarified by Caffarelli,
Jerison, Lieb [139] using their result on (9.54).

If n = 2, then the notion of capacity has been replaced by the notion of so-called
transfinite diameter, and the corresponding Minkowski problem is solved again by
Jerison [354].

Forn > 3, p € (1,n) and a bounded open convex set Q C R”", the p-capacity of Q
is Cp (L) = sup {CP(X) X cQ compact}, where

Cp(X) :inf{/ IDel|? : ¢ € CZ(R"), ¢(x) > 1forx € X}
Rl‘l

for any compact X C R". We note that Cj, (s ) = s""PC,, () for s > 0. Colesanti, et
al [172] associates a so-called p-capacitary measure - a finite Borel measure -y, o
on $"~! to Q, and proves the variational formula

= / 8 d,up,Q
=0 Sn—l

using the notion of (9.57). It follows that

d
ECP (-Qt)

1
@ = [ heduna
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where K = cl Q. Here the case p = 2 is the classical case.

The analogue of the Brunn-Minkowski-type inequality (9.54) was proved by Coles-
anti, Salani [168] for p € (1, n) where the exponent ﬁ is replaced by ﬁ, and
Colesanti, et al [172]) propose the Minkowski problem for p-capacity for p € (1,n),
characterize uniqueness for p € (1, n), and characterize the solution for p € (1,2). For
some additional generalizations of the notion of p-capacity, see, for example, Hong,

Ye [316], Hong, Ye, Zhang [317] and Liu, Sheng [417].

Next we turn to the torsional rigidity 7(€2) of a bounded open convex set Q C R”,
n > 2, (cf. Colesanti, Fimiani [167] or Langharst, Ulivelli [391]), namely,

(@) = /Q DU

where U is the unique solution of the boundary value problem

-AU 2 on Q,
U(x) = 0 for x € 9Q,

(9.58)

and hence 7(s Q) = s"*?7(Q) for s > 0. Using the U in (9.58) and the convex body
K = clQ, the corresponding finite Borel measure y1; o on S"~! is defined by

fra(w) = / DU dH"!
vl (w)

for Borel w c §"~! where the integral on K = dQ makes sense and finite according
to Dahlberg [184].

Colesanti, Fimiani [ 167] handled the first variation of torsional rigidity at a bounded
open convex set Q C R” with K = c1 Q. For a continuous g : $”~! — R and the open
Wulff shape Q; = {x e R" : (x,u) < hx(u) +tg(u), Yu € S}, [167] proves that

=/ gdur.o,
=0 Sn—l

1
Q)= —— h .
T(Q) > _/Sn_1 K dir.0

Concerning the Minkowski problem for torsion rigity, still no characteristic neces-
sary condition is known, while Colesanti, Fimiani [ 167] proved that given a finite Borel
measure u on S"~!, = p, o for a bounded open convex set Q C R™ if u satisfies
Minkowki’s conditions (a) and (b) in Theorem 9.2.3, and the solution is unique up to
translation in this case.

The L, torsional rigidity Minkowski problem was posed by Chen, Dai [159] to
characterize the Borel measure h;p dur.q on §"~1 where K = cl Q for the bounded

d
ET(Qt)

and hence
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open convex set Q C R", and [159] proves existence and uniqueness results when p > 1.
In addition, existence results have been provided by Hu, Liu [320] if p € (0, 1), and by
Hu [319] if p = 0, where in the latter case, "subspace concentration conditions" like
in (9.18) for the cone volume measure play a crucial role. Additional versions of the
Minkowski problem for torsional rigidity have been considered by Hu, Liu, Ma [321],
Hu, Zhang [323] and Hu, Li [328].

Another related problem is about the first eigenvalue of the Laplacian. For any open
bounded convex set Q ¢ R”, n > 2, let 1(Q2) be the smallest positive (the principal)
eigenvalue of —A on Q with Dirichlet condition; namely, the smallest positive number
such that there exists a continuous function V = Vg on ¢l Q such that fg VZ=1,Vis
C® on Q, and

-AV = AQ)V on Q,
V(x) 0 for x € 0Q

(cf. Jerison [354]) where - using that A1(Q) is the principal eigenvalue - we may also
assume that Vg is positive on Q in order to make it unique. Here A(s Q) = s 21(Q)
for s > 0. For a continuous g : §*~! — R and the open Wulff shape Q; = {x € R" :
(x,u) < hg(u) +tg(u), Yu € S"'}, the first eigenvalue of the Laplacian satisfies the
variational formula (cf. Jerison [354])

d
—A(Q
@)

- / ek () Ve ()| dH™! 9.59)
t=0 0K

for the convex body K = clQ where the integral on 0K = 02 makes sense and finite
according to Dahlberg [184]. In turn, one deduces from (9.59) taking g = hg that

@ =5 [ k) Va@P are.

Concerning the even Minkowski problem for the first eigenvalue of the Laplacian,
Langharst, Ulivelli [391] handles the sufficiency part under the "subspace concentra-
tion conditions" (9.18).

Jerison [354] placed the notions of capacity, torsion rigidity and the first eigenvalue
of the Laplacian into a more general framework where the homogeneity and the for-
mula for the first variation play crucial role, see Colesanti [166] for the corresponding
Brunn-Minkowski type inequalities, and Crasta, Fragala [183] for the corresponding
Firey-type evolution equations, and Langharst, Ulivelli [391] for the sufficiency con-
cerning the even Minkowski problem under the "subspace concentration conditions"
(9.18).
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9.A Supplement: Weak continuity of the L, surface area measures
and diameter bounds in terms of the entropy

In this section, we discuss two fundamental technical properties related to the L,
surface area measure for p € R. The first is the weak continuity of the L, surface area
measure, and the second property is a bound of the diameter of a convex body in terms
of the "L, entropy".

Lemma 9.A.1. Let p € R, and let K,,, tend to K for K,,;, K € K.
(i) Sk,,,p tends weakly to Sk p, if either p < 1, or p > 1 and K,,,, K € K.

(i) If p > 1, Ky € Ko, and {Sk,, »(S"™1)} is bounded, then Sk ({hx = 0}) = 0,
and hence Sk p, is well-defined, and Sk, , tends weakly to Sk p.

Proof. We deduce (i) from the facts that Sk,, tends weakly to Sk according to Pro-
position 2.6.12 (see also Proposition 8.4.1), and g - h}gmp tends uniformly to g - h}(_p
for any continuous g : S"~! — Ras & K, tends uniformly to hg (cf. Definition 1.7.1).

For (ii), we may assume that o € K by (i), and let R > O such that Sk, , (S")<R
for every m. First we show that Sk, is well-defined; namely, for any & > O there exists
6 > 0 such that

Sk (Es) <& for Bs={ueS"": hg(u) <s}. (9.60)

We choose 6 > 0in a way such that (26)' =7 - £ > R.1f mislarge, then hg,, (u) < 26 for
u € Es, and as E s is a non-empty open subset of 0K, we have Sk, (Es) > % -Sk (Bs)
by the weak convergence of Sk, (cf. Remark 10.1.1). We deduce that

Qot-r. %55) < (20)'7P - Sk, ({u es" ' hg, (u) < 25})

< / hy P dSk,, <R,
{uesm=':hg,, (wy<25} "

yielding (9.60), and in turn the well-definedness of Sk ;.
Given a continuous g : S ! - R, g - hgﬂp tends uniformly to g - h};p onS"\Es

for any small 6 > 0. Therefore, lim,;, oo /sn-l gdSk,,.p= fsn-l g dSk,p follows from
(9.60). [

One of the key tools in handling the L,-Minkowski problem are the diameter
bounds in terms of the entropy. Let i be a Borel probability measure on $"~!, and let
C € K,. If p > 1, then we use the entropy function

1
Eup(C) = — / hP. du (9.61)
p Ssn-1
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of a C, which is continuous in C. For p < 1 and ¢ € int C, we consider the entropy
function X » .

£ (C.) = % Jon he_gdu if p#0

’ Joniloghc_gdu if p=0,

which is continuous in C and ¢ € intC.

We introduce some additional notions which help to describe how much a measure
on "~ ! is concentrated to great sub-spheres. Let § € [0, 1). For a linear i-subspace L
of R” with 1 < dim L < n — 1, we consider the collar

(9.62)

YLNS" o) ={xes" " (x,yy<sforye L-n§" '}
In addition, for a u € $"~', an open spherical cap centered at u is
Qu,8) ={veS" " (v,u) > 6}

where Q(u, 0) is an open hemisphere (cf. (9.6)). We recall that ok is the centroid of
a convex body K c R" (cf. Definition 1.11.1).

Proposition 9.A.2. Let u be a Borel probability measure on S, let K € K" with
diam K = D, and let 5,7 € (0, 1).
() If 1 (Q(u,8)) > 7 for any u € S"~', then

6P DP < { P Eup(K) provided p > 1

2p pEup(K,ox) provided pe(0,1).

() Ifp=0,|K| =1, and
1 — 1)
u (‘P(L ns™l, 5)) LU-Di
for any linear i-subspace L C R",i=1,...,n—1, then

Euo(K, o) > tlogD +logd — 6logn.

(iii) If-n < p <0, and du = f H" ' for f L#(S"‘l,?("‘l) where

n

_n_ 2 P
fn+]7 S (nwn) n+p . Tn+p
¥ (utnsSn-1,6)

forany u € S"71, then any K with T < £ 8, p(K, o) satisfies

2

either D < 4n/8%, or D < (gﬁﬂ,p(l{, o-K))p

Remark. In the applications, the K in (111) is obtained via minimizing the entropy, e.g.
it satisfies &,, , (K, ox) < sup feintB &y, p(B &) for the centered ball B of volume 1,
and hence the 7 in (iii) can be chosen independently of K.
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Proof. Let R = maxyex ||x||, and hence D < 2R, and let xo € K and ug € $"~! with
Uy € sl and xg = R uyp.
If p < 1, then we may assume that ox = 0, and hence the KLS ellipsoid E (cf.
Lemma 1.11.5) satisfies that
EcKcnE, (9.63)

which in turn also yields that
—x/neK forx € K. (9.64)

For (i), we observe that hg (1) > SR for u € Q(ugp, 6) and u (Q(ug, 6)) = 7; there-
fore, [, hf du = 7 (RS)P 2 7 (D6/2)".

For (ii), let ey, ..., e, € S~ ! be orthonormal basis of R” forming the principal
directions associated to the ellipsoid E in (9.63), and letry, . .., 7, > 0 be the half axes
of E with r;e; € 0E where we may assume that »; < ... < r,. In particular, (9.63)
yields that

l_[ri = [(nE] > K =N, forN, =n"w;! < 1. (9.65)

n

L > 3 For

We observe that for any v € S*~!, there exists e; such that |{v, ¢;)| > W n

i=1,...,n, we define
n—1 0 9 . .
Bi={veS" " : [(v,e;)| > —and [{v,e;)| < —for j > i;.
n n

In particular, B; ¢ ¥(L; N S""1,8) fori =1,...,nand L; =lin{ey, ..., e;}.

It follows that S™! is partitioned into the Borel sets Bj, ..., B,, and as B; C
W(L;NnS" 1, 6) fori=1,...,n— 1, we have
(1 -
uB) 4+ ruB) < T foiot a1 (9.66)
u(By)+...+u(B,) = 1. (9.67)

For ¢ = 1_77, we have 0 < ¢ < %, and we define

Bi = u(B)—¢ fori=1,...,n—1 (9.68)
Bn = u(Bp)-¢-7 (9.69)

where (9.66) and (9.67) yield

Bi+...+8; < Ofori=1,...,n-1 (9.70)
Bi+...+ 8, (9.71)

1
e
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As rie; € K, it follows from the definition of B; that hg (u) > (u, rie;) > r; - g for
ueB;,i=1,...,n We deduce from applying (9.65), (9.67), (9.68), (9.69), (9.70),
(9.71), 71 < ... < rper and £ < L that

log hx du / log hk du
Lnl ; Bi

> > u(By)logri+ ) u(B)log== " u(B;)logr; +log
n n
i=1 i=1 i=1
n n 6
= Zﬁilogri +Z{logri +1logr, +log —
i1 i1 n
S 5
> Zﬁilogri +logN,, +tlogr, +log —
n

i=1

n—1

= (B +---+Bn)10grn+2(ﬁl +...+Bi)(logr; —logris)

i=1
0
+ log N, + tlogr, +log —
n
> tlogry +logd +log &Y™ —logn.
Now D < ndiam E = 2nr,, < n’r, and 7 < 1, and hence 7 logr, > 7log D —2logn.

2
1/n r(z+1)n

In addition, K,/" = P (2871']1)_7] > n~3; therefore,

rlogr, +1ogd +1ogRY" —logn > Tlog D +log 5 — 6logn.
For (iii), when —n < p < 0, we may assume that
D > 4n*/52,
and we consider
@) = {u €S hg(u) > \/ﬁ} ;
@, = {u €S hg(u) < \/ﬁ} .
Concerning ®(, we have

f-h? <@RP? | f<D%. (9.72)
[on %)

On the other hand, we have i% up € K by (9.64). Thus any u € @ satisfies

()
u, — uy
n

V2R > hg (u) >

’
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and hence |{u, ug)| < n\/7 < \2/1 < &; or in other words,
@ c Y(ug nS™L9).

It follows from |K| = 1 and the from (6.26) of the Blaschke-Santal6 inequality that

-n 2
/ hy' < nw;,.
Ssn-1

For p € (—n,0), Holder’s inequality and [Dl f < (nw%)% e yield

pl

Jorvi= (o) () =

Finally, adding the last estimate to (9.72) yields
pS,,,p(K,o-K):/ f-hﬁng 4T,
Sn—l

and hence the condition T < % Eu,p(K) on 7 implies (iii). ]

9.B Supplement: The even L ,-Minkowski problem for p € [0,1)

This section about the even L,-Minkowski surface area measures discusses work
by Haberl, Lutwak, Yang, Zhang [292] if p € (0, 1) (cf. Corollary 9.B.2), and by
Boroezky, Lutwak, Yang, Zhang [111] if p = 0, and proves Proposition 9.4.6 (cf. Pro-
position 9.B.1), and Theorem 9.3.6 (cf. Theorem 9.B.5). The key tool is the notion of
entropy defined in (9.62); namely, if C ¢ R" is an o-symmetric convex body, then

/gn lhp d/" lf pe (O’ 1)’

(9.73)
Joniloghcdu if  p=0,

Eu.p(C o) = {

which is continuous in C. For the reader’s convenience, we restate Proposition 9.4.6.

Proposition 9.B.1. For p € [0, 1), and an even probability Borel measure y on S"~!
such that any open hemisphere has positive measure, and, in addition

w(Lns" < u(s"h (9.74)

dim L
n

holds for any non-trivial linear subspace L. C R" provided p = 0, then

(a) Eu,p(C, 0) attains its minimum among o-symmetric convex bodies C C R" sat-
isfying |C| = 1.
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(b) Moreover, ifan o-symmetric convex body K C R" with |K| = 1 minimizes &, ,(C,0)
among o-symmetric convex bodies C C R" with |C| =1, then u = Sgk , for

1
o= (%[SH hgdy)" 7

Proof. Let C be the set of o-symmetric convex bodies C with |C| = 1. As for any i =
1,...,n — 1, the Grassmannian space of all i-dimensional linear subspaces is compact,
the conditions on y imply that there exist §, 7 € (0, 1) such that

u(Qu,0)) > 7 if pe (0,1)andu € S !;

p(P(LNS"Le) < @ if p=0and L C R" linear i-subspace, (9-75)
i=1,....,n—-1;

namely, u satisfies the conditions in Proposition 9.A.2.

The argument is easier presented using another notion of entropy that is equivalent
to the one defined (9.73) for our purposes: if C C R is an o-symmetric convex body,
then let

%logfsn_l h?.du—Llog|C| if pe(0,1),

E,.(C,0) =
o {fs loghc du =} log|C|  if p=0,

which notion is invariant under rescaling; namely, it satisfies
Eup(1C,0) =&, ,(C,0) for 1> 0. (9.76)

Let B" be the o-symmetric Euclidean ball with |§"| =1, and let C,, € C satisty
that & p (Crs 0) < & p (B, 0) and &1y (Cpm, 0) tends to inf {E,,,p(c,o) . Ce c}.
It follows from Proposition 9.A.2 that the sequence {C,,} is bounded; therefore, we
may assume that C,,, tends to an o-symmetric convex compact set K by the Blaschke
Selection Theorem 1.7.3. As each |C,,| = 1, we have |K| = 1 by the continuity of
volume (cf. Lemma 1.7.4), thus K € C; therefore,

Eyup(K,0) = min {€,,,(C.0) : CeC. 9.77)
We claim that |
p=21-Sg, ford=-— / hY dy, (9.78)
n Snfl

where (9.78) is equivalent with saying that

/ g-h,’;‘lduzﬂ-/ gdSk 9.79)
Sn—l Sn—l

for any continuous function g : $"~! — R. For t > 0, we consider the Wulff-shape

Ky ={x € R": {x,u) < hx(u) +1tg(u) Yu € S*7'},
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and hence Ky = K, and the Aleksandrov Lemma 9.2.2 that

= / gdSk. (9.80)
=0 Sn—l

If |¢] is small, then we consider the differentiable function

P %log Jonr (hi +1)P du — Llog|K,| if  p e (0, 1),
Jon-r 1og(hi +18) du — ~log |K,| if p=0,

d
— |K
K|

which, according to |K,|77I -K; €C, hg, < hg(u) +1g(u), (9.76) and (9.77), satisfies
that _ _ ]
@) 2 Ep(Kir0) = Epp (1K T - Kiv0) 2 £(0).

In particular, f has a minimum at ¢ = 0, and hence (9.80) implies that

, ! I
ozf(o)z_ﬂfsnlg.hlp< dp——/snlgdSK,

n n

proving (9.79), and in turn (9.78). Therefore, yu = Sy, for M = /lﬁl(. ]

Proposition 9.B.1 directly implies the characterization of even L ,-surface area
measures for p € (0, 1) due to Haberl, Lutwak, Yang, Zhang [292].

Corollary 9.B.2. For p € (0, 1), and a finite even Borel measure y on S™*~!, there
exists an o-symmetric convex body K C R" with u = Sk ,, if and only if the measure
of any open hemi-sphere is positive.

The characterization of even L-surface area measure (cone volume measure) due
to Boroczky, Lutwak, Yang, Zhang [111] is more involved. We recall that according
to (2.27) and (2.30), if w Cc R™ is a Borel set and K € K", then

0’

Vi (w) = |U {conv{o,x} : x € DK and Nx (x) N w # 0} 9.81)
1
== / (v (x),x) dH" ' (x). (9.82)
nJvi(w)
We say that the linear subspaces L, ..., L,, C R" of dimension at least 1 are

complementary if 3", L; =R" and L; N L; = {o} fori # j. The following statement
is a direct consequence of (9.82).

Lemma 9.B.3. Let Cy,...,C,, CR" be compact convex sets of dimension d; > 1
and containing o such that L; =1inC;, i = 1, ..., m, are complementary and pair-
wise orthogonal linear subspaces. In this case, writing V¢, to denote the cone volume
measure of C; on Ly N §™ 1,

e suppVg c U LiforK=3",C;
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e ifwc L;nS"VisBorel fori € {1,...,m}, then

Vi (w) = % (]_[ H(C))| - Ve, (w).

J#i

We deduce via the SL(n) equivariance of the cone volume measure (cf. Proposi-
tion 2.6.15) the following ambiguity. According to the Logarithmic Minkowski Con-
jecture 9.4.5, this would be the only ambiguity concerning recovering the o-symmetric
convex body its even cone volume measure.

Corollary9.B.4. If 3" C;isaconvexbody inR" for compact convex sets Cy, . . .,Cp, C
R" of dimension d; > 1 and containing o such that Zl'.';l dimC;=n,andAy,...,4,, >0
satisfy that [];Z, /l?i = 1, or equivalently, | 3.;2, C;| = | X7, 4;C;|, then

Vem e = Vem aer
We arrived at the main result of this section.

Theorem 9.B.5. For a non-trivial finite even Borel measure pu on S"~", there exists
an o-symmetric convex body K c R" with u = Vg = % Sk.o if and only if

() p(Lns™ 1 < MTL - u (8™ for any proper linear subspace L C R";

(i) p(Lns* 1= dimTL - (S™ 1Y in (i) is equivalent with the existence of a comple-
mentary linear subspace L' C R™" withsuppu C LU L', and in this case, K =C + C’
for o-symmetric compact convex sets C C L+ and C’ C L',

Proof. Step 1. If a non-trivial even Borel measure u on S*~!, n > 1, satisfies (i) and
(ii), then y = Vg for an o-symmetric convex body K c R”.

We prove this by induction on # > 1. When n = 1, then the only condition on u on
SY is its evenness, and u = Vi for the o-symmetric segment K C R with |K| = u(S?).
Therefore, let n > 2.

Ifu(LNnsS"™ ') < dimTL - (8"~ 1) for any non-trivial linear subspace L c R”, then
Proposition 9.B.1 yields the existence of an o-symmetric convex body K ¢ R” with
H = VK.

Next, we assume that, in line with condition (ii), there exist complementary linear
subspaces L, L, € R" of dimensions dj, d, > 1 such that suppu € L; U L,, and
hence (i) yields that u(L; N S"" 1) = % ~u(S™ 1, i=1,2.Fori = 1,2, the restriction
u; of yonto L; N §"~! also satisfies the conditions (i) and (ii). Let ® € SL(n) such
that ®L; and ®L, are orthogonal. It follows from the linear equivariance of the cone
volume measure (cf. Proposition 2.6.15) and Lemma 9.B.3 that it is sufficient to find
o-symmetric full dimensional compact convex sets C; € ®L; fori = 1,2 such that

the restriction of V¢, ¢, to SN ®L; is ®,pu; fori =1,2. (9.83)



358 The L,-Minkowski problem and the L ,-Brunn-Minkowski inequality

Fori = 1,2, ®.u; also satisfies the conditions (i) and (ii), and hence the induction
hypothesis yields the existence of full dimensional o-symmetric compact convex sets
M; c ®L; fori = 1,2, whose cone volume measures are ®, u; and @, u;. In particular,

d.
HY(M;) = = - u(S™) fori=1,2.
n

Therefore, to construct the C; and C; in (9.83), all we need is to adjust the volume of
M + M, according to Lemma 9.B.3. Thus, we choose 11, 1> > 0 such that u(8"~!) =

12:1 /lfl"?(df (M;), and the C; = A;M;,i = 1,2, satisfy (9.83). In turn, u = ®; 'V, 1c, =
Vor (ci+6y)-

Step 2. If K ¢ R" is an o-symmetric convex body, and L ¢ R" is an i-dimensional
linear subspace for i € {1,...,n — 1}, then (i) and (ii) hold.

We consider the orthogonal projection K’ =1, K. For any x € relbd K’, let M (x) =
K N (x+L%*), and hence —x € relbd K’ and M (—x) = —M (x). If z = tx for ¢ € [0, 1],
thenz=(1-A)x+A(—x) ford= % € [0, %], and the convexity of K, M (—x) = —M(x)
and the Brunn-Minkowski inequality Theorem 1.12.3 imply

H (KN (z+LY) 2 H" (1= )M(x) + AM(-x))) = H"" (M(x)). (9.84)

We deduce from the Fubini theorem and using polar coordinates in L (cf. (1.26)) that

K| = / H" (KN (z+L*Y)) dH (2)
K/
ok (1) A . .
= / / H'" (KN (ru+ LY)) iV dr dH " (u)
NintiaV 5

ok (u) . . .
> / / H" (M (ox (w)u)) r'=" dr dH ™ ()
Sn-InL JO

1 / ok (W H"™ (M (ox () dH™ () (9.85)
sn-1ng,

1

where ok (u)u € relbd K’ for u € §*~! N L and the radial function ok (u) > 0. On
the other hand, (9.81), the Fubini theorem and using polar coordinates in L (cf. (1.26))
yield that

Vk(LnS" ) =|{ty:te[0,1]andy € (L* +relbdK")}|

/ / T HT (M (o (1) it i1
sn-1nL ox ()"™!

- /5 ., QK W H (M (ox (w)) dH™ (). 9.86)

We conclude (i) from comparing (9.85) and (9.86).
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Let us assume that that equality holds in (i), and hence equality holds in (9.84) for
any x € relbd K’, A € [0, %] and z = (1 — A)x + A(—x). We deduce from the equal-
ity conditions in the Brunn-Minkowski inequality Theorem 1.12.3 that M(x) and
M (—x) = —M (x) are translates. In particular, equality in (9.84) yields that K N (z + L)
is a translate of C for any z € K’ and the (n — i)-dimensional o-symmetric compact
convex set C = K N L*. In other words, there exists an even function ¢ : K’ — Lt
such that K N (z+ L*) = C + ¢(z) forany z € K’. Now if 71,z € K’ and @ € [0, 1],
then p((1 —a)z1 + @ z2) = (1 — @)¢(z1) + @ p(z2) follows from the convexity of K,
and hence ¢ is a linear function. We deduce that K = C + C’ for the i-dimensional o-
symmetric compact convex set C’ = {z+ ¢(z) : z€ K’}, and in turn suppVg € LU L’
where L’ = (linC’)*. [

9.C Supplement: The L ,-Minkowski problem in general for p > 0

For p > 0 with p # 1,n, and for non-negative f € L;(S"~") with H"~1({f =0}) =0,
the main goal of this section is to show the existence of the solution of the Monge-
Ampére equation

det(V2h+ hl,_i) = hP~' f if p>1; (9.87)
=P det(V2h+ hl,_1) = f ifp<1 (9.88)

in the sense of measure. As defined in Section 9.3, for a convex body K € K} and
p € R, the L ,-surface area measure Sk, is the Borel measure

dSk , = hy P dSk

on S"~! where in the case when p > 1 and 0 € 9K, we assume that Sg ({hg = 0}) =0.
In particular, if p € R, K € K and 4 > 0, then

Sak.p=A""-Sk.p. (9.89)

For a p € R and finite non-trivial Borel u on S"~!, the L p-Minkowski problem (cf.
Section 9.3) asks whether there exists a convex body K € K} such that

=Sk, (9.90)

In this section, we prove the following sufficiency conditions concerning the L -
Minkowski problem (9.90) for p > 0 using the variational method where the case
p > 1is due to Hug, Lutwak, Yang, Zhang [339] and Chou, Wang [162], and the case
p € [0,1) is due to Chen, Li, Zhu [156, 157].

Theorem 9.C.1. Let u be a finite Borel measure on 8™\
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p >0, p # 1,n: If p is not concentrated on any closed hemi-sphere, then u = Sk ,
for convex body K € K, (where Sk ({hxk =0}) =0ifp > 1 and o € 0K).

p=0: Ifu(LnS" 1 < ﬁ - u(S™Y) for any linear i-space L c R™, i=1,...,n—1,
then p = Sk 0 = nVk for a convex body K € K.

Remarks.

* In particular, any non-trivial absolutely continuous measure on $”~! is a cone
volume measure.

e If p = n, what known is (cf. Hug, Lutwak, Yang, Zhang [339]) - and what our
method yields, as well - that if 4 is a finite Borel measure on $”~! not concentrated
on any closed hemi-sphere, then 1 = A Sk, for a convex body K € K} and 4 > 0.
In this case, rescaling does not help (cf. (9.89)).

e Here we do not handle the case p € (—n, 0) even if a variational argument does
exist (cf. Bianchi, Boroczky, Colesanti, Yang [69]) because the diameter bound
in terms of entropy in Proposition 9.A.2 works only for certain absolutely con-
tinuous measures, and here we use discrete measures for weak approximation, not
absolutely continuous measures.

+ Let u be a finite Borel measure on $”~! not concentrated on any closed hemi-
sphere. If K, € K, satisfies u = Sk,,,,, for p > n, then Zou [583] proves that
lim K, = {x e R" : (x,u) <1, Yu € supp u}.
p—)OO
In particular, if £ € L;(5"!) is non-negative and H"~'({f = 0}) = 0, then the
solution /1, of the L, Monge-Ampere equation (9.87) on $"~! tends uniformly to
the constant 1 function as p tends to infinity.

The idea to prove Theorem 9.C.1 is to prove it first for discrete measures whose
support is in general position (cf. Theorem 9.C.2), and for the more general measures
in Theorem 9.C.1, to use weak approximation by discrete measures. The conditions in
Theorem 9.C.1 ensure that the convex bodies that we use in the case of weak approx-
imation are of bounded diameter (cf. Proposition 9.A.2).

Theorem 9.C.2 (The L,-Minkowski problem for "general" discrete measures). If
p €R, p £ 1,n, and u is a discrete measure on S"~' such that suppu is not contained
in a closed hemi-sphere, and any n vectors in suppu are independent, then there exists
aQ € K(, suchthat p =Sg p.

Remark. The measures in Theorem 9.C.2 are very special, but any finite measure can
be weakly approximated by them, and we have a result for essentially all p € R. The-
orem 9.C.2 is due to Hug, Lutwak, Yang, Zhang [339] if p > 1, and to Zhu [580,581]
if p <1.



Supplement: The L,-Minkowski problem in general for p > 0 361

In order to handle discrete measures whose support is in general position for p €
R", let U" be the family of all finite subsets U ¢ §”~! that are not contained in a closed
hemisphere and any n elements of U are independent. For a U € U", let P(U) c K}
be the family of polytopes whose facets’” exterior unit normals are from U (possibly a
proper subset). This idea of considering polytopes whose exterior unit normals are in
general position is due to Zhu [581]. To prove Theorem 9.C.2, we borrow ideas from
Hug, Lutwak, Yang, Zhang [339] if p > 1, from Zhu [580] if O < p < 1, and from Zhu
[581]if p < 0.

Lemma 9.C.3. Let U € U™
(i) There exists Dy > 0 such that diam Q < DU|Q|%f0r QePU).

(ii) Any sequence Q,, € P(U) with |Q,,| = 1 has a convergent subsequence whose
limit lies in P (U).

Proof. Let Dy be the maximum of the diameters of any simplices of the form {x €
R™: {x,u;) <1,i=1,...,n+ 1} foruy,...,u,s; € U not contained in any closed
hemisphere.

ForaQ € P(U),let z+rB" C Q, r > 0 be a ball of maximal radius contained in
Q. As any n elements of U are independent, there exist uy, . . ., u,+; € U not contained
in any closed hemisphere such that (x — z,u;) < rholdsforx e Qandi=1,...,n+1,
and hence diam Q < 5Ur. We conclude (i), and in turn (ii). [ ]

After translating a polytope Q € £ (U) in a way such that the translate contains
the origin in its interior, the next auxiliary statement follows from the Aleksandrov
Lemma Theorem 7.5.2 for the Wulff shapes.

Lemma 9.C.4. For U € U", Q € P(U), and a function g : U — R, the polytope
O ={xeR": (x,u) < hg(u) +g(u) - t, Yu € U} satisfies

Jim 121 =191 / gdSp. 9.91)
t—0 t Ssn-1

Let u be a Borel probability measure on $”~!, and let C € K,. The main tool in
proving Theorem 9.C.2 is to consider an entropy function that is similar to the one
also used in Section 9.B. If p > 1, then the entropy function is

_ 1 1
Eup(C) = ;log Ln_l he. dy — ;log IC| (9.92)

of a convex body C € K}, which is continuous in C and zero homogeneous; namely,
if 1 > 0, then
aﬂ,p(/l C) = Su,p(c)‘ (9.93)
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For p < 1 and ¢ € int C, the entropy function is

1 P 1 :
— —l1og e, he_ o du— - log|Cl if  p#0
Eup(C.E) =1 " Jorei e 1 , (9.94)
Jonrloghe_g du—Llog|C|  if p=0,
which is again zero homogeneous; namely, if 4 > 0, then
Eup(AC,28) =&, ,(C,¢) (9.95)

(here we use that 4 (S"~') = 1 if p = 0).

We note that according to Lemma 9.C.6, if p < 1, and u is a discrete probability
measure on S~ ! such that supp u € U™, then for Q € P (supp u), there exists a unique
£o € int Q (that depends on p and y, as well) such that gﬂ,p(Q) = gﬂ,p(Q,fg).
When proving Theorem 9.C.2, we will actually show that there exists a solution that
has bounded entropy.

Proposition 9.C.5. Ifp € R, p # 1,n, and u is a discrete probability measure on S™~!
such that supppu is not contained in a closed hemi-sphere, and any n vectors in supp y
are independent, and o € int Q holds for a Q € P (supp ), then there exists Q € 7(("0)
such that p = Sog, p,

logdiam ¢~ €191 { Gup(@ F > Lot (9.96)
n Eup(Q.é0) if p<l1
where ég =0 if p < 1, and
exp (p 'gy,p(Q)) if p>1,p#n
nol" = exp (p -gu,p(Q,fg)) if p<l,p#0, ©.97)
Eu,0(0,€0) if p=0.

For any probability measure u as in Theorem 9.C.1, the idea, due to Hug, Lutwak,
Yang, Zhang [339] if p > 1, and Chen, Li, Zhu [156, 157] if p € (0, 1) and p =0,
is using weak convergence. We approximate the measure y in Theorem 9.C.1 by a
sequence {u,, } of discrete probability measures that also satisfy the same conditions
as u and whose support is in general position. For each y,,, let Q,, € ‘K("O) be a solution
of the L,-Minkowski problem provided by Proposition 9.C.5 such that the entropy
gum, p(Om,0g,,) stays bounded. We deduce via Proposition 9.A.2 that the sequence
{Qm} is bounded and |Q,,| stays bounded away from zero, and hence a subsequence
of {Q,} tends to a convex body K with Sk, = p.

9.C.1 Proof of Theorem 9.C.2 and Proposition 9.C.5if p > 1

First we prove Theorem 9.C.2 when p > 1 and p # n because the argument is much
easier in that case.
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Proof of Theorem 9.C.2 when p > 1. Let p > 1, and let u be a discrete measure on
S"~1 with supp u € U". We deduce from Lemma 9.C.3 that there exists a Q € P (supp u)
such that |Q| = 1 and (cf. (9.93))

Eyu.p(0) = min {€,.,,(0) : @ € P(supp ) and [Q] = 1}
— min {E,,,,,(Q) - 0 € P(supp /1)} . (9.98)

Step 1. We claim that
o €intQ. (9.99)

Otherwise, there exists ug € supp S o such that h o (up) =0, and we seek a contradiction.
Let Uy C U be the set of all u € supp u such that hé(u) =0, and let

é, ={xeR": (x,u) < hé(u) +g(u) - t, Yu € supp u}

where
F(u) = 1 if uely
=10 if ue (supp ) \Uo
As ug € Up Nsupp S o We deduce from Lemma 9.C.4 that
9 0 >0 (9.100)
8t t t:0 . .

On the other hand, there exists § > 0 depending on y and Q such that if 7 > 0, then

h2 du < 2 d s/ he du+6-tP,
Lnl Q /1 Lnl Qt ” Snfl Q ﬂ

and hence combining these estimates with p > 1, and then using (9.100) yields

0
o

E;; ézu,p(éjt)

1 0

i+ n Ot

<0.

t=0*

Since Qt € P (supp u) for small ¢ > 0, and Qo = Q, the last estimate contradicts the
minimality property (9.98), and in turn proves (9.99).

Step 2. We claim that
supp Sé = supp u. (9.101)

Otherwise, there exists i € (supp w)\supp S o5 and let

0,={xeR": {x,u) < hé(u) +g(u) - t, Yu € supp u}
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where if u € supp u

3 (1) = -1 if u=u

EW=1 0 if wuza

Asii ¢ S o We deduce from Lemma 9.C.4 that
S1all =o (9.102)
ar i '

On the other hand, hQ (i) = hé(zz) —tand h@; (n) < hé(u) for u # i for small ¢ > 0,

and hence | |
—log/ hZ d,u<—10g/ hl dy—6-t
p sn-1 Q; p sn-1 Q

for a # > 0 depending on Q i and p. Therefore, combining this estimate with (9.102)
yields
ay,p(Qt) < 8,u,p(Q)

for small ¢ > 0. Since @t € P (supp u) for small ¢ > 0, the last estimate contradicts the
minimality property (9.98), and in turn proves (9.101).

Step 3. We claim that

A
H=-
n

_ - p
-SQ’p for A= /Snl hQ du. (9.103)

Since h Q(u) > 0 for u € supp u by (9.99) in Step 1., it is equivalent to saying that for
any g : supp 4 — R, we have

_ A
Wl :—-/ dSs. 9.104
‘/Sn-l g [ H n sn-1 g Q ( )
Let us consider
O, ={xeR": {x,u) < hé(u) + g(u) - t, Yu € supp u}.

We deduce from Lemma 9.C .4 that

0
— = ~. 1
o1 (o - Ln—l 8 dSQ (9.105)

If |¢| is small, then o € int Q; by (9.99) in Step 1., and hg, (1) = hé(u) + g(u) - t for
u € supp u as supp S 5 = supp u by (9.101). In turn, we conclude that

01 -1
——1 h? d :/1_1/ 2" du.
ot p 08 _/Snl o, H =0 sn-1 & (@ H
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Since Q; € P(supp ) if ¢ is small, and Qg = 0, combining the last formula with
(9.105) and the minimality property (9.98) yields that

1
=1! WPl du — —/ ds =.
=0 Lnl g Q ﬂ n Ssn-1 g Q

We conclude (9.104), and in turn (9.103).

0 —
0= E ay,p(Qt)

Finally, it follows from (9.103) and (9.89) that u = S¢ , for Q = (/l/n)ﬁé. [

Proof of Proposition 9.C.5 if p > 1. The proof of Theorem 9.C.2if p > 1 above provides
aQ € P (suppu) suchthat u = Sp,, and E,,,,,(Q) < E,,,p(QV). Since h g (1) < diam O
for any u € supp u, and u is a probability measure, we have &, ,(Q) < logdiam 0 -
% log |Q|, verifying (9.96).

To prove (9.97), |§| = 1 yields that |Q| = (/l/n)#. [

9.C.2 Proof of Theorem 9.C.2 and Proposition 9.C.5if p < 1

Let p < 1, and let u be a discrete probability measure on $”~! such that supp u € U".
We recall that if Q € P (suppu) and £ € int Q, then the entropy function is

s log fo, . B, du—yloglQ| if p#0
Jon-110gho ¢ du—+log|Q|  if p=0.

We note that if u € $"~! and £ € Q, then

ho-¢(u) = ho(u) = (&, u). (9.106)

We deduce from (9.106) that Eﬂ, p(0, &) is a continuous function of Q € P (suppu)
and ¢ € int Q, and for fixed Q € P (suppp), the function & — &, ,(Q, &) is C! on
int Q. Let us verify some useful properties of our entropy function.

gu,p(Q9§) = {

Lemma 9.C.6. Let p < 1, and let yu be a discrete probability measure on S"~' such
that supp u € U".

(i) For Q € P(supp u), the function & gﬂ,p(Q,é‘) over all ¢ € int Q attains its
maximum at a unique g € int Q (¢p naturally also depends on p and ), and

/ - ho-go ()P~ du(u) = o. (9.107)
Sn—l

(ii) The functions ¢ and gﬂ,p(Q, £0) of Q € P(supp p) are continuous.

(iii) If g : suppu — R, QO € P (supp u) satisfies that supp So = supp u, and supp Sp, =
supp u and o € Q, hold fort € (—ty, tp), to > 0, and

O;r={xeR": (x,u) < hg(u)+1tg(u), Yu € supp u},
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then &g, is a differentiable function of t.

Proof. If p <0, then the existence of £ € intQ in (i) follows from the observations that
the function & — log(ho (1) — (£, u)) is strictly concave, and the function (A (u) —
(&,u))P is strictly convex for & € int Q where u € supp u; moreover, if &, € int Q tends
to a & € 9Q, then there exists a u € supp u such that lim,,, e ho(u) — (£,u) =0, and
hence lim,;,—, gﬂ,p(Q, &) = —co.

To consider (i) if p € (0, 1), we note that the function & — (hg(u) — (£, u))? is
strictly concave even on Q for any u € supp u, therefore, the function & — E,,, p(0,€6)
attains its maximum at a unique &g € Q.

We suppose that £g € dQ, and seek a contradiction. We choose a w € §"~1 and
to > Osuchthat£(7) = &g —tw € intQ if € (0,19), and ¢ > O such that hg ¢, (u) > o
if u € supp 4 and hg-g, (u) > 0. For the non-empty subset Uy C supp u such that
hg-¢, (1) =0 foru € Up and 6 = minycy, [(u, w)| > 0, we have

OPtP = hg_g, (W)P +0PtP if u € Uy,
hQ_gQ(u)p +pr_1 -t if ue (Suppﬂ)\UO-

ho-g(r)(u)?
ho-¢(r)(w)P

IN IV

We deduce from p € (0, 1) that g,,,p(Q, £() < gﬂ,p(Q,fQ) for small # > 0, which
is a contradiction proving that ép € intQ also if p € (0, 1).

Now (9.107) follows from the maximality property of £p € int Q, and (ii) follows
from the uniqueness of £¢.

For (iii), (9.107) and (ii) yield that for £(7) = &g, and

F.0) = [ u(ho 0= €)™ dutw),

there exists 0 > 0 such F(z,£) is C! on the set [t| < o and ||€ — &gl < o, £(2) is a
continuous function on (—p, 0), and £(¢) is the solution of the functional equation
F(t,&(t)) = o. Since the derivative D ¢ F of F with respectto & att =0and & = &g €
int Q is

DeFW.E0) = (=) [ (e (holw) =~ (0.} du)

(here u ® u = u u'), which is negative definite as u ® u is positive semi-definite for
any u € supp u, and supp u contains n independent vectors. Therefore, the implicit
function theorem yields (iii). ]

Proof of Theorem 9.C.2 if p < 1. Let p < 1, and let u be a discrete measure on S"~!
with supp u € U".

We deduce from the diameter bound Lemma 9.C.3 and the continuity of &, ,(Q, &)
and & (cf. Lemma 9.C.6) that there exists a 0ec P (supp w) such that |O| =1 and (cf.
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(9.95) for (9.108))
E1up(0:€5) = min {E,.,(0.£0) : 0 € P(supp o) and |Q] = 1}
= min {E#,p(Q,fg) :Q € P(supp,u)} . (9.108)

In the estimates below, we also use the expression

_ %logfs,,_, hy_gdu if p#0
Su,p(st) = .
Jonrloghg gdu  if p=0
for Q € P(suppu) and ¢ € int Q, which then satisfies that if £ € int Q, then
Eup(Q.6) < Eup(Q.60). (9.109)
Step 1. We claim that
supp SQ = supp U. (9.110)

Otherwise, there exists i € (supp w)\supp S o and let

at ={xeR": (x,u) < hé(u) +g(u)-t, Yu € supp u}

where if u € supp u

F(u) = -1 if u=u

YW=V 0 if uza

Asii ¢ S o We deduce from Lemma 9.C.4 that
0 |1—
el =0. 9.111
Y o, . ( )

On the other hand, let £(¢) = fat . We deduce from the continuity of £ () (cf. Lemma 9.C.6)
that there exists o, fo > 0 such thatif 7 € (0, #y), then £(¢) € fé + o B", gé +20B" C

0, and Q, € P(supp ). Since h@,—g(r)(ﬁ) = hé_f(t)(zz) —t and h@,—f(t)(u) <
hé—g(z) (u) for u # i for small ¢ > 0, we deduce using (9.109) that

gu,p(az,f(f)) < gﬂ,p(é’f([)) - 9_ -1 S~8u,p(§> fé) - 9_ i

for & > 0 depending on p, é , i and p. Therefore, combining this estimate with (9.111)
yields
8y,p (Qh f(t)) < au,p (Q, fé)

for small ¢ > 0. This last estimate contradicts the minimality property (9.108), and in
turn proves (9.110).
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/l ‘S fcr ‘l / (= d/’l‘ (5‘112)
# n Q’p gn !?

Since hé(u) > 0 for u € supp u by 0 = &5 € int 0, it is equivalent to saying that for
any g : supp u — R, we have

_ A
Wl du = —-/ - 11
Ln—] g Q /1 n Sn—l g dSQ (9 3)

Let us consider
O, ={xeR": {(x,u) < hé(u) +g(u) - t, Yu € supp u},

and let £(7) = £5,- We deduce from Lemma 9.C.4 that

0
— = dSs. .
a[ |Qt| =0 «/S.n—l § SQ (9 114)

We note that if || is small, then supp y = supp S o (cf. (9.110)) yields that supp u =
supp Sg,, and hence

Eup(Qun(0) =~ -tog [ (g0 +(w -1~ €).)” dutw).

sn-

It follows from the differentiability of £(¢) (cf. Lemma 9.C.6) and £(0) = o that

0 ~
E aﬂ,p(Ql’ f(t))

=" /Sn_l hg_l(”)(g(u) — (&' (0), u)) du(u).

t=0

Here fsnfl h’Q’fl (u) - (¢'(0),u) du(u) = 0 by (9.107); therefore,

0 = - -1
—& LE(t =" W2l g du.
5 Bup@ugan| =t [
Combining the last formula with (9.114) and the minimality property (9.108) yields
that
0= 28,00 =/r1/ nla —1/ dS=
ot H-p ! =0 sn-1 g é n ., Jsn-1 8 o

We conclude (9.113), and in turn (9.112).

Finally, to prove Theorem 9.C.2 if p < 1, we may assume that u(S"~') = 1 by the
homogeneity (9.89) of Sk, and we also assume that & g=o0as in Step 2.. It follows

from (9.112) and (9.89) that s = Sg_ for Q = (1/n) 77 Q. =
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Proof of Proposition 9.C.5 if p < 1. The proof of Theorem 9.C.2 if p < 1 above provides
aQ € P(supp u) such that y = Sp , ép =0 and &, ,(Q,0) < SH,p(Qv,va). Since
thf £ (u) < diam Q for any u € supp u, and u is a probability measure, we have

_ —_ . o1 y
Eup(Q.80) < Eup(Q,&p) < logdiamQ — — log 10,

verifying (9.96). To prove (9.97), |§| = 1 yields that |Q| = (/l/n)#. ]

9.C.3 Proof of Theorem 9.C.1for p >0, p # 1,n

For p > 0, p # 1,n, we may assume that the finite Borel measure x on §”~! satisfying
the conditions in Theorem 9.C.1 is a probability measure (cf. (9.89)). In particular,
the measure of any open hemi-sphere is positive, and if p = 0, then u also satisfies the
condition u(L N $"~ 1) < % for any linear i-space L c R*,i=1,...,n— 1. Using the
compactness of the space of the i-dimensional linear subspaces of R”, we deduce the
existence of 6, 7 € (0, %) such that if p > 0, then

1 (Q(u,26)) > 21 9.115)

for any u € §"~! where Q(u,6) = {v € "' : (v,u) > 6},andif p=0and L c R" is
any non-trivial linear subspace, then

p (‘P(L n s, 26) 9.116)

) - (1 -27)i
n

where P(LNS" 1, 6) ={xeS" ' : (x,y) <Sforye Lt ns* 1}

We approximate weakly the measure u by a sequence {u,, } of discrete probability
measures. For large integer m, let 5, be a finite %—net on $"~! such that any n points
of 5, are independent as vectors of R”, and hence for any u € S n=1 there exists v € 5,
such that [|u — v|| < % We write N(m) to denote the cardinality of E,,, and for any
veEE,,Ilet

50,," = {u €S lu—-v|| < |lu-w| foranyw e Em}

be the Dirichlet-Voronoi cell of v that is a closed spherically convex set of diameter at
most % Enumerating the elements of 5., as v;, i = 1,...,N(m), let Dy, = Dy, >

and fori > 2, let
i—1
Dui,m = Dui,m \U -Z)vj,ms
j=1

and hence D, ,,,, v € E,,,, are Borel measurable pairwise disjoint subsets of sl of
diameter at most %, form a partition of S§"1 andv e Dym forv € &y,



370 The L,-Minkowski problem and the L ,-Brunn-Minkowski inequality

Now for large m, let u,, be the probability discrete measure on $”~! such that
supp Um = B, and for v € &,

1

Um(v) = (1 - Z) #(Dom) + 1

m-N(m)’

It follows that {u,,} tends weakly to u, and as the diameter of D, ,,, for v € 5, is at
most % we deduce that if p > 0, then

Um (Q(u,8)) > 1 9.117)

for any u € "', and if p = 0 and L c R" is any non-trivial linear subspace, then

(1-1)i
—

i (‘{‘(L N S"—‘,a)) < (9.118)

In order to apply Proposition 9.C.5 to u1,,, we take O, to be the polytope whose facets
touch B" in the points of Z,,; therefore,

diam Q,, <3 and |Qm| > w» (9.119)

hold for large m. Applying Proposition 9.C.5 to u,,, we have y,, = Sq,,0,,,p Where
0, >0and Q,, € 7(;’0) is a polytope with |Q,,| = 1, and 6,,,0,, satisfies (9.96) and
(9.97). We claim that there exists 1 > 1 depending on p, n, d, T such that

771_l < g/zp(Qm)
771_1 < gu,p(Qm’O'Qm)

IA

1 if p>1,

EupQm.éo,y < m ifpel0,1).
(9.120)

The upper bound in (9.120) directly follows from (9.119) and from (9.96) in Propos-
ition 9.C.5. For the lower bound in (9.120), we note that the two notions of entropy
in Proposition 9.A.2 and in Proposition 9.C.5 are equivalent for our purposes; for
example, gu,p(Qm) = %log PEu,p(Qm) if p > 1. Since diam Q,, is at least the dia-
meter of a ball in R” of volume one according to the Isodiametric Inequality The-
orem 1.10.5, the lower bound in (9.120) follows from Proposition 9.A.2. In turn,
(9.120), 10,,Qm| = 65, and (9.97) in Proposition 9.C.5 yield that there exists 17, > 1
depending on p, n, §, T such that

IA

' < 0m <m. (9.121)

We also deduce from (9.120) and Proposition 9.A.2 that there exists 73 > 1 depending
on p,n,d, T such that
diam Q,,, < n3. (9.122)

Since |0,,Qm| = n," and diam(6,,Q.m) < 1273, a subsequence of {6,,0,,} tends to
a convex body K € K, and the weak continuity of the L, surface area measure (cf.
Lemma 9.A.1) yields that Sk ,, = u.



Chapter 10

Appendix: Background from Analysis and Algebra

10.1 Weak convergence, Regular measures and the Lebesgue measure

In this section, we summarize the knowledge needed about general measures, and then
we focus on the Lebesgue measure. The properties of the notion of weak convergence
of measures we need are the following:

Remark 10.1.1 (Weak convergence of measures). For a compact metric space X, let
MU and p be finite Borel measures on X. Then the following properties are equivalent,
and characterize the weak convergence of {u,,} to u.

o limy—e fX g dum = fX g du for any continuous function g : §"~! — R.
o liminf,,; e tm(U) > u(U) for any open U C X.
* limsup,,_ . #m(C) < u(C) for any closed C C X.

Next we discuss the notion of a regular or a Radon measure.

Definition 10.1.2 (Regularity of Borel measures). A Borel measure ¢ on a topological
space X is regular or a Radon measure if for any measurable A C X,

o u(A) =inf{u(U) : U D> A open};
o u(A) =sup{u(C) : C c A compact};

e uis finite on compact subsets.

For such a measures, the term regular Borel measure appears for example in Rudin
[504], and the term Radon measure occurs in Ambrosio, Fusco, Pallara [19] and Maggi
[439]. For properties of regular measures, see for example Rudin [504], especially
Theorem 2.18.

Theorem 10.1.3 (Regularity of some Borel measures). If X is a locally compact Haus-
dorff space where every open set is the union of countable many compact subsets, then
any Borel measure p on X that is finite on compact subsets is regular.

Remark. In particular, the Lebesgue measure on R”, or any finite Borel measure on
S™ are regular.

A popular version of Theorem 10.1.3 is that any finite Borel measure on a separable
complete metric space (Polish space) is regular (see Aliprantis, Border [13], Theorem
12.7).

One of the cornerstones of analysis are the versions of the Riesz Representation
Theorem; namely, various types of well behaved linear functionals can be represented
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by integrals with respect to certain measures. For a locally compact Hausdorff space

X, we write C. (X) to denote the family of continuous functions with compact support,

and we call a linear operator L : C.(X) — R positive if L(f) > 0 whenever f > 0.
The first relevant version of Riesz’ theorem is in Cohn [165].

Theorem 10.1.4 (Riesz Representation Theorem for Positive functionals). If X is a
locally compact Hausdorf{f space, and L is a positive linear functional on C.(X), then
there exists a unique regular Borel measure (i.e. Radon measure) on X such that

L(f) =/de#

holds for every f € C.(X).

The second version of Riesz’ theorem in Ambrosio, Fusco, Pallara [19] and Maggi
[439] is about linear functionals on C.(R"; R"); namely, the space of vector valued
continuous functions with compact support. For an (R valued) linear functional L on
C.(R™;R™), the total variation |L| is an outer measure on R” such that if A c R" is
open, then

ILI(A) =sup{L(¢) : ¢ € Cc(A;R") and [l¢[le0 < 1},
and for any £ C R",
|L|(E) =inf {|L|(A) : ACR" openand E C A}.

Theorem 10.1.5 (Riesz Representation Theorem for Vector fields). If L is a bounded
linear functional on C.(R™;R"), then its total variation |L| is a Radon measure on

R", and there exist vector valued measure y on R" and an |L|-measurable function
v R"™ — R" such that ||v|| = 1 |L| a.e. on R", du = vd|L| and

L) = (e.di = [ gl

holds for every ¢ € C.(R™";R™).

Remark. We frequently use the notation |u| = |L| for the total variation measure.

Next, we turn to properties of the Lebesgue measure. In this book, an X c R" is
called measurable if it is Lebesgue measurable. Let us list some related notions:

e If X ¢ R" measurable, then | X| is the Lebesgue measure of X where
| X| = sup{|Y|: Y € X compact} =inf{|Z| : Z D> X open}.

e If A c R", then |A|* = outer measure = min{|X| : X D A measurable}.

e If A c R”, then |A|. = inner measure = max{|X| : X C A measurable}.
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Remark 10.1.6 (Volume of the Unit ball). For the Euclidean unit ball B” = {x ¢ R" :
|lx|| < 1} centered at the origin, |B"| = w,, = F(’;—il) where I is Euler’s Gamma function
2

satisfying I'(x + 1) = xI'(x) for x > 0. Forn > 2,

n Wy_1 n+1
,/— ,/ 10.1
2w < Wy < 2r ( )

1 m—1

Wm_ _ _ 2\ Wmtl _Wm_ _ 2n

as o —f_l(l 17)77 dt > 2=l and 2 = 28 form > 2.
(4

x7

We set wqy = 1“(—2+1) for any a > 0.

(7}’
Remark 10.1.7 (Inner Density points). For A ¢ R", we define

e A, is Borel (as for fixed r > 0, x — |A N (x + rB")|, is continuous);
A =1Als
e if A is measurable, then |A. N A| = |A|.

10.2 Lebesgue Integral, Convolution, Fourier transform

In this section, we review the basic properties of integrals that we use in the book.

* For (Lebesgue) measurable f : R" — Ry, /R,, f= /Rn Jf(x) dx is the Lebesgue
integral

e For f: R" — Ry, the Outer Lebesgue integral is

/ f =min {/ g:82> fandgmeasurable}.
R" R7

* For f: R" — Ry, the Inner Lebesgue integral is
f = max {/ g:g<fandg measurable} .
*’Rn n

Actuallly there exists a measurable f ("a witness") such that f < f and {f > f
contains no subset of positive Lebesgue measure; therefore, L pn f = /R" f.

e f e Li{(R")if and only if f is measurable and /R" |f] < oo.
o iMoo fi = o £if fio £ € Li(R™), | fil < |g] and {f} tends to f pointwise.

Concerning convolutions, we also sketch the proof of the statement about the dif-
feretiability of convolutions.
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Definition 10.2.1 (Convolution). For f, g € L;(R"), their convolution is f * g(x) =
Jon FONEx =y dy = [, f(x=y)g(y)dy.
Lemma 10.2.2. Let f,g € L1 (R"),

(i) f g € iR and [, frg=(fou f) (fon 8):

(ii) If either g is C* for k > 1 and supp g compact, or g is C**' and all partial

derivatives of g of order at most k + 1 are bounded, then f + g € C*(R")

Proof. (i) is just consequence of the Fubini Theorem, and (ii) follows from the fact
thatif g is C! and ||Dg(y) — Dg(x)|| is bounded assuming ||y — x|| < 1, then Lebesgue
Dominated Convergence theorem implies f * g € C!'(R"). ]

Lemma 10.2.3 (Approximate Identity). Let ko(x) = e7"k(%) for £ € (0, 1) where
k:R"™ — [0,00) is C*, /Rn k =1, and k and all of its partial derivatives are bounded.

If f € L1(R"), then limz_,o+ _/Rn |f —ke* fl=0andlimg_o+ ko * f(x) = f(x)
Jor any density point x of f for the C™ function k. * f.

Remark. If supp k ¢ B" and Uy c U C U, open with clUy C U and clU c Uy, then
1y, < kg * 1y < 1y, for small & > 0.
Example 10.2.4 (Approximate Identity).
[ k(x) :e_””x”;
e kis C* with supp k ¢ B", for example k(x) = y@(1 — ||x||?) where y > 0 constant,
-1
e(t) =0ift <0,and p(t) = e:? ift > 0.

Definition 10.2.5 (Fourier transform). If 4 € L, (R"), then h(z) = /]R" h(x)e 27x2) gy
is the Fourier transform.

Remark. If ¢ (x) = e‘”“x”2, then ¢ = .
Lemma 10.2.6. Let f,g € L (R").

- frg=/f-&

. Iff =g, then f(x) = g(x) for a.e.x € R™.

10.3 Holder’s, Jensen’s and Minkowski’s inequalities

For a topological space X, and non-trivial Borel measure y on X, we write L (X, u) the
space of u measurable functions f such that /X | fl du < co. We discuss the probably
three most basic inequalities in analysis (see, for example, Rudin [504]), Holder’s,
Jensen’s and Minkowski’s inequalities. The most fundamental is Holder’s inequality,
which we state in both forms how we use it.
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Theorem 10.3.1 (Holder inequality I). Let X be a topological space, and u be a non-
trivial Borel measure on X. If p,q > 1 with % + é =1 (where p =1 if and only if

q = ), then
./VQWS(/VW@yw/QWWY- (10.2)
X X X

Theorem 10.3.2 (Holder inequality II). Let X be a topological space, and u be a non-
trivial Borel measure on X. For non-negative fi, ..., fx € Li(X,u) and y,...,Ax >0
with Zf-‘:] Ai =1, k > 2, we have

k k Ai
‘MﬂwﬂWSHUmw). (103
X \i=1 i=1 \WX
Assuming that every / | fil > 0, equality holds if and only if there exist ay, . ..,ax >0
such that | f;(x)| = a;|fi(x)|forpaexe X, i=2,...,k.

The Jensen inequality we need is about p means for p € R. Let X be a topological
space, and let u be a probabilityl Borel measure on X; namely, u(X) = 1. If p > 0 and
f = 0is u measurable on X with fX fP du < oo, then its p-mean is

wm=wﬂwy

In addition, let p € R, and let f > 0 be y measurable on X with fX fPdu<ooifp #0,
and fX |log f| du < oo if p = 0. In this case,

(/Xfpd,u)# if p#0;
exp(fxlogfd,u) if p=0.

We provide the simple proof of the Jensen inequality based on the Holder inequality
because the Jensen inequality exists in many forms in the literature.

M (f) =

Theorem 10.3.3 (Jensen inequality). For a topological space X, and a Borel prob-
ability measure yu on X, if ¢ > p, and f > 0 is a u measurable function on X such
that

(i) either g > p > Oand/qu du < oo,
(ii) or ¢ > p and there exists R > 3 such that R™' < f < R, then
ME(f) < Mi(f), (10.4)
with equality if and only if there exists A > 0 such that f(x) = A for p a.e.x € X.
Moreover, if there exists R > 3 such that R™' < f < R, then

lim My (f) = My (f). (10.5)
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Proof. In the case of (i), we apply the Holder inequality (10.3) with f; = f9, f> = 1
and A = 5. In the case of (ii) and assuming 0 > g > p, we apply the Holder inequality

(10.3) with fi = fP, fp=1and A = %.
Therefore, all we need is to prove (10.5). For this, we note that if |¢| < % then
e’ =1+1t+0(t?) and log(1 +1) = t + O(¢?), and hence

1

P 1
lim log (/ fp d/,[)p = lim _log/ epl()gf d/l
p—0 X p—=0p X

1
= lim —log/ 1+ plog f+0 (pz(logR)z) du =/10gfdy,
p—0p X X

verifying (10.5). |
Finally, we prove the Minkowski inequality for integrals:

Theorem 10.3.4 (Minkowski inequality). Let X be a topological space, and u be a
non-trivial Borel measure on X. If p > 1 and | f|P, |g|P? € Li(X, u), then

(/X|f+g|”dﬂ) (/lelpdﬂ) +(/X|g|”du) . (10.6)

Proof. For the ¢ > 1 with o + £ = 1, we deduce from the Holder inequality (10.2)
that

/|f+gl”du=/If+g|-|f+g|”‘1dﬂ
X X
S/Ifl-|f+g|”“d/1+/|g|‘|f+g|p‘1du
X X

< [(/X|f|"du)”+(/xlg|"du)" (forvemorna)”

We conclude (10.6) by g(p —1) = pand 1 - é = %. -

IA

Definition 10.3.5 (L, spaces). For 1 < p < oo, a topological space X, non-trivial
Borel measure p on X and g measurable f : X — R, we have

f is bounded provided p = oo,

€ L,(X) if and only if
f p( ) ! {/lelpdﬂ<oo prOVidedISp<oo_

Then L, (X) is a Banach space with the corresponding L ,-norm (cf. (10.6))

sup || if p = o,

17l = (/X |f|1’du)% if1 < p < oo.
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10.4 Hausdorff measure and Lipschitz functions

In this section, we discuss the Hausdorff measure on any metric space and some funda-
mental properties of it based on Falconer [208] and Federer [212]. We note that some
basic properties have been established in Section 1.B.

Definition 10.4.1 (Hausdorff measure H*). For a metric space (E,d), s > 0,5 >0
and X C &, let

= diam Z; \*

H3(X) = inf {Z Wy ( 1a1; l) : X cUl,Z; and VdiamZ; < 6}.
i=1

where w; = 71%/1“(% + 1) and diam Z = sup{d(x, y) : x, y € Z}. The Hausdorff outer

measure is H**(X) = lims_o+ H3(X), and let H be the corresponding Borel meas-

ure (which naturally depends on the metric d on E, as well).

Example 10.4.2. Let (&, d) be a metric space.

6] 7—(3 is the counting measure; namely, 7—(3 = #X if X is finite, and 7—(3 =ooif X is
infinite.

(ii) The Hausdorff measure is normalized in a way such that if (E, d) is either the
Euclidean space R”, the spherical space S”, or the hyperbolic space H", then
HZ (X) = |X| for a Borel set X C = where |X| is the Haar measure correponding to
the transitive isometry group of E (or in other words, the Lebesgue measure). This
is proved in Theorem 1.B.5 if E = R", and the argument in the other two cases is
similar, and the only essential difference is that concerning the volume of the ball
B(z,r) ={x € E2:d(x,z) <r},r >0, we only have |B(z,7)| = w,r" + O(r"*?)
asr — 07 if E = §", H" where the implied constant in O(-) depends only on n.

Remark 10.4.3 (Hausdorff dimension). For any (E, d) metric space and X C E, there
exists a Hausdorff dimension @ > 0 of X such that H3(X) = o0 if 0 < s < @ and
HZ(X) =0if s > a. In particular, if 0 < H (X) < oo, then « is the Hausdorff dimen-
sion.

Example 10.4.4. (i) The Hausdorff dimension of a finite set is 0.

(ii) The Hausdorff dimension of any mesurable subset X ¢ R" with 0 < |X]| < co is
n according to Example 10.4.2 (ii).

Remark 10.4.5 (Lipschitz function). If (E, d), (E, d) are metric spaces, then f : E —

= is Lipschitz if there exists L > 0 such that d(f(x), f(y)) < L - d(x,y) forx,y € &.

For an H* measurable X C E, s > 0 and Z = f(X), we have H3(Z) < L* - H*(X).
In particular, H*(Z) = 0 if H*(X) = 0.

Lemma 10.4.6 (Rademacher’s theorem). IfQ C R" open, f : Q — R™ locally Lipschitz
(Lipschitz on any compact K C Q), then f is differentiable at H" a.e. z € Q; namely,
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there exists m X n matrix D f (z) at with

f(x)=f(@)+Df(z)(x = 2) +o(llx —zI);
J)-f(@)-Df(2)(x=2) _

llx—z]]

or in other words, lim,_,,
For properties of Lipschitz manifolds, see Federer [212].

Remark 10.4.7 (locally Lipschitz map from a Lipschitz manifold). Let Z c R be
an embedded Lipschitz n-manifold; namely, any point x € X has a neighbourhood bi-
Lipschitz equivalent to R", and the distance of x, y € E is the infimum of length(y) =
/01 ||[Dy(t)|| dt for any Lipschitz curve y : [0, 1] — E with y(0) =x and y(1) = y.In
this case the Hausdorff measure #Z on E coincides with the Hausdorff measure H*
with respect to R".

(i) For ‘Hé’ a.e. x € X, the tangent space Tz x exists (and isomorphic to R").

(i) If F : E — R™ is locally Lipschitz, then there exists the differential (a linear map)
DF(x) : Tz,x — R™ at HZ a.e. x € X by Rademacher’s theorem.

(iii) In the setting of (ii), if m < n and there exists Tz, and DF(x) at x € E, then
J(F,x) = \/detDF(x) DF(x)! is the Jacobian.
In particular, if m = 1, then J(F,x) = ||DF (x)||.

We note that the spherical space S” ¢ R"*! is an embedded manifold.

Theorem 10.4.8 (Coarea formula (Federer [212])). For m < k < q and Lipschitz
embedded k-manifold 2 C RY, if F : E — R™ is locally Lipschitz and ¢ : 2 — [0, c0)
measurable, then

/_ o(x) - J(Fox) dH (x) = /R /F R EH ) ),
= m —ly

Remark. In both Theorem 10.4.8 and Corollary 10.4.9, the integral on the left is finite
if and only if the integral on the right hand side is finite.

Corollary 10.4.9 follows from Theorem 10.4.8 by taking ¢ = ¢ o F.

Corollary 10.4.9 (Coarea formula #2). For m < k < q and embedded Lipschitz k-
manifold X C R, if F : X — R™ is locally Lipschitz and y : R™ — [0, 00) measurable,
then

Jutrey - s@Eaartw = [ oy (£ ) dnmn)
X Rm

We need the basic properties of compact sets with rectifiable boundary in the Euc-
lidean, Spherical and Hyperbolic space that are n-dimensional Riemannian manifolds
(see Federer [212] for properties of compact sets with rectifiable boundary in an n-
dimensional Riemannian manifolds).
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Remark 10.4.10 (Rectifiable boundary on Riemannian manifolds). Let (&, d) be an
n-dimensional Riemannian manifold. A compact X C = has rectifiable boundary if
intX # 0 and 0X is the union of finitely many sets that are Lipschitz images of compact
subsets of R"~!. In this case, 0 < (Hé"l([)X) < oo, and the parallel domain X(@) =
{z € E:3x € X with d(x, z) < o} for o > 0 satisfies

HE (X)) - HE(X)

HI1(0X) = lim
= 0—0* o

10.5 The Stone-Weierstrass theorem

We need the Stone-Weierstrass theorem for compact Hausdorff spaces (see Rudin
[504]):

Theorem 10.5.1 (Stone-Weierstrass). Let X be a compact Hausdor{f space, and let
A c C(X,R) contain all constant functions, and satisfy that f -g € Aand f +ge A
for f,g € A. If for any different x,y € X, there exists an f € A with f(x) # f(y),
then A is dense in C(X,R) with respect to the || - || metric.

Corollary 10.5.2 (Stone-Weierstrass on S"~!). If A is the family of restrictions of
polynomials in R" to S"~!, then A is dense in C(S"~',R) with respect to the || - ||
metric.

10.6 Convex functions

In this section, we collect some basic properties of convex functions (see Rockafellar
[498] for in depth study).

Definition 10.6.1 (Convex functions). If Q c R" is convex, then ¢ : Q — R is convex,
if o((1=0)x+1ty) < (1 =1)p(x)+tp(y) forany x,y € Qandr € (0,1).

Similarly, ¥ : Q — R is concave, if — is convex; or in other words, if ¥ ((1 —
Hx+ty) = (1 =0yx)+ty(y) forx,y e Qandt € (0, 1).

Remark. For fixed 7 € (0, 1) fixed, if Q c R” is open convex, ¢ : Q — R is measurable
and o((1 —=tH)x +ty) < (1 = H)e(x) + tp(y) for any x,y € Q, then ¢ is convex (cf.
Theorem 10.9.11).

Theorem 10.6.2 (The differentiability of a convex function). Let ¢ be a convex func-
tion on a convex open  C R",

(i) Rademacher’s theorem: ¢ locally Lipschitz, and differentiable a.e in Q.
@ is C' if and only if it is differentiable at each x € Q.



380 Appendix: Background from Analysis and Algebra
(i1) Aleksandrov’s theorem: ¢ is twice differentiable almost everywhere in € in the

Jollowing sense: For a.e.z € Q, there exist D¢(z) and a positive semidefinite quad-
ratic form Q, such that

o(x) = ¢(2) +(Dp(2),x — 2) + % 0 (x—2) +o(llx -zl

e(x)=¢(2)=(Dp(z),x=2)-5-Qz(x=2) _ 0

llx-z|? o
We write D?¢(z) to denote the n X n symmetric positive semidefinite matrix asso-
ciated to Q, (D*¢(z) is the derivative of z — D(z) for a.e z € Q). Then det D¢

is a measurable function on Q.

namely, lim,_,,

Definition 10.6.3 (Subdifferential of a convex function). If € c R" is open and convex,
and ¢ : Q — R is convex, then for z € Q, the subdifferential is

dp(z) ={u e R": p(x) - ¢(z) > (u,x — z) ¥x € Q}.

Note that d¢(z) is nonempty, convex and compact.

Remark. If 2 ¢ R" is open and convex, and ¢ :  — R is convex, then ¢ is differen-
tiable at z € Q with derivative D¢(z) if and only if d¢(z) = {D¢(2)} (d¢(z) has one
element).

10.7 Self-adjoint Elliptic Linear Operators on the sphere S"~!

For this section, see Evans [206], Chapter 6, Gilbarg, Trudinger [263], Chapter 8,
Caffarelli, Cabré [138].

For a C? function & : "' — R, let h(tu) =t - h(u) and h(tu) = h(u) fort > 0
andu € S"~!, and hence &, i : R" — R are C? on R\ {0}. Following Definition 8.1.6,
we write

Vh(u) = Dh(u)|y: = Dh(u)|,e (10.7)

where V1 is the spherical gradient (see Schneider [522], Section 2.5). In addition, Ru
is an eigenspace (with eigenvalue zero) of D*/(u) and D?h(u), and we define

V2h(u) = D*h(u)|,e (10.8)
D*h(u) = D*h(u) = D*h(u)| . (10.9)

According to Schneider [522], Section 2.5, V24 is the spherical Hessian of & with
respect to a moving orthogonal frame in the sense of Riemannian geometry, and A (x) =
llx|| - 2(x) implies that if u € S*~!, then

D?h(u) = D*h(u)|u: = V*h(u) + h(u)I,—; on the tangent space u*.  (10.10)
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For an absolutely continuous measure g on $"~! with positive C* density function,
we consider the corresponding scalar product

(@) = /Snl P dp

for ¢,y € Ly(S" !, p).

First we provide the traditional definition of a self-adjoint (symmetric) elliptic
operators in terms of partial derivatives: Let d; denote the ith partial derivative with
respect to a moving frame on $”~',i=1,...,n—1,and hence Vo = (010, . ..,0,_1¢)
for a C* function ¢ on Sn=1If e% is the C® density function of y, then & is a self
adjoint (symmetric) elliptic linear operator on C* (5"~ 1) (extendable to L,(S™!, u))

if there exists C* functions a;;,i,j = 1,...,n,and c on $"=1 such that a;j = aj; and
Ep=e" 25 (Ze aij jg0)+c-<,0; (10.11)
D aij(x)&ig; >0 foré = (¢1,....6n1) € x*\{o}; (10.12)

ij

where, asy 3,1 11 oTi=-215 Lo; y - T; forany C! tangent vector field (7} (x), ..., T_1(x)) €
x* on §"~! by the d1vergence theorem on S"~!, we have

W= [ 3 ayowde e ar! = Eu.p),
ij

Let us describe the way how we meet self adjoint elliptic linear operators in this
book. We write M, to denote the space of d X d symmetric matrices. For a real C*
function F»(M,x) of M € M,,_; andx € "', and C™ function F (v,#,x) of x € "1,
vextandr eR,

Ep = Fa(Vi, )+ Fi(Ve,0,);
F>(-,x) and Fy(-, -, x) are linear for fixed x € sn-1.
F,(M,x) >0 if M € M, is positive semi-definite with M # 0,
(10.13)
is a uniformly elliptic (sometimes called strictly elliptic) operator of ¢ € C®(S"~1).
Then the uniformly elliptic operator & defined on C*(5"~!) is symmetric with
respect to Ly(S™ 1, (); or in other words, has a self-adjoint extension to Ly (S™ 1, n)
if
(E@. ) = (¢, EY)y
for ¢,y € C*(S"1).
Concerning spectral properties of the self-adjoint elliptic linear operator &, the
theory of compact operators on Hilbert spaces and some classical results in PDE yield
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the existence of C* eigenfunctions ¢y, ¢, ...on S"=1 that form an orthogonal basis of
L>(8"!, 1), and corresponding eigenvalues | > A> > A3 > ... with limg_,e Ag = —00
and Eg; = A;¢;. It follows from the strong maximal principle that

if ¢ is an eigenfunction with E¢ = A;¢, then ¢(x) # 0 for x € §*~ 1. (10.14)

According to the variational characterization of eigenvalues, if j > 1, and (¢;, %), =0
fory € C2(§" Y andi=1,...,J, then

(S ) < Ajrr (YY) (10.15)

The following well-known properties, that explain why A, is called the principal
eigenvalue, are not discussed in many textbooks; therefore, we provide the simple
arguments.

Proposition 10.7.1. Using the notation as above, we have
(i) ; < Ay fori > 2 (and hence Ay is a simple eigenvalue),

(ii) assuming that ¢1(x) > 0 for every x € S"! (c¢f. (10.14)),
if ¢ > 0 for an eigenfunction ¢ of &, then ¢ = ro; forr > 0. (10.16)

Proof. First, let s be an eigenfucntion with Ey = A1y, and hence we may assume that
W > 0by (10.14). If xg € S* L and r = ¥ (x0) /@1 (x0), then E(Y — re1) = A1 (Y — rey)
and Y — r¢; has a zero; therefore, (10.14) yields that y — r¢; = 0. In particular, 4; is
a simple eigenvalue.

Finally let ¢ > O for an eigenfunction ¢. As (¢, ¢1), > 0, and eigenfunctions
corresponding to different eigenvalues are orthogonal, the only possible eigenvalue
for ¢ is A;. ]

10.8 Matrices: The Hilbert-Schmidt norm, Hadamard’s inequality
and the Perron Frobenius Theorem

Let ey, ..., e, be an orthonormal basis of R". For an n X n real matrix A; or equi-
valently, for a linear transform A : R" — R”", its Hilbert-Schmidt norm is ||A|| =
A2, [|Ae;]|?; that is, the Euclidean norm of the n’-dimensional vector constructed
from the entries of A. This second definition shows that ||A?|| = ||A||. The Hilbert-
Schmidt norm of a linear map A : R” — R" is independent of the orthonomal basis
of R" because if f1, ..., f, is another orthonormal basis of R", then

||A||2=§n] ||Ae,-||2{n]im,Ae»z=ii<Aff,-,ei>2=i||Aff,-||2=i||Af,-||2.
i=1 J=1 J=1

i=1 j=1 j=1i=1
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For any n X n matrix A = [ay, ..., a,| with columns ay, ..., a, € R", Hadamard

inequality states that
n

|det A| < ]_[ lla:ll. (10.17)
i=1
Our last topic is the Perron-Frobenius theorem. We provide the argument due to Pal
Hegedts to handle the case of symmetric matrices, see for example Bapat, Raghavan
[45] for the general case.

Theorem 10.8.1 (Perron-Frobenius Theorem for positive symmetric matrices). If A
is a symmetric d X d matrix such that every entry is positive, and A, is the largest
eigenvalue, then

A1 > 0and Ay is a simple eigenvalue, and || < A, for any other eigenvalue A;
* there exists an eigenvector x| whose coordinates are all positive and Ax| = 1x1;

* any eigenvector x of A whose coordinates are all non-negative satisfy x = r x| for
r> 0.

Proof. Forx=(xD,... . x™)yeR"andy = (yV,...,y™) e R", we write x > y if
x@D >yOfori=1,...,n,andx > yifx() > y(@ fori = 1,.. ., n. In particular, x > o
is equivalent to saying that the coordinates of x are non-negative. Since every entry of
A is positive, we deduce that x > y and x # y yield

Ax > Ay and if in addition, y > o, then ||y|| > ||x]|. (10.18)

Let A1, ..., 4, be the eigenvalues of A in a way such that |A;| < |[A4¢] fori=1,...,n.
Considering A in an orthonormal basis of eigenvectors shows that

||[Ax|| < |A1] - |lx]| holds for any x € R". (10.19)
We claim that if x = (x(l), .. ,x(")) € R is an eigenvector with Ax = 1;x, then
A1 > 0 and either x > o orx < o. (10.20)

We may assume that x/) > 0 fora j € {1, ...,n}. First we verify that x > o using an
indirect argument. We suppose that there exists an x(*) < 0, and seek a contradiction.
Let ¥ = (|x(V],...,]x"]) Since every entry of A is positive and x has both negative
and positive coordinate, the absolute value of each coordinate of AX is larger than
the corresponding coordinate of Ax, thus ||AX|| > ||Ax]|| = ||[A41x]| = |41] - ||X]]. This
contradicts (10.19), and hence yields x > o. In turn, we deduce from (10.18) that
Ax > o; therefore, Ax = A;x implies (10.20).

Let us fix an eigenvector x| = (xfl), . ,xf")) for 11, and hence x; > o by (10.20).
Ify = (y(V,..., y(™) is any other eigenvector for A1, then we may assume that y > 0
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by (10.20). For a = y(l)/xil) > 0, y — ax; has a zero coordinate. As A(y — ax;) =
A1(y — ax1), we deduce from (10.20) that y = ax; therefore, 1 is a simple eigenvalue.

Finally, if z > 0 is an eigenvector for A, then (z, x;) > 0 and the fact that the
eigenvectors corresponding to different eigenvalues are orthogonal yield that Az =4z,
and hence z = r x; for some r > 0. n

Let A = [a;;] be a d X d matrix. We say that A is non-negative, if a;; > 0 for any
i,j =1,...,d, and that the off-diagonal entries of A are non-negative, if e;; > 0 when
i # j. Assuming that the off-diagonal entries of A are non-negative, we say that A is an
irreducible matrix with period p > 1, if forany i # j, there exist 1 < k < p and pairwise
differentiy, . ..,ix € {1,...,d} suchthatio=i,ixy = j,anda;, ,;, >O0form=1,... k.
Obviously, p < n—1, and p = 1 if and only if each off-diagonal entry is positive. If
the actual period is irrelevant, then Now the version of the Perron-Frobenius theorem
we need states the following (see Bapat, Raghavan [45] for the general version):

Theorem 10.8.2 (Perron-Frobenius Theorem for irreducible symmetric matrices). If
A is symmetric non-negative irreducible d X d matrix with positive entries on the diag-
onal, and Ay is the largest eigenvalue, then

e A1 > 0and Ay is a simple eigenvalue, and || < A for any other eigenvalue A;
* there exists an eigenvector x| whose coordinates are all positive and Ax| = A1x1;

* any eigenvector x of A whose coordinates are all non-negative satisfy x = r x1 for
r> 0.

Proof. As A is non-negative and symmetric, the same holds for A%, Let A = [a; il. As
the entries if A on the diagonal are positive, if a;; > 0, then the entry of A? in the ith
row and jth column is positive. In addition, if a;; > 0 and a; ,, > 0, then a,,; > 0;
therefore, the entry of A2 in the ith row and mth column is positive. It follows that if A
has period p > 2, then A? has period at most [p/2] (the smallest integer not smaller
than p/2). Since p < n and 2M1°22"1 < 25, we deduce that each entry of the symmetrix
matrix AZ**! is positive.

Let x1,...,x, be an orthonormal basis of eigenvectors of A with Ax; = A;x;,
A; € R, where we assume that |4;| < |4;] fori =1,...,n. Since, x1, ..., X, are eigen-
vectors of A1 and A?"*!x; = 12"*1x;, we conclude Theorem 10.8.2 from applying
Theorem 10.8.1 to A2"*! which has /l%’“rl as the eigenvalue with maximal absolute
value. ]

10.9 Log-concave functions

Log-concave functions on R" can be considered as functional analogues of convex bod-
iesinR". One of the core properties of log-concave functions is that they are essentially
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the extremizers in the Prékopa-Leindler inequality (cf. Section 3.4): Given A € (0, 1),
measurable f,g,h: R" — [0,00),n > 1, with 2((1 = D)x + Ay) > f(x)'"g(y)* for

x,y € R", we have
1-1 Pl
/ h > (/ f) (/ g) . (10.21)

In this section, we do not discuss properties directly related to the Prékopa-Leindler
inequality in detail because that is done in Chapter 3 (see also Chapter 6 and Section 8.7
for other geometrically inspired inequalities and conjectures for log-concave func-
tions). We also do not discuss here properties related to isoperimetric type inequalities
for log-concave measures (Cheeger constant, Kannan-Lovasz-Simonovits conjecture)
because that is done in Section 4.7.

Definition 10.9.1 (Log-concave functions). For a convex set C c R", a function f :
C — [0, o) is log-concave if f((1 — )x +Ay) > f(x)!"1f(y)* holds for x,y € C
and A € (0, 1).

Remarks.

* fislog-concave if and only if f = e~ ¥ for a convex function ¢ : R" — (—o0, o0].
* For a log-concave function f, the level sets {f > ¢} are convex for ¢ € R, and

hence f is measurable. Actually f may not be Borel, because its value can be
rather arbitrary on the boundary of the (convex) support of f.

» Typical examples are e~ mlxI? (Gaussian), or f(x) = e I¥lI& or f(x) = e~ Ixlk for
|[x||lx = min{z > 0 : x € tK} for a convex body K with 0 € int K.

* f =1xlog-concave for X ¢ R" if and only if X is convex.

Theorem 10.9.2 (Operations preserving log-concavity, Prékopa [493]).

Affine invariance: If f log-concave function on R", ® € GL(n), w € R" and a > 0,
then x — a - f(®x + w) is log-concave.

Product: If f, g are log-concave functions on R", then f - g is log-concave.

Marginals: If h(x,y) log-concave on R™™ for x € R" and y € R™, then ¢(x) =
me h(x,y) dy is log-concave on R".

Convolution: If f, g are log-concave functions on R", then f * g is log-concave.

Proof. Affine invariance and the log-concavity of a Product directly follow from Defin-
ition 10.9.1.
For the log-concavity of Marginals, let x;,x, € R” and A € (0, 1), and hence

R((1 = )x1 +Axz, (1 =)y +2z) > h(xy, y)' " h(x, 2)*

for the three function h(xy,y), h(xz,y) and A((1 — A)x; + Axp, y) of y € R™, thus the
Prékopa-Leindler inequality (10.21) yields ¢((1 — A)x1 + Ax2) > ¢(x1)' e (x2)2.
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For Convolution, &(x,y) = f(y)g(x — y) is alog-concave function of (x, y) € R" x
R™ as itis the product of two log-concave functions; therefore, f * g(x) = ./R" fO)eglx -
y) dy log-concave. [

Definition 10.9.3 (Log-concave measures). A regular Borel (called also Radon) meas-
ure u on R" is log-concave if

u((1=D)X +2Y) > u(X)'""*u(Y)* for Borel X,Y c R” and A € (0, 1).

According to the Brunn-Minkowski inequality (cf. Lemma 1.12.2), the Lebesgue
measure is a log-concave measure. Any absolutely continuous finite Borel measure
on R" with log-concave density is a log-concave measure according to the Prékopa-
Leindler inequality (10.21). The converse statement is due to Borell [86], Theorem
3.2.

Theorem 10.9.4 (Borell). u is a log-concave Radon measure on R" with supp u not
contained in a hyperplane if and only if du = f dH" for alog-concave f with /Rn f>0.

The weak limit of log-concave measures is log-concave, see, for example, Dhar-
madhikari, Joag-Dev [190], Th. 2.10.

Theorem 10.9.5. If yy, u are Radon measures on R", each uy is log-concave and iy
tends weakly to u, then u log-concave.

For a log-concave function f : R" — [0, c0), the support of the corresponding
log-concave measure is the closed convex set

K¢ =supp f =cl{f > 0}.

A useful property of a log-concave function f : R" — [0, oo) is that it has expo-
nentially small tail. For example, if f(0) > 0, and there exists a, R > 0 such that
f(x) < f(0)e~ R whenever ||x|| = R, then

F(x) < f(o)e~ ¥l whenever ||x|| > R. (10.22)

It follows from (10.22) that boundedness of the integral of a log-concave function can
be nicely characterized (see, for example, Cordero-Erausquin, Klartag [175]).

Lemma 10.9.6. Foralog-concave function f : R"* — [0, 00), we have 0 < fR" fdH" <
oo if and only if supp f is not contained in a hyperplane and lim,_, f(x) = 0.

Recently, many notions associated to convex bodies have been generalized to log-
concave functions. For example, even the John and Lowner ellipsoid (cf. Chapter 6)
has been generalized to them by Ivanov, Naszédi [352], and V. Milman, Rotem [455]
considered "mixed volumes" of log-concave functions and see Section 10.9.2 for asso-
ciated measures, like surface area measures. We note that the "sum" and "dilation"
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operators for log-concave functions defined in V. Milman, Rotem [455] are different
from the one commonly used (see Section 10.9.1 the latter).

For additional similar properties of log-concave functions, see for example Sau-
mard, Wellner [513] and Klartag, V. Milman [374].

10.9.1 Summation, dilation, polar of upper semi-continuous log-concave
functions

For a convex function ¢ : R" — (—o0, 00], its Legendre transform (or convex conjugate,
sometimes denoted as ¢*) is

L(p)(x) = sup {xy) —e()}. (10.23)
yeR”

A log-concave function f : R" — [0, c0) can be chosen rather arbitrarily on the
boundary 0Ky of the support; therefore, it is natural to consider the family LC,, of
upper semi-continuous log-concave functions. This family has the property that if f =
e~¥ € LC, for a convex function ¢, then its polar is

—(x,y)
e
f°(x) = inf { } =e L9
yerr | f(y)
is also an upper semi-continuous log-concave function, and satisfies (f°)° = f (see
Section 6.7 for Santal6-type inequalities involving the polar).
For A > 0, the "dilate" of an f € LC,, is

tr=r(3)

which is also an upper semi-continuous log-concave function, and the "sum" of f, g €
LC,, is the upper semi-continuous log-concave function (sup-convolution)

fxgx) = sup g(y) fx—y).
yeR”?
We observe that if K, C c R" are convex bodies and A > 0, then 1k, 1¢ € LC,, satisfy

A-1g =1 g and 1 * 1¢ = 1. Using this notation as above, the Prékopa-Leindler
inequality (10.21) for f,g € LC, and A € (0, 1) reads as

(1=2)-fx1-g) = f - g A. (10.24)
R® Rn n

Riesz-type representation theorems using the notion above of linearity have been
verified by Rotem [501]. Roysdon, Xing [503] defined the L, linear combination of
log-concave functions, and proved analogues of the Borell-Brascamp-Lieb inequalities
(cf. (3.23)).
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10.9.2 Surface area measures and relatives associated to log-concave functions

For an upper semi-continuous log-concave functions f € LC,, its support function
(see (10.23) for the Legendre transform) is the lower semi-continuous convex function

hy=L(-log f)

on R". The name is explained by the fact that if f = 1 for a convex body K c R",
then iy = hg (the support function of K).

Extending the work of Cordero-Erausquin, Klartag [175] and Colesanti, Fragala
[170], Rotem [502] found that it is natural to consider two measures uy and vy as
surface area measures of an f € LC,, where uy is a Borel measure on R" and v is a
Borel measure on S"~!, which satisfy the following.

Theorem 10.9.7 (Rotem). If f,g € LC, and 0 < [, f < oo, then

lim for S % 0 'tg)) ~ e S :/ hg duf+/ hi, dvy. (10.25)
—0* n sn-1

In addition, iy = M and vy = vjzforf e LC,, with0 < fR,, f < oo if and only if there
exists xo € R" such that f(x) = f(x — xo).

Remark. For the possibly unbounded closed convex set Ky, hk, (4) = sup,c Kq (u, 2)

might be infinity in (10.25) for some u € $7~1 and hence both sides of (10.25) are
infinity, for example, if f = 1k for a convex body K ¢ R" and g(x) > 0 for x € R".

If f € LC, is of the form f = e~ ¥ for a convex function ¢, then Rotem [502] proves
that u s and v ¢ are bounded measures with bounded first moments ( ./R" x| dpg(x) <
o0), and for any non-negative measurable functions & on R” and 8 on S*~!, we have

[ adur= [ awetonraarea

vy = [ plvan, () ) a0
f

N

where vk, is continuous at the (H" ! a.e.) regular points of 0K # (cf. Section 1.5). In

particular, if f = 1g for a convex body K C R", then uy = 0 and vy = Sk - that is the

surface area measure of K - and if Ky = R" or f(x) = 0 for H" lae xe 0K, then

vy = 0 (the latter case was considered earlier by Cordero-Erausquin, Klartag [175]

using variational argument, and by Santambrogio [507] using optimal transport).
Using g(x) = {x, p) for any fixed p € R" in (10.25), we deduce that

/Rnxd,uf(x) +‘/Sn1 udvyg(u) =o
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Cordero-Erausquin, Klartag [175] (see also the paper Santambrogio [507] using
optimal transport) managed to characterize u s when vy = 0.

Theorem 10.9.8 (Cordero-Erausquin, Klartag). For a Borel measure uonR", u =y
foran f € LC, such that 0 < /R" f < oo and either Ky = R", or f(x) =0 for H"~!
a.e. x € 0Ky if and only if u is finite, is not concentrated to any hyperplane, and

/ xduyg(x) =o.
Rn

Recently, Fang, Xing, Ye [209] considered the L ,-Minkowski problem for log-
concave functions, and Huang, Liu, Xi, Zhao [330] and Fang, Ye, Zhang, Zhao [210]
managed to extend the dual Minkowski problem to log-concave functions on R" for
q > 0.

10.9.3 Midpoint log-concave functions

What happens if we fix a A € (0, 1), and we know the estimate f((1 — A)x + dy) >
f(x)!'=1f(y)*in Definition 10.9.1 for all x, y € R" only for this fixed 1? When the fixed
Ais %, a function with this property is called midpoint log-concave. If the function is
continuous, then midpoint log-concavity readily implies log-concavity.

Lemma 10.9.9 (Continuous "midpoint log-concave" functions). Let A € (0, 1) and
X c R" convex. If continuous f : X — Rsg satisfies f((1=D)x+Ay) > fF(x)' =1 f(y)A
forx,y € X, then f is log-concave.

Example 10.9.10 (A measurable "midpoint log-concave" function may not be log-con-
cave). Define E; c [0, 1] by inductionon k =0, 1,... where {0,1} =5y Cc E| C ...,
and Egqy = {51+ 35 1,5 € B¢} Let B = U By

For X =2 x {0} U [0, 1] x (0, 1] c R?, 1x is "Midpoint log-concave" on R? with

/Rz 1x > 0, but 1x is not log-concave.

Remark. A classical result of Blumberg [76] and Sierpinski [534] that if measurable
¢ : R" — R satisfies cp(%x + %y) > % p(x) + % @(y) for x, y € R", then ¢ is convex.
Note that in this case the log-concave f = e~ ¥ is positive; namely, it does not take zero.

In this section we prove that a measurable midpoint log-concave function is "essen-
tially" log-concave.

Theorem 10.9.11 (Measurable "Midpoint log-concave" functions). Let A € (0,1), and
let measurable f : R™ — R satisfy /R,, f>0and f((1-Dx+1y)> f(x)' "1 f(y)*
Jor x,y € R™. Then there exists a log-concave function ¢ on R" and an open convex
Q c R with f(x) =¢(x) >0ifx € Qand f(x) = ¢(x) =0 if x ¢ clQ, and hence
f(x) = @(x) for a.e. x € R™.
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Proof. Let D be the set of density points of the set { f > 0}.
Step 1. D is convex and Q = intD # 0

As fD f= ./R” f >0, Disnot contained in a hyperplane. We define finite Z; C [0, 1]
by induction on k£ =0, 1, ... with the properties that {0, 1} = By c E; C ..., and if
t,s € Br,then (1 — )t + As € Epyy.

For x1,x, € D, we prove that

(1 =s)x; +sx, € D forany s € (0,1). (10.26)

Lete € (0, 1). As x1,x, are density points of D, there exists o > 0 such thatif » € (0, o),
then |D N (x; + rB")| > (1 — £)|r B"| for i = 1,2, thus induction on k, the “A-log-
concavity" of f and the Brunn-Minkowski inequality Theorem 3.2.1 for inner measure
yield that if ¢ € 5y, then |[D N ((1 = #)x1 +txo + rB™)| > (1 — £)|r B"|. Taking a
sequence fy € By witht; — syieldsthat |[D N ((1 —s)x; +sxp+rB™")| > (1 -¢)|r B"|;
therefore, (1 — s)x; + sx, is a density point of D, which in turn yields (10.26) and the
convexity of D.
As |D| = |{f > 0} > 0, we have int D # 0.

Step 2. {f >0} CcclD.

Indirectly, we suppose that there exists an xg ¢ cl D with f(xg) > 0, and seek
a contradiction. Let y € dD be closest to xp, and hence there exists z € int D with
y € conv{z,xo} and x = (1 — A)xp + Az ¢ clD. Since the “A log-concavity" of f yield
that x is a density point of {f > 0}, we have arrived at a contradiction.

Step 3. f is continuous on int D
We may assume that A < % We observe that the “A log-concavity" of f yields that
if x,y,z € int D withx = (1 — 2)y + Az, then

ﬂ”y%. (10.27)

f(@)

The proof of Step 3 is also indirect, we suppose that f is not continuous at zy €
int D. In this case, first we verify that

f(y)ﬁf(X)~(

there exists x,,, — zo, X, # zo With f(x,,) — O. (10.28)

To prove (10.28), the indirect hypothesis yields the existence of a sequence w,, — 2o,
Wy, # zo wWith f(wy,) — t # f(z0). According to (10.27), we may assume that ¢ <
f(z0). For each w,,,, we consider the sequence {u]im)} with u(()m) = 20, uim) = w,, and

W™ = (1= u™ + ™) for k > 1. Now if k > 2, then

(k=1)-1

f(wm)) =1
f(z0)

FUl™) < 7(z0) - (
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provided u]({m) € int D by (10.27) where ]}((u;'")) tends to 5. Choosing k(m) — oo
(m)

in a way such that x,,, = Up(m) € int D satisfies x,,, — zo, we conclude (10.28).
We may assume that

20 = 0.

Choose r > 0 such that % rB™ C int D (remember, A < %).
Next we claim that for any y € rB",

there exists a sequence y,; — y, i # y With f(y,) — 0. (10.29)

To prove (10.29),let b = — /l 4y and hence 0 = (1 — A)y + Ab. It follows from (10.27)
and from using the sequence {x,,} in (10.28) that y,, = y + 111/1 X, satisfies y,,, — v,
Xm = (1 =)y, + b, y, #y and

f(xm>)‘ﬂ o

Fom) < f- (Z

In turn, we conclude (10.29).
Finally, we claim that if £ > 2 and y + 2pB"™ Cc rB" for y € rB", o > 0, then

/ln

— - |0B". 10.30
T (=" loB"| ( )

{x€y+QB":f(x)<%}'>

To prove (10.30), let X = {x ey+oB": f(x) = %} and for the sequence {y,,} in
(10.29),let X, ={z € R" : y,, = (1 = A)z+ Ax for x € X}. For any ¢ € (0, 1), we may
assume by (10.29) and A < % that f()if”) < % and X,, C y + (o + &) B". It follows from
the “A log-concavity" of f that X N X,,, = 0, and hence

/ln
I+—-1X X+| |< +¢&)"|B"
( (1_@;@)" X] (0+2)"[B".
As the last estimates holds for any & € (0, 1), we conclude (10.30).
For £ > 2and B¢ = {x € rB" : f(x) < 1}, it follows from (10.30) that
= A"
|Ze|

>—— - [rB"|. 10.31
=T a T IrB"| ( )

However, (1,2, E¢ = 0 because rB" C D = {f > 0}. Since f is measurable, we have
limy— e |E¢| = 0, which contradiction with (10.31) verifies Step 3.

Finally, combining Lemma 10.9.9 with Steps 1-3 yields the existence of a suitable
log-concave function ¢. u
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inradius, 29

integral curvature measure, 339
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