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Chapter 1

Introduction

The accurate description of different quantum phenomena is a key issue in their potential
use in modern I'T-technologies, for example communication, security, or quantum comput-
ers. The parameter estimation of quantum channels, which is commonly called quantum
process tomography [7], plays a major role in quantum information processing.

In quantum mechanics, both dynamical changes and communication is treated using
quantum channels. These are nothing else but trace preserving completely positive map-
pings £ which transform the input state p given on the input of the channel to the output
state £(p) appearing on the other side. It is a reasonable assumption that the channel
belongs to a channel class, i.e., for a fixed input state the output state belongs to the
parametric family {Ey(p)}oco, where © denotes the parameter space. Thus, the chan-
nel estimation problem can be traced back to parameter estimation problem [10]. The
channel parameter estimation problem is also called process tomography in the literature.

Direct quantum process tomography is performed by sending known quantum systems
into the channel, and then estimating the output state. In quantum mechanics the mea-
surement has a probabilistic nature |13, 15|, therefore many identical copies of the input
quantum system are needed, and an estimator is constructed by using statistical consid-
erations. For achieving efficient process tomography, experiment design is necessary that
consists of selecting the optimal input state, optimal measurement of the output state,
and an efficient estimator of the channel from the measured data.

The field of quantum process tomography is well-established, an exhaustive description
of possible tomography methods can be found in [11|. The Pauli channels - the subject
of this thesis - form a relatively wide family of quantum channels. The tomography of
Pauli channels has a huge literature, however, due to the level of difficulty of the topic,
papers mostly deal with special cases, e.g., with the optimal parameter estimation of a
depolarizing channel [17]. But there are some publications investigating the estimation
of multi-parameter channels [2, 20|, and the multidimensional case also appears [8, 12].
There are also some experimental results concerning the optimal estimation of the Pauli-
channels [4, 5].

In contrast to the majority of the works in this area, we propose an extended problem
statement: we investigate qubit Pauli channels with unknown channel directions. Despite
of the novelty of the approach, there are a few papers that deal with optimally estimating
qubit Pauli channels including their channel directions. In [1] the problem was examined
using convex optimization methods, and a numerical method was provided for finding the
optimal input - measurement pairs. In [16] we examined the optimality of the estimation



problem using purely statistical considerations to achieve analytical results. However,
analytical results could only be obtained for the case of known channel directions.

Therefore, the aim of this thesis is to give an analytical description of the optimal
estimation of qubit Pauli channels in the case of unknown channel directions, too.

We introduce the channel matrixz that characterizes the Pauli channel, and give an
estimation method of the channel matrix. This estimation scheme uses three input qubits
and three von Neumann measurements for complete channel tomography. Computing the
Jordan-decomposition of the estimated channel matrix one gets the estimations of the
contraction parameteres and the angle parameters that describe the channel directions.
The efficiency of these estimations is measured here with three quantities: the mean
squared error of the estimated contraction parameters and angle parameters, and the
mean distance of the estimated and the real channel matrix are investigated.

The optimization of the different quantities needs different mathematical techniques.
The mean squared error of the estimated contraction parameters and the mean distance
of the estimated and the real channel matrix is minimized analytically. The mean squared
error of the estimated angle parameters has a comlex form, therefore it is optimized with
numerical methods in general. However, in an important special case this loss function
can also be minimized analytically.

The main result of this work is that we determined the optimal measurement config-
urations for quantum bit Pauli channels with respect to the most relevant loss functions.
For optimally estimating the contraction parameters and the channel matrix we should
have input qubits and measurements in the channel directions, however, for optimally
estimating the channel directions, we should use different tomography conditions: from
simulation investigations and analytical results in special cases we conjecture that us-
ing input and measurement directions that are complementary to the channel directions
would give a nearly optimal result.



Chapter 2

Basic notions

In this chapter we give a brief description of the mathematical formalism of quantum
information theory and we get the hang of the quantum channel which is the object of
the tomography problem presented in this thesis. This chapter is based on the books [13|
and [15].

2.1 An owerview of the basics of quantum information
theory

2.1.1 Quantum states

Every quantum system has an associated complex, separable Hilbert space. A quantum
system is said to be finite dimensional (or simply finite) if the associated Hilbert space is
C™ with some n € Z*.

The elements of the standard basis of C™ are often denoted by [0),...,|n — 1), and
the corresponding elements of the dual space are denoted by (0|,...,(n —1].

The states of finite quantum systems are described by density matrices. p € M,,(C)
is a density matrix, if it satisfies the following conditions:

Tr(p) =1 (2.1.1)

p>0. (2.1.2)

The state space of the n-level quantum system is denoted by S(C"). The set of the self-
adjoint n x n matrices (denoted by M?®(C)) is a real vector space of dimension n?, and
it is also a Hilbert space with the inner product (z, y) := Trz*y.

It is a natural problem to characterize the quantum states. The most popular solution
of this problem is the Bloch paramertrization. Let us fix an orthogonal basis of M#%(C)
containing the identity matrix: F = {Fy = I, F}, F,, ..., F,2_1}. One can expand the
p € §(C") density matrix in this basis:

1
p=- (xol +x1F1 4+ 4+ xp21Fp2 1) (To,..., 2021 € R). (2.1.3)

It follows from the condition (2.1.1) that zy = 1. The (zy,..., 2,2 ;) € R* ! vector is
called the Bloch vector of the state p.



In this thesis the most important quantum system is the quantum bit (or qubit). The
Hilbert space of the qubit system is H = C?, hence the states are described by 2 x 2
density matrices. The space of the 2 x 2 self-adjoint matrices is spanned by the Pauli
basis. If C' € M5*(C), then

1
¢ = B (2000 + 101 + 2209 + T303) (2.1.4)

(10 (01 (0 = (10
0=\ 1) \10) %27\ i 0o )% o -1

are the Pauli matrices and xg, 1, 22, x3 € R. It is easy to check that C'is a density matrix
if and only if o = 1 and 2% + 23 + 23 < 1.

Therefore by the Bloch parametrization, we can identify the state space with the closed
unit ball of the space R3.

where

2.1.2 Quantum measurements

In quantum mechanics, the measurement has probabilistic nature. The measurable quan-
tities, the observables are self-adjoint matrices, hence they have a spectral decomplosition.
If B € M:*(C) then

B=> )P, (2.1.5)
J

where the Aj-s are the different eigenvalues of B and the Pj-s are the orthoprojections
onto the eigenspace of the eigenvalue A;. The possible outcomes of the measurement are
the eigenvalues of B : if the quantum system is in the state p, we measure the eigenvalue
A; with probability TrpP;.

The quantum measurement changes the state of the system. After measuring \;, the
state of the system can be described with the density matrix

by — PjpP;
7 TePipPy

Let {P;};es be the spectral projections of a self-adjoint matrix. Then naturally

VjeJ) P; >0 and P =1. 2.1.6
j j

jeJ

If a set of bounded operators { P; } ;e satisfies the conditions (2.1.6), then {P;} ;¢ is called
a positive operator valued measure (the usual abbreviation is POVM).

The POVM describes a quantum measurement the following way: the possible out-
comes are the elements of the POVM. If M is an element of the POVM then the probability
of measuring M is TrpM, where p is the state of the quantum system. The two-element
POVMs form sn important special class of the POVMs. Every two-element POVM has
the form {M,I— M}, where 0 < M < I. If M is a projection then the POVM {M,I— M}
is called a von Neumann measurement.



2.2 State transformations and quantum channels

2.2.1 State transformations

When our quantum system is not closed, the interaction with the environment causes
dynamical changes. Assume that the Hilbert space of our quantum system in C" and the
initial state is p € M,,(C). Let the Hilbert space of the environment be C™ and assume that
the environment is in the state p.. Before interaction the joint system has the statistical
operator p. ® p € M,,, (M,,(C)). The effect of the interaction is implemented by unitary
conjugation, the new density of the total system is U (p. ® p) U* where U € M,,., is a
unitary matrix.
The new statistical operator of the quantum system we are interested in is the reduced
density
p="Tr (U (pe ®p) U) (2.2.1)

where Tr; is the partial trace with respect to the first component. The map £ : p —
E(p) := p is called state transformation.
Fortunately, there is a convenient characterization of the state transformations.

Theorem. Any state transformation € : M, (C) — M, (C); p— E(p) has the form
E(0) =S BupF; (2.2.2)
k=1
where the operators Ey € M, (C) satisfy

Y EiE =1 (2.2.3)
k=1

Conversely, all linear mappings of this form are state transformations.

The state transformations are defined on densities but they can be extended linearly
to the matrix algebra M, (C). Note that every state transformation is identity-preserving.

2.2.2 Examples of quantum channels

In this subsection we present some concrete examples of quantum operations.

Example 1 (Depolarizing channel). The depolarizing channel describes a kind of quan-
tum noise. Imagine that we have the statistical operator p € M,,(C) and it is replaced by
the compeletely mized state L1 with probability p and it is left untouched with probability

1 — p. The state of the quantum system after this noise is

E(p) = p%[ + (1 —p)p. (2.2.4)

Example 2 (Bit flip channel). The bit flip channel is the quantum analogue of the classical
bit flip that changes the value of a bit with some probability. The bit flip channel acts on
the state space of the quantum bit system. This channel is given by the equation

E(p) = ErpET + EopE; (2.2.5)

7



where

(3 2)- mmvi (3 )

Example 3 (Phase flip channel). The mathematical description of the phase flip channel
is very similar to the previous example; the phase flip is given by the equation (2.2.5) with

El:\/ﬁ((l) (1))’E2:\/1Tp((1) —01)'

All these state transformations belong to the family of Pauli channels.



Chapter 3

Tomography of qubit Pauli channels

The Pauli channels form a wide and well-known family of the quantum channels in the
qubit case. Heuristically, the Pauli channel is a transformation of the state space that
contracts in some directions. The main part of this work is about the tomography of the
qubit Pauli channel, hence it seems to be useful to define it.

Definition 1 (Qubit Pauli channel). Let {\/Li],vl,vg,vg} be an arbitrary orthonormal
basis of M5%(C). Let A1, Ay, A3 be real numbers satisfying the condition

1+ A5 > A £ Aol (3.0.1)

The mapping

i=1

£ S(C2) - ME*(C); p— % (1 + i@ivi) o E(p) = % (1 + i Aiem> (3.0.2)

is called qubit Pauli channel. The {3 (I + tv;) : t € R} € M5*(C) affine subspaces (i €
{1,2,3}) are the channel directions, the A\, A2, A3 numbers are the contraction parameters.

The above defined Pauli channel is obviously trace-preserving, and the complete posi-
tivity is guaranteed via condition (3.0.1) [14]. Hence Range(€) C S(C?) C M35+ (C). Note
that the condition (3.0.1) is symmetric in its three variables, and the inequality holds if
and only if (A1, Ao, A3) € Conv ((1,1,1),(1,—-1,-1),(=1,1,-1),(=1,-1,1)) C R3, where
Conv denotes the convex hull.

The effect of the Pauli channel gets more picturesque, if we consider the representing
Bloch vectors of the quantum states. In the qubit case, the Bloch parametrization is the

— 1

p: B 5 S(C): 0= (01,02,05) = p(0) = 5 (I + 6101 + 0202 + 030) (3.0.3)
map, where B’ C R? is the closed unit ball (that used to be called Bloch ball in this
context). In the following we introduce the channel matriz, that decribes the effect of the
Pauli channel in the Bloch ball modell of the state space, and we characterize the channel
matrices.

Definition 2 (Channel matrix). The A : B - B map is the channel matrix of the
Pauli channel &, if
Eop=poA. (3.04)



Lemma 1. Fvery Pauli channel has a unique channel matriz. The channel matrices are
linear transformations of R3, and every channel matriz is diagonal in an orthonormal
basis of R3.

Proof. The parametrization p is a bijection, therefore the equation (3.0.4) can be written
in the form

ptoEop=A. (3.0.5)

This form shows the existence and the uniqueness of A.

{v;}5_, is an orthonormal basis of the traceless subspace of M5®(C), hence with the
notations

01 U1
oy |, U= V2 (3.0.6)

U3

S
I

Sl
S

one gets

c=R (3.0.7)

with some R € O(3,R) matrix
Using the notation r;; = [R];; one has

E(p(0) =€ (% <I+29m>> =¢£ (% <I+Z@Zﬁﬂj>> =

Jj=1

(3.0.8)
Therefore . .
((P‘l ofo P)(e))k = Z (Z )\jrz‘jrkj> 0;. (3.0.9)
i=1 \j=1
(3.0.9) shows that A is a linear map, and its matrix elements are obtained as well:
3 3
[Alr: = Z AjTijThj = Z[R]k])\j [R"];:. (3.0.10)
j=1 j=1
Hence
A= RAR", (3.0.11)
where
At 00
A= 0 X O
0 0 As
O

10



Set E = {Diag (e1,¢e9,¢3) : & € {1,—-1} Vi € {1,2,3}}. E is a subgroup of O(3,R)
that is isomorphic to (Z3,+). It is easy to see that for Ry, Ry € O(3,R)

RiA(AL, Ao, A3)RY = RoA (M1, Mg, A3) RS (3.0.12)

if and only if Ry = Ry F for some E € E. Therefore, two orthogonal matrices determine
the same channel parametrization if and only if they are in the same left coset of E.

Hence, using a parametrization of O(3,R)/E and the result of Lemma 1, one can
parametrize the channel matrices the following way.

Lemma 2. Fvery channel matriz A has the form

A1, Mg, Ay, @, @y, 0) = RoRyR, AR R TR (3.0.13)
where
cos¢, —sing, 0 cosp, 0 —sing,
R.(¢.) = | sing, cos¢, 0 |, Ry(¢,) = 0 1 0 ,
0 0 1 sing, 0 cosg,
1 0 0 A1 000
R.(¢.) =1 0 cos¢, —sing, |, A= 0 X 0 |,

0 sing, coso, 0 0 Xs

0< 9., 0y, 00 <, and ¢, = 5 = ¢, = 0, and the real numbers \y > Ay > A3 satisfy the
condition of positivity (3.0.1).

Note that this parametrization is surjective but not bijective. If some contraction
parameters are equal, the channel matrix gets independent of some angle parameters. We
will determine a parameter domain where the parametrization of the channel matrices is
bijective. This domain is described in (3.1.18).

3.1 A tomography scheme for qubit Pauli channels

3.1.1 The description of the tomography scheme

For complete channel tomography, we need three input states, and three differnt mea-
surements. Earlier investigations show that the input qubits should be pure states, and
their Bloch vectors should be orthogonal [1, 16].

Let 6,,0,, 05 be the Bloch vectors of the input states. The matrix [0, 8, 05] is orthog-
onal, hence it can be written in the form

[QlaQQaQB] = Rz(ﬁz)Ry(ﬁy)Rx(ﬁx)a (311)

where R, R,, R, are the rotations defined in (3.0.13), and 0 < 9,9, < 7, 0 < 9, < 7.
Therefore, the chosen input states are described by the 9,7, 7, angle parameters.

Now, we show that the von Neumann measurements can be parametrized in a similar
way.

Lemma 3. In the qubit case, the two-elemwnt POVM {M,I — M} is a non-trivial von
Neumann measurement if and only if M s a rank-one projection. A density matrix is a
rank-one projection if and only if its Bloch vector’s length equals one.

11



Proof. The first part of the statement is obvious. On the other hand, M is a rank-one
projection < M = M* and M has the eigenvalues iy =1, uo =0 M = M*, TrM =1,
DetM = 0. It is easy to see that the last three conditions are satisfied by the densities
lying on the border of the Bloch ball. O]

Let {{M;, I — M;}}?_, denote the von Neumann measurements, and let the corre-
sponding Bloch vectors be denoted by {m,};_,. Earlier investigations show that the
measurement directions (i.e. the Bloch vectors of the measurements) should be orthogo-
nal as well [16]. Therefore the measurement directions m,,m,, m; can be written in the
form

[, 9, 5] = R (72) By (7)) R (72) (3.1.2)

where 0 < 7., 7, <7, 0< 7, < g

3.1.2 The estimation of the output states and the channel matrix

To get information about the Pauli channel, one has to estimate the output qubits. For
every j € {1,2,3}, we send 3N identical copies of the input state p (Qj) into the Pauli
channel. Ater that, we perform the von Neumann measurement {M;, I — M;} N times in
the output state £ (,0 (Qj)) (1 € {1,2,3}). N is an important parameter of the tomography
scheme, it is called the number of measurements. The following lemma declares a basic
property of the von Neumann measurements.

Lemma 4. If one performes the {M,I — M} von Neumann measurement in the state

p(0), then

Prob(measuring M) = = (1 +m - 0), (3.1.3)

where m = (mq, ma, mg3) is the Bloch vector of M.

Proof.
Prob(measuring M) = Tr(p(6) M) =
1 1
=Tr (5 (I + 010'1 + 920’2 + ‘930’3) 5 (] + myoy + meog + m30'3)) =
1 1
=20+m-9)=501+m-0), (3.1.4)
because the Pauli matrices satisfy Tr(o;0;) = 20;; (4,7 € {0,1,2,3}). O

Let Ng denote the number of the events when M; is measured in the state £ (p (Qj)) ,
and §j be the Bloch vector of £ (p (Qj)) . Set

Lij = My '§j> X = {ZEij}ijzl- (3.1.5)

It follows from the previous lemma and from the independence of the different measure-
ments that

1+
N;f = Binom (N, +2I J) . (3.1.6)

12



The well-known properties of the binomial distribution show that

E (N}) = 5( + ;5), Var (N}}) = N 5 2 (1 - 3) =—(1-2}). (317

Now, we can state that

Lemma 5. There exists an unbiased estimator of x;; and its variance is O () -

Proof.
. %N; Y (3.1.8)
Then
E (i) = %%(1 + 45) — 1 = x;5, Var (&) = %%(1 —a}) = w (3.1.9)
O
Let us introduce the notations
M = [y g i), © = 00.65,8], 2= [6,6,6] X = {a}lm (8110
By definition,
X =M"Z, (3.1.11)
hence M X = Z, therefore we can estimate the Bloch vector of the output qubits:
== MX. (3.1.12)
By the definition of the channel matrix A, the equation
== A0 (3.1.13)
holds, hence let the estimator of the channel matrix be
A=z0"'=MXOL (3.1.14)

3.1.3 The estimation of the channel parameters

To get the estimators of the channel parameters, one has to compute the inverse of the
channel parametrization described in Lemma 2, and apply it to the estimated channel
matrix A.

Hence, we have to construct an extension of the inverse of the mapping

A:D — M3(R)a ()\17 )\27 )\37¢z7¢y7¢1‘) — A(Ala )\27 )\37¢z7 ¢y7¢r) (3115)

that is defined in (3.0.13). Here D C RS is a proper subset of the parameter domain
determined in Lemma 2, where A is injective. We have to find a map

T:M;(R) = RS A (A, Ao, As, s, by, ba) (3.1.16)

such that
ToA=1Idp. (3.1.17)

13



The domain of 7" should be Mj3(R), because the estimation A is a random variable, its
range is wider than Range(A).
The construction of 7' is the following. Let us symmetrize the estimation of the

channel matrix A, := % (A + AT> Ay is symmetric, hence it is diagonizable in an or-

thogonal basis. The Jordan decomposition of A, is computable, because its characteristic
polynomial is qubic, hence the eigenvalues can be obtained by Cardano’s formula. By
simple linear algebraic methods, the eigenvectors are obtained as well. Therefore, let us
assume that A, has the eigenvalues A > Ao > A3 and the corresponding eigenvectors
are vy = (v],v3,v3), ve = (v3,v3,03), v = (v3,’u3,v3) Without loss of generality we can
assume that v} > 0 or v} = 0 & v? > 0 or v{ = 1, because if the above condition is not
satisfied, we may consider —vjy.

The estimators of the contraction parameters are the ;\1 > 5\2 > 5\3 eigenvalues of
A,. The hard task is the estimation of the angle parameters. By the investigation of
the channel parametrization (3.0.13), one can see the picturesque meaning of the angle
parameters:

e ¢. is the polar angle of the eigenvector vy
e ¢, is the azimuth angle of the eigenvector v4

e ¢, is the angle between the eigenvector v and the intersection of the orthocomple-
ment subspace of v; and the subspace spanned by the standard unit vectors e; and
€s.

These quantltles are Well defined if and only if )\1 > )\2 > /\3 But we can not assume in
general that AL > Ao > )\3, hence we have to handle the following four opportunities.

1. In the general case )\1 > )\2 > ;\3.

™

In the case v} = 1 set quﬁy =7, qu = 0. (If the azimuth angle equals 7, the polar
angle can not be determined, hence our choice is 0.)

If v3 # 1 and v? = 0, set ¢, = arccosv} and ¢, = 0, because if vy lies in the plane
spanned by e; and es, but vy # es, then the polar angle is zero, and the azimuth
angle can be calculated by the above simple formula.

If v # 0, set y = sgn(vi)y/(v1)? + (v?)?, 2 := % and ¢, 1= arccosy, ¢, = arccos z.

We determined éz and ngﬁy, hence we can write an orthonormal basis of the orthogonal
subspace of vy with the folowing property: the first basis vector is in the plane
spanned by e; and es:

s1 = (—sing,,cos¢,,0)", sz = (—sin ¢, cos ¢., — sin ¢, sin ¢, cos ¢,)” .

These two vectors are the second and the third column vectors of the matrix
R.(¢,)R,(¢,). Therefore vq,sy, sz is an orthonormal basis. v, and vy are orthogo-
nal, hence vo = (vg, s1) S1+(Vva, S2) s2. Let us introduce the notations ¢; = (va, s1)
and ¢z = (va, s2) . Now, we can estimate the third angle: set x = sgn(gs)qy if |q1| # 1
and z = 1 if |¢1| = 1, and &, := arccos z.

2. In the case \; > Ay = A3 the estimations ngSy and ¢, can be determined as in the
generel case, and we choose ¢, = 0. (If Ay = A3, then R, AR = A.)

14



3. In the case 5\1 = 5\2 > 5\3 one can calculate the eigenvector vz.

If |v3| = 1, then vy € span(e;,es), hence the azimuth angle is zero (¢, := 0).
span(eg, eqz) is the eigensubspace of the eigenvalue A;, hence the polar angle is
unspecified, our choice is ¢, = 0. Obviously, ¢, = 0 in this case.

If [v3] # 1, then there is a unique eigenvector v of the eigenvalue A\; = A, such that

vy =0, v; <0 and vy = 0= v; = 1. The polar angle can be calculated from v, :

¢, = arccosvi. The azimuth angle is the angle between vs and es: ¢, = arccos v3,

and (ng =0.
4. If A\ = Ay = A3, then set gﬁx = qu = ¢2Z =0.

Now we can determine the parameter domain, where the parametrization of the Pauli
channels is bijective:

D ={( A1, X, A3, b2y Dy G2) ERO L T A3 > A £ Nof, A > Ao > A3,

e
¢z>¢ya¢x€ [077T)7¢y:§:>¢z:()7 )\1:)\2:)\3:>¢z:¢y:¢z20a
)\1:)\2>)\3:>(¢x:OéS¢y:O:>(bz:0),

3.2 The accuracy of the parameter estimation

The efficiency of the channel tomography scheme described in the previous subsection
depends on the parameters of the Pauli channel, and it depends on the parameters of
the estimation scheme, as well. The input states and the maesurements are described
by the angle parameters ¥ = (9,,9,,9,) and 7 = (7,,7,,7,;) introduced in (3.1.1) and
(3.1.2). Hence, the estimation scheme is determined by the parameters ¢, 7 and N
(N is the number of measurements). The Pauli channel is described by the parameters
A= <>‘17 A2, >‘3) and ? = (¢zv gby? ¢$)

We measure the efficiency of the parameter estimation with the mean squared error of
the estimated contraction parameters and angle parameters, and with the mean squared
mean squared distance of the real and the estimated channel matrix.

Let us introduce the following quantities:

A 67,8, N) = B (dist(de, 6.)? + dist(dy, 6,)° + dist(6. 6.)?) (3:2.1)
f2(A, ¢, 7,0, N) = E ((Xl — M2+ A= )2+ (s — )\3)2) (3.2.2)

f3(0 67,9, N) = B (1A, Ao, A, 62,6y 60) = A Aa, A, 02,65, 00)I2) - (3:2.3)

where || -|| is the Hilbert-Schmidt norm. We identify the angle parameters that determine
the same Pauli channel, therefore we define the above distance function with the formula

dist(Pa, do) := inf{|da — (o + k7)| : k € Z}. (3.2.4)

It is easy to see that in fact

inf{|pa — (o + kn)| - k € Z} = min{|da — (¢ + kn)| : ke {=1,0,1}},  (3.2.5)

15



hence dist(éa, ¢q) 18 easy to compute.
Our aim is to determine the most efficient estimation strategy for given Pauli channel
and for fixed number of measurements. That is, we have to minimize the

(7,9) = fi(A, ¢, 7,9, N) (i € {1,2,3}) (3.2.6)
functions with given A, ¢, N values.

Proposition 6 (Rotational invariance). For any O € Mg3(R) orthogonal matriz, the
estimation of the Pauli channel described by the channel matriz A using the input and
measurement settings © and M (see (3.1.1), (3.1.2)) is exactly as efficient as the estima-
tion of the Pauli channel described by OAO™Y with the input and measurement settings
00 and OM.

Therefore, it is enough to investigate Pauli channels with channel parameters ¢, =

¢y:¢x:0-

3.2.1 General computations

First we prove some basic statements that are useful to solve the above declared opti-
mization problems.

Sometimes, it is convenient to expand matrices in the basis of the matrix units, and
consider the representing vectors instead of the matrices themselves. The following lemma
formulates a basic rule that can be proved by direct computations.

Lemma 7. Set B,J € M, (R), then LgR; : M,(R) — M, (R); X — BXJ is a linear
map, furthermore, the matriz of LRy is B ® J* € M,2(R). That is, if

Tl ooy Ty T21y - o+ 3 L2ny e ooy Tpdy o ooy T € R
are defined by the equation X = 37", i By (where {Ey;}7;_, is the basis of the matriz
units), and

Yits - Yins Y215 - -5 Y20y - -5 Ynly - - -5 Ynn € R
are given by the equation BXJ = Z?Fl yij Eij, then

(yllv sy Yins Y21y -5 Yoy - -5 Yndy - 7ynn>T =

=B X JT<£C11, s Ty L2y e ey X2y e ooy Tply e v - ,LCnn)T. (327)
The following lemma is often cited in the further proofs.

Lemma 8. The tensor product of orthogonal matrices is orthogonal as well, and the
Hadamart-square of an orthogonal matriz is bistochastic.

Proof. 1f O1,05 € M,,(R) are orthogonal, then
(01 ®0,) (01 ® 05)" = (01 ®0,) (0] ® 0F) = 0,0{ ® 0,03 = 1,81, = I,. (3.2.8)
A similar computation shows that
(01 ® 05)T (01 @ Oy) = I, (3.2.9)

Hence O; ® Oy is orthogonal, therefore (among others) (O ® 02)71 = (Of ® OF ) )
The bistochastic property of the Hadamart-square follows from the fact that every
column and row of an orthogonal matrix is a unit vector (in the Euclidean norm). O
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Lemma 9 (Unbiasedness I). The estimation of the channel matriz is unbiased, that is
E(a;;) = aij, where {a;}3;_, are the elements of the estimation A defined in (3.1.14),
and {a;;}};_, are the elements of the channel matriz A(), ¢).

Proof. (3.1.9) states that E(%;;) = z;;. Because of Lemma 7 we can write (3.1.14) in the
following form:

A= (R(r)® R(W)) X. (3.2.10)
(Now A and X denote the representing vectors.) The expected value is linear, hence
E(4) = (R(z) ® R(2)) B(X) = (B(7) @ R()) X. (3:2.11)
On the other hand, using the representing vectors, by the definition of X, we can write
X = (R(n)" ® R(¥)") A. (3.2.12)
(R(D)" ® R(Q)T)il = R(1) ® R(¥), hence

A= (R(r)® R(V)) X. (3.2.13)
(3.2.11) and (3.2.13) shows that the proof is complete. O

If i # k or j # [, then #;; and 2y, are independent random variables, because they are
determined by independent measurements. Hence the equation (3.2.10) shows that the a;;
estimators are linear combinations of independent random variables, and the coefficients
depend only on 7 and ¥:

ap = Z e (7,9) 2, (3.2.14)

leH

where H = {11,12,13,21,22,23,31, 32,33}, k € H.
Lemma 10. Set ¢ =, dpay (dy € R). Then

.2
Var () =Y (Z dyew (7, 0) ! N“T’. (3.2.15)

leH \keH

Proof. (3.2.14) shows that

= dpip =Y dp Yy o (T 0) =) (Z dicry (1,0) ) i, (3.2.16)

keH keH leH leH \keH

and Var(z;;) = & (1 — %) (see (3.1.9)), hence the proof is complete. O

3.2.2 Linearized estimators

It is difficult to handle the functions f; and fy defined in (3.2.1) anf (3.2.2), because
the estimators ;\Z and g%a are non-linear. These estimators are M3(R) — R functions
(the input is the estimated channel matrix), one can approximate them with their first-
order Taylor-polynomial. Let the base point of the Taylor-polynomial be the expected
value of the input. By Lemma 10, Var (a;;) = O (%) , hence the distribution of the

random variable A is concentrated on a small environment of E(/l), if N is large enough.
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Therefore, the linearized functions with the base point E(A) approximate the non-linear
estimators well.

By Lemma 9, E(A) = A, hence we consider the following linearizations of the estima-
tors 5\17 5\2, 5\37 qu, ng, qu :

M= h(A) + <grad5\i(A), A A> (Vie{1,2,3)), (3.2.17)
G = dalA) + (gradda(4), A— A) (¥ a € {z,y,2}). (3.2.18)
Now, we can define an approximation of the functions f; and f;.
FiA 6,70, N) = B (8 = 62 + (8 — 6)* + (e — 62)%) (3:2.19)
f2(\ 6, 7,9, N) :=E ((x1 A2 o — )2 4 (g — )\3)2> (3.2.20)

Lemma 11 (Unbiasedness II). The linearized estimators \; (i € {1,2,3}) and po (a €
{z,y,z}) are unbiased.

Proof.

~

E(\) = E(A(4)) + B ((gradAi(4), 4= A4)) = 3(4) + (grad)i(4), B(4 - 4)) =

= XN(A)+0 =\ (3.2.21)

It was used that the estimation of the channel matrix is unbiased (see Lemma 9), and the
parameter estimation is the (left) inverse of the channel parametrization, hence

Xi (AN, 9)) = N (i € {1,2,3)}). (3.2.22)

Similarly, @, (A(A, @) = ¢, therefore

E(6) = E(éu(A)) + E <<gradg5a(A), A— A>> = ¢o (a € {z,y,2)). (3.2.23)
O

It follows that the loss functions defined by the mean squared error can be written in
a simpler form:

fi(\, ¢, 7,9,N) = Var(¢.) + Var(¢,) + Var(¢,), (3.2.24)

f2(A, ¢, 7,9, N) = Var(\;) + Var();) + Var(}s). (3.2.25)

(3.2.17) and (3.2.18) show that the linearized estimators are linear combinations of the
the estimated channel matrix elements, the d;;-s (up to an additive constant). By Lemma
10, the variance of the random variables of this type is computable, hence fl and fQ can
be written in a closed form.

The parameter estimation

T:M;s(R) = RS A (A, Ao, As, s, by, ba) (3.2.26)
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is the (left) inverse of the channel parametrization

A:D— M3(R)a <)\17 )‘27 )‘37 ¢z>¢y7 gbaﬁ) — A(Ala )‘27 )‘37¢Z7¢y7 ¢l’)7

hence

dT (AN, ¢)) = (dA(X, 9))

Because of the rotational invariance, it is enough to investigate the channels with angle

parameters ¢, = ¢, = ¢, = 0. It follows from (3.0.13) that

A cos? ¢, + Agsin® ¢, (A — \o)sing, cos¢, 0
A(>\17 >\27 >\37 ¢Z? 07 0) = ()‘1 - )\2) sin ¢z COS ¢z )\1 Sin2 ¢z + )\2 COS2 ¢z 0

A(Aly A27 A37 07 ¢y7 0) =

(
1

AN, A2, 05,0,0,0,) = | 0 Aacos? ¢, + Azsin® @, (A — A3) sin ¢, cos @,
0 (Ao — A3)sing, cosg, Mgsin® ¢, + Az cos? ¢,

0

0

1

A1 cos? ¢, + Agsin g, 0 (A — A3)sin ¢, cos ¢,

A1 — A3)sing, cosp, 0 Apsin® ¢, + A3 cos® @,

0 1

0

0

(3.2.27)

(3.2.28)

. (3.2.29)

. (3.2.30)

. (3.2.31)

(3.2.32)

(3.2.33)

(3.2.34)

(3.2.35)

(3.2.36)

therefore
oA 0 (A1 —X2) O
a ()\17)\27)\3707070) = ()\1 - >\2) 0 0 )
2 0 0 0
0 0 (A — A3)
0A
a—(>\1,>\2,>\3,0,0,0) — 0 O O 5
Py M=2X) 0 0
0 0 0
0A
3 (A1, A2, 23,0,0,0) = [ 0 0 (A2 — A3)
Z 0 Ma—Xs) 0
On the other hand A(A,0) = Diag(A1, A2, A3), hence
0A 0A 0A
—(\,0) = Diag(1,0,0), —(\,0) = Diag(0,1,0), ——(\,0) = Diag(0,0,1).
aAl (_7 _) 1ag< ) b )7 8A2 (_7 _) 1ag< ) b )7 aAg (_7 _) 1ag( ) ) )
Let the derivative of A be written in the form
Oa11  0Oair  Oair  Oair  Odair  Jdair
O\1  Oha  OXz 0. Opy 0oz
6(122 aa22 8&22 aazg 6a22 8(122
5281 0o O3 O Oy Oy
Oazz  Oazz Odazz Odazz Odazz Jass
an=| By g B B kg
Dy s e 6. 06,  doe
daiz  Oa13  Odaiz  Oa1z  Oaiz  Odaiz
o1 OAg O3 [olo) Oy [olo
Odags  Oazz Oags  Odazz Oags  Jdagy
O\ Oy O3 0p. 0p, Odu

(3.2.32), (3.2.33), (3.2.34) and (3.2.35) show that

dA()‘la )‘27 )‘37 07 07 0) = Dlag(la 17 17 >\1 - >\27 )\1 - )\37 )\2 - )\3)7
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It follows from (3.2.28) and (3.2.37) that

1 1 1
dT (A(),0)) = Diag(1,1,1 . 3.2.38

By the construction of T,

T =T|M;5(R) o S, (3.2.39)
where M3(R) C Mj3(R) is the subspace of the symmetric matrices and S is the orthogonal
projection onto this subspace (S: A A, =1 (fl - (A)T>) Set

d12.5 = 5 (G12 + G21) , G135 = B (G153 + as1) , Goss = B (G2 + a32) (3.2.40)
With this notation, the result of (3.2.38) is the following:

Oh _0ha 0N _ . 09 1 9, 1 9o, 1
dayy  Oagy  Oags  Oarzs A — X Oaazs A — A3’ Odogs Ao — A3
(3.2.41)
if A = Diag(\, A2, A3), and all the other partial derivatives vanish. Applying the chain
rule to the equation (3.2.39) one gets the gradient of the parameter estimations.

Lemma 12. The non-vanishing partial deriwatives of the parameter estimations ;\i, qga (i €
{1,2,3},a € {z,y,x}) in the point A = Diag(A1, A2, A3) are the following:

IOV I) VRO 09 _ 06 1
8&11 3&22 8d33 ’ 6&12 8&21 2()\1 - )\2)7
06, 99y, 1 0bs _ 00, 1

= o = y A = = . 3.2.42
3a13 3a31 2()\1 — )\3) 8&23 8&32 2()\2 — )\3) ( )

By Lemma 12, the variance of the linearized parameter estimations defined in (3.2.17)
and (3.2.18) has the form

Var()\,) = Var(ay;), Var(\;) = Var(ay,), Var(\s) = Var(ass) (3.2.43)
and
~ 1 R R ~ 1 A A
Var(¢,) = mVar(cm + as1), Var(¢,) = mVar(alg +asy), (3.2.44)
- 1 ) )
Var(¢,) = mVar(agg + d32). (3.2.45)

A(S\l,jxg,j\g,(ﬁz, ¢Ey,¢fx) — A,, hence the distance of the real and the estimated channel
matrix is the following:

|’A(>\17 >\27 >\37 ¢z>¢ya ¢x) - A(S\la 5‘2, 5\3a ézaéya éx)HQ - ||A()\1’ )\2’ )\3’ ¢zv¢yv¢x> - ASHQ =
= (11 — a11)? + (Ggp — an2)? + (@33 — as3)’+

A~ A~ 2 A~ N 2 ~ ~ 2
a12 — Q12 a1 — Q21 @13 — 13 31 — a3z (23 — 23 a32 — 432
2 2 2 .
+ ( 2 + 2 ) + ( 2 + 2 ) + ( 2 + 2 )

(3.2.46)
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A is unbiased, therefore

E <||A()\17)\27)\37¢27 ¢y7¢x) - A(j\ly 5\27 5\37Q§za ggyvqgw)Hz) -

1
= Var(dll)+Var(&22)+Var(d33)—|—5 (Var(&m -+ &21) + Var(dlg + &31) + Var(&gg + ddg)) .
(3.2.47)

Summary. The loss functions fy, fo and fs defined in (3.2.19), (8.2.20) and (3.2.3) have
the form

fl(AaQ717Q7 N) -
1 R R 1 R R 1 . R
= —4(}\1 — )\2)2Va1‘(a12 + ao1) + —4<)\1 — )\3)2Var(a13 + az1) + mVar(agg + asz),
(3.2.48)
f2(A,0,7,9, N) = Var(ay) + Var(a) + Var(ass), (3.2.49)

f3<A797laQ7 N) =

1
= Var(du)+Var(&22)+Var(&33)+§ (Var(aio + a9;1) + Var(ays + az1) + Var(ags + dasq)) .
(3.2.50)

3.3 Optimal tomography settings

In this section we determine the optimal tomography settings by minimizing the quantities
in the above summary.

3.3.1 Optimal estimation of the channel matrix

Theorem 13.
f3 (Aa Qa T,

and (8.8.1) holds with equality, if T =9 = 0.

|

N)>— (6= (AT + X+ 73), (3.3.1)

Proof. Observe that

f3(A.0,7,9,N) = -5 <Var(a12 — 1) + Var(ais — as1) + Var(ags — a32)> + Y Var(ay).
17]6{17273}
(3.3.2)
Using the representing vectors one can see that

~ A~

A= (R(z) ® R(¥)) X, (3.3.3)

where R(¢) = R.(C.)Ry({y)Re(C), (¢ € {7,9}). The dy;-s are independent estimators,
hence

Var (A) = (R(r) ® R(¥))? Var (X> , (3.3.4)
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where (-)2 denotes the Hadamart-square. By Lemma 8, (R(7) ® R(1)))? is bistochastic

N 1—;1;2.
and Var(Z;;) = —, hence

> Var(dij)—% 9— > x| (3.3.5)

i,j€{1,2,3} i,j€{1,2,3}

On the other hand, by Lemma 10

. . 1— 22
Var(a;; — aji) = Y (ciji (7,0) — ¢jir (7,9))? N L (3.3.6)
leH
If 7 # j, then
Z (ciju (T,9) = cjia (T, 9))? =2, (3.3.7)
leH
because it is the squared norm of the sum of two orthogonal unit vectors. %(1 —a?) <
~ (VI € H), hence
2 1-— .1'12 2
> (e (7,9) = ¢jia (7,9)) SN (3.3.8)
leH
It follows that
Var(ins — an1) < —, Var(a )< 2 Var(ag — ag) < — (3.3.9)
B NG - Y r - —. 0.
ar(aiz — a21) = N’ ar(ai;z — az1) > N’ ar(azs — a32) > N

The last step is that

> af =TeXXT = Tr (R(r)"A(A, Ao, As) RO R(D)"A(A1, Ao, As) T R(7)) = M+ +A3,

l’]€{17273}

(3.3.10)
and the inequality (3.3.1) is proved. It is easy to check that if 7 =9 = 0, then
. 1 . . . . . . 2
Var(aij) = N(l — 52])‘1) Var(am — agl) = Var(a13 — (131) = Var(a23 — agg) = N,

where 7, j € {1,2,3} and 0;; is the Kronecker-symbol, hence the minimum is obtained. [

3.3.2 Optimal estimation of the contraction parameters

Theorem 14. 1
RA0.1,0.N) 2 < (3 (W + 25 +29)) (3.3.11)
and (3.3.11) holds with equality, if T =¥ = 0.
Proof.
(0,79, N)= > Var(a;)= Y Var(a;) — Y Var(a). (3.3.12)
ie{1,2,3} i,je{1,2,3} i#j
(3.3.4) shows that Var (a;;) < + (V4, ), because - ? < + forevery 4, j, and (R(1) ® R(9))?
is double stochastic. Therefore
. 6
> Var(a;) < N‘ (3.3.13)



If we compare the results of (3.3.5) and (3.3.10) with (3.3.12), we get that

1 6
Var(du) + Var(d”) + Var(&33) Z N (9 — ()\% + /\g + /\3)) - N, (3314)
pum Q pu—

hence the inequality (3.3.11) is proved. It is easy to check that if 7 0, then

1

1
Var(du) = N(l — A%), Var(fm) = N(l — Ag), Var(d33> = (1 — Ag), (3315)

==

hence the minimum is obtained. O

Practical consequence. The estimation of the channel matrixz and the contraction pa-
rameters is optimal, if the input states, the von Neumann measurements and the Pauli
channel have the same directions.

Note. In this work, a tomography scheme for Pauli channels with unknown channel
directions is presented. Nonetheless, one can apply this scheme for Pauli channels with
known channel directions. Assume that the channel directions are {%([ + tai)}le. Now,
we do not estimate any angle parameters and the estimators of the contraction parameters
get simpler: \; = a;; (i € {1,2,3}). Recall that

3
1

=1

and if T = ¥ = 0, then this inequality holds with equality. Therefore, the tomography of
a Pauli channel with known directions is optimal if the input states, the von Neumann
measurements and the Pauli channel have the same directions. Hence the proof of Theorem
14 is a new verification of the result that appiers in [16].

3.3.3 Optimal estimation of the angle parameters

(3.3.3) shows that the quantities Var(a;; +aj;) (¢ # j) can be written as explicit functions
of 7,9, X and N, and by (3.1.11), X is an explicit function of A, 7 and ¥ as well. Therefore
the quantity .
fl(AuQvIaQ) N) =
1 1 1

= mvar(&m + a91) + 1 Var(as + as1) + 1

- -V P P
()\1 _ )\3)2 ()\2 _ )\3)2 ar(a'23 + CL32)

(3.3.17)
can be expressed in a closed formula. With fix A and N, the optimization of f; is an
extremal value problem with six variables (7,,7,, 7,9, 3,,9,) that can not be solved
analytically. Therefore we seek the best estimation strategy by numerical optimization
with some fixed contraction parameters.

For example, set \; = 0.8, Ao = 0.65,A\3 = 0.5 and N = 1000. In this case, the
optimal angles (zapt, Qopt) that can be calculated numerically do not show any regularity
except 7, = U,,,. However, f1 is nearly minimal in two special points: f; = 0.03676, if
.=0=491=0,=9T="0,=0o0rT1.=9.=%1=79=0r71=19,=7, while
the minimum is

min f1=0.03634. (3.3.18)
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The difference can be considered small, for comparison, f;(r = 0,9 = 0) = 0.05.

We get a similar result, if we fix the contraction parameters )\1_ =0.9, X =0.67,\3 =
0.6 and the number of measurements N = 1000. In this case holds as well,

and in the above mentioned points 7 = 9 = (%, %,0) and 7 = Q =(1,0,%) f1 is nearly
minimal: f; = 0.01675, while

min fi = 0.01659. (3.3.19)

For comparison, fi(r = 0,9 = 0) = 0.02446.

There are some results of empirical simulations in the Appendiz. These simulation
results are useful to illustrate and verify the theoretical results and we can formulate con-
jectures based on these investigations as well. Figure 5.1 and Figure 5.2 in the Appendix
show the graph of the function f; with A; = 0.8, Ay = 0.65, A3 = 0.5, N = 1000, 7 = ¥,
and with fixed ¥, = 7, = 0 and ¥, = 7, = 7§, respectively.

Now, we can formulate a conjecture based on the numerical optimization computa-
tions.

Conjecture. For any fixed parameters A, N

e if fi(\,0,7,9,N) is minimal at (T Topt> Uopt)s then 7, =1

~opt»

o the estimation strategies described by parameters T, = v, = (%, 2.0) and 7, = ¥, =

4
(3,0,%) are nearly optimal.

3.4 Pauli channel with known parameters in one direc-
tion

In the previous subsection we did not succeed to find the optimal tomography setting to
estimate the angle parameters analytically. However, if we assume some a priori knowledge
about the Pauli channel, this optimization problem has an analytical solution.

Let us assume that we have the following informations about the orthonormal system
{v;}3_; € M3*(C) and about the contraction parameters A1, A, Ag that determine the
Pauh channel:

vy = o3 and A3 = 0. (3.4.1)
In this case the channel matrix has the following simplified form
AN, Ay 8) = RIOAOw, M) R(9) ™ (34.2)
that is
A1 cos d? + Agsing? (A — Ag)singpcosd 0
AA, A, 0) = | (A1 — Ag)singcosd Apsing® + Agcosg® 0 | . (3.4.3)

0 0 0

Now it is easy to show that the input states and the von Neumann measurements should
be orthogonal vectors in the plane spanned by o7 and o5. Hence, the input states and the
measurements can be parametrized using a single angle parameter ¥ and 7, respectively:

011 021 O my; moy 0
0= 912 922 0 = R(ﬁ), M = AV 0 = R(T)
0O 0 1 0 0 1
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Let us linearize the estimation of the angle parameter. The parameter estimation
T :My(R) = R3; A (A, Ay, @) is the left inverse of the channel parametrization

AR>D— MQ(R)7 ()\1, Ao, ¢) — A()\l, Ao, gb), (344)
therefore the derivatives satisfy
AT (A(M, Az, 6)) = (AA(M, A, 0)) 7" (3.4.5)

Let us write the derivative of A in the matrix form

dai11  Oaii dai
gh é%z 83¢
_ az2 az2 a2
dA = Ny O 90 . (3.4.6)
Oaiz  Odaiz Oaiz
oA O 06

It follows from (3.4.3) that

cos? ¢ sin?¢ (Mg — A\p)sin2¢
dA(A1, g, 0) = sin? ¢ cos’p (A — Ng)sin2¢ | . (3.4.7)
1sin2¢ —1sin2¢ (A —A\2)cos2¢

Because of the rotational invariance it is enough to investigate the channels with angle
parameter ¢ = 0, hence it is useful to observe that

10 0
dA(A, A2, 0) = | 0 1 0 . (3.4.8)
0 0 (A=)

Because of the construction of T,
T = T|M5(R) o S, (3.4.9)

where M5(R) C My(R) is the subspace of the symmetric matrices and S is the orthopro-
jection onto this subspace (S : A — A, := . <121 + (A)T>) Let us introduce the notation
12,5 = %(@12 + a91).

If we calculate the inverse of the matrix in (3.4.8), we get that in the point A =
Diag(A1, A2, 0) we have

O _ 0 | 09 1
da B Oasy o a&12,5 B Al — )\2’

(3.4.10)
and all the other partial derivatives vanish. By applying the chain rule to the equation
(3.4.9), we get the derivatives of the parameter estimations.
Lemma 15. With the usual notations

oA O 06 09 1

AL R T 3.4.11
@all aagz 8&12 8&21 2()\1 — )\2) ( )

and the other components of dT are zeros in the point A= Diag(A1, Ag,0).
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Because of the unbiasedness of A, the linearized estimator of the angle parameter with

the base point E(A) is the following:

_ 0o

(A) . (&11 — all) +---+ 886;:2 (A) . (dgz — agg). (3412)

By Lemma 15, if the angle parameter of the channel is ¢ = 0, then

Q; = QE(A()\M A2,0)) + m (G192 — a1z + G91 — ag1) . (3.4.13)

The mean squared error of this estimation has the form
- 2
G0 A, 0,79, N) = E (6 - 0) (3.4.14)
The estimation A is unbiased and the linearized estimation <z~5 is unbiased as well, hence
it follows from (3.4.13) that
~ 1

g( A1, A2, 0, 7,9, N) = Var(¢) = 7

WV&I‘ (d12 + d21> . (3415)
17— A2

By (3.2.15), the expression Var (aj2 + G91) can be written as an explicit function of
A1, Ao, 7,9 and N. We have to solve the minimization problem

G(A1, A2, ¢, 7,9, N) = min

with two variables (7,9) for fixed A;, Ao, IV values. The result is formulated in the following
theorem.

Theorem 16. Assume that \y > Xy, Ao # 0 and A\ # —\s.
1o If (A 4 X2)2 > 2(A1 — Xa)?, then G(Ai, Mo, 0, 7,9, N) is minimal if and only if

™ ™
Topt =— ﬁopt = Z (mod E) .

The minimal value of the loss function is

N) = 1 (4= (A +A2)%) . (3.4.16)

g(Ai, A2, 0 =
g( 1, N2, Y, 4()\1—)\2>22N

e
7Za

o

2. If (A + Xa2)? < 2(\1 — Xo)?, then G(A1, Mo, 0, 7,9, N) is minimal if and only if

™ ™
Topt = 190pt =X or § - (mod 5) ,

A1 +A2)? .. .
where x = }Larccos (—2((;;152))2). The minimal value is now

~ 1 1 b _|_A 4
g()\17/\27077—opt7190pt,N) = ( 1 2) ) .

1
L O ¥ N v
4<A1—A2>22N( ) = g
(3.4.17)
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Proof.

1 1 1
g(A1, A ¥, N) = — = Var (a d21) = 3o
g(A1, X, 0,7,0, N) 00— ) ar (a2 + Go1) 100 = g)? 8NX

X (16—3()&—1—)\3) —2X1 A2+ (A1 4+ Xg)?(cos 47 +cos 49) + (A — Xg)? cos 4(7'—1—19)) . (3.4.18)

Computing the partial derivatives with respect to 7 and ¥, one gets that if g has a local
extremum in (7,4), then

—(A1 + A2)?sin(49) = (A — Ap)?sin(4(9 + 7)), (3.4.19)

—(A1 + A2)?sin(47) = (A — Ap)?sin(4(9 + 7). (3.4.20)

(A1+A2)% # 0, hence (3.4.19) and (3.4.20) show that sin(449) = sin(47). By a trigonomet-
rical fact, if additionally 49 # 47 (mod 27), then sin(49 + 47) = 0. Therefore by (3.4.20)
and (3.420) 7 =0, ¥ = § (mod §) or 7 = §, ¥ = 0 (mod 7). It is clear form (3.4.18)

that g is strictly greater in these points than in the point 7 =1 = 7 (mod %), because

—2(M\1 + X))+ (A = A)? < =\ — \2)?, (3.4.21)

and (3.4.21) holds with equality if and only if Ay = 0, but we assumed that Ay # 0. Hence
the minimum of g is obtained on the line 7 = 9. Therefore, let us assume that 7 = 9,
and our problem turns into an optimization problem with one variable. It is clear from
(3.4.18) that we have to minimize

F, o (7) = 2(A1 + X9)?cos (47) + (A1 — A2)? cos (87) — min. (3.4.22)
F), x, is §-periodic in its variable 7-ban, hence we may assume that 7 € [0, %) .

1. F}, ,,(7) = 0 if and only if (A + X)*sin(47) = —2(A\; — Xp)?sin(47) cos(47), that is

T € {O, %} or cos(4r) = ——2({\;1t>;3)2. (3.4.23)
2.
Fy (1) = =32 ((A1 + A2)? cos (47) + 2(A\; — Ag)? cos (87)) . (3.4.24)

This expression is negative in 7 = 0, hence there is a local maximum in 7 = 0. FY ,,
is positive in 7 = T if and only if (A} + A2)? > 2(A; — Ag)%.

Therefore if (A; + A2)? > 2(A\; — X\2)?, then by (3.4.23) and by the bounded property of
the cosine function, § can be extremal only in the points 7 = 0 and 7 = F. (A + )% >
2(A — X2)?, hence g has a local minimum in 7 = Z. (Recall that in 7 = 0 there is a local
maximum.) ¢ does not have any other local minimum, hence there is a global minimum
inT=7.

If (A1 + A2)? = 2(A\; — A2)?, then (3.4.23) shows that if g has a local extremum in 7,
then 7 € {0, 7}. g has alocal maximum in 7 = 0, hence by the Weierstrass theorem (that
states that every continuous peridic function has a minimum) § has a (global) minimum

; _
1n7'—4.
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If (A1 4 X2)? < 2(Ay — A2)?, then § has local maximum in 7 = 0 and in 7 = §. (3.4.23)
shows that the minimum can be obtained in

{T . cos(47) = —H, TEe [0, g)} —

S O T A Y (TR | o

It is clear form (3.4.22) that F), x,(7) = Fx,»,(5 — 7), hence by the Weierstrass theorem,
the global minimum is obtained in both of the above mentioned points.

The minimal values of the loss function g (see (3.4.16) and (3.4.17)) are calculated by
direct computations from (3.4.18). O

Practical consequence. To optimally estimate the angle parameter, the directions of the
imput states and the von Neumann measurements have to be the same, but these directions
differ from the channel directions and depend on the contraction parameters Ay and As.

Example 4. If \; = 0.8 and Ay = 0.2 the optimal input and measurement directions are
Topt = Uopt = 5. These are the optimal angles in most cases, however, if \y = 1 and

N S T s
Ay = 0 then Top = Vopr = 5 07 5.
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Chapter 4

Tomography of generalized Pauli
channels

As a generalization of the quantum bit Pauli channel, Petz and Ohno introduced the
generalized Pauli channels for finite dimensional quantum systems [14]. None of the
papers related to this topic define the channel directions (see e.g. [8] and [12]). Our aim
is to define the channel directions and the angle parameters for generalized Pauli channels.

A class of the generalized Pauli channels is in one-to-one correspondence with the
mutually unbiased bases of the underlying Hilbert space. By this bijection and by a
parametrization of the unitary matrices we can define angle parameters for the Pauli
channels of this class.

4.1 Pauli channels given by Abelian subalgebras

4.1.1 Mutually unbiased bases

Definition 3 (MUB). Let 7y = {f{,... f'},..., F. = {f},... [} be orthonormal bases
of the space C™. If

[ = (111)

holds for every 1 <k #1<r andi,j € {1,...,n}, then Fy,...,F, are called mutually
unbiased bases (the often used abbreviation is MUB ).

If n = pM with some prime p and M € Z%, then there exists a MUB of C" with
n + 1 elements [3]. The construction is the following. Let us identify the elements of the
standard basis of C™ with the elements of the finite field F'(n). Let us define the function

27

X(#) == exp ( P

<0+9p+9p2 +---+9p““>>

and the matrices

Xo= Y Is+aq)(sl, Zo:= D x(rs)s)(s|. (4.1.2)

seF(n) s€F (n)

Then {{Z, : re€ F(n)}}U{{X,Z, : ¢€ F(n)}: r € F(n)}is a system of sets with n+1
elements. Every element of this system is a set of n commuting matrices. One can map
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the common eigenbasis to every set of commuting matrices. This way we get a MUB with
n + 1 elements. This MUB is called the fundamental MUB of C".

Example 5. Set p=2,M = 1. Then F(n) =Zy ={0,1}. By (4.1.2),

Xo=lop o+ =g 3 ) x=molroa=({ 5). @1y

20:1.yo><0\+1'|1><1\:<(1) (1J)’

Zy = 1-10) (0] + exp (? - 1) 1) (1] = ( - ) | (4.1.4)

Therefore

= {(42).(2 )} e = (3 4) (2 3}
I (CH I CKS)

The common eigenbases of the above three sets of matrices are

1 1
Fi= {5 o)+ 1), = 10 - 1y},
1 . 1 .
Fo= {5 (0 +il) S5 (0) i |, A= (o)}, (@19

respectively. This is the fundamental MUB of C2.

4.1.2 The connection between MUBs and complementary subal-
gebras

Definition 4. Let A;, Ay C M, (C) be *-subalgebras with unit. A; and Ay are called
complementary (or quasi-orthogonal) if their traceless parts (A, © CI and Ay © CI) are
orthogonal with respect to the Hilbert-Schmidt inner product.

Lemma 17. Let Fy,...,Fni1 C C" be mutually unbiased bases and A; be the subalgebra
of the matrices that are diagonal in the basis F; (i € {1,...,n+1}). Then {A;}"] are

pairwise complementary maximal Abelian subalgebras (MASAs) that linearly span M,,(C).

Proof. By definition, A; is a maximal Abelian subalgebra. We have to prove the quasi-
orthogonality. Set 1 <k #[1<n+1, X € A, 6CI, Y € A ©ClI, that is

(fe) )

X:(f,i,...,f,?)Diag(ml,...,xn) : ,Y:(fll,...,fl")Diag(yl,...,yn) :
() ()
(4.1.7)
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where z;,y, € C, Y27 2 => " y; = 0. Then

(f) ()
TeXY* =Tr | (fi,..., fi") Diag(z1,...,zn) : (f',..., f") Diag(@y, - .-, ¥n) :
(f)" S/DN
w1 (fi) (f1)
=Tr : @ufls - U : (for s ) | =
Zxdyc <fk7 fz fza fk szdyc = <Z$d> <Z@c =0. (4.1.8)
d=1 c=1 d 1 c=1 d=1 c=1

l
The last part of the satetement can be proved by counting dimensions. dim (A;) = n,

hence dim (A4; ©CI) = n—1. CI, A, & CI,..., A,.1 © CI are orthogonal subspaces,
therefore

dim (span (A, ..., A1) =dim (CI & (A, 6CI) & -+ (A1 ©CI)) =
=1+ (n+1)(n—1) =n* = dim (M,(C)), hence span (A, ..., A,11) = M,(C). (4.1.9)
[

If F; and A; are the same as in Lemma 17 and F; : M,,(C) — M,,(C) is the orthogonal
projection onto the subalgebra A;, then by the definition of Petz and Ohno [14], the map

£ :M,(C) = M, (C); A E(A <1—i/\> I+§:/\E (4.1.10)

is a generalized Pauli channel if the numbers \; € R are chosen such that £ is completely
positive. Ay, ..., A, are pairwise complementary MASAs, therefore the above defined
& is completely positive if and only if

n+1
1
1—|—n>\iZZAjz—mViE{l,...,n—l—l}. (4.1.11)

Jj=1

(See [14].)

4.2 Channel directions and generalized angle parame-
ters

Definition 5 (Channel directions). The channel directions of the generalized Pauli chan-
nel given by the pairwise complementary subalgebras Ay, ..., A, are the affine subspaces

Di={oecA: o =0 Tr(o) =1} C M,(C). (4.2.1)
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Unitary transformations of MUBs Given a MUB Fi, ..., F,.1 and a unitary ma-
trix X, the bases XFi,..., XF,,1 given by the definition XF; := {X f},..., X f"} are
mutually unbiased bases as well. If X € SU(n) then there are

Oél, e ,@n_l,el, e ,8n(n2—1)7617 . e ,/Bn(nz—l)

real parameters such that

X = D(Oél, ce ,Oén_l) H Uij (ij, /6_]]{/‘) (422)
1<j<k<n
where . ‘ ' e
D(ay,...,a, 1) = Diag (e“’l, ez et e ‘”) , (4.2.3)

and U, is the rotation of the subspace spanned by the standard basis vectors |j — 1) and
|k — 1): its effect on the mentioned subspace is given by the matrix

0(0.5) ( cosf)  —sinfe )

sin fet? cos @ (4.24)

and it equals with the identity on the orthocomplement (see [6]).
Now we can define angle parameters for Pauli channels given by MASAs.

Definition 6. Let n = p™ (p is a prime, M € Z*), Fi,...,Fny1 be the fundamental
MUB of C™ and X be the unitary matriz determined by the parameters

041,...,an,l,el,...,ew,ﬂl,...,ﬁmn;l).

Let A; be the subalgebra of the matrices that are diagonal in the basis XF;, E; be the
orthoprojection onto A;. Assume that the numbers {)\i}?:f satisfy the condition (4.1.11).
Then the Pauli channel

n+1 n+1
TrA
£ : M,(C) — M, (C); Ars E(A) = (1 -5 :A,-> LI+ Y NE(A) (425)
n
i1 i=1
has the generalized angle parameters (ozl, ey Q1,01 Oy, B, .. ,ﬁn(n_1)> :
2 2

Example 6. In the previous example we computed the fundamental MUB of C* (4.1.6).
It is easy to see that the corresponding subalgebras are the following:

Ay =span{l,01}, Ay =span{l, oy}, A3z =span{l,os}. (4.2.6)

If € is the Pauli channel with the generalized angle parameters («, 0, 3), then the MUB of
E is {XF1, XFo, X F3}, where

xe’ . —if3
X = X(a,0,8) = ( “ 0 )( cosf) — —sinfe ) (4.2.7)

e sin fe’’ cos f
Therefore, the corresponding subalgebras are

A} =span{l, Xo1 X*}, A, = span{l, XooX"}, A} = span{l, Xo3X"}. (4.2.8)
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It follows that the channel matriz of € given by the equation A = p~toEop (p is the
Bloch-parametrization) has the form

A= R(aaeaﬂ)Diag()‘la)\27)\3)R71(05797ﬁ)7 (429)
where 5
R(a,0,8) = {<%0 X (o, 0, 5)%%){*(@, 0, 5)> }MI . (4.2.10)

The generalized angle parameters are not equal with the angle parameters introduced in
Lemma 2 in general, for example

B cos2acos? @ — cos2(a — B)sin? @ sin2acos? § +sin2(a — B)sin26  cos(2a — B) sin 260
R(a,0,8) = | —sin2acos? 0+ sin2(a — B)sin?20 cos2acos? 0 + cos2(a — B)sin? 0  —sin(2a — B)sin20 |, (4.2.11)

— cos Bsin 20 — sin 3 sin 20 cos 20
but
COS ¢ COS py ~ — COS P SiN ¢y Sin Py — sin ¢ COs P — COS P sin ¢y oS P + sin ¢ sin P,
R.(¢2)Ry(dy)Raz () = sing; cos ¢y —sin@; sin ¢y sin gy + cos . cosdy  —sin @ sin ¢y cos g — cos P sing, |,
sin ¢y COS ¢y sin ¢ COS ¢y COS Pz
(4.2.12)

where R., Ry, R, are the rotations defined in Lemma 2. However, these parametrizations
show some analogies in some cases. For example,

3 cos2a  sin2a 0
R(c,0,0) = | —sin2a cos2a 0 | = R,(—2«), (4.2.13)
0 0 1

and
. cos20 0 sin26

R(0,0,0) = 0 1 0 = R,(—20). (4.2.14)
—sin20 0 cos26
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Chapter 5

Conclusion and future work

In this thesis we investigated the tomography of quantum Pauli channels which form a
wide class of the state transformations.

In Chapter 3 we considered the Pauli channels acting on two-level quantum systems.
For quantum bit Pauli channels we defined the channel directions rigorously and intro-
duced the channel matriz that describes the effect of the channel. By a parametrization
of the rotation group O(3,R) we defined angle parameters that describe the channel
dirctions.

We developed a tomography scheme including efficient estimations of the channel ma-
trix, the contraction parameters and the angle parameters. The accuracy of an estimation
method can be measured with various quantities. In this thesis we considered the mean
squared error of the estimated channel matrix, contraction parameters and angle param-
eters. We constructed optimal tomography settings with respect to the above mentioned
quantities by minimizing the corresponding loss functions.

We proved that the estimation of the channel matrix is optimal if we let the input and
measurement directions be the same as the channel directions. A similar result appears if
the aim is the efficient estimation of the contraction parameters. The proofs are analytical,
this is a new concept in the study of the Pauli channels with unknown channel directions
(see [1, 16]).

In the general case we did not succed to minimize the mean squared error of the
estimated angle parameters, hence we formulate conjectures about the optimal settings
based on numerical optimization and empirical simulations. However, if we assume some
a priori knowledge about the Pauli channel, we can find the optimal settings to estimate
the angle parameter analytically.

In Chapter 4 we investigated the generalized Pauli channels that act on arbitrary
finite-dimensional quantum systems. We defined the channel directions and introduced
angle parametrization for a wide class of generalized Pauli channels.

These are the first steps of an interesting further work that is nothing else but the
generalization of the tomography scheme developed in this thesis for n-level quantum
systems.
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Appendix

Empirical simulations

In the subsection 3.3.3 we did not succeed in minimizing the mean squared error of the
estimated angle parameters analytically. Therefore we performed empirical simulations
to formulate conjectures based on them. (On the other hand, empirical simulations are
useful to check the analytical results.)

The parameter estimation method for qubit Pauli channel described in this work can
be performed by computer, because

1. one can generate the random variables N;; (see (3.1.6)) with the built-in packages
of symbolic mathematical programming languages,

2. with given N;;—s, one gets the parameter estimations by direct computations.
Performing the parameter estimation method K times, we get the estimations
M3, 0Ly 00 (5 € {1... K}). (5.0.1)

Let us define the quantities

K
| . . .
fl = ? Z diSt(%, ¢z)2 + diSt(%a ¢y)2 + diSt( ‘;7 ¢x)2a (502)
=1
1 K Ny .
fo= = STOL= A+ (4 = 2 + (3 = AP, (5.03)
j=1
K
. YISV 2
f3 = K Z HA()\U )\27 )\37 ¢za Y ¢z) - A()\la )\27 )\37 ¢Za ¢y> QSCL‘)H : (504)
j=1

This is nothing else but calculating the sample means instead of the expected values that
define the loss functions fi, fo and f3 (see (3.2.1), (3.2.2) and (3.2.3)).
It is a well-known property of the sample mean that

Ef = f, and Var (f) -0 (%) (Vie{1,2,3)). (5.0.5)

Therefore, ﬁ is a good approximation of f; if K is large enough.
The empirical simulations were performed by Mathematica 8 [19]. The following
figures are to make the empirical results picturesque.
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Figure 5.2: (a) fi and (b) fi. ¥, = 7, = L0, =10, =7, <.

_ Set A; = 0.8, Ay = 0.65, A3 = 0.5, N = 1000 and 7 = 9. Then we can plot the functions
J1 and f; with fixed parameters ¥, = 7, =0 and ¥, = 7, = (Figure 5.1 and Figure 5.2,

respectively). To check the analytical results, one may plot the functions fQ and fg with
fixed ¥, = 7, = 0 and ¥, = 7, = § (Figure 5.3 and Figure 5.4).
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