mn-}= RandSelfadjMatrix[1_] := Module[{A, i},
A = RandomVariate [NormalDistribution[], {1, 1}] +

I » RandomVariate [NormalDistribution[], {1, 1}];
A = A + ConjugateTranspose[A];
A = Chop[A];
A]

mn-}= RandPositive[l_, r_] := Module[{A},
A = RandomVariate [NormalDistribution[], {1, r}] +

I » RandomVariate[NormalDistribution[], {1, r}];
A = A.ConjugateTranspose[A];
A]

RandState[1l_, r_] := Module[{A},
A = RandPositive[l, rj;
A=A/Tr[A];

A]

in-}= CostfromObservable[Observables , transpose_] := Sum[

MatrixPower [KroneckerProduct [Observables[k], IdentityMatrix[Length[Observables[[1]]1]] -
KroneckerProduct [IdentityMatrix[Length[Observables[1]]], If[transpose,
Transpose [Observables[k] ], Observables[kl]11, 2], {k, 1, Length[Observables] }]
inf-}= SaMCNB [dim_] :
SaMCNB [dim]

Flatten[{{Table[SparseArray[{{k, k} » 1, {dim, dim} -» @}], {k, 1, dim}]},
Table[Table[SparseArray[{{k, m} » Sqrt[2] /2, {m, k} - Sqrt[2] /2, {dim, dim} -» @}],
{m, k+1, dim}], {k, 1, dim-1}], Table[Table[SparseArray[{{k, m} - -I «Sqrt[2] / 2,
{m, k} » I xSqrt[2] /2, {dim, dim} - @}], {m, k+1, dim}], {k, 1, dim-1}]}, 2];

m-1= SaMPB[2] = {{{1, @}, {@, 1}}, {{0, 1}, {1, ©0}}, {{0, -1}, {I, @}}, {{1, O}, {0, -1}}};
SaMPB[dim_] := SaMPB[dim] = Flatten[Table[

KroneckerProduct [SaMPB[dim / 2] [j1, SaMPB[2] [k]]1, {j, 1, dim~2/ 4}, {k, 1, 4}1, 17;

inf-7= SaMPNB [dim_] := SaMPNB[dim] = SaMPB[dim] / Sqrt[dim];
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= QOT[p_, w_, C_, dual_, transpose_] := Module[{dim, sol, I, x, y, X, Y},
dim = Length[p];
If[
dual, {x = Table[Symbol["x" <> ToString[n]], {n, dim~2}];
y = Table[Symbol["y" <> ToString[n]], {n, dim"2}];
sol = SemidefiniteOptimization[-Tr[ (y.SaMCNB[dim]) .w + (X.SaMCNB[dim]) .p],
{VectorGreaterEqual|[ {C - KroneckerProduct[ (y.SaMCNB[dim] ), IdentityMatrix[dim]] -
KroneckerProduct [IdentityMatrix[dim], If[transpose, Transpose[
(X.SaMCNB[dim]) ], x.SaMCNB[dim]]], @}, {"SemidefiniteCone", dim~2}]},
Flatten[{x, y}11;
X = Chop[sol[1l ;; dim~2, 2] .SaMCNB[dim], 16~ -3];
Y = Chop[sol[[dim~2 +1 ;; 2 »xdim”~2, 2] .SaMCNB[dim], 10~ -3];
Chop[Sqrt[Tr[X.w+Y.p]], 16~-3], X // MatrixForm, Y // MatrixForm},

{x = Table[Symbol["x" <> ToString[n]], {n, dim*4}];
sol = SemidefiniteOptimization[Chop [Simplify[Tr[ (x.SaMCNB[dim~2]).C]], 16~-3],
{ResourceFunction["MatrixPartialTrace"] [x.SaMCNB[dim~2], 2, {dim, dim}] == w,
ResourceFunction["MatrixPartialTrace"] [x.SaMCNB[dim~2], 1, {dim, dim}] ==
If[transpose, Transpose[p], p],
VectorGreaterEqual[ {x.SaMCNB[dim~2], @}, {"SemidefiniteCone", dim~2}] },
x]1;
I = Chop[Sum[sol[n, 2] SaMCNB[dim~2] [n], {n, 1, dim~4}], 16~-3];
Chop[Sqrt[Tr[C.TI]], 16~-3], II // MatrixForm}]]

- 1= ModQOT [p_, w_, cost_, dual_, transpose_] := Sqrt[QOT[p, w, cost, dual, transpose] [1] *2 -
(QOT [p, p, cost, dual, transpose] [1] "2 + Q0T [w, w, cost, dual, transpose] [1]*2) / 2]

)= TriIneq[p_, w_, T_, C_, dual_, transpose_] := ModQOT[p, w, C, dual, transpose] +

ModQOT [w, T, C, dual, transpose] - ModQOT[p, T, C, dual, transpose]

mo1= p@Ll =172 {1, 1/Sqrt[2], 1/Sqrt[3], ©}.SaMPB[2]

{{1 1 1 1 ]} {1 1 i ] 1}}

Out[ = ]= — 9 — —_— - — 5 - — +t —— |, —

2 2142 43 2 V2 3] 2

mop- 0l =1/2%{1, 0, 1/3,1/4}.SaMPB[2]
3

wor {{o -3k (53]

n-1= stepl = 0.01;

n-}= coordinatesl = Select[Flatten[Table[{x, y}, {x, -1, 1, stepl}, {y, -1, 1, step1}], 1],
PositiveSemidefiniteMatrixQ[ 1/ 2 x (Flatten[{1, #, 1/Sqrt[2]}]).SaMPB[2]] &];
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mn-}= ListPlot [coordinatesl, AspectRatio - 1]

Outf+]=

in-1= Costl = CostfromObservable [SaMPB[2] [{2, 4}], True]

our-- {{2, @, 8, -2}, {0, 6, -2,0}, {0, -2,6,0}, {-2,0,0, 2}}

m-1= wl=1/2% (Flatten[{1, #, 1/Sqrt[2]}]) .SaMPB[2] & /@ coordinatesl;

in-1= Off [SemidefiniteOptimization: :parsuc]

)= {timel, resultl} = AbsoluteTiming[TriIneq[p®, #, @, Costl, False, True] & /@wl];

n-7= timel / 3600
outf-]- ©.666655
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in7:= ListPlot3D[Join[coordinatesl, Transposee@ {resultl}, 2], AspectRatio - 1]
0.5

Out[«]=

0.5

n-1= ListDensityPlot [Join[coordinatesl, Transpose@ {resultl}, 2], AspectRatio - 1]

06

04

0.2

Outf+]=

-0.2-

-0.6 -

P [ PR
-0.6 -0.4 -0.2 0.0 0.2 0.4 0.6

nf-7= Max[Abs [Im[resultl]]]

outf-}= @
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nf-1= Min[resultl]

Outf~]=

InfJ:=

Outf«]=

Inf+]:=

Outf+]=

0.832397

002=1/4%{1,0,0,0,0,0.1,0,0,0.2,0,0, 0, 0.3, 0, 0, 0}.SaMPB[4]
({0.325+0.1, 0. +0.1, 0. -0.051, 0.025 +0. i},
(0.+0.1,0.325+0.1, 0.025+0.1, 0. -0.051},
{0.+0.051i, 0.025 +0. i, 0.175+0. i, 0. +0. i},
{0.025+0.1, 0. +0.851, 0. +0. i, 0.175 +0. i}}

t02=1/4%{1,0,0,0.3,0,0,0,0.2,0,0,0,0,0.1, 0, 0, 0} .SaMPB[4]

({0.35+0.1,0.+0.1,0.05+0.1,0. +0.1}, {0.+0.1i,0.2+0.1,0.+0.1, -0.05+0. 1},
(0.05+0.1,0.+0.1,0.3+0.1,0.+0.1}, {0.+0.1i, -0.65+0.1,0. +0.1,0.15+0. 1}}

n-1= step2 = 0.01;

mn-}= coordinates2 = Select[Flatten[Table[{x, y}, {x, -1, 1, step2}, {y, -1, 1, step2}], 1],

PositiveSemidefiniteMatrixQ[
1/4x (Flatten[{1, #, 0, 0.1, 0.1, 0.1, 0, 0.3, 0, 0.2, 0, 0, 0, 0, 0}]) .SaMPB[4]] &];

1= ListPlot [coordinates2, AspectRatio - 1]

Outf+]=

-0:
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n[-= Cost2 = CostfromObservable [SaMPB[4][2 ;; 16], True]

ou-j= {{24, @, 0, 0, 0, -8, 0, 0, 0, 0, -8, 0, 0, 0, 9, -8},
{e, 32,90, 90,0,0,0,0,0,0,0,0,0,0,0,0}, {0,090, 32,0,0,0,0,0,0,0,0,0,0,0, 0,
{e, o0, 9, 32,0, 0,0,0,0,0,0,0,0,0,0,0}, {0,0,0,0, 32,0,0,0,0,0,0,0, 0,0, 0,
{-8,0,0,0,0, 24,0, 0,0,0, -8,0,0,0,0, -8},
{0, 0,0, 0,0,0, 32,0,0,0,0,0,0,0,0,0}, {0,0,0,0,0,0,0, 32,0,0,0,0,0,0, 0,
{0, 0,0, 0,0,0,0,0, 32,0,0,0,0,0,0,0}, {0,0,0,0,0,0,0,0,0, 32,0,0,0,0, 0,
9, 0
0

{-8,0,0,0,0, -8,0,0,0,0, 24,0, 0, 0,0, -8},

{0, 0, 0,0, 0,0,0,0,0, 0,0, 32,0,0,0,0}, {0,0,0,0,0,0,0,0,0,0,0,0, 32,0, 0,
{0, 0,0, 0,0,0,0,0,0,0,0, 0,0, 32,0,0}, {0,0,0,0,0,0,0,0,0,0,0,0, 0,0, 32,
{-8,0,090,0,0, -8,0,0,0,0, -8,0,0,0,0, 24}}

1= Cost2 // MatrixForm
Out{ « J//MatrixForm=

24 0 0 0 ©0 -8 0 0 © © -8 0 © © 0 -8
© 32 0 © © © © © © © © 0 0 0 0 o
© © 32 0 © © © © © © © © 0 0 0 o
© © © 32 © © © © © © © © 0 0 o0 o
© 0 0 0 32 0 0 © 0 © © © 0 0 o0 o
-8 6 06 © © 24 0 © © © -8 0 © © 0 -8
© 0 0 0 © © 32 0 06 © © © 0 0 o0 o
© © 0 © © © © 32 0 © © © 0 0 0 o0
© 0 0 © © © © 0 32 06 © © © 0 o0 o0
O © 0 © © © © 0 0 32 0 © © 0 0 o
-8 ©6 0 0 © -8 9 © © © 24 0 © © 0 -8
O 0 0 © © © © © © © 0 32 0 © 0 o
O © 0 © © © © © © © 0 0 32 0 0 o
© 0 0 © © © © © © © 0 0 0 32 0 o
© 0 0 0 © © © © 0 © © © 0 0 32 o
-8 06 06 0 © -8 0 © © © -8 06 © © 0 24

m-1- w2 =1/4% (Flatten[{1, #, 0, 0.1, 0.1, 0.1, 0, 0.3, 0, 0.2, 0, 0, 0, 0, 0}]) .SaMPB[4] & /@
coordinates2;

1= OFF[SemidefiniteOptimization: :parsuc]
)= {time2, result2} = AbsoluteTiming[TriIneq[p©2, #, t02, Cost2, False, True] & /@ w2];

n-= time2 / 3600
ou-]= 13.1223

e},
e},

2
0},

0},
0},
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ner= ListPlot3D[Join[coordinates2, Transposee@ {result2}, 2], AspectRatio - 1]

Outf+]=

0.5

1= ListDensityPlot [Join[coordinates2, Transpose@ {result2}, 2], AspectRatio - 1]

0.8 _

06

0.4

out[-]= 0.2

0.0+

-0.6 -0.4 -0.2 0.0 0.2 0.4 0.6
n[-1= Max[Abs [Im[result2]]]

outf-}= @

n[-7= Min[result2]
ouf-]= 2.51399

n-1= p@3 = RandState[2, 2]
ouf-]= {{0.873149 +0. 1, -0.279734 + 0.0887207 1}, {-0.279734 - 0.0887207 i, 0.126851 +0. i} }
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n-1= % // MatrixForm

Out[» J//MatrixForm=

0.873149 + 0. i -0.279734 + 0.0887207 1
-0.279734 - 0.0887207 1 0.126851 +0. 1

n-1= t@3 = RandState[2, 2]
ouf-}= {{0.941077 +0. 1, -0.204803 + 0.0294567 1}, {-0.204803 - 0.0294567 i, ©0.0589231 +0. i}}

n-1= % // MatrixForm

Out[» J//MatrixForm=

0.941077 + 0. i -0.204803 + 0.0294567 1
-0.204803 - 0.0294567 1 0.0589231 +0. 1

n-)= step3 = 0.01;

mn-}= coordinates3 = Select[Flatten[Table[{x, y}, {x, -1, 1, step3}, {y, -1, 1, step3}], 1],
PositiveSemidefiniteMatrixQ[ 1/ 2 » (Flatten[{1, #, ©.2}]) .SaMPB[2]] &];

nf-1= ListPlot [coordinates3, AspectRatio -» 1]

Outf+]=

in-1= Cost3 = CostfromObservable[
{RandSelfadjMatrix[2], RandSelfadjMatrix[2], RandSelfadjMatrix[2]}, True]

ouf-]= {{12.9344 +0. 1, 0.207107 + 0.371762 1, 0.207107 - 0.371762 1, -12.9344 +0. i},
{0.207107 -0.371762 1, 57.2756 +0. 1, -12.6113 +1.07134 1, -0.207107 +0.371762 1},
{0.207107 +0.371762 i, -12.6113-1.071341, 57.2756 +0. 1, -0.207107 - 0.371762 1},
{-12.9344 +0. i, -0.207107 - 0.371762 1, -0.207107 +0.371762 1, 12.9344 +0. 1}}
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n-1= % // MatrixForm

Out[ » J//MatrixForm=

12.9344 +0. 1 0.207107 +0.3717621 0.207107 -0.371762 1 -12.9344 +0. 1
0.207107 - 0.371762 1 57.2756 +0. i -12.6113 +1.071341 -0.207107 +0.371762 1
0.207107 +0.3717621 -12.6113-1.071341 57.2756 +0. 1 -0.207107 - 0.371762 1

-12.9344 +0. 1 -0.207107 -0.3717621 -0.207107 +0.371762 1 12.9344 +0. 1

m-)= w3 =1/2% (Flatten[{1, #, ©.2}]) .SaMPB[2] & /@ coordinates3;

in-1= Off [SemidefiniteOptimization: :parsuc]

1= {time3, result3} = AbsoluteTiming[TriIneq[p®©3, #, t@3, Cost3, False, True] & /@ w3];
n-1= time3 / 3600

outf-]- 1.42924

ns= ListPlot3D[Join[coordinates3, Transposee@ {result3}, 2]]
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in-}= ListDensityPlot [Join[coordinates3, Transposee@ {result3}, 2]]

1.0 T T T =

0.5

outf]= 0.0

- L | 4
-1.0 -0.5 0.0 0.5 1.0

inf-1= Max [Abs [Im[result3]]]

out[-]- @

inf-1= Min[result3]

ouf-]= 3.71871

n 1= p@4 = RandState[4, 4]

our-- {{0.0718617 +0. 1, -0.0388539 +0.112849 1,
-0.0649472 + 0.04101151, -0.0329795 - 0.0212718 1},
{-0.0388539-0.1128491, 0.432019 +0. i, 0.141496 - 0.0000971459 1, 0.0452387 + 0.0594228 1},
{-0.0649472 - 0.0410115 1, 0.141496 + 0.0000971459 1,
0.303302 +0. i, 0.0650013 -0.0223743 1},
{-90.0329795 + 0.0212718 i, 0.0452387 - 0.0594228 i, 0.0650013 + 0.0223743 1, 0.192817 +0. i}}

m-1= % // MatrixForm

Out[ » J//MatrixForm=

0.0718617 + 0. i -0.0388539+0.1128491 -0.0649472 + 0.04101151 -0.0329795 - 0.0:
-0.0388539-0.112849 1 0.432019 +0. 1 0.141496 - 0.0000971459 1 ©.0452387 + 0.05
-0.0649472 - 0.04101151 0.141496 + 0.0000971459 1 0.303302 +0. i 0.0650013 - 0.02

-0.0329795 +0.0212718 1 0.0452387 - 0.0594228 1 0.0650013 + 0.0223743 i 0.192817 + 0
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n[-= t@4 = RandState[4, 4]

our-]- {{0.187318 + 0. i, ©.0431051 + ©.0604621 i, -0.067781 - ©.0548287 i, 0.0264342 - 0.172235 1},
(0.0431051 - 0.0604621 i, ©.281131 + 0. i, -0.0906402 + 0.0201966 i, - 0.0152662 - ©.0305359 i},
{-0.067781 + 0.0548287 i, -0.0906402 - 0.0201966 i,

0.101031 + 0. i, - 0.00417941 + ©.0149378 i},
(0.0264342 +0.172235 1, -0.0152662 + ©.0305359 i, -0.00417941 - ©.0149378 i, 0.43052 + 0. i} }

n-1= % // MatrixForm

Out[ » J//MatrixForm=

0.187318 + 0. 1 0.0431051 +0.06046211 -0.067781 -0.0548287 1 0.0264342 -0.172
0.0431051 - 0.0604621 i 0.281131+0. 1 -0.0906402 + 0.02019661 -0.0152662 - 0.03¢
-0.067781 + ©0.0548287 1 -0.0906402 - 0.0201966 1 0.101031 +0. i -0.00417941 + 0.01.
0.0264342 +0.1722351 -0.0152662 +0.03053591 -0.00417941 - 0.0149378 1 0.43052 + 0. :

m-1= stepd = 0.01;

n-}= coordinates4 = Select[Flatten[Table[{x, y}, {x, -1, 1, step4}, {y, -1, 1, stepd}], 1],
PositiveSemidefiniteMatrixQ|
1/4« (Flatten[{1, #, 0, 0.1, 0.1, 0.1, 0, 0.3, 0, 0.2, 0,0, 0, 0, 0}]) .SaMPB[4]] &];

1= ListPlot [coordinates4, AspectRatio - 1]

Outf+]=

inf-}= Costd4 = CostfromObservable[ {RandSelfadjMatrix[4], RandSelfadjMatrix[4],
RandSelfadjMatrix[4], RandSelfadjMatrix[4], RandSelfadjMatrix[4]}, True];
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in-7= Round [Cost4, 1] // MatrixForm

Out[ » J//MatrixForm=

75 -51 10+ 16 1 6-61
51 108 16 +9 1 2+81i
10-161 16-91 171 -34-181i
6+61 2-8i1 -34+181i 113
-51i 5+21 7+121 -71
-22 12-81 6+91 -6-121
10+1 -4-121 14+151 -8
9+21 3+61 -11+61i 2+8i
10+161 7+121 -10-151 -11+61
10-1 -4+41 2-71 -4+61
-25 12 1 -18-101 -1+131
2-151 8-111 18+101i -2+21
6-61 -71 -11+61 21+111
9-21 -4+61 -2-111 7+121
2+151 1-31i -8+61 15-61
-29 -11+1 3-141 1+61

51
5-21i
7-121i
71
108
12+81
-4-47j
-4-61
16 +91
-44+121
~121i
1+31i
2+81i
3-61i
8+111
~11-1i

-22 10-1 9-21 10-161 10
12+81 -4+121 3-61 7-121 -4
6-91 14-151 -11-61i -10+151 2+
-6+121 -8 2-81 -11-61 -4
12-81 -4+41 -4+61 16-91 -4 -

92 -5 -7+121 6-91 -

-5 140 -12-211 2+71 -1
-7-121 -12+211 124 -2+111 -1
6+91 2-71 -2-111 171 14 +

-5 -1-81 -15-1 14-151 1

-46 -1+171 7-151 -18+101 -1-
10+181 -11+221 17+251 -8-61 -13
-6-121i -4+61 7+121 -34-181 -
-7+12i -15-1 8-71 -11-61 -12
10-181 -13+81 15-71 18-101 -11

-25 -4-161 -9+51 3+141 -4+

m - wd=1/4% (Flatten[{1, #, 0, 0.1, 0.1, 0.1, 0, 0.3, 0, 0.2, 0, 0, 0, 0, 0}]) .SaMPB[4] & /@

coordinates4;

- 1= Off [SemidefiniteOptimization: :parsuc]

1= {time4, result4} = AbsoluteTiming[TriIneq[op©04, #, t04, Cost4, False, True] & /@ w4];

n- = timed / 3600

outf-]= 12.4241
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n41= ListPlot3D[Join[coordinates4, Transposee@ {result4}, 2], AspectRatio - 1]

-0.5

Outf+]=

1= ListDensityPlot [Join[coordinates4, Transpose@ {result4}, 2], AspectRatio - 1]

0.8+

06

0.4

out[-]= 0.2

0.0~

[ L [
-0.6 -0.4 -0.2 0.0 0.2 0.4 0.6

nf-1= Max[Abs [Im[result4]]]

outf-}= @
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nf-1= Min[result4]

outf-}= 5.11249



