
Discrete Mathematics 81 (1990) 165-169 

North-Holland 

16.5 

POLYTOPES DETERMINED BY COMPLEMENTFREE 
SPERNER FAMILIES 

Konrad ENGEL 
Sektion Mathematik, Wilhelm-Pieck-Universitiit, 2500 Restock, German Democratic Republic 

Peter L. ERDdS 
Mathematical Institute of the Hungarian Academy of Sciences, P.O. B. 127, 1364 Budapest, 
Hungary 

Received 22 April 1987 

Revised 14 April 1988 

The profile of a family of subsets of an n-element set is a vector f = (f,, , f,), where fk 
denotes the number of k-element sets in the family. Using a new method the extreme points of 

the convex hull of the profiles of all complementfree Sperner families over an n-element set are 

determined. 

LetN={l,..., n} and (7) = {Xc N: 1X(= i}. If 9 is a family of subsets of 
N, then let 5$ = {X E 9: 1x1 = i} and A = 141, i = 0, . . . , n. The vector f = 
&.*-7.L) is called the profile of 9. 

If A is a class of families, let p(A) be the set of profiles of the families 
belonging to A, (p(A)) be its convex hull in the space [Wn+l and E(A) be the set 
of all extreme points (i.e. vertices) of the polytope (p(A)). This subject was first 
studied by P.L. Erdiis, P. Frank1 and G.O.H. Katona who determined E(A) for 
some special classes [4]. The determination of E(A) is motivated by the following 
fact: If w is any (weight-)function from (0, . . . , n} into [w, then 

(1) 

(see [4] or [3, pp. 172 ff]). 
In this paper we will present a new method of proof that a given set of vectors 

is the set E(A) of all extreme points arising from the considered class A. The idea 
is simple: To prove that a vector f is contained in some bounded polytope P it is 

enough to show that f is contained in some smaller bounded polytope (e.g. a 
simplex) all of whose extreme points belong to P. Thereby the consideration of 
canonical families is useful. 

Let A, be the class of all Sperner families (9 is a Sperner family if X, Y E 9, 
X c Y imply X = Y), A2 be the class of all complementfree Sperner families (9 is 
compfementfree if X E 9 implies N\X $ 9) and, if n = 2k, let A3 be the class of 
all Sperner families for which fk c i(z) holds. It is easy to see that A2 E Al and, 
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for even n, & G As, hence 

(P(Az)) G (P(Aa,))J 

(P(Az)) G (cl(A3)) (n = 2k). 
Let 

0 = (0, . . . , 0) and ui= 0,. . . ,O, n ,O,. . . ,O 
0 i > 

a fi 
Further let for n = 2k 

((:I:) is defined to be zero) and 

0, 
1 II 

wj = - . . . ) 0, 
2 

0 
k 

, 0, . 

6 R 

It is easy to prove that 

c(Ai) = (0, uo, . . . , un), 

. . 

” 
1 fi 

i = 0, 

. . 7 0>5(2),0 ,..., o), i=O 7. 

R ri 

(4 
(3) 

. > n. 

’ - , k-l 

, 0, ,0 ,..., 0 , j=k+l,..., n. 

i^ A 

which is essentially the same as the well-known LYM inequality (see [4] or [3, p. 
1741). If n is odd, then obviously s(Ar) E p(A2) because the families 0, 

(3, * * * 7 (3 are complementfree Sperner families. It follows directly (p(A1)) E 

(,u(AJ) and because of (2) (p(Ai)) = ( p(A2)), hence 

E(AJ = &(A*) if n is odd. 

From now on let n = 2k, 

v= {O,uo,. . . ,Uk-1, ck+1,. . . 9 WI> vo,. . * 9 Q-1, wc+1,. . *,%I> 

and (V) be the convex hull of V. We use the above mentioned method to prove 
the following central result of the paper. 

Theorem. E(AJ = s(A3) = V. 

Proof. First we note that the vectors of V are really profiles of families in A2 and 
A3: The families 0, (r) (i=O ,..., k-l, k+l,..., n), {XG(?):~$X}U 
{Xr(r):n~X} (i=O,...,k-l), {XG(~):~EX}U{X~_(~):~$X} (j= 
k+l,..., n) belong to AZ and A3 and have the corresponding profiles. 
Consequently, 

(V> G (p(Aa,)) E (c~(A3)) (4) 

(note (3)). In the main step (Lemma 1, 2, 3) we show that every profile of a 
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family of A3 can be written as a convex combination of vectors of V. This implies 

(P(W) G (V> and b ecause of (4) it follows (p(&)) = (CL(&)) = (V). Since no 
vector of V can be written as a convex combination of the other vectors of V it 
follows finally E(&) = &(A3) = V. 0 

Lemma 1. Zf f E y(A,) and fk = 0, then f E (V). 

Proof. Because f is the profile of a Sperner family the LYM inequality (see e.g. 
[3, p. 91) yields that 

is a convex combination of 0, uo, . . . , ukpl, u~+~, . . . , u,. 0 

Lemma2. Zffep(A3)andfk+,=-*-=f,=O, thenfe(V). 

Proof. Let 9 be a canonical Sperner family with profile f which exists by a 
theorem of Daykin, Godfrey and Hilton [l]. (The construction of a canonical 
Sperner family is as follows: First define a total (lexicographic) order cL on (7) in 
the following way; x <L Y iff max{x:x l X\Y} >max{x:x e Y\X}. If h is the 
largest index such that fh f 0 take the first fh sets of (r) in the order cL. Then 
take the first fh_-l sets in (,,N1) which are not contained in already chosen sets, 
further take the first fh_* sets in (h!2) which are not contained in sets taken up to 
now, and so on.) Then fk s i(z) and fk+l = . . . = fn = 0 imply IZ 4 X for all X E 4. 
Let s be the smallest number with the property n $X for all X E %*+i 
(0 <s 6 k - 1). Further define 

.%-;={XE~~:Itf$X}, 2r:={XE~~:ItEX}, 

f; = I% f; = 19q, 

and put 

9’ = 9; u ss+i u * * * u s$, 

F=y’ug_ u.. 
s s 1 * u 9& 

Obviously, 9’ is a Sperner family of subsets of (1, . . . , n - l} and, since 9 is 
canonical, 5” is a Sperner family of subsets of (1, . . . , n} containing the element 
n. Thus the LYM inequality implies 

(5) 
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Now fix fo, . . . ,fs-l,fz and consider the simplex S in the space KY+’ which is 

given by 

Xi =A (i = 0, . . . , s - l), 

4 sf:, 

xi30 (i=s+l > . . . , k), 

xi=0 (i=k+l,. . . ,n), 

X,-f: k Xi 

(“,‘)+i=zl(y)~l~ 

Because of (5) and fs = fl + f:' the vector f is contained in S. To prove f E (V) it 

is enough to show that all extreme points of S are contained in (V). The extreme 

points of S are 

a=(&. . . ,.Ll,fl, 0,. . . 7 (9, 

0 s^ ri 

us= fo,. 
( 

..'f_l,f:+(n~l)'O'...'O)' 

0 s^ ri 

( fo, . * . tfs-1,fL 0,. . . , 0, 
n-1 

ai= ( > i 
,0 ,..., 0 

> 
, i=s+l,..., k. 

0 
: 
1 fi 

The vector a is the profile of the Sperner family 9” and ui is the profile of the 

Sperner family S”U{XE(~):~$X} (i=s,...,k). By Lemma 1, 

4 a,, * * . 7 ak_l E (V). Finally, ak e (V) because 

is a convex combination of u,, . . . , us (note (6)). El 

Lemma 3. Zf f c p(&), then f c (V). 

Proof. By a theorem of Daykin, Godfrey and Hilton [l] (see also [3, p. 1221) 

there exists a “reflexed” Sperner family 9’ with profile 

f'=(fo+fn,fi+fn-1,...,fk--l+fk+l,fk,o,...,o). 

8 f ii 

Because f’ E ,u(&) we can write f’ by Lemma 2 in the form 

k-l 

f r = A0 + 2 I”,u, + piq, 

i=O 
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where A, Ai, pi 30 (i = 0, . . . , k - 1) and A + CFZ,, Ai + pi = 1. Now it is easy to 
check that 

k-l 

f=AO+ c i=. fj (bi + Piviui) 

x+f.-30 

+ .i ,=k+l fj tAn-juj + Pn-jwj) 
n I 

f; +fn -, +o 

is a convex combination of the vectors of V. Hence f E (V). 0 

Finally, let us mention that the equality E(&) = V was also proved among 
other things in [2], but with a completely different method, namely the general 
theory which was developed by P.L. Erdiis, P. Frank1 and G.O.H. Katona in [4] 
and [5]. Using the relation (1) with the weight function w = 1 and the description 
of the polytope (p(&)) one can derive immediately an old result of Purdy [6] 
(for another proof see [7]) which states that the maximum size of a com- 
plementfree Sperner family equals ( ~~,;?i + r). 
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