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ANY FOUR INDEPENDENT EDGES
OF A 4-CONNECTED GRAPH ARE CONTAINED
IN A CIRCUIT

PETER L. ERDOS and E. GYORI (Budapest)

L. Lovasz [2] raised the following problem.

Conjecture. Suppose G is a k-connected graph (k=2), e, e, ..., e, E(G) are
independent edges, and if k is odd then G—{e;, e,, ..., ¢} is connected. Then G
contains a circuit usmg all the edges ey, €, ..., €.

This conjecture is proved for k=3 by Lovész [3; 6. § 67]. In general, R. Hagg-
kvist and C. Thomassen [1] proved a slightly weaker statement that the same con-
clusion follows if G is (k+1)-connected.

Now we prove that the conjecture of Lovasz holds for k=4.

THEOREM. In a 4-connected graph, any four independent edges are contained in a
circuit.

This result effects on a conjecture of ErdGs and Gallai. Using this theorem,
L. Pyber [4] proved that every graph of n vertices can be covered by 1,51 circuits
or edges. (Without this result, a greater constant could be proved by the method of
Pyber.)

PROOF OF THE THEOREM. Let us fix the 4-connected graph G and the independent
edges X1V, XoVa» XaVs, X4 Vi€ E(G). By 4-connectivity (using Menger’s theorem),
there exist four vertex-disjoint paths from the vertices x;, y;, X3, ¥ to the vertices
X9, Vo, X1, Vo- These paths Py, Py, P;, P, with the edges x,y;, X5 )a, X3V5, X4 ¥4 CON-
stitute one or two circuits. In the first case it is a desired circuit, so without loss of
generality, we may suppose that the paths P,, P,, P; and P, lead from xy, »y, X3
and y, to x5, ys, X4 and ¥,, respectively; P;, P, and the edges x;, y;, x5, ¥» con-
stitute the circuit C,, P;, P, and the edges x;y;, X,), constitute the circuit C,.

Now again by 4-connectivity and Menger’s theorem, there exist four vertex-
disjoint paths Q,, Q,, 03, O, from C, to C;. The circnits C;, C, and the paths O,
0., 0., O, constitute a subgraph H. In what follows, we deal with this subgraph H.

We introduce some notation. The paths are denoted by the sequence of labelled
vertices in them. For a path P from x to y, [xy], [xy), (xy], (xp) denote the vertex-
sets V(P), V(P)—{y}, V(P)—{x}, V(P)—{x,»}, respectively. The subpaths of
P,, P,, P, and P, are called arcs.

First make a very simple observation which however is used several times.

Fact 1. If two vertex-disjoint paths Q; connect the same pair of paths P; then
deleting the inner points and the edges of the arcs between the endpoints of these
paths we get a desired circuit.
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So we may suppose that the paths Q,, Q,, 0;, O, lead from the arcs P,, P;.
P,,P, to the arcs P,, Py, Py, P,, respectively. Let wy, wy, z;, Z€ V(C)),
Zy, W3, Wy, Z3€ V(C,) be the endpoints of the paths @y, Q,, Q;, O, respectively.
If the vertices w; and z, do not separate the vertices w, and z, in C, then the dis-
joint subpaths wyz, and w,zg of C, with Q;, 0,, O, and O, constitute two paths
such that both paths can replace one arc of C, and this new circuit is a desired one.

So we may suppose that the vertices w, and z, separate the vertices w, and z,
in C,. Now without loss of generality, we may suppose that we have the subgraph
H in Figure 1. (We drew the subgraph H so that the figure should show the large
symmetry of the situation.) Of course, it may occur that wy=x;, wy=2xs, Wy=0x;,
Wa=Xyy Z1=V1, Zo= Vo, Z3=)Y3 OF Zy=Yy.
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Suppose that H is a subgraph as in Figure I such that the sum of the lengths
of the arcs wy Xy, WXz, WsXs, WyXy, Z1V1, ZaVa» Z3Ya, ZgVs 1S minimum. Suppose
that e.g. wy=x;. Then the path wyx;y,z; contains inner vertices and there is
a path in G—{wy, z;} from (w;x;»;z,) to the remaining part of H—{w,z,} by
4-connectivity. By symmetry, we may assume that this path leads from a vertex
u€(w;x,]. If this path leads to a vertex »€{w,wy]U[w,z,] then adding this path
to H and deleting the inner vertices and the edges of the arc vw, we obtain a sub-
graph like in Figure 1 such that the path ux, is shorter than w,x;, a contradiction.
If this path leads to a vertex in (WaX3], (Wawy] or [wyXy] ([¥42s), (z4zs] or [¥52zg],
resp.) then this path and @, (0 resp.) are two vertex-disjoint paths from the arc P,
to the arc Py (P, resp.) and we are done by Fact 1. If this path leads to a vertex »
in (wyz,) ((z32,), resp.) then the path www, (uvzg, resp.) and Q, (0, resp.) are two
vertex-disjoint paths from P, to P; (P,, resp.) and we are ready by Fact 1 again.
The other possibilities can be settled by the axial symmetry of Figure 1 with the
axis Wy Xy ¥12;. '

So we may assume that X;=wy, X,=Ww,, X3=W3, X4=W,, 1=2, ¥3=2,, V3=2,,
ya=2z4, like in Figure 2.
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Now by 4-connectivity, there is a path P in G—{x,, ¥y, 4} from (x,x;¥,)
to the remaining part of H—{x,, y;, y,}- By symmetry, we may assume that P
leads from [x,y,). We distinguish two cases.

Case 1. P starts at x;.

If P leads to a vertex v€(x;x,]U(x,y,) then P or P together with the path.
vX, and Q, are two vertex-disjoint paths from P, to P; and we are done by Fact 1.
If P leads to (y;¥.]U(y,y;) then we are done by axial symmetry. So in this case
P leads to a neighbouring subpath of the circvit x; Xo X5 X, ¥, Vo Vs Ve X1, 1.€. 10 {X5X;]

or (¥, ys).

Case 2. P leads from a vertexX u€(x,y,).

If P leads to a vertex v in (x,p;) ([X4Xs), resp.) the paths xyu, Pyox, (x,u, P,
resp.) constitute a further path from P, to P; and we are done by Fact 1. If P leads
to a vertex v€(x,x5] then the paths and edges P, vxs, X3V, Y5Vas VaXas XoX¥1s X1 V1,
Y1X4, X3 Vs, Yot constitute a desired circuit. If P leads to [y, y,) or [y.y;) then we are
done by symmetry.

So in both cases, we obtained

Fact 2. Only neighbouring segments of the circuit x; x, XX, V1 Vo V34X, are con--
necied by any path openly disjoint to H.

Without loss of generality, we may assume that there is such a path P from
[x334) to (74¥s). Let weix,yy) and v€(y,y,;] be the points nearest to x; and y; in
the path x,¥, and y,¥,, respectively, which occur as the endpoint of such a path.
(it may happen that u and » belong to different paths.) Choose H (with the con-
straints x;=wy, ..., ¥,=2z,) so that the sum of the lengths of paths ux; and »y,
should be the minimum.

By 4-connectivity, there is a path Rin G— {u, v, x4} from (uy,v) to the remain-
ing part of H. R does not lead from (y,v) to [x;u) by the definition of u. If R leads.
from x€(uy,] to y€[x;u) then replacing the path xy of H by R we obtain a sub-
graph H, such that there is a path from y to (y,ys] (via ©), a contradiction to
the choice of H. Similarly, R does not lead from (uy,v) to (vy,]. But according to
Fact 2, only neighbouring segments can be connected by R. Without loss of gen-
erality, we may assume that R leads from x€(uy,] to yp€(x;x,]. Now let R; be a
path from (y,¥;] to u. (There exists such an R, by the definition of 2.) If R and R,
are vertex-disjoint then y,x with R and R; with ux, are vertex-disjoint paths from
P, to P; and we are finished by Fact 1. And if R and R, have a vertex in common
then R,UR, contains a path from (x;x,] to (y,7,), a contradiction to Fact 2.
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