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ABSTRACT. A set A C C[0,1]is shy or Haar null (in the sense of Christensen)
if there exists a Borel set B C C[0,1] and a Borel probability measure p on
C0,1] such that A C Band p(B+ f) =0 for all f € C[0,1]. The complement
of a shy set is called a prevalent set. We say that a set is Haar ambivalent if
it is neither shy nor prevalent.

The main goal of the paper is to answer the following question: What can
we say about the topological properties of the level sets of the prevalent/non-
shy many f € C[0,1]?

The classical Bruckner-Garg Theorem characterizes the level sets of the
generic (in the sense of Baire category) f € C[0, 1] from the topological point
of view. We prove that the functions f € CJ0,1] for which the same charac-
terization holds form a Haar ambivalent set.

In an earlier paper we proved that the functions f € C[0,1] for which
positively many level sets with respect to the Lebesgue measure A are singletons
form a non-shy set in C[0,1]. The above result yields that this set is actually
Haar ambivalent. Now we prove that the functions f € C[0,1] for which
positively many level sets with respect to the occupation measure Ao f~1 are
not perfect form a Haar ambivalent set in C[0, 1].

We show that for the prevalent f € C|0,1] for the generic y € f([0,1]) the
level set f~1(y) is perfect.

Finally, we answer a question of Darji and White by showing that the set
of functions f € C0,1] for which there exists a perfect Py C [0, 1] such that
f/(x) = oo for all € Py is Haar ambivalent.

1. INTRODUCTION

Let G be a Polish group, i.e. a topological group which is separable and admits
a compatible complete metric. If G is locally compact then there exists a Haar
measure on G, that is, a left translation invariant regular Borel measure which is
finite on compact sets and positive on non-empty open sets. The concept of Haar
measure does not extend to groups that are not locally compact, but the notion of
Haar measure zero does. The following definition is due to Christensen [4] and was
rediscovered by Hunt, Sauer and York [8].

Definition 1.1. For an abelian Polish group G a set A C G is shy or Haar null if
there exists a Borel set B C GG and a Borel probability measure p on G such that
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AC Band p(B+z) =0 for all x € G. The complement of a shy set is called a
prevalent set. We say that a set is Haar ambivalent if it is neither shy nor prevalent.

Christensen proved in [4] that shy sets form a o-ideal and in locally compact
abelian Polish groups Haar measure zero sets and shy sets coincide.

Denote by C]0,1] the Banach space of continuous functions f: [0,1] — R en-
dowed with the supremum metric. By Cantor set we mean a set homeomorphic
to the classical ‘middle-third” Cantor set and generic is understood in the sense of
Baire category. Let us recall the well-known Bruckner-Garg Theorem, see [2].

Theorem 1.2 (Bruckner-Garg). The generic f € C[0, 1] has the property that there
is a countable dense set Dy C (min f, max f) such that

(1) f~Y(y) is a singleton if y € {min f, max f},
(2) f~'(y) is a Cantor set if y € (min f,max f) \ Dy,
(3) f~'(y) is the union of a Cantor set and an isolated point if y € Dy.

The above theorem completely describes the level set structure of the generic
f € C[0,1] from the topological point of view. If we now replace Baire category
with the measure theoretic notion of prevalence, we arrive at the the main question
of the paper:

Question 1.3. What can we say about the topological properties of the level sets
of the prevalent/non-shy many f € C[0,1]?

We say that f € C[0, 1] has the Bruckner-Garg property if its level sets are as
described in Theorem 1.2. The following theorem shows that our situation is more
complicated than the Baire category case.

Theorem 3.3. The set
{f € C[0,1] : f has the Bruckner-Garg property}
is Haar ambivalent in C[0,1].

We use 3 to denote positively many with respect to the measure p. In [1] we
proved the following theorem.

Theorem 1.4 (Balka-Darji-Elekes). The set
{f €C[0,1] : Py € R such that f~'(y) is a singleton}
is non-shy in C[0,1].

In fact, Theorem 3.3 yields that the term non-shy can be replaced by Haar
ambivalent in the above theorem. For f € C[0,1] let Ay = Ao f~! be the occupation
measure corresponding to f. In Theorem 1.4 one cannot replace Lebesgue measure
with occupation measure, because we showed in [1] that for the prevalent f € C/0, 1]
for A¢ almost every y € R the level set f~!(y) has Hausdorff dimension 1. The
following theorem yields that some of these level sets are not perfect.

Theorem 4.3. The set
{recp,i]: Iy € R such that f~1(y) is not perfect}

is Haar ambivalent in C[0,1].
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Next we consider maps from an uncountable compact metric spaces K to R
Let us denote by C(K,R?) the set of continuous functions from K to R¢ endowed
with the supremum metric. Prevalent continuous maps have many fibers of cardi-
nality continuum, the following theorem is essentially [6, Thm. 11] and the remark
following its proof.

Theorem 1.5 (Dougherty). Let K be the middle-third Cantor set and let d € NT.
Then for the prevalent f € C(K,R?) there exists a non-empty open set Uy C R
such that for ally € Uy

# M y) = 2%

Applying the above theorem we will show that generic fibers are perfect.

Theorem 5.1. Let K be a compact metric space without isolated points and let
d € N*t. Then for the prevalent f € C(K,R?) for the generic y € f(K)

f~Yy) is perfect.
Corollary 5.2. For the prevalent f € C|[0,1] for the generic y € f([0,1])
f~Yy) is perfect.
In [5] the following theorem was proved.

Theorem 1.6 (Darji-White). Let P C [0, 1] be perfect. Then the set
Dp ={f€Cl0,1] :Vx € P, f'(z) =00 for allz € P}
s shy.

Darji and White asked in [5] whether the above theorem holds if P is allowed to
vary with f. We answer their question in the negative.

Theorem 6.1. The set
D = {f € C[0,1] : 3 perfect set Py such that f'(x) = oo for all x € Py}

is Haar ambivalent.

2. PRELIMINARIES

Let (X,d) be a metric space. For z € X and r > 0 let B(z,r) and U(z,r) be
the closed and open balls of radius r centered at x, respectively. For A C X we
denote by cl 4, int A and A the closure, interior and boundary of A, respectively.
The diameter of a A is denoted by diam A. For A, B C X let us define dist(A, B) =
inf{d(z,y):xz € A, y € B}.

Let X be a complete metric space. A set is somewhere dense if it is dense in a
non-empty open set, and otherwise it is called nowhere dense. We say that M C X
is meager if it is a countable union of nowhere dense sets, and a set is called co-
meager if its complement is meager. We say that the generic element x € X has
property P if { € X : z has property P} is co-meager. A metric space X is Polish
if it is complete and separable. See e.g. [10] for more on these concepts. A set is
perfect if it is closed and has no isolated points.

For a measure pu we use 3" to denote positively many with respect to pu. Let A
be the one-dimensional Lebesgue measure and for all f € C[0,1] let Ay = Ao f~!
be the occupation measure corresponding to f.

For the following lemma see [6, Prop. 8.].
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Lemma 2.1. Let G, H be abelian Polish groups and let ®: G — H be a continuous
epimorphism. If S C H is prevalent then so is ®~1(S) C G.

The next corollary follows from Lemma 2.1 and the fact that the Tietze Extension
Theorem holds in R?.

Corollary 2.2. Let K1 C Ko be compact metric spaces, let d € Nt and define
R: O(K27Rd)—>C(K17Rd)7 R(f):f|K1
If A C C(Ky,R?) is prevalent then so is R™(A) C O(Kz, R?).

The next theorem follows from Theorem 1.5, Corollary 2.2 and the fact that every
uncountable Polish space contains a compact set homeomorphic to the middle-third
Cantor set, see [10, Cor. 6.5].

Theorem 2.3. Let K be an uncountable compact metric space and let d € NT.
Then for the prevalent f € C(K,R?) there evists a non-empty open set Uy C R?
such that for ally € Uy

—1 N
#f(y) =27,
3. BRUCKNER-GARG-TYPE THEOREM FOR PREVALENT CONTINUOUS FUNCTIONS

The goal of this section is to prove our main theorem, Theorem 3.3.

Definition 3.1. We say that f € C[0, 1] has the Bruckner-Garg property if its level
sets are as described in Theorem 1.2.

Definition 3.2. We say that f € C]0,1] is non-decreasing at a point x € [0,1] if
there exists € > 0 such that W >0forall z€[0,1]] with0< |z—z|<e. A
function f € C0,1] is non-increasing at = if —f is non-decreasing at x, and f is
monotone at x if f is either non-decreasing or non-increasing at x.

Theorem 3.3. The set
A={feC|0,1] : f has the Bruckner-Garg property}
is Haar ambivalent in C[0,1].

Before proving Theorem 3.3 we need three lemmas. For the following one see
the proof of [2, Thm. 3.3].

Lemma 3.4. If f € CI0,1] is not monotone at any point and one-to-one on its
local extremum points then f has the Bruckner-Garg property.

Applying [5, Thm. 1.1] for A = B = () yields the following lemma.
Lemma 3.5. The functions f € C[0,1] that are not monotone at any point form
a non-shy set in C[0,1].
Lemma 3.6. The prevalent f € C0,1] is one-to-one on its local extremum points.
Proof. Let
A={fe€Cl0,1] : f is not one-to-one on its local extremum points}.

Let Z be the family of closed rational subintervals of [0, 1]. For all disjoint I, J € T
let Ay, 5 be the set of functions f € C[0, 1] for which the maximum or the minimum
of f on I is equal to either the maximum or the minimum of f on J. Clearly

A= U Arg.

I,J€T, INJ=0
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Since the countable union of shy sets is shy, it is enough to prove that the sets Ay ;
are all shy.

Let us fix disjoint I, J € Z, and we need to prove that Ay ; is shy. As Ay ; is
clearly closed, it is Borel. We may assume that I = [a,b] and J = [¢,d] such that
b < c. For all u € [0,1] let g, : [0,1] — R be defined as

0 if & € [0,8],
gu(x) =< u if v € [¢, 1],
affine if z € [b, c].

Let us define the continuous map

¢: [07 1] - C[O’ 1]7 () = gu,

and consider the Borel probability measure y = Ao ¢~1 on C[0,1]. Note that the
support of our measure satisfies supp(u) = {g., : u € [0, 1]}.

Now it is sufficient to show that u(A; ;s + f) = 0 for every f € C[0,1]. But for a
fixed f € C[0,1] it is easy to see that (Ar s+ f) Nsupp(p) is actually finite, since
there are at most four w such that g, — f € Ay ;. As finite sets are p-null, this
completes the proof. O

Proof of Theorem 3.3. Theorem 1.4 implies that the functions f € C]0,1] having
the Bruckner-Garg property does not form a prevalent set in C[0, 1].
Now we prove that they form a non-shy set. Let

A={fe€C[0,1] : f is not monotone at any point},

B={feC[0,1] : fis one-to-one on its local extremum points}.
Lemma 3.4 implies that it is enough to prove that A N B is non-shy. The set A
is non-shy by Lemma 3.5 and B is prevalent by Lemma 3.6. Therefore AN B is
non-shy, and the proof is complete. O

4. LEVEL SETS WITH RESPECT TO THE OCCUPATION MEASURE

The main goal of this section is to prove Theorem 4.3. First we need some
preparation.

Lemma 4.1. The set
A={fe€C0,1] : Ay is absolutely continuous with respect to A}
1s Borel.

Proof. Let S be the family of all finite collections of pairwise disjoint open rational
intervals of R. Then S is countable. For n € N* and S € S let

S, ={5e€S:\NUS)<1/n},
Ans ={f € C[0,1] : \f(US) < 1/n}.

As X\ is absolutely continuous with respect to A iff the function z — A ((—o0, z))
is absolutely continuous, we obtain that

4=AU N 4es

n=1k=1SeSg
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Thus it is enough to prove that A, s is Borel for an arbitrarily fixed n € N* and
S={6L,...,I,} €S. For each open set U C R consider

Oy: C[0,1] = [0,1],  @u(f) =A(f'(U)).

It is easy to see that

n

Aps = {f €Cl0,1]: Y ®L(f) < 1},
i=1

therefore it is enough to prove that >_.*, @y, is Borel measurable. Thus it suffices
to show that ®;; is Borel measurable for every open set U C R. Fix an arbitrary
open set U C R and 7 > 0, we will check that ®;;'((r,00)) is open. Pick f €
@' ((r, 00)), we need to find & > 0 such that U(f,e) C @' ((r,0)). Since &y (f) =
A(f~HU)) > r, the regularity of Lebesgue measure implies that there is a compact
set K C f~1(U) such that A\(K) > r. As f(K) C U is compact, we can define
e =dist(f(K),R\U) > 0. Clearly g(K) C U for all g € U(f,¢), thus A(g~1(U)) >
AMK) > r. Hence U(f,e) C @' ((r,00)), and the proof is complete. O

The following theorem is essentially known, however, for the sake of completeness
we point out how standard arguments concerning the Brownian motion yield this
result.

Theorem 4.2. For the prevalent f € C|0, 1] the occupation measure Ay is absolutely
continuous with respect to the Lebesgue measure \.

Proof. Consider
A={fe€C[0,1] : Ay is absolutely continuous with respect to A},

then A is Borel by Lemma 4.1. Let p be the Wiener measure on C[0,1] and let
{B(s) : s € [0,1]} be the standard one-dimensional Brownian motion. It is enough
to prove that u(A — f) = 1 for all f € C]0,1], that is, Ap4y is almost surely
absolutely continuous with respect to A\. Now one can repeat the proof of [13,
Thm. 3.26] with ¢t = 1, using also that for all s1, s9,7 € [0, 1]

(4.1) Pr(|(B+ f)(s1) = (B+ f)(s2)| <7) < Pr(|B(s1) — B(s2)| < 7),
which we verify next. Let X be the standard normal random variable. We may

assume that s; # s2 and let us consider a = \/|s1 — 2|, b = ~and ¢ = f(s1)=f(s2)

a

As B(s1) — B(s2) has the same distribution as that of X and the density function
of X is even and monotone decreasing on [0, c0), we obtain

Pr(|(B+f)(s1) = (B+ f)(s2)| <7) =Pr(X € [-b—c,b—c])
< Pr(X € [~b, b))
=Pr(|B(s1) — B(s2)| < 1),

thus (4.1) holds. O
Theorem 4.3. The set
A={fecC,1]: FPry € R such that f~(y) is not perfect}

is Haar ambivalent in C[0,1].
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Proof. Theorem 3.3 easily yields that A is not prevalent, so it is enough to prove
that A is non-shy. For all f € C[0, 1] consider

Sg={yeR: f(y)N[0,1/2) is a singleton}.

Then Sy is Borel, because it is easy to see that {y € R : #(f~(y) N [0,1/2)) > 1}
and {y € R : #(f (y) N[0,1/2)) > 2} are F, sets. Theorem 1.4 and symmetry
imply that

B={feC[0,1] : A\(Sf) > 0}
is non-shy. Theorem 4.2 yields that
C={f € C[0,1] : Ay is absolutely continuous with respect to A}

is prevalent, so BN C is non-shy. Assume that f € BNC. Then A(Sf) > 0, so
the Lebesgue Density Theorem [7, 223B] implies that Sy + Q has full Lebesgue
measure. Therefore the absolute continuity of Ay with respect to A yields that
Af(Sy+ Q) = 1. Thus there exists a ¢(f) € Q such that

(4.2) A(FTHSy +alh)n2/3,1]) > 0.
As shy sets form a o-ideal, there is a ¢ € Q such that
D={feBNC:q(f) =4q}
is non-shy. Set I =[0,1/2] and J = [2/3,1] and define g € C[0, 1] as
0 ifxel,

g(z) =<q if x € J,
affine  otherwise.

Since D is non-shy and shy sets are invariant under translations, D — g is also non-
shy. Thus it is enough to prove that D — g C A. Let us fix f € D, we prove that
f—g € A. It is sufficient to show that Ay_,(Sf_4) > 0. Then g|; =0, g|; = g and
q(f) = q imply that Sy_, = Sy and

(f =97 (Sp-g) NI =(f =) (SN J
=7 Sy +alh))n
The above equation and (4.2) yield
Ap—g(S—g) =2 M(f — 9)71(Sf*g) nJ)
A (FUSy + a(f) 1) >0

This concludes the proof. [

5. GENERIC LEVEL SETS ARE PERFECT

The aim of this section is to prove the following theorem.

Theorem 5.1. Let K be a compact metric space without isolated points and let
d € N*t. Then for the prevalent f € C(K,R?) for the generic y € f(K)

f~Yy) is perfect.
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Proof. First we prove that
A={f € C(K,R?% :3 an open set U; C R? such that
Uy is a dense subset of f(K) and #f~!(y) = 2% for all y € Uy}
is prevalent in C'(K,R%). Let V = {V,, : n € N*} be a countable basis of K
consisting of non-empty open sets. For all n € NT let K,, = clV,, and consider
A, ={f € C(K,,R?% : 3 a non-empty open set U; C R?
such that #f~1(y) = 2% for all y € Ur}.

Since K has no isolated points, the same holds for all K,,, hence they are uncount-
able by [10, Cor. 6.3]. Thus Theorem 2.3 implies that the A, are prevalent. For all
n € NT let us define

R,: C(K,R%) — C(K,,RY), R(f)= flk,
(

Corollary 2.2 implies that R, !(A,) are prevalent in C(K,R%). As a countable
intersection of prevalent sets, (o—, R, *(A,) is also prevalent in C(K,R?). Thus

n=1

(
it is enough to prove that (7, R, (A,) C A. Fix f € ., R,;*(A,) and define

o0

Us = |J Upe, -
n=1

Then Uy C R? is open and is a dense subset of f(K). Clearly for all y € Uy there
is an n € N* such that y € Uy, , s0

#17y) = #(flr,) " y) = 2%

Hence A is prevalent in C(K,R9).
Now for all n € NT let

B,={f¢€ C’(Kn,]Rd) : 3 an open set Wy C R? such that
Wy is a dense subset of f(K,) and #f ' (y) = 2™ for all y € W;}.

Since the K, have no isolated points, the B,, are prevalent as above. Corollary 2.2
implies that the R !(B,) are prevalent in C(K,R?%). As a countable intersection of
prevalent sets, B = (\,—, R, (B,) is also prevalent in C(K,R?). For all f € B and
n € N let

Win =W, UF(E)\ f(Kn))

and
Wy = ()W
n=1

As a countable intersection of dense relatively open sets, Wy is co-meager in f(K).
Let us fix f € B and y € Wy, it is enough to prove that f~1(y) is perfect. By
definition, y € Wy, for all n € N*. If y € f(K) \ f(K,) then f~'(y) N K,, = 0, if
y € Wy, then #(f~(y) N Ky) = 2%. Thus #(f ' (y) N K,) # 1 for all n € N*,
hence f~1(y) has no isolated point. Therefore f~1(y) is perfect and the proof is
complete. O

Corollary 5.2. For the prevalent f € C[0,1] for the generic y € f([0,1])
f~Yy) is perfect.
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6. INFINITE DERIVATIVE ON PERFECT SETS
The main goal of this section is to prove the following theorem.
Theorem 6.1. The set
D = {f € C[0,1] : 3 perfect set Py such that f'(x) = oo for all v € Py}
is Haar ambivalent.

We need some preparation before we prove the theorem. The next lemma is
well-known, see e.g. [14, Lemma 4] for the proof.

Lemma 6.2. Let G be an abelian Polish group and let A C G. If for all compact
set K C G there exists a g € G such that K + g C A then A is non-shy.

The following lemma is probably known, but we could not find a reference, so
we outline its short proof.

Lemma 6.3. Let K C C[0,1] be a compact set. Then there is a strictly increasing
subadditive function h € C[0,1] such that h(0) = 0 and for all f € K and x,2 €
[07 1]7 xz # z
[f(z) = f(2)| < h(lz — 2]).
Proof. Let us define g € C0,1] as
g(t) = sup M (f,t), where
fex

M(f,t) = sup{|f(z) = f(2) : x, 2 € [0,1], |z — 2[ < t}.
By the Arzela-Ascoli Theorem K is bounded and equicontinuous. Boundedness
implies that g(t) < oo for all t € [0,1]. Clearly, ¢ is non-decreasing and for all
f € C[0,1] and s,¢ € [0,1] we have M (f,t+s) < M(f,t)+ M(f,s), so g(t +s) <
g(t) + g(s). Hence g is subadditive. By equicontinuity we obtain lim; 4 g(t) = 0,
so the subadditivity of ¢ yields

. B <1 =
lim |g(t) — g(s)[ < lim g(|t = s[) = 0,
thus g is continuous. Finally, let us define h € C[0, 1] as
h(t) = g(t) + t.

The definition and properties of g imply that h satisfies the required conditions. [
Lemma 6.4. Let h € C[0,1] be a strictly increasing subadditive function with
h(0) = 0 and extend h to [—1,1] by h(—x) = —h(x) for all x € [0,1]. Then there
is a non-empty perfect P C [0,1] and a non-decreasing g € C[0,1] such that for all
peP

i @) —9(0) _
v=p  h(z —p)
Proof. We may assume that h(x) > z for all z € [0, 1], otherwise we may add the
identity function to it. For all n € N7T let
(61) L, = h71(5in)7
then I3 < 1/5. Since h is subadditive on [0, 1], we obtain that l,41 < l,/5 for all

n € NT. Therefore we can define for all n € N* and o € {0, 1,2,3}" closed intervals
I, C [0,1] such that
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(1) Mo) = ln,

(2) I,; C I, for all i € {0,1, 2,3},

(3) The intervals {I,},c{0,1,2,3}» are pairwise disjoint and they are placed ac-
cording to the lexicographical ordering of the indexes o.

Let us define g € C[0,1] as

glx) = f, where
[0,2]

- h(ln
D DRI Y
n=15€{0,1,2,3}" "
Note that f is integrable so g is well-defined, because (6.1) and (1) yield the estimate

/ f= i > o hgl")x(lo) = i4”n5_” < o0.
[0,1] n n=1

n=10€{0,1,2,3}"

Let

r=( U L

n=1ge{1,2}"
It is clear that P is a non-empty perfect set. Now we show that P satisfies the
desired property. Fix p € P, x € [0,1] and n € N* such that l,,41 < |z —p| < 1, it
is enough to prove that
(6.2) 9@) —g(p) S
h(z —p) 25

Then |z — p| > l,+1 and (3) imply that there is a o € {0, 1,2,3}""2 such that I, is
between z and p. The definition of g, (1), (6.1) and the monotonicity of h yield

92) =9 = [ 1> (0 +2hls2) = 52 00) = (e = )

Clearly g(z) — g(p) and h(x — p) have the same sign, thus the above inequality
implies (6.2), which concludes the proof. O

Proof of Theorem 6.1. Applying [5, Thm. 1.1] for A = B = () yields that D is not
prevalent. We next show that D is not shy. Let K C C[0,1] be a given compact
set, by Lemma 6.2 it is enough to prove that K + g C D for some g € C[0, 1]. Let
h € C[0,1] be a strictly increasing function guaranteed by Lemma 6.3. We may
assume that h(x) > « for all € [0,1]. Extend h to [—1,1] so that h(—z) = —h(x)
for all z € [0,1]. Choose a non-empty perfect set P C [0,1] and a non-decreasing
function g € C0, 1] according to Lemma 6.4. The definitions of h and g imply that
forall fe Kandpe P

(@) - () (@)= fp) | g(x)—g(p)\ h(z —Dp)
o T—p hglﬂllr’lf( Wa—p) | h(z—p) ) x—p
. g(x) —g(p)\ h(z —p)
(0 ) S

>(-1+00)-1=o0.
Thus (f + ¢)'(p) = oo for all f € K and p € P, therefore K + g C D. O
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7. OPEN PROBLEMS

Problem 7.1. What can we say about the topological properties of the level sets of
the prevalent/non-shy many f € C([0,1]%) for d > 27

Problem 7.2. Krasinkiewicz [11] and Levin [12] independently showed that if K
is a compact metric space then the generic f € C(K) has the property that each
component of each of its fibers is hereditarily indecomposable. What can we say
from the point of view of prevalence?

Problem 7.3. Buczolich and Darji [3] showed that if K is a non-degenerate contin-
uum then the generic f € C(K) has the property that the Bruckner-Garg Theorem
holds when f~1(y) is replaced by Comp(f~*(y)), the space whose elements are the
components of f~1(y) and the topology is the so called upper semicontinuous topol-
ogy (that is, we consider the factor topology on = (y) where the equivalence classes
are the components). What can we say from the point of view of prevalence?

Problem 7.4. Buczolich and Darji [3] examined the fiber structure of the generic
map f € C(S?), where S is the two-dimensional sphere. What can we say from
the point of view of prevalence?

Problem 7.5. What can we say if we replace C(K) by C(K,R%) = {f: K — R?:
f is continuous}?

For the generic version of this last questions see e.g. [9].
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