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α P Å ,�C c > 0
#L��(

ψc

�Y�R(�03��@��$8S,��'(+�$*L�'��E
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0 < arclength(I) < π
2

,�C
π
2 < arclength(I) < π P�Q ��Y,$(�0
 7�����"�

limc→0 l(c) = π
2

�'&9(
l(c) 6= π

2

e9��,
l
*%���',�(k �,.�3�I(+�$�;( P �X� l *%�[���3�$#L�;(�*% $e;*j(�)(�(+��*-�3�V�"�. D0�,$<d*-(+�kO)�$#L&'�"�k�)(k@2,.�I(k �,.&'�;(+���'#-�2@��$�_�W(�*L@2�"�"e9�I,R(+0'�7C+�h�769*L�I(+�k�

c ∈ C��,�(+03�)(
arclength (ψc(I)) 6= arclength(I)

e91A0'*% D0M 7,��;(�CD��E'*L �(+� � ¶ P ÿ �>P
� �A �(�&3��#-#L��e�*-(S 7�$���Y�Â��0',)1A���_���N��,�@2�71A03�$(4#L�7�'i�(�0_�K "�$#% �&'#%�)(+*-,.��&3��*-�'i´(�0'�E9�"C�*LO)�)(�*LO����V(�03�$(

l
�$(I(D�$*L�3�°�"�. D0
O)�$#L&'�R�)(�@2,;�J(°(J1A*% �� P��»k&9(5(�03*L�S������*-#L� �_*L�7#%E'�

ang(ϕc) = 0
,.C

π
<=,�CS�7O.�7C+�

c ∈ C P � C ,$(+��(�0:�)(
(0,±1) /∈ Sf
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c = c1
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c1c2f(x) = c1(f(x+ uc2
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) =

= c1f(x+ uc2
) + c1vc2
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) + vc1
+ c1vc2
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. � ¶ P ½ �c ,�@283��C�*L�'i � ¶ P º � ���3E � ¶ P ½ � �_*L�7#%E'� vc1
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��,
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c1 − 1
=
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c2 − 1
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f(x+ t) = f(x)f(t) ∀x ∈ R ∀t ∈ T.
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t ∈ T
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tc ∈ R
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cf(x) =
f(x+tc)
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f(x+ t) = ctf(x),
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*%�X�3,$(«O��7C�(�*% 7��#-#L��C�*Li�*%EM<=,�C

CO_*L�W0',.C�*LÄ7,.�;(+�$#Y(+C+���3�I#%�)(+*-,.�3�"e;03�7�3 7�
k 6= 0 P �

� &9(�(�*L�'iR(�,.i��7(�0'�"C	(�0'�°(+0'C��"���$�Y,)O��V(�0'�",�C+�7@��] �,.@28'#-�7(�����(�0'��83C�,_,$<Y,$< � ���'f�,)O_*%�$G � �,.�)�J�" �(�&'C+� P± ��C��"@��$C+f?0'�7C+�R(+03�)(h1k��03�FO.�R�� >(+&3�$#L#L����#L��,�8'C+,)O��"E4(�03�R<=,�#L#-,)1A*L�'i:e31A0'*% D05�$89·8'#L*-���°� P i P (+,?»k��*-C+�« �#%���+� ÿ <=&3�3 >(+*-,.�3� P
��� m_r3�)m�� �du��:9 z7|

f : R → R ; z2�4x)z7{>|H}v�D�)���j�
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x ∈ P̂ ⇐⇒ x + p ∈ P̂

ed1A03*L D0Â�"����*L#-�
*L@W83#-*L�"�

f(x + p) = epf(x) P 
 �7�: �� f *%�XO.�7C�(�*% 7��#-#L�SC�*Li�*%EM<=,.CX(+0'�2&'�3 7,�&'�;(+���'#L�W����(
C = {ep : p ∈ P} P �

� ���'f�,)O_*%�$G �V 7,��)�J�� >(+&'C��R0:���k(�03�«<=,�#L#-,)1A*L�'i2 �&'C+*-,.&3�A �,.C�,.#-#%�$C+� P
� r3�)r � � 59� � �\uHs�� < ­'z7{�z��${�zT�D£$¡3|~}�¡3¨3£)¨_©�ªD¨9¡Y�7|H}v£$¡'©

f
�)¡��

g
¿]}�|=­�}%©7£)®�z7|H{>}v�X�${�� �'­_©

©7£�|=­'�$|
f
}%©RxFz7{>|~}v�+�$�����?{>}j��}v� ; ¨9| g }%©R¡Y£)| �

>«�)rdr@?�u Q <]1k�«C�,�(+�)(+�¬(�0'��i.C+��8'0�,$< f(x) = ex
 �#L,9 Df_1A*L���«�;�

π
4

(�0'�"��1k�R,��'(+�$*L��(�0'�
i�CD�$8304,$<]�2 �,.�.(+*-�_&',.&3�V<=&'�3 �(�*L,�� P »k� Z 03�7,�C+�7@�¶ P ÿ *-(�*L���',$(AO��"CI(+*L "�$#L#-�4C�*Li�*%E P �

� � ���R�����
	 � �����
�����
� � �k���
��� �°�'���=��	���� �

Q �N(+0'*%�W���" �(�*L,��N1k�
��0',)1 (+03�)( � ���'f�,)O_*%�$G �� �,.�)�J�" �(�&'C+�?<v��*-#%��<=,�C2»k,�C+�7#k@W������&'CD�$�'#L�<=&'�3 �(�*L,��3� P � &'C[�76'�$@28'#L�X�$#%��,T�$�3��1k�7CD���X&'���J(+*-,.� ÿ *L�5a ÿ7b ,�< c �$*L�de c #L��C�f2�$�:E?gA,.����e1A0'*% D0W�.�If9��1A0'�7(�0'�"C]�7O��"C��RO.�7C�(�*% 7��#-#L�RC�*Li�*%ER<=&3�3 >(+*-,.�W*%�	,$<:(�0'�°<=,.C�@
a+bx (a, b ∈ R),�C

a+ beg
<=,.Ch�I,.@2�

a, b ∈ R
���3ES��E3E9*j(+*-O.�«<=&'�3 �(�*L,��

g P »k� Z 03@ P ¶W,$<Aa ÿ>b a+ beg*%�°O��7C�(�*% 7��#-#L��C+*-i.*LE
*j<]�$�:E
,.�'#L�?*j<
b = 0

,�C
g
*%���I&3Cv�J�� >(�*LO�� P

��� m_r3�)m�� ²�uvs < ­'z7{�zhz��.}%©D|H©°���X£){+z��'®�zD�F©>¨9{�� ; �-zAxFz7{>|H}v�D�$�����R{>}j�$}v�[ªD¨9¡Y�7|H}v£$¡ f : R →
[0,∞) ¯ x�}v��­'£){>}���£$¡3| �)�	|H{+�)¡'©>�-�$|H}v£$¡'© ¥?|=­'�)|°}%©T¡�£)|A£JªT|�­3z°ª�£){>® a+ bx (a, b ∈ R)

£){
a+ beg

ª�£){«©7£)®�z
a, b ∈ R

�)¡��4���.�)}�|~}�xFz°ªD¨9¡���|~}v£)¡
g
�

Å ,.C¬E9�7Á3�'*-(�*L,��3�¬�$�:ES�3����*% �C+�"��&'#j(D�h,.�³»°�$*LC��T@W������&'CD�$�'#L�T����(+� ��� ����(D�h1A*-(�0³(�0'�
8'C+,�8Y�7C�(J�³,�<h»k��*-C+� � e�@2���$i�C+� ��� Á:C+�I(� 7�$(��"i�,�C+� � �$�3E� 7,�@2�"��i�C+� ��� C+�"��*LE9&:�$# � �I�7(+� �,.�3��&'#j(A� P i P a À b ,�C«a º b P Å ,�C � ,.#-*%�I0M��83�� 7�"�A�$�:E
»k,�C+�7#�*%�I,.@2,�C+8'0'*%�I@��°�I�"�R� P i P a º b P>«�)rdr@?�u2¾ �7(

P
�:�W� c �$�;(�,.Ch����( � �',��'�"@289(J�
�3,)1A0'�7C+��E9�7�:�I�T 7,�@283�. >(h����(h1A*-(�0S�',*%�I,.#L�$(��"E48:,.*-�;(D� � (�03�$(A*L�°#L*-�3�"�$C+#L��*-�3E'�78Y�7�3E9�"�;(°,)O.�7C Q

e'�I�"�X� P i P a º3e ÿ�� P ¶ b Pk� � �'�« 7�$��$#%��,
E9�"C�*LO���(�0'�2�76_*%�I(��7�: ��2,$<V��&3 D0y�
����(«<=C+,�@ a Ã b &3��*-�3i
(+0'�21V�"#-#-· f;�3,)1A�S<v�� �(¬(+03�)(�7O.�7C+��&3�3 �,.&'�;(+�$�3#-�«»k,�C+�7#3,.Ck���3�$#L�;(�*% X����(° �,.�.(D�$*L�3�k� c ���.(+,�Ck�I�7( P��TQ (°*%�V�������W(�,����7�(�0:�)(�<=,.CX�$#L#
n1, . . . , nk ∈ Z

(�03�T�I�7(
Pn1,...,nk

= {n1p1 + · · · + nkpk : p1, . . . , pk ∈

P}
*L�� �,.@W8:�� >(�e	0'�7�3 7��(�03�?i�C+,�&'8

P̂
i.�7�'�"C+�$(���E³�_�

P � (�03�$(�*%�7e�(+0'�?&'�'*L,��´,$<°(�0'�
Pn1,...,nk

G � � *%�
�K»k,�C+�7#~eh�� �(�&3��#-#L� Fσ

�I�7( P �h�
P
*%��#-*L�'���$C+#-�/*L�3E9�78Y�7�:E9�7�;("e¬�"�. D0

�7#L�7@2�"�.(A,�<
P̂
 7�$�M�Y�R&'�'*%`;&'�7#L�?1AC+*j(�(��7�M*L��(�0'�«<=,.C�@

n1p1 + · · · + nkpk Pµ_*L�3 ��
P
���3E

(0,∞)
�$C+��&'�3 7,�&'�;(D�$�'#L� � ,�#L*L��0N��83�� 7�"�"e�1k�4 7���N D0',_,.���?�5»k,�C+�7#*%�I,.@W,.C�830'*L��@

g : P → (0,∞) P ¾ �7( f : R → R
�Y�«(�03�«<=,�#L#-,)1A*L�'i�<=&'�3 >(+*-,.���

f(x) =

{
0

*j<
x ∈ R \ P̂∏k

i=1 g(pi)
ni

*j<
x =

∑k
i=1 nipi ∈ P̂ , ni ∈ Z, pi ∈ P, i = 1, . . . , k.
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