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Theorem 1. Two cusps of SL2(Z), u1
v1

, u2
v2
∈Q∪{∞} given in lowest terms, are equivalent

under Γ(q) if and only if (u1
v1 )≡±(u2

v2 ) mod q.

Proof. If u1
v1

=
(

a b
c d

) u2
v2

= au2+bv2
cu2+dv2

for
(

a b
c d

)
∈ Γ(q), then (au2 +bv2,cu2 +dv2) = 1 shows

that (u1
v1 ) = ±

(
au2+bv2
cu2+dv2

)
≡ ±(u2

v2 ) mod q. For the converse we can assume (u1
v1 ) ≡ (u2

v2 )

mod q. We take some τ =
(u2 ∗

v2 ∗
)
∈ SL2(Z), then (u1

v1 ) ≡ τ
(

1
0

)
mod q, so that (u

v ) :=

τ−1 (u1
v1 )≡

(
1
0

)
mod q. There exists some σ =

(
u v′
v u′

)
in Γ(q). Indeed, writing u′ = 1+qr,

v′ = qs, there exist r,s∈Z such that u(1+qr)−v(qs) = 1, i.e. ur−vs = (1−u)/q, because
(u,v) = 1 and (1−u)/q∈Z. Now (u1

v1 ) = τ (u
v ) = τσ

(
1
0

)
= τστ−1 (u2

v2 ), where τστ−1 lies
in Γ(q), therefore u1

v1
and u2

v2
are equivalent under Γ(q). �

Corollary 1. The number of inequivalent cusps of Γ(q) equals
1 for q = 1,

3 for q = 2,
1
2 q2

∑p|q(1− p−2) for q > 2.

Proof. For any coprime u,v∈Z the residue classes u′ := u mod q and v′ := v mod q satisfy
(u′,v′,q) = 1. On the other hand, for any residue classes u′,v′ mod q satisfying (u′,v′,q) =
1 there exist coprime u,v ∈ Z such that u≡ u′ (mod q) and v≡ v′ (mod q). Indeed, taking
any u ≡ u′ mod q there exists v ∈ Z by the Chinese remainder theorem such that v ≡ 1
(mod p) for any prime p | u with p - q and also v ≡ v′ (mod q). Therefore the number
of cusps of Γ(q) equals the number of pairs

{
±
(

u mod q
v mod q

)}
formed of residue classes u,v

mod q satisfying (u,v,q) = 1. For q = 1,2 each pair consists of a single vector, hence the
number of cusps is as stated. For q > 2 each pair consists of two vectors, hence the number
of cusps is one-half of

∑
u,v mod q
(u,v,q)=1

1 = ∑
u,v mod q

∑
d|(u,v,q)

µ(d) = ∑
d|q

µ(d) ∑
u,v mod q

d|u,v

1 = ∑
d|q

µ(d)
(q

d

)2
= q2

∑
p|q

(
1− 1

p2

)
,

as stated. �

Theorem 2. Two cusps of SL2(Z), u1
v1

, u2
v2
∈Q∪{∞} given in lowest terms, are equivalent

under Γ0(q) if and only if there exists v | q such that (q,v1) = (q,v2) = v and u1v1 ≡ u2v2
(mod (q,v2)).

Proof. Fixing arbitrary elements
(

u1 v1
v1 u1

)
,
(

u2 v2
v2 u2

)
∈ SL2(Z) we need to examine the state-

ment

∃γ ∈ Γ0(q) :
(

u1 v1
v1 u1

)
∞ = γ

(
u2 v2
v2 u2

)
∞.
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This is clearly

⇐⇒ ∃γ ∈ Γ0(q) : ∃n ∈ Z :
(

1 n
0 1

)
=
(

u1 v1
v1 u1

)−1

γ

(
u2 v2
v2 u2

)
⇐⇒ ∃n ∈ Z :

(
u1 v1
v1 u1

)(
1 n
0 1

)(
u2 v2
v2 u2

)−1

∈ Γ0(q)

⇐⇒ ∃n ∈ Z :
(

u1 v1 +nu1
v1 u1 +nv1

)(
u2 −v2
−v2 u2

)
∈ Γ0(q)

⇐⇒ ∃n ∈ Z : u2v1−u1v2−nv1v2 ≡ 0 (mod q)

⇐⇒ ∃m,n ∈ Z : u2v1−u1v2 = qm+nv1v2

⇐⇒ u2v1 ≡ u1v2 (mod (q,v1v2)).

Let us examine the last condition. Observe that by (u1,v1) = (u2,v2) = 1 the congruence
forces (q,v1) | v2 and (q,v2) | v1, i.e. (q,v1) = (q,v2). Denoting this common value by v
and writing q = vw, the congruence becomes u2v1/v ≡ u1v2/v (mod (w,v1v2/v)). Note
that (v1/v,q/v) = (v1,q)/v = 1 and (v2/v,q/v) = (v2,q)/v = 1, i.e. both v1/v and v2/v
are coprime to w. In particular, v1v2/v = v(v1/v)(v2/v) shows that (w,v1v2/v) = (w,v)
and the congruence further simplifies to u2v1/v ≡ u1v2/v (mod (w,v)). Note also that
u1u1 and u2u2 are ≡ 1(mod v), hence the congruence is equivalent to u1v1/v ≡ u2v2/v
(mod (w,v)). Multiplying this by v we obtain the congruence in the theorem. �

Corollary 2. The number of inequivalent cusps of Γ0(q) equals ∑q=vw ϕ((v,w)).

Proof. For any decomposition q = vw and any reduced residue class u′ mod (v,w) we pick
some u∈Z such that (u,v) = 1 and u≡ u′ (mod (v,w)). This exists by the Chinese remain-
der theorem, e.g. we can take u ∈ Z such that u≡ 1(mod p) for any prime p | v with p - w
and also u ≡ u′ (mod (v,w)). By Theorem 2 (or its proof), the resulting rational numbers
u
v represent the Γ0(q)-orbits of Q∪{∞}, and their number equals ∑q=vw ϕ((v,w)). �
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