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Abstract

We study connections between the topology of generic character varieties of fundamental groups
of punctured Riemann surfaces, Macdonald polynomials, quiver representations, Hilbert schemes on
C* x C*, modular forms and multiplicities in tensor products of irreducible characters of finite general
linear groups.
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1 Introduction

1.1 Character varieties

Given a non-negative integer g and a k-tuple u = (u', 12, ..., u*) of partitions of n, we define the generic
character variety M, of type u as follows (see [10] for more details). Choose a generic tuple (Cy, . ..,Ck)
of semisimple conjugacy classes of GL,(C) such that for each i = 1,2,...,k the multiplicities of the
eigenvalues of C; are given by the parts of y'.

Define Z,, as

Z = {(al,bl,...,ag,bg,xl,...,xk) € (GL,)® X C) X --- X Cy

ﬁ(aisbi) ﬁxi = 1},
=1 i=1

where (a,b) = aba™'b™'. The group GL, acts diagonally by conjugation on Z, and we define M, as the
affine GIT quotient
My = Zu//GL, := Spec (C[Z,1™).

We prove in [10] that, if non-empty, M, is nonsingular of pure dimension
dy=n*(2g -2 +k) - Z(u;)z +2.
ij

We also defined an a priori rational function Hj,(z, w) € Q(z, w) in terms of Macdonald symmetric functions
(see § 2.1.4 for a precise definition) and we conjecture that the compactly supported mixed Hodge numbers
{(hy! ;k(M,,)},; ik satisfies hg! ;k(M,,) = O unless i = j and

Ho(Mys;q,1) = (1 VO #H, (—t V4, (1.1.1)

)
Vi)
where H.(My; q,1) == 3 ; hi’i;j (Mﬂ)qit-/ is the compactly supported mixed Hodge polynomial.
In particular, H,,(-z, w) should actually be a polynomial with non-negative integer coeflicients of degree
d,, in each variable.
In [10] we prove that (1.1.1) is true under the specialization (g, f) — (g, —1), namely,

E(My;q) == H(My;q,-1) = qé"”H,,(\/Z;,L). (1.1.2)
Vq
This formula is obtained by counting points of M, over finite fields (after choosing a spreading out
of M, over a finitely generated subalgebra of C). We compute #M,,(F,) using a formula involving the
values of the irreducible characters of GL,(F,) (a formula that goes back to Frobenius [5]). The calculation
shows that M, is polynomial count; i.e., there exists a polynomial P € C[T] such that for any finite
field F, of sufficiently large characteristic, #M,(F;) = P(q). Then by a theorem of Katz [10, Appendix]
E(My; q) = P(q).
Recall also that the E(M; g) satisfies the following identity

EMy:q) = ¢"EMyiq7). (1.13)
In this paper we use Formula (1.1.2) to prove the following theorem.

Theorem 1.1.1. If non-empty, the character variety M, is connected.

The proof of the theorem reduces to proving that the coefficient of the lowest power of g in H,(+/g, 1/ +/9),
namely g~%/2, equals 1. This turns out to require a rather delicate argument, by far the most technical of
the paper, that uses the inequality of § 6 in a crucial way.



1.2 Relations to Hilbert schemes on C* x C* and modular forms

Here we assume that g = k = 1. Put X = C* x C* and denote by X! the Hilbert scheme of n points in X.
Define H"(z, w) € Q(z, w) by

_ n\2
D EGwT =] ] q _(1 ) (1.2.1)

2 — w2 ’
n=0 nx1 < Tn)(l w Tn)

with the convention that HI%(z, w) := 1. It is known by work of Gottsche and Soergel [9] that the mixed
Hodge polynomial H. (X " g, t) is given by

H (X"; q,1) = (qr*)"H" (—t N7

)
\/6
COIIJeCtllIe 1-2-1. ”e have

H[ ](Z, W) - H(l’l— )(2, W).

This together with the conjectural formula (1.1.1) implies that the Hilbert scheme X! and the character
variety M,-1,1) should have the same mixed Hodge polynomial. Although this is believed to be true (in the
analogous additive case this is well-known; see Theorem 4.1.1) there is no complete proof in the literature.
(The result follows from known facts modulo some missing arguments in the non-Abelian Hodge theory
for punctured Riemann surfaces; see the comment after Conjecture 4.2.1.) We prove the following results
which give evidence for Conjecture 1.2.1.

Theorem 1.2.2. We have

H"(0, w) = Hy,-1.1) (0, W),
H W™ w) = Hopep ™, w).

The second identity means that the E-polynomials of X! and M1, agree. As a consequence of
Theorem 1.2.2 we have the following relation between character varieties and quasi-modular forms.

Corollary 1.2.3. We have

n>1

Ltk
2) G |.

k>2

where

Gi(T) = _2—7;" + Z Zd"‘lT”

n>1 d|n

(with By is the k-th Bernoulli number) is the classical Eisenstein series for S Ly(Z).
In particular, the coefficient of any power of u in the left hand side is in the ring of quasi-modular
forms, generated by the Gy, k > 2, over Q.

Relation between Hilbert schemes and modular forms was first investigated by Gottsche [8].



1.3 Quiver representations

For a partition 4 = p; > --- > u, > 0 of n we denote by /() = r its length. Given a non-negative
integer g and a k-tuple u = (u', %, ..., u*) of partitions of n we define a comet-shaped quiver I, with k
legs of length sy, s2,..., s, (Where s; = I(u') — 1) and with g loops at the central vertex (see picture in

§3.2). The multi-partition y defines also a dimension vector v, of I, whose coordinates on the i-th leg are
(non—plon—p — b, on =30 ).

By a theorem of Kac [15] there exists a monic polynomial A,(T) € Z[T] of degree d,, /2 such that the
number of absolutely indecomposable representations over F, (up to isomorphism) of I, of dimension v,
equals A,(q).

Let us state the main result of this section.

Theorem 1.3.1. We have
Au(q) = Hy(0, ). (1.3.1)

If we assume that v, is indivisible, i.e., the gcd of all the parts of the partitions ;11, e, pk equals 1, then,
as mentioned in [ 10, Remark 1.4.3], the formula can be proved using the results of Crawley-Boevey and van
den Bergh [1] together with the results in [10]. More precisely the results of Crawley-Boevey and van den
Bergh say that A, (q) equals (up to some power of g) the compactly supported Poincaré polynomial of some
quiver variety @, (which exists only if v, is indivisible). In [10] we show that the Poincaré polynomial of
Q, agrees with H,,(0, 4/g) up to the same power of g, hence the formula (1.3.1).

The proof of Formula (1.3.1) we give in this paper is completely combinatorial (and works also in the
divisible case). It is based on Hua’s formula [13] for the number of absolutely indecomposable representa-
tions of quivers over finite fields.

The conjectural formula (1.1.1) together with Formula (1.3.1) implies the following conjecture.

Conjecture 1.3.2. We have
dp
Au(g) = > PH(My: q),

where PH.(M,;q) 1= ; hﬁ?i;zi(Mu)qi is the pure part of H.(My; g, 1).

1.4 Characters of general linear groups over finite fields

Given two irreducible complex characters X, X, of GL,(F,) it is a natural and difficult question to un-
derstand the decomposition of the tensor product X; ® X, as a sum of irreducible characters. Note that
the character table of GL,(F,) is known (Green, 1955) and so we can compute in theory the multiplicity
(X1 ® X2, X) of any irreducible character X of GL,(F,) in X; ® X, using the scalar product formula

1

X1 ®X,X)= ———— X1(2)X»(2)X(g). 1.4.1
(X1 ® X5, X) L& ge(;m 1(©)X2(9)X(g) (1.4.1)

However it is very difficult to extract any interesting information from this formula. In his thesis Mattig
uses this formula to compute (with the help of a computer) the multiplicities (X; ® X», X) when X, X7, X
are unipotent characters and when n < 8 (see [?]), and he noticed that (X; ® X;, X) is a polynomial in ¢
with positive integer coefficients.

In [10] we define the notion of generic tuple (X, ..., Xy) of irreducible characters of GL,(F,). We also
consider the character A : GL,(F,) — C, x > g¢4imu® where Cgy, (x) denotes the centralizer of x in
GLn(Fq) and where g is a non-negative integer. If g = 1, this is the character of the conjugation action of
GL,(F,) on the group algebra C[gl,(F,)].

If u = (ui, p2, ..., p,) is a partition of n, an irreducible character of GL,(F,) is said to be of type y if it
is of the form RZL” (@) where L, = GL,, x GL,,, X --- X GL,, and where « is a regular linear character of
L,(F,), see §3.4 for definitions. Characters of this form are called semisimple split.



In [10] we prove that for a generic tuple (X},...,X;) of semisimple split irreducible characters of
GL,(F,) of type u, we have
ARXi®---® Xy, 1) = Hy(0, v9g). (14.2)

Note that in particular this implies that the left hand side only depends on the combinatorial type g not on
the specific choice of characters.
Together with Formula (1.3.1) we deduce the following formula.

Theorem 1.4.1. We have
ARX|1®---® Xy, 1) = Au(Q).

Using Kac’s results on quiver representations (see §3.1) the above theorem has the following conse-
quence.

Corollary 1.4.2. Let ®(I'y) denote the root system associated with T, and let (X1, ..., Xy) be a generic
k-tuple of irreducible characters of GL,(F,) of type p.

We have (A@ X ® -+ ® Xi, 1) # 0 if and only if v, € ®(T,). Moreover (A® X ® --- ® X, 1) = 1 if
and only if v, is a real root.

In [21] the second author discusses the statement of Corollary 1.4.2 for generic tuples of irreducible
characters of GL,(F,) which are not necessarily split semisimple.
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was supported by a Royal Society University Research Fellowship at the University of Oxford. EL was
supported by ANR-09-JCJC-0102-01. FRV was supported by NSF grant DMS-0200605, an FRA from the
University of Texas at Austin, EPSRC grant EP/G027110/1, Visiting Fellowships at All Souls and Wadham
Colleges in Oxford and a Research Scholarship from the Clay Mathematical Institute.

2 Preliminaries

We denote by F an algebraic closure of a finite field F,,.

2.1 Symmetric functions
2.1.1 Partitions, Macdonald polynomials, Green polynomials

We denote by P the set of all partitions including the unique partition 0 of 0, by #* the set of non-zero
partitions and by P, be the set of partitions of n. Partitions A are denoted by 4 = (4;, Ay, ...), where
Ay = A, =2 -+ = 0. We will also sometimes write a partition as (1"™,2™2,...,n™) where m; denotes the
multiplicity of i in 4. The size of A is |4] := }; A;; the length (1) of A is the maximum i with 4; > 0.
For two partitions A and y, we define (4, u) as }}; A;u; where A’ denotes the dual partition of . We put
n(d) = Y;s0(i — DA;. Then (A, 1) = 2n(A) + |4]. For two partitions A = (1™,2",...)and g = (1™ ,2™,...),
we denote by A U u the partition (1"1*™,2*"2 ) For a non-negative integer d and a partition A, we
denote by d - A the partition (ddy,dA,,...). The dominance ordering for partitions is defined as follows:
p2Adifandonly if gy + -+ pu; <Ay +---+ A;forall j> 1.

Let x = {x, x5, ...} be an infinite set of variables and A(x) the corresponding ring of symmetric func-
tions. As usual we will denote by s,(x), 11(X), pa(x), and m,(x), the Schur symmetric functions, the com-
plete symmetric functions, the power symmetric functions and the monomial symmetric functions.

We will deal with elements of the ring A(x) ®z Q(z, w) and their images under two specializations: their
pure part, z = 0,w = +/q and their Euler specialization, z = +fg,w = 1/ /g.



For a partition 4, let H(x; q,1) € A(x)®zQ(qg, t) be the Macdonald symmetric function defined in Garsia
and Haiman [7, I.11]. We collect in this section some basic properties of these functions that we will need.

We have the duality
Hy(x;q,1) = He(x;1,9) 2.1.1)

see [7, Corollary 3.2]. We define the (transformed) Hall-Littlewood symmetric function as
Hi(x;9) == Hy(x;0,9). (2.1.2)

In the notation just introduced then H,(x; g) is the pure part of H,(x; 2>, w?).
Under the Euler specialization of H;(x; z2, w?) we have [10, Lemma 2.3.4]

Hix;q,q7") = ¢ "V Hy(g)sa(xy), 2.1.3)

where y; = ¢! and H,(q) := [1,ei(1 = ¢"9) is the hook polynomial [23, 1, 3, example 2].
Define the (q, 1)-Kostka polynomials f(m(q, 1) by

Hix:,0) = ) Kua(g, 15/, (2.1.4)

These are (g, t) generalizations of the I?Vﬁ(q) Kostka-Foulkes polynomial in Macdonald [23, III, (7.11)],
which are obtained as ¢" VK, (¢7") = K,1(¢) = K,1(0, ), i.e., by taking their pure part. In particular,

Hix:9) = ) Koa(@)s,(x). (2.1.5)

For a partition A, we denote by x* the corresponding irreducible character of Sy as in Macdonald [23].
Under this parameterization, the character (" is the sign character of S, and y" is the trivial character.
Recall also that the decomposition into disjoint cycles provides a natural parameterization of the conjugacy
classes of S, by the partitions of n. We then denote by )(ﬁ the value of y* at the conjugacy class of S
corresponding to ¢ (we use the convention that /\(ﬁ = 0if |A] # |ul). The Green polynomials {Q7(q)}arep are
defined as

Q1@ = ) XiKelq) (2.1.6)
if |4 = |7] and Q7 = 0 otherwise.
2.1.2 Exp and Log
Let A(Xy,...,X) = A(X)) ®z -+ ®z A(Xg) be the ring of functions separately symmetric in each set
X1, X,...,X; of infinitely many variables. To ease the notation we will simply write A for the ring

A(Xla sy Xk) ®Z Q(q’ t)
The power series ring A[[T]] is endowed with a natural A-ring structure in which the Adams operations
are

Ya(f(X1,Xa, .. X g, 5 1)) = fx0,x4, . x g 1 TY).

Let A¢[[T]]* be the ideal TA[[T]] of A¢[[T]]. Define W : A¢[[T]1]" — A[[T]]* by

=y 0

n>1

and Exp : A¢[[T1]* = 1 + Ai[[T]1]" by

Exp(f) = exp(¥(f)).



The inverse W~ : A([[T]]* — A[[T]]* of ¥ is given by

o Ua(f)
W (f)—;u(n)—n

where y is the ordinary Mobius function.
The inverse Log : 1 + A¢[[T]] — Ak[[T]] of Exp is given by

Log(f) = ¥~ (log(f)).
Remark 2.1.1. Let f = 1+ Y0, fuiT" € 1+ A([[T]]*. If we write

1
log(f) =" ~UT". Log(f) = ). VaT",

nx1 n>1

then

1
V, = = Z,U(d)%(Ur/d).
d|r
We have the following propositions (details may be found for instance in Mozgovoy [24]).
For g € Ay andn > 1 we put

1
gn =~ D MDY (8).

din

This is the M&bius inversion formula of ¥,(g) = >4, d - g4.

Lemma 2.1.2. Let g € Ay and fi, f>» € 1 + Ai[[T]1]F such that

log (i) = > g4 log Wa(f2)).

d=1
Then
Log (f1) = g - Log (f2).

Lemma 2.1.3. Assume that f € A[[T1]". Ifit has coefficients in A(Xy, . ..,X;)QzZ[q, ] C Ay, then Exp(f)
has also coefficients in A(Xy,...,X;) ®z Z[q, t].

2.1.3 Types

We choose once and for all a total ordering > on P (e.g. the lexicographic ordering) and we continue
to denote by > the total ordering defined on the set of pairs Z3; X P* as follows: If 1 # pand 2 > g,
then (d, 1) > (d’, ), and (d, 1) > (d’', ) if d > d’. We denote by T the set of non-increasing sequences
w = (d,w") > (dr,w?) > --- > (d,,w"), which we will call a type. To alleviate the notation we will then
omitt the symbol > and write simply w = (d}, w' ) (ds, w?) - - - (d,, w"). The size of a type wis |w| := 3; d;|A].
We denote by T, the set of types of size n. We denote by m, ,(w) the multiplicity of (d, 4) in w. As with
partitions it is sometimes convenient to consider a type as a collection of integers m, , > 0 indexed by pairs
(d, Q) € Zoyx P*. Foratype w = (d;, w" )(ds, w?) - - - (d,, "), we put n(w) = ¥, din(w') and [w] = U;d;-w'.

When considering elements a, € A indexed by multi-partitions g = (u', ..., ¢*) € P¥, we will always
assume that they are homogeneous of degree (|u!|,. .., |t*]) in the set of variables x, ..., X;.

Let {ay} ept be a family of symmetric functions in Ay indexed by multi-partitions.

We extend its definition to a multi-type w = (di, ") - - - (dy, w*) with w? € (P, ¥, by



g = ﬂ Wa, (Aur).
P

For a multi-type w as above, we put

H(d) r—1__ (r=D! : _ — —
o )T oy i ==dr=d
0 otherwise.
where mg ,(w) with g € P* denotes the multiplicity of (d, ) in w.
We have the following lemma (see [10, §2.3.3] for a proof).

Lemma 2.1.4. Let {Ay},epr be a family of symmetric functions in Ay with Ag = 1. Then

Log LZ A,,Tﬂl] - Z C? AT 2.1.7)

epk
where w runs over multi-types (d;, ') - - - (dg, °).

The formal power series },,¢a,T" with a, € Ay that we will consider in what follows will all have
a, homogeneous of degree n. Hence we will typically scale the variables of Ay by 1/T and eliminate T
altogether.

Given any family {a,} of symmetric functions indexed by partitions x € # and a multi-partition p € P
as above define

ay = ap(Xp) - a(Xg).

Let (-, -) be the Hall pairing on A(x), extend its definition to A(Xj, ..., X;) by setting
(a1 (X)) - - ar(X), b1(x1) - - - b (X)) = (a1, b1) - - - {ax, bi)s (2.1.3)
for any ay,...,ax; b1, ...,b;r € A(X) and to formal series by linearity.

2.1.4 Cauchy identity
Given a partition A € $,, we define the genus g hook function Hy(z, w) by

(ZZa(s)Jrl _ W2[(s)+1 )2g

Hy(z,w) := n

1 (Z2a(s)+2 _ W2l(x))(z2a(x) _ W2[(s)+2)’
SE

where the product is over all cells s of A with a(s) and I(s) its arm and leg length, respectively. For details
on the hook function we refer the reader to [12].
Recall the specialization (cf. [10, §2.3.5])

qg<M>

Ha(0, vg) = (2.1.9)

ax(q)
where a,(g) is the cardinality of the centralizer of a unipotent element of GL,,(F,) with Jordan form of type
A.

It is also not difficult to verify that the Euler specialization of H; is

)Zg—Z

Hi(VG 1/ D) = (a7 Halq) (2.1.10)

We have
Hi(z,w) = Hy(w,z) and Hy(—z,—w) = Hi(z, w). (2.1.11)
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Let .
QW) = Q1. x5 w) 1= > Hiew) [ | Hatxis 2, w).
AeP i=1
By (2.1.1) and (2.1.11) we have
Qz,w) = Qw,z) and Q(—z, —w) = Q(z, w). (2.1.12)
Foru = (u',- -+, 1*) € P*, we let
Hu(zw) = (% = (1 = w?) (Log Q(z, w), hy ) . (2.1.13)
By (2.1.12) we have the symmetries
H,(z,w) = Hy(w,z) and Hy,(-z,—w) = Hy(z, w). (2.1.14)

We may recover Q(z, w) from the H,(z, w)’s by the formula:

Hy(z, w)

Qz,w) =E = . 2.1.15

(z,w) = Exp [uz T wz)mﬂ] ( )
Pk

From Formula (2.1.3) and Formula (2.1.10) we have:

i-1

Lemma 2.1.5. With the specialization y; = q

1 _ _ 2g+k=2 k
Q ,— | = (1=-g)IA| ) gy ).
( V4 \/6—]) ;} q (q A(Q)> 1:1[ SA(Xiy)

Conjecture 2.1.6. The rational function Hy(z,w) is a polynomial with integer coefficients. It has degree
dy=n*Q2g -2 +k) - Z(,;;)Z +2
i.j

in each variable and the coefficients of H,(—z, w) are non-negative.

The function Hy,(z, w) is computed in many cases in [10, §1.5].

2.2 Characters and Fourier transforms
2.2.1 Characters of finite general linear groups

For a finite group H let us denote by Mody the category of finite dimensional C[H] left modules. Let K be
an other finite group. By an H-module-K we mean a finite dimensional C-vector space M endowed with a
left action of H and with a right action of K which commute together. Such a module M defines a functor
R’,}' : Modg — Mody by V = M ®c(x; V. Let C(H) denotes the C-vector space of all functions H — C
which are constant on conjugacy classes. We continue to denote by Rf(l the C-linear map C(K) — C(H)
induced by the functor R¥ (we first define it on irreducible characters and then extend it by linearity to the
whole C(K)). Then for any f € C(K), we have

RI(F)() = 1K™ Y Trace ((g,k™") | M) f(h. 2.2.1)

keK
Let G = GL,(F,) with F, a finite field. Fix a partition A = (4y,..., 4,) of n and let ¥ = F,(F,) be the
variety of partial flags of IF,-vector spaces

{Oy=E cE'c---cE'cE'=(,)"
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such that dim(E""!/E") = A,.
Let G acts on 7, in the natural way. Fix an element

X,=((0)=E'cE™' c---cE'cE'=(F)")eF,

and denote by P, the stabilizer of X, in G and by U, the subgroup of elements g € P, which induces the
identity on E'/E™! foralli=0,1,...,r - 1.

Put L, := GL, (F,) x - - - X GL,, (F,). Recall that U, is a normal subgroup of P, and that P, = L; < U,.

Denote by C[G/U,] the C-vector space generated by the finite set G/U, = {gU,|g € G}. The group
L, (resp. G) acts on C[G/U,] as (gU,) - I = glU, (resp. as g - (hU,) = ghU,). These two actions make
CI[G/U,] into a G-module-L,. The associated functor Rg : Mod;, — Modg is the so-called Harish-
Chandra functor.

We have the following well-known lemma.

Lemma 2.2.1. We denote by 1 the identity character of L. Then for all g € G, we have

RY (1)(g) =#X e Falg- X = X).
Proof. By Formula (2.2.1) we have

RS (1)(9) = ILal™" > #(hU, | ghU, = hkU, )
keL,
= L™ ) #hU, | gh € hkU,)
kEL/[

= |La|"'#{hU, |gh € hP,}
= #{/’lP/llghP,l = hP,l}

We deduce the lemma from last equality by noticing that the map G — ¥, g — g - X, induces a bijection
G/ P, - 7'-,1 ]

We now recall the definition of the type of a conjugacy class C of G (cf. [10, 4.1]). The Frobenius
f :F—F, x— x?acts on the set of eigenvalues of C. Let us write the set of eigenvalues of C as a disjoint
union

vl Joev ] ] [

of (f)-orbits, and let m; be the multiplicity of y;. The unipotent part of an element of C defines a unique
partition W' of m;. Re-ordering if necessary we may assume that di, ") > (dr,?) > - > (d,, ). We
then call w = (d, ") - - - (d,, w") € T, the type of C.

Put T := L ,..1). It is the subgroup of diagonal matrices of G. The decomposition of R;‘(l) as a sum
of irreducible characters reads

RiM= > x()- U,
xelm(Wz,)

where W, := N (T)/T is the Weyl group of L,. We call the irreducible characters {U,}, the unipotent
characters of L,. The character U is the trivial character of L,. Since Wy, =~ §,, X---X§, , the irreducible

.....

of A;. We denote by U, the unipotent character of L, corresponding to such a type 7.
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Theorem 2.2.2. Let U, be a unipotent character of L, and let C be a conjugacy class of type w. Then

RY (U)(C) = (Hu(X,q), 5:(X)) .

Proof. The proof is contained in [10] although the formula is not explicitely written there. For the conve-
nience of the reader we now explain how to extract the proof from [10]. For w € W,, we denote by R(T;w(l)
the corresponding Deligne-Lusztig character of G. Its construction is outlined in [10, 2.6.4]. The character
U of L) decomposes as,

U = Wil™ > - R ()

weW,

where x;, denotes the value of ™ at w. Applying the Harish-Chandra induction Rfl to both side and using
the transitivity of induction we find that

RS (U = W™ > x5, - RS (1),

weW,
We are now in position to use the calculation in [10]. Notice that the right handside of the above formula
is the right hand side of the first formula displayed in the proof of [10, Theorem 4.3.1] with (M, 6™, %) =
(Lj, 1, x7) and so the same calculation to get [10, (4.3.2)] together with [10, (4.3.3)] gives in our case

RO (UXO =Y e D, 05@mz!
@ B1(Bl=[al}
where the notation are those of [10, 4.3]. We now apply [10, Lemma 2.3.5] to get

RY (U)(C) = (Ho(x; g), 5:()) .

If a is the type (1, (4})) - - - (1, (4,)), then s,(Xx) = h,(x). Hence we have:

Corollary 2.2.3. If C is a conjugacy class of G type w, then

RS (1(C) = (Hu(x,9), ha(x)).

Corollary 2.2.4. Put 7:4#,0)(‘1) =H#X e Filg- X = X} where g € G is an element in a conjugacy class of
type w. Then

%) = Y F(@mx).
A

Proof. 1t follows from Lemma 2.2.1 and Corollary 2.2.3. O
We now recall how to construct from a partition 4 = (dy,...,4,) of n a certain family of irreducible
characters of G. Choose r distinct linear characters «q,...,a, of qu. This defines for each i a linear

character @; : GL,(F,) — C*, g — a;(det(g)), and hence a linear character & : L, — C*, (g;) —
a@,(gy)---@1(g1). This linear character has the following property: for an element g € Ng(L,), we have
a(g'lg) = a(l) for all [ € L, if and only if g € L,. A linear character of L, which satifies this property is
called a regular character of L;.

It is a well-known fact that Rgl (@) is an irreducible character of G. Note that the irreducible characters
of G are not all obtained in this way (see [22] for the complete description of the irreducible characters of
G in terms of Deligne-Luzstig induction).
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We now recall the definition of generic tuples of irreducible characters (cf. [10, Definition 4.2.2]).
Since in this paper we are only considering irreducible characters of the form Rfl(c”x), the definition given
in [10, Definition 4.2.2] simplifies.

Definition 2.2.5. Consider irreducible characters Rf (@), ... ,Rg (@) of G as above for a multi-partition
‘A AR

A=A, e (P, Let T be the subgroup of G of diagonal matrices. Note that T c L, for all
partition A, and so T contains the center Z, of any L,. Consider the linear character @ = (@|r) - - - (@|r) of

T. Then we say that the tuple (Rg 1 (ay),... ,ng(d’k)) is generic if the restriction |z, of @ to any subtori
A A

Z,, with A € P, — {(n)}, is non-trivial and if @z, is trivial (the center Z,) ~ ]FZ; consists of scalar matrices
a.ly).

We can show as for conjugacy classes [10, Lemma 2.1.2] that if the characteristic p of F, and ¢ are
sufficiently large, generic tuples of irreducible characters of a given type A always exist.
Put g := gl,(F,). For X € g, put

ANX) ;= #{Y € g|[X, Y] = O}.

The restriction A! : G — C of A! to G C g is the character of the representation G — GL (C[g])
induced by the conjugation action of G on g. Fix a non-negative integer g and put A := (A!)®s.

For a multi-partition g = (u', ..., %) € (P,)* and a generic tuple (Rfﬂl (@y),... ,RGM ((tk)) of irreducible
characters we put
R, = RZI (@) ®: - ®R§Mk (@).
For two class functions f, g € C(G), we define

(£8):=1GI™" )" f(h)glh),

heG

We have the following theorem [10, Theorem 1.4.1].

Theorem 2.2.6. We have
(A®R,, 1) = H, (0, Vg)
where H,,(z, w) is the function defined in §2.1.4.

Corollary 2.2.7. The multiplicity (A ® Ry, l) depends only on p and not on the choice of linear characters
(@, ...,0).

2.2.2 Fourier transforms

Let Fun(g) be the C-vector space of all functions g — C and by C(g) the subspace of functions g — C
which are contant on G-orbits of g for the conjugation action of G on g.

Let ¥ : F, — C* be a non-trivial additive character and consider the trace pairing Tr : g X g — C*.
Define the Fourier transform 79 : Fun(g) — Fun(g) by the formula

FAH) = D P (Tr () £0)

yeg
for all f € Fun(g) and x € g.
The Fourier transform satisfies the following easy property.

Proposition 2.2.8. For any f € Fun(g) we have:

ol £(0) = D FUH).

XEQ



14

Let = be the convolution product on Fun(g) defined by
(Freda) = ) fxg0)
x+y=a

for any two functions f, g € Fun(g).
Recall that

Ff*8) =Ff) - FU»). (2.2.2)

For a partition A of n, let p,, [, u; be the Lie sub-algebras of g corresponding respectively to the
subgroups P,, Ly, U, defined in §2.2, namely [, = EB,- gl,,(F,), pa is the parabolic sub-algebra of g having
[, as a Levi sub-algebra and containing the upper triangular matrices. We have p, = [ ® u,.

Define the two functions ng/](l), Qi € C(g) by

R} ()(x) = P #{g € G| g™ xg € pa),
0 (x) =P, "'#{g € G| g™ xg € w).
We define the type of a G-orbit of g similarly as in the group setting (see above Corollary 2.2.3). The
types of the G-orbits of g are then also parameterized by T,,.
Remark 2.2.9. From Lemma 2.2.1, we see that Rfﬂ(l)(x) =P\ '#g e G| g’lxg € P,}, hence Ri(l) is the

Lie algebra analogue of Rg(l) and the two functions take the same values on elements of same type.

Proposition 2.2.10. We have
F ¢ L=y, 22 R
g( i]A) 32( o lgl(l)

Proof. Consider the C-linear map Ri : C(1y) — C(g) defined by

R(H®=IPI" Y flag ' x)

{geG g~ xgepa}

where 7 : p; — 1, is the canonical projection. Then it is easy to see that Q?l = R?l(lo) where 1y € C(1)) is
the characteristic function of 0 € [, i.e., 1o(x) = 1 if x = 0 and 1y(x) = O otherwise. The result follows
from the easy fact that F'(1y) is the identity function 1 on [; and the fact (see Lehrer [20]) that

g g Ln?- 2 i 22 g Th
SF RI) RI/ q 3 ¢ i ) Rl [e} ; .
O

Remark 2.2.11. For x € g, denote by 1, € Fun(g) the characteristic function of x that takes the value 1 at
x and the value O elsewhere. Note that #°(1,) is the linear character ¢ — C, ¢t — W(Tr (xt)) of the abelian
group (g,+). Hence if f : g — C is a function which takes integer values, then F9(f) is a character (not
necessarily irreducible) of (g, +). Since the Green functions Qi take integer values, by Proposition 2.2.10

the function q%(”zfz’ A%)R?l(l) is a character of (g, +).

3 Absolutely indecomposable representations

3.1 Generalities on quiver representations

Let I be a finite quiver, I be the set of its vertices and let Q be the set of its arrows. For y € Q, we denote
by h(y), t(y) € I the head and the tail of y. A dimension vector of I is a collection of non-negative integers
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v = {v;}ie; and a representation ¢ of I' of dimension v over a field K is a collection of K-linear maps
¢ =1{py : Vi) = Vi lyeq with dim V; = v;. Let Repr,(K) be the K-vector space of all representations of
I" of dimension v over K. If ¢ € Repr(K), ¢’ € Repr.,,(K), then a morphism f : ¢ — ¢’ is a collection of
K-linear maps f; : V; = V{, i € I such that for all y € Q, we have fi) © ¢y = ¢}, © fi).

We define in the obvious way direct sums ¢ @ ¢’ € Repi(I', v+ V') of representations. A representation
of I is said to be indecomposable over K if it is not isomorphic to a direct sum of two non-zero represen-
tations of I'. If an indecomposable representation of I' remains indecomposable over any finite extension
of K, we say that it is absolutely indecomposable. Denote by Mr (K) be the set of isomorphism classes of
Repr,(K) and by Ary(K) the subset of absolutely indecomposable representations of Repr. ,(K).

By a theorem of Kac there exists a polynomial Ary(7) € Z[T] such that for any finite field with ¢
elements Ar,(q) = #Ary(F,). We call Ar, the Kac polynomial of (T, v).

Let (') c Z! be the root system associated with the quiver I following Kac [15] and let ®(I')* € (Zs0)’
be the subset of positive roots. Let C = (c;;);,; be the Cartan matrix of I', namely

{2 — 2(the number of edges joining i to itself) ifi=j
Cij =

—(the number of edges joining i to j) otherwise.

Then we have the following well-known theorem (see Kac [15]).

Theorem 3.1.1. Ary(q) # O if and only if v e ®()*; Ary(q) = 1 if and only if v is a real root. The
polynomial Ary, if non-zero, is monic of degree 1 — %ZVCV.

We have the following conjecture due to Kac [15].
Conjecture 3.1.2. The polynomial Ary(T) has non-negative coefficients.

By Kac[15], there exists a polynomial Mry(q) € Q[T] such that Mry(q) := #Mr(F,) for any finite
field F,. The following formula is a reformation of Hua’s formula [13].

Theorem 3.1.3. We have

= > An@X,

VE(Z>0)' {0}

Log( D Mry(@x'

VE(Z0)!

where X" is the monomial [ X" for some independent commuting variables {X;}ic;. .

Since Ary(q) € Z[q], we see by Theorem 3.1.3 and Lemma 2.1.3, that Mt y(q) also has integer coeffi-
cients.

3.2 Comet-shaped quivers

Fix strictly positive integers g, k, 51, . . ., sx and consider the following (comet-shaped) quiver I with g loops
on the central vertex and with set of vertices I = {0} U {[i, jl|i=1,...,k; j=1,...,s:}.

(1, 1] (1,2] (1, 51]

[2’ 1] [2’ 2] [2’ S2]

[k, 1] [k, 2] [k, 5]
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Let Q° denote the set of arrows v € Q such that h(y) # t(y).

Lemma 3.2.1. Let K be any field. Let ¢ € Repr(K) and assume that vy > 0. If ¢ is indecomposable, then
the linear maps ¢,, withy € Q0 are all injective.

Proof. 1f y is the arrow [i, j] — [i, j — 1], with j = 1,...,s; and with the convention that [, 0] = 0, we use
the notation ¢;; : V}; jj — V|; j—1 rather than ¢, : Vi) — Vj). Assume that ¢;; is not injective. We define
a graded vector subspace V' = D, V! of V = ,_, V; as follows.

If the vertex i is not one of the vertices [i, jl, [i, j + 1],...,[i, s;], we put V] := {0}. We put V[’I. =
Ker ¢, V[’i’j ) = gol’(Jl +1)(V[,i,j])’ A V[’i’s’_] = goi’s}(Vl.’(s’__l)). Let v’ be the dimension of the graded space
V' = @, V/ which we consider as a dimension vector of I'. Define ¢’ € Repy.,.(K) as the restriction
of ¢ to V’. It is a non-zero subrepresentation of ¢. It is now possible to define a graded vector subspace
Vv’ = @ie ; Vi’ of V such that the restriction ¢ of ¢ to V" satifies ¢ = ¢ ® ¢’: we start by taking any
subspace Vi/ , such that Vi; jy = V], @ V[T, then define V7. from V{7 as Vy; .., was defined from Vy; j,
and finally put V" := V; if the vertex i is not one of the vertices [, j], [i, j + 1],...,[i, s;]. Asvg > 0, the
subrepresentation ¢’ is non-zero, and so ¢ is not indecomposable. O

We denote by Repr- ,(F,) be the subspace of representation ¢ € Repr. ,(F,) such that ¢, is injective for
all y € QO and by Ml*i’v(IFq) the set of isomorphism classes of RepF’V(]Fq). Put Mf:,v(‘I) = #{M;,V(Fq)}'
Following [2] we say that a dimension vector v of I is strict if for eachi = 1,...,k we have ny > vj; ;) >
Vii2] = -+ = Viig)- Let us denote by S the set of strict dimension vector of I'.

Proposition 3.2.2.

Log [Z M;v(qw] = > An@X".

veES veS—{0}

Proof. Let us denote by Iry(g) the number of isomorphism classes of indecomposable representations in
Repr,(F,). By the Krull-Schmidt theorem, a representation of I' decomposes as a direct sum of indecom-
posable representation in a unique way up to permutation of the summands. Notice that, for v € S, each
summand of an element of Repl’i’v(Fq) lives in some Rep;i’w(]Fq) for some w € S. On the other hand, by
Lemma 3.2.1, Repr. ,(F,) contains all the indecomposable representations in Repr. ,(F,). This implies the

following identity
DM ox =[] a-xyi,
veS veS—{0}

where X" denotes the monomial [],c; X" for some fixed independent commuting variables {X;};c;. Exactly
as Hua [13, Proof of Lemma 4.5] does we show from this formal identity that

= > An@X".

veS—{0}

Log [Z My (X"

veS
O
It follows from Proposition 3.2.2 that since Ary(7T) € Z[T] the quantity Ml’i’v(q) is also the evaluation
of a polynomial with integer coefficients at T = q.
Given a non-increasing sequence u = (ng > n; > ---) of non-negative integers we let Au be the

sequence of successive differences ng —ny,n; —n, .... We extend the notation of §2.2.1 and denote by Fx,
the set of partial flags of [F,-vector spaces

{O)CE C---CE'CE"=@E)"

such that dim(E’) = n;.
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Assume that v € S and let g = (u', ..., u¥), where 4 is the partition obtained from Av; by reordering,
where v; := (vo > vj;1] = -+ > V[;5,). Consider the set of orbits

k
6. (Fy) = [Matﬂo(Fq)g X l_[ ﬂf(Fq)]/ GL,,(F,),

i=1

where GL,, (FF,) acts by conjugation on the first g coordinates and in the obvious way on each ¥ (F,).

Let ¢ € Repr.,(F,) with underlying graded vector space V = V; & @i,j Viij1- We choose a basis of V)
and we identify V with (F,)". In the chosen basis, the g maps ¢,, with y € Q - QO give an element in
Mat,, (F,)$. For eachi = 1,...,k, we obtain a partial flag by taking the images in (IF,)" of the V}; ;s via
the compositions of the ¢,’s where y runs over the arrows of the i-th leg of I'. We thus have defined a map

k
Repr,(F,) — [Matm (Fy)f x 1—[ Fav, (Fq)} / GL,,(F,). (3.2.1)

i=1

The target set is clearly in bijection with 6,(F,) as Fay,(F,) is in bijection with ¥,:(F,). On the other
hand two elements of Repr (F,) have the same image if and only if they are isomorphic. Indeed, if
v; = (o > Vi, > -+ > v, is the longest strictly decreasing subsequence of v;, then v~ is a dimension
vector of the comet-shaped quiver I'> obtained from (I, v) by gluing together the vertices on each leg on
which v has the same coordinate. Then the natural projection Repy. ,(F;) — Repy. .- (F,) induces a bijection
My, (Fq) = ML . (Fy) on isomorphism classes whose target is clearly in bijection with the target of the
map (3.2.1). The map (3.2.1) induces thus a bijection My, (Fy) = 64(Fy).

For a multi-partition p = (u!, ..., u*) define a new comet-shaped quiver I, consisting of g loops on a
central vertex and k legs of length /(1)1 and let v, be the dimension vector as in §1.3 (for v and y as above,
I, = T™). Applying the above construction to the pair (I, v,,) we obtain a bijection Ml*",,,v,, (Fy) = 60,(F,).
Put G,(gq) := #6,(F,) and let A,(q) be the Kac polynomial of the quiver I, for the dimension vector v,.
such that dim(E’) = n;.

Assume that v € S and let u = (u', ..., u*), where 4’ is the partition obtained from Av; by reordering,
where v; := (v > v};1] = -+ = V[;5)). Consider the set of orbits

k
6,F,) := | Mat,,(F,)* x H ﬂf(Fq)]/ GL,,(F,),

i=1

where GL,,(FF,) acts by conjugation on the first g coordinates and in the obvious way on each ¥ (F,).

Let ¢ € Repr.,(F,) with underlying graded vector space V = V & @i’j Viij1- We choose a basis of Vy
and we identify Vo with (F,)". In the chosen basis, the g maps ¢,, with y € Q — Q°, give an element in
Mat, (F,)%. For each i = 1,...,k, we obtain a partial flag by taking the images in (F,)" of the V}; ;’s via
the compositions of the ¢,’s where y runs over the arrows of the i-th leg of I'. We thus have defined a map

Theorem 3.2.3. We have

LogLZ G,,(q)m,,]z > Augymy.

Pk pePk—{0}

Proof. In Proposition 3.2.2 make the change of variables
Xo:=xi1- X Xij) =X X, i=1L2..k j=1,2...

Since the terms on both sides are invariant under permutation of the entries vy; 1}, vji2), . . . of v we can collect
all terms that yield the same multipartition g. The resulting sum of XV gives the monomial symmetric
function m,(x). |
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Remark 3.2.4. Since A,(q) € Z[q], it follows from Theorem 3.2.3 that G(gq) € Z|[q].

Recall that F denotes an algebraic closure of F, and f : F — F, x = x? is the Frobenius endomorphism.

Proposition 3.2.5. We have

00

Z G”(q)mﬂ] = Z da(q) - log (Q (x‘f, ces xz; 0, qd/z))
u

d=1

log

where ¢,(q) = % 2din ,u(d)(q”/d — 1) is the number of {f)-orbits of F* := F — {0} of size n.

Proof. If X is a finite set on which a finite group H acts, recall Burnside’s formula which says that

1
#X/H = — #xeX|h-x=x}
IHI,EZ,;

Denote by C, the set of conjugacy classes of GL,(F,). Applying Burnside’s formula to ®,(F,), with
1 € (PF, we find that

k
Gul) = IGL,EI™ > A@] [#X eFule- X =X)

¢€GL,(F,) i=1

k
= IGL,EN™ Y A@] R, (D@

$€GL,(F,) i=1

AO) 17 o6
=y —=|]rS a
2 ]_1[ 7 (H©O)

0eC,

For a conjugacy class O of GL,(F,), let w(O) denotes its type. By Formula (2.1.9), we have

AO
20 _ Heu0)(0, V).
1Zol

By Corollary 2.2.3, we deduce that

k
> Gu@my = Y Huo©, VD) [ | Auiorxi, )
M OeC i=1
where C := |51 Cy.

We denote by F* the set of {f)-orbits of F*. There is a natural bijection from the set C to the set of all
maps F* — # with finite support [23, IV, 2]. If C € C corresponds to a : F* — ¥, then we may enumerate
the elements of {s € F*|a(s) # 0} as ¢y, ..., c, such that w(a) := (d(cy), a(cy)) - - - (d(c,), a(c,)), where d(c)
denotes the size of c, is the type w(C).

We have
k
Z Gy(‘])my = Z 7{w(oz)(o» \@ 1_[ I:Iw(a)(xi’ q)
H aeP™ i=1
— le_[ Q (Xf(c), o Xz(f); 0, qd(c)/2)

ceF~

o

d d. 4/2\P4(D)
= Q(x],...,xk,O,q/)
d=1



Remark 3.2.6. The second formula displayed in the proof of Proposition 3.2.5 shows that

Gu(q) = (A®R,(1), 1)
where R, (1) := R ()®---®R{ (1).

Theorem 3.2.7. We have
Au(‘]) = H,u(os \/C_])

Proof. From Formula (2.1.15) we have

D HL0, V@) my, = (g — 1) Log (0, v4)).
M
We thus need to see that

> Au@)my = (g - 1) Log (0. V).
i

From Theorem 3.2.3 we are reduced to prove that

Log[z G,,(q)mﬂ] = (g — 1Log (Q(0, V).
u

But this follows from Lemma 2.1.2 and Proposition 3.2.5.

3.3 Another formula for Kac polynomials

19

(3.2.2)

When the dimension vector v,, is indivisible, it is known by Crawley-Boevey and van den Bergh [1] that
the polynomial A,(q) equals (up to some power of g) to the polynomial which counts the number of points

of some quiver variety over F,.

Here we prove some relation between A,(q) and some variety which is closely related to quiver vari-

eties. This relation holds for any p (in particular v, can be divisible).

‘We continue to use the notation G, P,, L,, U,, ¥, of §2.2 and the notation g, p,, [, u, of §2.2.2.

For a partition A of n, define

X, = {(X,gPy) € X (G/Py) | g7 Xg € wy)

It is well-known that the image of the projection p : X(F) — o(F), (X, gP,) — X is the Zariski closure Oy
of the nilpotent adjoint orbit O, of gl,(F) whose Jordan form is given by A’, and that p is a desingulariza-

tion.
Put

Vﬂ = {(al,bl, e ,ag,bg,(Xl,glPﬂl), . ,(Xk,gkpluk)> S g2g X Xﬂl XX Xﬂk

where [a, b] = ab — ba.
Define A~ :g > C,z qé’”zA(z). By [10, Proposition 3.2.2] we know that

A= FF)

Dlabil + Y X; = 0}
i i
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where for z € g,

F(z) = #{(a],bl, ...,ag,by) € g%

Z[ai,bi] = Z} .

7
By Remark 2.2.11, the functions A~ and R} := q%("z‘Zf’l?)Ri are characters of g. Put

Ru(1) =R (D@ eRY (1),

For two functions f, g : ¢ — C, define their inner product as

(Fre)=lal™" > F000).

Xeg

Proposition 3.3.1. We have
[Vl = (A~ @ Ry(1),1).

Proof. Notice that

[ul = (F 0], -+ 0}, ) O)
Hence the result follows from Proposition 2.2.8 and Proposition 2.2.10. O

The proposition shows that [V, is a rational function in ¢ which is an integer for infinitely many values
of g. Hence |V,| is a polynomial in g with integer coefficients.
Consider

[Vl
Vi(g) = M
g Te]
Recall that d, = n*(2g — 2 + k) — Z,-,j(,u;)2 +2.

Theorem 3.3.2. We have
_L(d.— q
Log [; g T V,,<q>m,,] - ; A(@)my.

By Lemma 2.1.2 and Formula (3.2.2) we are reduced to prove the following.

Proposition 3.3.3. We have
g -
log (Zq 2 2)Vﬂ(q)m,,] = alg)-log (Q(x{,....x¢;0,¢?))
H d=1

where ¢,(q) = % Ddn w(d)q"? is the number of {f)-orbits of F of size n.

Proof. By Proposition 3.3.1, we have

—n? 4 (k=X ()?)
Gl

q

Vi) = DIA@R (DR (D).

XEQ

By Remark 2.2.9 and Corollary 2.2.3, we see that R?{(l)(x) = (I:Iw(x; q), hl(x)> when the G-orbit of x is of
type w.
We now proceed exactly as in the proof of Proposition 3.2.5 to prove our formula. O
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3.4 Applications to the character theory of finite general linear groups

The following theorem (which is a consequence of Theorem 3.2.7 and Theorem 2.2.6) expresses certain
fusion rules in the character ring of GL,(F,) in terms of absolutely indecomposable representations of
comet shaped quivers.

Theorem 3.4.1. We have
(A®Ry, 1) = Au(g).

From Theorem 3.4.1 and Theorem 3.1.1 we have the following result.

Corollary 3.4.2. (A®R,, 1) # 0 ifand only if v, € ®T,)*. Moreover (A® Ry, 1) = 1 ifand only if v, is
a real root.

Remark 3.4.3. We will see in §5.2 that v, is always an imaginary root when g > 1, hence the second
assertion concerns only the case g = 0 (i.e. A = 1).

A proof of Theorem 3.4.1 for v, is indivisible is given in [10] by expressing (A ® Ry, 1) as the Poincaré
polynomial of a comet-shaped quiver variety. This quiver variety exists only when v, is indivisible.

4 Example: Hilbert Scheme of » points on C* x C*

Throughout this section we will have g = k = 1 and u will be either the partition (n) or (n — 1, 1).
In this section we illustrate our conjectures and formulas in these cases.

4.1 Hilbert schemes: Review

For a nonsingular complex surface S we denote by S the Hilbert scheme of n points in S. Recall that
S is nonsingular and has dimension 2n.

We denote by Y!"! the Hilbert scheme of n points in CZ.

Recall (see for instance [26, §5.2]) that A.(Y!"™) = 0 unless i is even and that the compactly supported
Poincaré polynomial P.(Y"; g) := ¥, h*(Y")¢' is given by the following explicit formula

1
2 Pigr = | | o T @.1.1)

n>0 m>1

which is equivalent to

Log (Z g P(Y" q)T"] = qr". (4.1.2)

n>0 n>1
For n > 2, consider the partition u = (n — 1, 1) of n and let C be a semisimple adjoint orbit of gl,(C)
with characteristic polynomial of the form (—1)"(x — a)"~'(x — ) with 8 = —(n — 1)@ and @ # 0. Consider
the variety

Voorn = (@b, X) € (g1,)* X C|[a,b] + X = 0}.

The group GL, acts on V(,-1,1) diagonally by conjugating the coordinates. This action induces a free
action of PGL, on V(,-1,1) and we put

Quu-1,1y := Viu-1,1//PGL, = Spec (C[(V(n—l,l)]PGLn).

The variety Q,-1,1) is known to be nonsingular of dimension 2n (see for instance [10, §2.2] and the refer-
ences therein).
We have the following well-known theorem.
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Theorem 4.1.1. The two varieties Qu,-1.1) and Y"! have isomorphic cohomology supporting pure mixed
Hodge structures.

Proof. By [10, Appendix B] it is enough to prove that there is a smooth morphism f : 9t — C which
satisfies the two following properties:

(1) There exists an action of C* on 9t such that the fixed point set MMC" is complete and for all x € X the
limit limy,_,oAx exists.

2) Q(n_1,1) = fﬁl(/l) and Y1 = fﬁl(O).

Denote by v the dimension vector of I'j,—;,;) which has coordinate n on the central vertex (i.e., the
vertex supporting the loop) and 1 on the other vertex. It is well-known (see Nakajima [26]) that Y!"! can
be identified with the quiver variety 9t »(v) where 0 is the stability parameter with coordinate —1 on the
central vertex and n on the other vertex. If we let & be the parameter with coordinate —« at the central
vertex and @ — § at the other vertex, then the variety Q-1 1y is isomorphic to the quiver variety 9tz 4(v) (see
for instance [10] and the references therein). Now we can define as in [10, §2.2] a map f : 9t — C such
that £71(0) = Mo e(v) and (1) = M 6(v) and which satisfies the required properties. |

Proposition 4.1.2. We have
P(Y";g) = ¢" - Ap11)(@).

Proof. We have Po(Qu-1,1);q) = ¢" - Hu-1,1)(0, 4/¢) by [10, Theorem 1.3.1] and so by Theorem 3.2.7 we
see that P.(Qu-1.1);9) = ¢" - Au-1.1)(g). Hence the result follows from Theorem 4.1.1. m]

Now put X := C* x C*. Unlike Y!"!, the mixed Hodge structure on X" is not pure. By Gottsche and
Soergel [9] we have the following result.

Theorem 4.1.3. We have h"*(X\") = 0 unless i = j and

2n+1 nny2
[nl. 0 A+ g"T
1+ Z HL(X >4 t)T - l—[ (1 _ qn—lt2nTn)(1 _ [2’1+2q”+lT”) (413)

n>1 nx1
with He (XU"); g,1) := % b (XUgiek,

Define H"(z, w) such that

1
H.(X";q,1) = M (— —)
(X" q.1) = (V@) g 7i

Then Formula (4.1.3) reads

. . (1 — zwT™)>
; H" (2, w)T" = ];[ T T (4.1.4)

with the convention that HI”(z, w) = 1. Hence we may re-write Formula (4.1.3) as

Log

> Hlg, w)T"] = > -w?T". 4.1.5)

n>0 n>1

Specializing Formula (4.1.5) with (z, w) = (0, 4/g) we see from Formula (4.1.2) that

PC(Y["];q) =g -H["](O, No) (4.1.6)

We thus have the following result.
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Proposition 4.1.4. We have

PH.(X";T) = P.(Y"; T).

where PH.(XU"; T) 1= 3, REE2 (XN T s the Poincaré polynomial of the pure part of the cohomology of
X,

4.2 A conjecture
The aim of this section is to discuss the following conjecture.

Conjecture 4.2.1. We have
Hep-1,1)(z w) = H(z, w). 4.2.1)

Modulo the conjectural formula (1.1.1), Formula (4.2.1) says that the two mixed Hodge polynomials
H.(X";g,1) and H.(M-1,1); g, t) agree. This would be a multiplicative analogue of Theorem 4.1.1. Un-
fortunately the proof of Theorem 4.1.1 does not work in the multiplicative case. This is because the natural
family g : X — C with X"l = ¢g71(0) and M,-1.1y = g7'(2) for 0 # A € C does not support a C*-action
with a projective fixed point set and so [10, Appendix B] does not apply.

One can still attempt to prove that the restriction map H*(¥; Q) — H*(g~'(1); Q) is an isomorphism
for every fibre over 4 € C by using a family version of the non-Abelian Hodge theory as developed in
the tamely ramified case in [27]. In other words one would construct a family gp, : Xpo — C such that
gBLl(O) would be isomorphic with the moduli space of parabolic Higgs bundles on an elliptic curve C with
one puncture and flag type (n — 1, 1) and meromorphic Higgs field with a nilpotent residue at the puncture,
and gl’)f)l(/l) for A # 0 would be isomorphic with parabolic Higgs bundles on C with one puncture and
semisimple residue at the puncture of type (n — 1, 1). In this family one should have a C* action satisfying
the assumptions of [10, Appendix B] and so could conclude that H*(Xpy; Q) — H*(g]‘)él(/l);Q) is an
isomorphism for every fibre over A € C. Then a family version of non-Abelian Hodge theory in the tamely
ramified case would yield that the two families Xp, and X are diffeomorphic, and so one could conclude the
desired isomorphism H*(X"; Q) = H*(M,_1.1)) preserving mixed Hodge structures. However a family
version of the non-Abelian Hodge theory in the tamely ramified case (which was initiated in [27]) is not
available in the literature.

Proposition 4.2.2. Conjecture 4.2.1 is true under the specialization z = 0,w = /q.

Proof. The left hand side specializes to A(,-1,1)(¢) by Theorem 3.2.7, which by (4.1.5) and Proposition 4.1.2
agrees with the right hand side. O

The Young diagram of a partition A = (1}, Ay, ...) is defined as the set of points (i, j) € Z> such that
1 < j < A;. We adopt the convention that the coordinate i of (i, j) increases as one goes down and the
second coordinate j increases as one goes to the right.

For A # 0, we define ¢,(z, w) := X jea 2w, and for A = 0, we put ¢,(z, w) = 0. Define

Az wiT) = ) Halz, wiga(@ w)T,
A

Aoz wiT) = ) Halz,w)T™.
A

Proposition 4.2.3. We have

Az, w;T)

D Bamn@wT" = (@ - D - Wz)m'

n>1
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Proof. The coefficient of the monomial symmetric function m,—1,1)(X) in a symmetric function in A(X)
of homogeneous degree n is the coefficient of u when specializing the variables x = {x|,x,...} to
{1,u,0,0...}. Hence, the generating series »,»; H,—1,1)(z, w)T" is the coeflicient of u in

(2 = 1)(1 = w?)Log (Z H(z wH(1,1,0,0,...:2%, w) TH .
a

‘We know that

Hix:2,w) = ) Koz, w)5,(%),
P

and s5,(X) = X4, Kpumy(x) where K, are the Kostka numbers. We have

so(1,1,0,0,...) = 1+ u+ O@u?)
Seo1.n(1,1,0,0,...) = u + Ou?)

and
5,(1,u,0,0,...) = Ow?)

for any other partition p. Hence,
Hi(1,u,0,0,...52,w) = Kz, w)(1 + 1) + Kot 12(z whu + O@u?).
From Macdonald [23, p. 362] we obtain kw(a, b)=1and IN((,,,I,I) a(a,b) = ¢,(a,b) — 1. Hence, finally,
Hy(1,u,0,0,...;2,w) = 1 + ¢(z, wu + O(u?). (4.2.2)

It follows that (z2 — 1)7'(1 = w?)™' 3,51 Hpum1.1y(z, w)T" equals the coeflicient of  in
Log (Z H(z, w) (1 + o2 whu + 0(u2)) TW| = Log (AO(T) +A(Tu + 0(u2)).
1

The claim follows from the general fact

L 28\ _ Al(T) 2
og (AO(T) +A1(T)u + Ou )) = Log Ao(T) + u+ 0.
Ao(T)
O
Combining Proposition 4.2.3 with (4.1.4) we obtain the following.
Corollary 4.2.4. Conjecture 4.2.1 is equivalent to the following combinatorial identity
Az w;T) (1 = zwT™)?
1+ - (1 -w? = : 423
(z X w )Ao(Z, wT) 1_[ (1 = 22T (1 — w2T™) ( )

n>1
The main result of this section is the following theorem.

Theorem 4.2.5. Formula (4.2.3) is true under the Euler specialization (z, w) — (\/?1, 1/ \/c_]) namely, we

have
Heo11)(z, 27" = H(Z, 271, 4.2.4)

Equivalently, the two varieties M,-1 .1, and X'™ have the same E-polynomial.
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Proof. Consider the generating function

Fi=(1=2)(1=w) ) dacwT™.
A

It is straightforward to see that for 4 # 0 we have

1)

(1=2(1 = wga(z,w) = 1 + Z(w Wiz - Wi
=1+ Z(W wiThzh.
i>1
Interchanging summations we find
F = Z(wi —wh Z 2ATH 4 Z T,
izl 120 1%0

To compute the sum over A for a fixed i we break the partitions as follows:

and we put

p = (/11"/1141"")
==, o = Ay Aisg — Ay)

Notice that 4] = I(u) < i, p = I(p') = 4; and |A] = Jul + o] + 1(p)(i = 1).

‘We then have
Z A = Z Tl Z O lo+=Dio)

i <i

(changing p to p’ and u to ). Each sum can be written as an infinite product, namely

Zz T —]_[(1 [ Ja -z

nx1

So

F:ZTWJFZ(Wi w1 l—[(l 7)1 l_[(l T

A#0 i>1 n>1
- Z AL 1_[(1 — ! Z(Wi w1 1_[ a- ZTk) Z(Wi il
A#0 nxl i>1 ™ 5

The last sum telescopes to 1 and we find
1-zT%
F=) TW4 | A=z w-1) ) w! ( (4.2.5)
Z l:]l g (l _ Tk)
By the Cauchy g-binomial theorem the sum equals

1 (1 - wzT")
(T-w LU a—wry
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Also

Z T = ]—[(1 -7yl
A

n>1

If we divide Formula (4.2.5) by this we finally get

(1 —wzT™(1 - T
LIa—zra-wry

1= = -w[]a =173 g =

nx1 A
Putting now (z,w) = (¢, 1/g) we find that
(1 -T")?
(1 —¢T™(A - g 'T")

== -1 [Ja-1) dutg 1/9T" =] |

n>1 A n>1

From Formula (2.1.10) we have H3(+/g, 1/ +/q) = 1 and so
1 1

A ’_;T = s Tl/u
(i) Znfog)

Ao(\/Z;, %; T) = ZA: T = H(l — Ty

n>1

(4.2.6)

Hence, under the specialization (z, w) = (+/g, 1/ 4/q) , the left hand side of Formula (4.2.3) agrees with the
left hand side of Formula (4.2.6).

Finally, it is straightforward to see that if we put (z,w) = (4/g,1/+/q), then the right hand side of
Formula (4.2.3) agrees with the right hand side of Formula (4.2.6), hence the theorem.

O
4.3 Connection with modular forms
For a positive, even integer k let G be the standard Eisenstein series for S L,(Z)
_ _Bk k—1pn
GUT)= — = + Z Zd ™, 43.1)

n>1 d|n

where By, is the k-th Bernoulli number.
For k > 2 the G;’s are modular forms of weight k; i.e., they are holomorphic (including at infinity) and
satisfy

atr+b
L (CT " d) = (c7 + dY'Gi()
(4.3.2)
a b 2rit
for €SIy Z), T=e"", Jr>0.
c d
For k = 2 we have a similar transformation up to an additive term.
b
Go [ E22) = (et + d)*Ga() - ~— (et + d). 4.3.3)
ct+d 4ri

The ring Q[G», G4, Gg] is called the ring of quasi-modular forms (see [16]).
Theorem 4.3.1. We have

n>1

Mk
2 Z GuT)5 |-

k>2

In particular, the coefficient of any power of u on the left hand side is in the ring of quasi-modular forms.
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Remark 4.3.2. The relation between the E-polynomial of the Hilbert scheme of points on a surface and
theta functions goes back to Gottsche [8].

Proof. Consider the classical theta function

Ow)=(1—w ]_[(l_qw)(lq_)f W ), (4.3.4)

n>1
with simple zeros at ¢", n € Z and functional equations
i O(gw) = —w 1 O(w
D taw) = ety (4.3.5)
ii) Ow™ ) = —w 0(w)

We have the following expansion

1 1 R
_— = —+ 1 n 436
on S Towt 2 CDraFws (4.3.6)

n,m>0
nzgm  mod 2

This is classical but not that well known. For a proof see, for example, [14, Chap.VI, p. 453], where it is
deduced from a more general expansion due to Kronecker. Namely,

g(uv) mn m n mn —m —Vl
o) m;o" -4

m,n>1

1
(To see this set v = 1~ 2 and use the functional equation (4.3.5) to get

+ m 2(n-i— ) _ Wm+2(n— ) ,
) E q" )

m,n>1

which is equivalent to (4.3.6).) It is not hard, as was shown to us by J. Tate, to give a direct proof us-
ing (4.3.5).
From (4.3.6) we deduce, switching g to T and w to g, that

—T")? s sl 2em
=1+ —)T3 (¢"T —¢q™2 43.7
R L e w2
n>1 r,s>0
r#s mod 2

which combined with Theorem 4.2.5 gives

1 s—r—1 2-r+l
H(n—1,1>(\/?1,—)= -1 (61 T —q ) (4.3.8)
\/ZI Emz_z:ndz
FES Mo

We compute the logarithm of the left hand side of (4.3.7) and get

Z(q’”w

mn>1

Applying (q%)k and then setting ¢ = 1 we obtain

mn

which vanishes identically if k is odd. For k even, it equals

2 Z Z &

n>1 dn
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Comparing with (4.3.1) we see that this series equals 2Gy, up to the constant term.
Note that if g = ¢" then

d d
—_— =, = 1 = 0
qdq du 1 o
Hence ,
log(l + ZH L1 (eu/z e*Lt/Z)Tl‘l) = Z(sz + ﬂ) M_k
n>1 oy ’ k>2 k k!

even

On the other hand, it is easy to check that

B k
ueXp(z Tk %) =2 —7u?
k>2 ’

(Br = 0if k > 1 is odd.) This proves the claim. |

5 Connectedness of character varieties

5.1 The main result

Let u be a multi-partition (i, ..., u*) of n and let M,, be a genus g generic character variety of type p as
in §1.1.

Theorem 5.1.1. The character variety M, is connected (if not empty).

Let us now explain the strategy of the proof.
We first need the following lemma.

Lemma 5.1.2. If M, is not empty, its number of connected components equals the constant term in

E(Mg; ).

Proof. The number of connected components of M, is dim H°(M,,, C) which is also equal to the mixed
Hodge number h®%0(M,,).
Poincaré duality implies that
dy—idy— j;2d,—k

W TR (M) = b My).

From Formula (1.1.3) we thus have

EMyuiq) = ). [Z(—l)"h’*’*"(Mﬂ)) q,
k

On the other hand the mixed Hodge numbers 4*/*(X) of any complex non-singular variety X are zero
if (i, j,k) € {(i, o)li <k, j < k,k < i+ j}, see [3]. Hence h®%*(M,) = 0if k > 0.
We thus deduce that the constant term of E(M,; q) is hi*"O(M,,). o

From the above lemma and Formula (1.1.2) we are reduced to prove that the coefficient of the lowest
d
power q‘Tﬂ of g in H,(+/g, 1/ +/q) is equal to 1.
The strategy to prove this goes in two steps. First, 5.3.1 we analyze the lowest power of g in Ay,(g),
where

Q(\/C_I, 1/‘/5) = Zﬂﬁ/t(Q)m/r
Ap

Then in §5.3.2 we see how these combine in Log (Q ( Vg, 1/ \/é)) In both case, Lemma 5.2.8 and Lemma 5.3.6,
we will use in an essential way the inequality of §6. Though very similar, the relation between the partitions

vP in these lemmas and the matrix of numbers x; ; in §6 is dual to each other (the v” appear as rows in one
and columns in the other).
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5.2 Preliminaries

For a multi-partition 1 € (P,)* we define

\2
Ap) = td,—1=102g-2+kn* -1 Z () - (5.2.1)
ij
Remark 5.2.1. Note that when g = O the quantity —2A(u) is Katz’s index of rigidity of a solution to
X, -+ Xy = I with X; € C; (see for example [19][p. 91]).

From u we define as above Theorem 3.2.3 a comet-shaped quiver I' = I, as well as a dimension vector

v = v, of I. We denote by I the set of vertices of I" and by Q the set of arrows. Recall that g and v are

linearly related (vo = nand vy; j; = n—Y/_ i for j > 1 and conversely, ) = n—vy;; and M = Vi jo11 = Vi)

for j > 1). Hence A yields an integral-valued quadratic from on Z’. Let (-, -) be the associated bilinear form
on Z! so that

(v,v) = 2A(p). (5.2.2)

Let ey and ef; ;; be the fundamental roots of I" (vectors in Z/ with all zero coordinates except for a 1 at the
indicated vertex). We find that

(eg,€0) = 2g — 2, (egi 1. eij1) = —2, (eg, epip) =1 (egijp- e j+11) = 1,

fori=1,2,...,k,j=1,2,...,s;— 1 and all other pairings are zero. In other words, A is the negative of the
Tits quadratic form of I' (with the natural orientation of all edges pointing away from the central vertex).
With this notation we define

k
§ = 6(u) = (eg, V) = (2g—2+k)n—zuj. (5.2.3)

i=1
Remark 5.2.2. In the case of g = 0 the quantity 9§ is called the defect by Simpson (see [28, p.12]).
Note that § > (2g — 2)n is non-negative unless g = 0. On the other hand,

(i1, V) = f =y, 2 0. (5.2.4)
We now follow the terminology of [15].
Lemma 5.2.3. The dimension vector v is in the fundamental set of imaginary roots of I if and only if
o(u) > 0.

Proof. Note that v;;; > 0 if j < I(u') and v;;; = 0 for j > I(u'); since n > 0 the support of v is then
connected. We already have (ey; j;, v) > 0 by (5.2.4), hence v is in the fundamental set of imaginary roots
of I' if and only if 6 > O (see [15]). |

For a partition ¢ € P, we define

o) i=my = 4
]

and extend to a multipartition u € (P,)* by

k

o (i) = Z o).

i=1
Remark 5.2.4. Again for g = 0 this is called the superdefect by Simpson.

We say that u € P, is rectangular if and only if all of its (non-zero) parts are equal, i.e., u = (/") for
some 7 | n. We extend this to multi-partitions: g = (u',..., %) € (P,)" is rectangular if each 4/’ is (the p'’s
are not required to be of the same length). Note that u is rectangular if and only if the associated dimension
vector v satisfies (ef; ;;, v) = 0 for all [7, j] by (5.2.4).
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Lemma 5.2.5. Forpu e Pk we have

o) =0
with equality if and only if p is rectangular.
Proof. For any u € P, we have nuy = py 3 2 3 ju§ and equality holds if and only if u; = y;. O
Since
2A(u) = né(u) + o(u) (5.2.5)
we find that
dy > nép) +2 (5.2.6)

and in particular d,, > 2 if 6(u) > 0.

If T is affine it is known that the positive imaginary roots are of the form #v* for an integer # > 1 and
some v*. We will call v* the basic positive imaginary root of I'. The affine star-shaped quivers are given
in the table below; their basic positive imaginary root is the dimension vector associated to the indicated
multi-partition g*. These g, and hence also any scaled version tu* for ¢ > 1, are rectangular. Moreover,
A(p*) = 0 and in fact, pu* generates the one-dimensional radical of the quadratic form A so that A(u*,v) =0
for all v.

Proposition 5.2.6. Suppose that p = (u', ..., 1) € (P~ has 6(u) > 0. Then dy = 2 if and only if T is of
affine type, i.e., T is either the Jordan quiver J (one loop on one vertex), Dy, Eg, E7 or Eg, and p = tu* (all
parts scaled by t) for some t > 1, where p*, given in the table below, corresponds to the basic imaginary
root of T.

Proof. By (5.2.5) and Lemma 5.2.5 d,, = 2 when ¢6(u) > 0 if and only if 6(u) = 0 and p is rectangular. As
we observed above 6(u) > (2g —2)n. Hence if () = O then g = 1 or g = 0. If g = 1 then necessarily
(' = (n) and T is the Jordan quiver J.

If g = 0 then ¢ = 0 is equivalent to the equation

k
i=1

). In solving this equation, any term with /; = 1 can be ignored. It

| —

- =k-2, (5.2.7)

1

~

where [; := n/t; is the length of u' = (/"

is elementary to find all of its solutions; they correspond to the cases I' = Dy, Eg, E7 or Es.
We summarize the results in the following table

r l; n /J*

J (1) 1 6]

Dy|(2,2,2,2) |2 (1,1), (1,1), (1,1, (1,1

Es| (3,3,3) |3 1,1,1), ((1,1,1), (1,1,1) (52.8)
E;| 2,44 |4 2,2, (1,L1,D, (1,1,1,1)

Es | (2,3,6) | 63,3, (2,2,2), (1,1,1,1,1,1)

where we listed the cases with smallest possible positive values of n and k and the corresponding multi-
partition g O

Proposition 5.2.6 is due to Kostov, see for example [28, p.14].
We will need the following result about A.
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k
Proposition 5.2.7. Let u € (P,l)k and vP = (WP, ... VP) € (Pnp) for p = 1,...,s be non-zero multi-
partitions such that up to permutations of the parts of v"P we have

S

ui:Zvi‘p, i=1,...,k

p=1
Assume that 6(u) > 0. Then
Z AOVP) < A).
p=1
Equality holds if and only if
(i)s=1andp=v"
or
(ii) T is affine and p,V', . . .,v* correspond to positive imaginary roots.

We start with the following. For partitions y, v define

o) = A =l )92
i

Note that o, (1) = |ul o(u).

Lemma 5.2.8. Letv',...,v* and u be non-zero partitions such that up to permutation of the parts of each
vP we have 22:1 vP = . Then
s
Z o, (V) < o).
p=1
Equality holds if and only if:
(i)s=1andpu=v"
or
(ii) v',...,v* and u all are rectangular of the same length.

Proof. This is just a restatement of the inequality of §6 with x;; = vf‘, Gy for the appropriate permutations

o, where 1 <i<Il(u),l <k<s. O
Lemma 5.2.9. If the partitions u, v are rectangular of the same length then

o.(v)=0.
Proof. Direct calculation. O

Proof of Proposition 5.2.7. From the definition (5.2.1) we get
k
2nA() = S(n® + Z o)
i=1
and similarly
k
2nA(P) = S’ + Z T (), p=1,...s
i=1
hence

2n 2 A(YP) = 6(u) Z nf, + zk: 2 o (V7).
p=1 p=1

i=1 p=1
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Since n = 3.}, n, and 6(p) > 0 we get from Lemma 5.2.8 that
Z AOVP) < Ap)
p=1

as claimed.

Clearly, equality cannot occur if 6(u) > O and s > 1. If 6(u) = 0 and s > 1 it follows from Lem-
mas 5.2.8, 5.2.9 and (5.2.5) that A(u) = AW’) = O for p = 1,2,...,s. Now (ii) is a consequence of
Proposition 5.2.6. O

5.3 Proof of Theorem 5.1.1
53.1 Stepl

Let

)2g+k—2

k
Au(@) = 4" (¢ Ha(g) (o (x2), s2(%iy)) » (5.3.1)
=1

so that by Lemma 2.1.5
QG 1/ ND = ) Ay my.
p

It is easy to verify that Ay, is in Q(g).

For a non-zero rational function A € Q(q) we let v, (A) € Z be its valuation at g. We will see shortly
that Ay, is nonzero for all A, u; let v(1) = v, (ﬂlﬂ(q)). The first main step toward the proof of the
connectedness is the following theorem.

Theorem 5.3.1. Let u = (u', 1%, ..., ;1) € P.5 with §(u) > 0. Then
i) The minimum value of V(1) as A runs over the set of partitions of size n, is

v((1") = =Ap).

ii) There are two cases as to where this minimum occurs.

Case I: The quiver I is affine and the dimension vector associated to p is a positive imaginary root tv*
for some t | n. In this case, the minimum is reached at all partitions A which are the union of n/t copies of
any Ay € P;.

Case II: Otherwise, the minimum occurs only at A = (1").
Before proving the theorem we need some preliminary results.
Lemma 5.3.2. (h,(x), s,(Xy)) is non-zero for all A and p.

Proof. We have s,(xy) = Y, K;ym,(xy) [23, 1 6 p.101] and m,(xy) = ZH Cy,(y) m,(x) for some C,,(y).
Hence

(), 5,x9)) = )" KiyColy): (5.3.2)
For any set of variables xy = {x;y;}i<i1<; we have

Cou¥) = ) mpi(¥) -+ myr(¥), (5.3.3)
where the sum is over all partitions p', ..., p" such that |p?| = u » and p' U---Up" = v. In particular the

coefficients of C,,(y) as power series in g are non-negative. We can take, for example, p” = (1#7) and then
v = (1"). Since Ky, > 0[23,1(6.4)] for any A, v and K, 1») = n!/h, [23,16 ex. 2], with iy = [, A(s) the
product of the hook lengths, we see that (/,(x), s,(xy)) is non-zero and our claim follows. O
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In particular A, is non-zero for all A and u. Define

V(A 1) = vy ((Bu(X), sa(xy))) - (5.3.4)

Lemma 5.3.3. We have

k

—v() = (2g -2+ kn() + (g — Dn - Z VA, ).
i=1

Proof. Straightforward. O

Lemma 5.3.4. For u = (uy, 1o, ..., H,) € P, we have
V(A1) = min{n(p") + -+ + n(p") | o] = 1y, Upp” < A1, (5.3.5)

Proof. For C,,(y) non-zero let v,,(v, ) := v, (va(y)). When y; = ¢! we have v,(m,(y)) = n(p) for any
partition p. Hence by (5.3.3)

V(v ) = min{n(p') + -+ n(0") | 101 = kp, Upp” = v).

Since K3, > 0 for any 4,v, K, > 0if and only if v 9 1 [6, Ex 2, p.26], and the coeflicients of C,,(y) are
non-negative, our claim follows from (5.3.2). m|

For example, if A = (1”) then necessarily p” = (1#») and hence p' U --- U p" = 1. We have then
V(1)) = Z(“zp) =+ i (5.3.6)
p=1 p=1

Similarly,
v(4, (n)) = n(d) (5.3.7)

by the next lemma.
Lemma 5.3.5. If B < « then n(a) < n(B) with equality if and only if @ = B.

Proof. We will use the raising operators R;; see [23, I p.8]. Consider vectors w with coefficients in Z and
extend the function 7 to them in the natural way

n(w) = Z(i— Dyw;.

i>1
Applying a raising operator R;;, where i < j, has the effect
n(Rjjw) = n(w) +i— j.

Hence for any product R of raising operators we have n(Rw) < n(w) with equality if and only if R is the
identity operator. Now the claim follows from the fact that § < @ implies there exist such and R with
a = Rg. |

Recall [23, (1.6)] that for any partition A we have (1, 1) = 2n(1) +|1| = Zi(/l;)z, where " = (17, 45,...)
is the dual partition. Note also that (1 U u)’ = A" + u’. Define

Il = N,y = /Zag.

The following inequality is a particular case of the theorem of §6.
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Lemma 5.3.6. Fix u = (uy, 2, ..., [1) € Py. Then for every (v',...,v") € Py, X -+ X P, we have

2

p

2

H

- "Z IVPIP < pn® = n . (5.3.8)
P

Moreover, equality holds in (5.3.8) if and only if either:
(i) The partition u is rectangular and all partitions v’ are equal.
or
(ii) For each p = 1,2,...,r we have v’ = (i)

Proof. Our claim is a consequence of the theorem of §6. Taking x,, = v§ we have ¢, := Y x,; = X Vb =
Hpand ¢ := max, c, = u;. |

The following fact will be crucial for the proof of connectedness.
Proposition 5.3.7. For a fixed u = (uy, o, - . ., 1y) € P, we have
n() = nv(d, ) < n® =l e Py

Equality holds only at A = (1") unless p is rectangular u = ("), in which case it also holds when A is the
union of n/t copies of any Ay € P;.

Proof. Given v < A write ujn(d) — nv(4, i) as

pin(d) = nv(d, p) = i (n(A) = n(v)) + pin(v) — nv(d, p) (5.3.9)
By Lemma 5.3.5 the first term is non-negative. Hence

uin() — nv(d, W) < un(v) —nv(d, p), vy A
Combinining this with (5.3.5) yields

max [1n(d) = nv(A, p)] < max [ine' Up? U+ Up") = (") + -+ + n(p"n]. (5.3.10)
=n lo”1=pp

Take v* to be the dual of p” for p = 1,2,...,r. Then the right hand side of (5.3.10) is precisely

2
2
Dol =n e,
p

P
which by Lemma 5.3.6 is bounded above by y;n*> — n llull> with equality only where either p? = (1#7) (case
(ii)) or all p? are equal and u = (/") for some # (case (i)).

Combining this with Lemma 5.3.5 we see that to obtain the maximum of the left hand side of (5.3.10)
we must also have p' U --- U p" = A. In case (i) then, A is the union of /¢ copies of Ay, the common value
of p?, and in case (ii), 4 = (1"). O

M1

Proof of Theorem 5.3.1. We first prove (ii). Using Lemma 5.3.3 we have

: in_ 0 1 i i
v =Q2g-2+knD)+(g-n- Z v(4,u') = Zn(/l) +(g—-Dn+ - Z [,uln(/l) —nv(d, u )] . (5.3.11)

i=1 i=1

The terms n(2) and )7, [plin(/l) —nv(4, ,in)] are all maximal at 4 = (1") (the last by Proposition 5.3.7).
Hence —v(1) is also maximal at (17), since 6 > 0. Now n(1) has a unique maximum at (1") by Lemma 5.3.5,
hence —v(1) reaches its maximum at other partitions if and only if § = 0 and for each i we have ' = (t:l/ 0)
for some positive integer ¢; | n (again by Proposition 5.3.7). In this case the maximum occurs only for A the
union of n/t copies of a partition 4y € P;, where ¢t = gcdt;. Now (ii) follows from Proposition 5.2.6.

To prove (i) we use Lemma 5.3.3 and (5.3.6) and find that v((1")) = —A(u) as claimed. O



35

Lemma 5.3.8. Let u = (u',12,...,15) € P.X with 6(u) > 0. Suppose that v(A) is minimal. Then the
coefficient of ¢"V in A is L.

Proof. We use the notation of the proof of Lemma 5.3.4. Note that the coefficient of the lowest power of
gin Hy(\g, 1/ g (q‘"(/‘)HA(q))k is 1 (see (2.1.10)). Also, the coefficient of the lowest power of ¢ in each
m,(y) is always 1; hence so is the coefficient of the lowest power of g in C,,,(y).

In the course of the proof of Proposition 5.3.7 we found that when v(1) is minimal, and p!,...,p"
achieve the minimum in the right hand side of (5.3.5), then A = p1 U---Up". Hence by Lemma 5.3.4, the
coeflicient of the lowest power of g in {(A,(x), s1(xy)) = >.,«1 K1,Cy,(y) equals the coeflicient of the lowest
power of g in K;,C,(y) = Ca,(y) which we just saw is 1. This completes the proof. O

5.3.2 Leading terms of Log Q

We now proceed to the second step in the proof of connectedness where we analyze the smallest power of
g in the coeflicients of Log (Q ( \g, 1/ \/c_])) Write

QNG 1/ NG = ) Pul@)m, (53.12)
n

with Py(q) := X, Ay and Ay, asin (5.3.1).
Then by Lemma 2.1.4 we have

Log (Q (4, 1/ V@) = ), CoPu(@) mu(q)

where w runs over multi-types (dy, w") - - - (d;, »*) with w? € (Pnp)" and Py,(q) := 1, Pwp(qdf’), me(X) =
Hp My (Xd”)..

Now if we let vy, := (m,,, hy,) then we have
5, (V3 1/ = 4= [Z CS,Pw<q>y,,w].
q weT*
By Theorem 5.3.1, v, (P, (q)) = —d Z;zl A(w?) for a multi-type w = (d, o) (d, ).
Lemma 5.3.9. Letv',..., v be partitions. Then
(myr - -mys, hy) #0

ifand only if 4 = v' + - -- + v* up to permutation of the parts of each v¥ forp =1, ..., s.
Proof. 1t follows immediately from the definition of the monomial symmetric function. m|

Let v be the dimension vector associated to u.

Theorem 5.3.10. If v is in the fundamental set of imaginary roots of I then the character variety M, is
non-empty and connected.

Proof. Assume v is in the fundamental set of roots of I'. By Lemma 5.2.3 this is equivalent to (i) > 0.
Note that m,(x?) = mg,(x) for any partition v and positive integer d. Suppose w = (d,w") - (d, w*)

is a multi-type for which 7y, is non-zero. Let v/ = dw” for p = 1,..., s (scale every part by d). These

multi-partitions are then exactly in the hypothesis of Proposition 5.2.7 by Lemma 5.3.9. Hence

dZ A" < & Z AwP) = Z AOP) < A(). (5.3.13)
p=1 p=1 p=1
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Suppose I is not affine. Then by Proposition 5.2.7 we have equality of the endpoints in (5.3.13) if and only
ifs=1,v! = p and d = 1, in other words, if and only if w = (1, u). Hence, since C?I,u) = 1, the coefficient
of the lowest power of g in H,, ( Vg, 1/ \/ﬁ) equals the coefficient of the lowest power of g in P,(g) which
is 1 by Lemma 5.3.8 and Theorem 5.3.1, Case II. This proves our claim in this case.

Suppose now I is affine. Then by Proposition 5.2.7 we have equality of the endpoints in (5.3.13) if and
only if u = tp* and w = (1, (1*), ..., (1,t,u”) for a partition (¢, 1, ...,¢;) of t and d = 1. Combining this
with Lemma 5.3.8 and Theorem 5.3.1, Case I we see that the lowest order terms in g in Log (Q ( Vg, 1/ VZ]))
are

L= Coplt)-- plts) my,

where the sum is over types w as above. Comparison with Euler’s formula
Log [Z p(n) T”] - Z ™,
n>0 nx1

shows that L reduces to . my-. Hence the coefficient of the lowest power of g in H,, ( Vg, 1/ \/c_]) is
also 1 in this case finishing the proof. O

Proof of Theorem 5.1.1. If g > 1, the dimension vector v is always in the fundamental set of imaginary
roots of I'. If g = 0 the character variety if not empty if and only if v is a strict root of I" and if v is real then
M, is a point [2, Theorem 8.3]. If v is imaginary then it can be taken by the Weyl group to some v’ in the
fundamental set and the two corresponding varieties M,, and M, are isomorphic for appropriate choices
of conjugacy classes [2, Theorem 3.2, Lemma 4.3 (ii)], hence Theorem 5.1.1.

]

6 Appendix by Gergely Harcos

Theorem 6.0.11. Let n, r be positive integers, and let xy, (1 < i < n, 1 < k < r) be arbitrary nonnegative
numbers. Let ¢; := Y, xi and ¢ := max; ¢;. Then we we have

TS ) ~(Se)) <o Se) - (SelSe)

Assuming min; ¢; > 0, equality holds if and only if we are in one of the following situations

2

(1) xi = xjx for all i, j, k,
(ii) there exists some [ such that x; = 0 for all i and all k + 1.

Remark 6.0.12. The assumption min; ¢; > 0 does not result in any loss of generality, because the values i
with ¢; = 0 can be omitted without altering any of the sums.

Proof. Without loss of generality we can assume ¢ = ¢; > -+ > ¢, then the inequality can be rewritten as
2
DIY3) IS YO R 3p IS 35 Y
i J okl ik ij ki ij k
Here and later i, j will take values from {1, ...,n} and k, [, m will take values from {1, ..., r}. We simplify
the above as
DI PIpIEN ) 3) yooe|
i J okl ij ki
kel kel
then we factor out and also utilize the symmetry in k, [ to arrive at the equivalent form

DI e

ij k,l ij okl
k<l k<l



We distribute the terms in i, j on both sides as follows:

Z Ci Z XikXil + Z(Ct Z X kX ji + Cj Z -xlk-xll) Z Z XikXi + Z Z(xzkx]l + x]kxtl)
k.l Lj
k<l

l<j k<l k<l i<j k<l

It is clear that

Ci Z XigXip < CZ XXy, 1=<i<n,

k1l k.l
k<l k<l

therefore it suffices to show that

ci Z XjpXj+cj Z XX < cZ(xikle +xpxp), 1<i<j<n
k.l k.l [
k<l k<l k<l

We will prove this in the stronger form

C[ZXijj[ + chxikx;, <¢; Z(xikle +xpxp), 1<i<j<n.
k.l k.l k.l
k<l k<l k<l

We now fix 1 <i < j < nand introduce x; := xj, x; := xj. Then the previous inequality reads

(; xm)(; x,’(x;) + (; x:,,)(% xkx,) < (; xm) kZJ(ka; + X)x)),

5 B

k<l k<l k<l
that is,
Z(xmx,'cx; + xpx0x0,) < Z(xkxmx; + XX X).
k,lm k,l,m
k<l k<l

The right hand side equals

’ ’ ’ ’ 2.7 ’
Z(xkxmxl + XX X)) = Z Xp XXy = Z Xk XX, = Z X X, + Z XXX,

k,l,m k,l,m k,,m k,m k,l,m
k<l I#k m#k m#k 1#k
m#k
= Z xkx + Z xkxmx + Z XkX].x
k,lm
m#-k m¢k I#k
m#k,l
= Z XX, + Z XpXmX,, + Z XX X, + 2 Z XXX,
k,lm
m;tk k<m m<k k<l
m#k,l
= Z xkx + Z xkxlxl + Z kalxk +2 Z xkxlxm
k.m k,l,m
m#k k<l k<l k<l
m#k,l
2.7 ’ ’
= Z XXy, + Z XXX, + Z Xk X1 X5
k,m k,m k,Lm
m#k k<l k<l
m#k,l

therefore it suffices to prove

Z xmxkxl Z xkx + Z XXX,
lm k,l,m
k<l m#k k<l
m#k,l

This is trivial if x;, = O for all m. Otherwise ), x;, > 0, hence ¢; > ¢; yields

A= (Zml xm)(zml x;n)f1 > 1.
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Clearly, we are done if we can prove

22 Z XX X] < A Z XX, + A Z XXX,

klm klm
k<l m;ﬁk k<l
m#k,l

We introduce %,, := Ax,,, then

3= Yo

m

Z XX Xp < Z x,%)?m + Z X X1 X

and the last inequality reads

k,,m k,m k,lm
k<l m#k k<l
m#k,l

By adding equal sums to both sides this becomes

Z X X Xy + Z Xp X1 X < Z xkxm + Z X X1 X + Z X X1 X,

k,L,m k,L,m k,l,m k,l,m
k<l k<l m:#k k<l k<l
m#k,l

which can also be written as

" xm)(; w) (3 ’”)(Z E Z(Z %) + Z(Z %+ Zx,,,)

The right hand side equals

m m m ] m k.l m
m#k k<l m#k m#l m#k I<k m#l k<l m#l
— 2 = =~
= Xy Xm |+ Xk X] Xm
m
k m#k ]i;l[ m#l
= > Y i) = (5 (2 w0
k1l m k m,l
m#l m=l

hence the previous inequality is the same as

S Sn) (S oS )= (S o) B o)

k.l m,l
k<l k<l m#l

The first factors are equal and positive, hence after renaming m, [ to k,/ when m < [ and to [, kK when m > [
on the right hand side we are left with proving

Z()chfl + xpxp) < Z()NC](XI + X X)).
k<l k<l
This can be written in the elegant form
Z(fk = x)(% — x;) <0.
k<l

However,

= (Z(fk - xk))2 = Z()ch = x ) (X — xp) = Z(ik —x0)t +2 Z(ik = x) (X = xp),
% ] T

k<l
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so that .
Z(fck = x) (X — xp) = ) Z(fck -x)’ <0
&l k
k<l

as required.

We now verify, under the assumption min; ¢; > 0, that equation in the theorem holds if and only if
xjx = xj for all i, j, k or there exists some / such that x; = 0 for all i and all k # [. The “if” part is easy, so
we focus on the “only if” part. Inspecting the above argument carefully, we can see that equation can hold
only if for any 1 < i < j < n the numbers x; := xy, x; := xj satisfy

P Z X XpX) = Z X XpX) = Z x%x;n + Z XXX
k,m

k,lm k,lbm 5 k,lm
k<l k<l m#k k<l
m#k,l

where A is as before. If x,’(x; = 0 for all k£ < [, then x,fx,’n = 0 forall k # m, i.e. xkx; =O0forall k # L
Otherwise A = 1 and x; = % = x| for all k by the above argument. In other words, equation in the theorem
can hold only if for any i # j we have x;x;; = O for all k # [ or we have x;; = xj for all k. If there exist j, /
such that xj = 0 for all k # [, then x;; > 0 and for any i # j both alternatives imply x; = O for all k # [,
hence we are done. Otherwise the first alternative cannot hold for any i # j, so we are again done. O
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