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Abstract

This work presents subconvex bounds in the g-aspect for automorphic L-functions of GLgy x GL;,
GLy, GLy x GLy type over Q and some of their consequences. The results were published earlier in
[BIHa08a, BHMO07b, HMO6], but there are some benefits of collecting them in one place. First, the
proofs are interrelated at several levels, which justifies a joint introduction and uniform notation for
them. Second, subsequent developments allow for additional remarks and numerical improvements.
In particular, the main application for Heegner points and closed geodesics (Corollary 1.4) appears
in stronger form than before.
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Chapter 1

Introduction

1.1 L-functions

This dissertation deals with L-functions, a key unifying concept of number theory. The distinguished
role L-functions play in mathematics is reflected by the fact that they are subject of 2 among the 7
Millennium Prize Problems of the Clay Mathematics Institute. In order to exploit the information
encoded in these objects it is crucial to investigate their analytic properties such as analytic contin-
uation, functional equation, distribution of poles and zeros, or bounds for their size. According to
the Langlands philosophy, all L-functions in arithmetic can be built up from (principal) automorphic
L-functions. For automorphic L-functions, some of the required analytic properties are readily avail-
able, while others have been identified as particularly deep. Current research in the field is based to a
large extent on the idea that L-functions are not isolated objects but occur in natural families. Even
a single L-function is regarded as a family of L-values in the modern point of view.

It has been realized recently that certain plausible analytic properties of L-functions in natural
families provide the key to the solution of deep Diophantine problems. As such they also provide links
to diverse fields including algebraic geometry, combinatorics, representation theory, ergodic theory,
dynamical systems, scattering theory, random matrix theory, and mathematical physics. Two central
issues, not independent of each other, are vanishing and size of L-functions in families. The former
problem arises in connection with the rank of abelian varieties (conjecture of Birch and Swinnerton-
Dyer), the theta correspondence, and the deformation theory of hyperbolic surfaces. The latter
problem can be applied in various equidistribution problems such as Linnik’s problems (equidistribu-
tion of lattice points on ellipsoids, or Heegner points and closed geodesics on arithmetic hyperbolic
surfaces), their refinements and generalizations related to the André-Oort conjecture (equidistribu-
tion of incomplete Galois orbits of special subvarieties on Shimura varieties), Hilbert’s 11th problem
(equidistribution of representations by quadratic forms in a given genus), and Quantum Unique Er-
godicity (equidistribution of mass on arithmetic hyperbolic surfaces). Excellent descriptions of these
and other exciting developments can be found in [Fr95, KS99, IS00, Sa03, MV06, Mi07].

In this dissertation we discuss subconvex bounds for classical automorphic L-functions and some
of their applications.

1.2 The subconvexity problem

A completed principal automorphic L-function A(7, s) of degree n over a number field F' is associated
to an irreducible cuspidal automorphic representation 7 of the group GL,, over F' with unitary central
character. It is a meromorphic function in the complex variable s (with possible simple poles on the
lines s = 0 and Rs = 1 which occur if and only if n = 1 and 7 = | det |**), and by the cuspidality of 7 it
is not a product of completed L-functions of smaller degree. The representation 7 itself can be realized
as an irreducible subspace of the space of all cusp forms on the adelic quotient GL,,(F)\ GL,(AF),
endowed with commuting right actions of GL,(F,) at non-archimedean places v of F' and the Lie
algebra of GL,,(F,) at archimedean places v. This harmonizes with Flath’s theorem that 7 can be
written as a restricted tensor product ®,m,, where 7, is an irreducible admissible representation of



GL,(F,) for each place v of F. Accordingly, we have a product decomposition A(7,s) = [[, L(m,, s)
which is absolutely convergent for s > 1. The completed L-function is bounded in vertical strips
(away from the possible poles) and a simple functional equation relates A(m,s) to A(7, 1 — s), where
7 is the contragradient representation of 7 satisfying L(7,,s) = L(my,S).

The finer analytic behavior of A(m,s) becomes transparent when the archimedean local factors
L(7,, s) are detached from it. Indeed, in vertical strips the archimedean factors decay exponentially
while the non-archimedean factors remain bounded away from zero. The product of non-archimedean
factors is the finite L-function L(w,s). Its size, the central theme of this dissertation, is measured
relative to the analytic conductor C(m, s) which captures the “local ramification data” at all places
of F, see [IS00]. Combining the Phragmén-Lindeldf convexity principle with the functional equation
for A(m,s) one can deduce the convexity bound L(r, s) <c.n.p C(m,s)37¢ on the critical line Rs = 1.
Here and later € denotes an arbitrary positive number, and the symbol <. ,, r abbreviates “in absolute
value less than a constant depending on e,n, F' times”. In fact these L-values can be uniformly
recovered, up to arbitrary precision, by truncating the Dirichlet series for L(7, s) and L(7,1—s) after
about C(r, s)21¢ terms, see [Ha02]. The Generalized Riemann Hypothesis states that all zeros of
A(m, s) lie on the line s = % It would imply that the exponent i + ¢ in the convexity bound can
be replaced by e. This dream estimate (not proven in a single instance) is the Generalized Lindel6f
Hypothesis. A more realistic goal is to establish, for special families (or conjectural families) of
representations 7 the existence of some § = §(n, F) > 0 such that L(7,s) <5, C(7,s)37% on the
line Rs = % This is the subconvexity problem for automorphic L-functions.

A serious motivation for deriving subconvex bounds for automorphic L-functions comes from
the fact that in several equidistribution problems the error term can be expressed (by deep explicit
formulae) from special values of these L-functions. Usually, the convexity bound just falls short of
establishing equidistribution, while any nontrivial improvement § > 0 is sufficient. In other words,
arithmetic becomes “visible” exactly when a subconvex bound is achieved for the family of L-functions
at hand. There are situations where the quality of the subconvex exponent is critical. For example,
[Hu72] needs some § > 5 for ((3 + it), while [CCU09] utilizes the range § < 55 for a certain family
of GLy x GL; type.

Depending on various parameters involved in the analytic conductor C(m, s) we can talk about the
s-aspect, the co-aspect (or eigenvalue-aspect) and the g-aspect (or level-aspect) of the subconvexity
problem. In this dissertation we focus on the g-aspect for families of GLy x GL1, GLo, GLo x GLo
type over Q, therefore we mention only briefly some recent developments in other directions: [Bl11,
BlHal0, BR05, JM05, JM06, LLY06, Lill, MV10, Vel0].

1.3 Summary of results

An irreducible cuspidal automorphic representation of GLy over @ can be identified (modulo a simple
equivalence) with a classical modular form on the upper half-plane H: a primitive holomorphic cusp
form integral weight k > 1, or a primitive Maass cusp form of weight £ € {0,1}. Such an automorphic
form g shares three fundamental properties (appropriately defined):

e symmetric with respect to a congruence subgroup I' of SLy(Z);
e square-integrable modulo T
e simultaneous eigenfunction of the Laplace and Hecke operators.

We denote the Laplacian eigenvalue by %—i—tg and call p1, := 14|t4| the spectral parameter of g (hence

fg = kg; ! when g is holomorphic of weight k,). We denote the eigenvalue of the n-th Hecke operator
by Ag(n): these complex numbers are of central importance for us as they give rise to the various
L-functions in this dissertation. The following hypothesis is very useful in analytic investigations.

Hypothesis Hy. If g is a primitive Maass cusp form of weight 0 or 1, then Ag(n) <. nite. If g is
a primitive Maass cusp form of weight 0, then % + t?] > % — 62,

We note that for holomorphic cusp forms g the estimate \,(n) <. n°® was proved by Deligne
[De74], while in the case of weight 1 Maass cusp forms } + 2> 1 follows from the representation
theory of SLy(R). For 8 = 0 Hypothesis Hy is the Ramanujan—Selberg conjectures, while any 6 < %



is nontrivial. Currently 6 = 614 is known to be admissible by the deep work of Kim—Shahidi, Kim and
Kim-Sarnak [KiSh02, Ki03, KiSa03].

The first family we consider consists of twisted forms f ® y with a fixed primitive cusp form f
and a primitive Dirichlet character x that varies. The associated (finite) L-functions are essentially
defined as Dirichlet series

L(fox,s)~ Y

n=1

Ar(n)x(n
Armx(n) (1.1)
né
where ~ means that the ratio of the two sides is negligible for our analytic purposes. These L-
functions have similar features as Riemann’s zeta function and Dirichlet’s L-functions, namely each
of them

e decomposes as an infinite Euler product over the prime numbers;
e extends to an entire function which exhibits a symmetry with respect to s +— 1 — s.

In particular, denoting by ¢ the conductor of x and by N the level of f, we have the following (simple)

convexity bound! on the critical line Rs = %:

1L 11
L(f®x,s) < (|slusNg)®|s[zpj Nigz. (1.2)

The Generalized Lindel6f Hypothesis predicts that all the exponents in (1.2) can be replaced by ¢,
and the subconvexity problem aims at reducing (some of) these exponents. Our first result concerns
the g-aspect of this problem, i.e. we are primarily interested in reducing the exponent % of ¢ in (1.2),
but we also try to keep the other 3 exponents moderate. Historically, this special case was examined
first (after the classical work of Burgess [Bu63] about the GL; analogue, see (1.3) below), and it
served as the starting point of the systematic study of the general subconvexity problem.

The initial breakthrough was achieved in 1993 by Duke, Friedlander, Iwaniec [DFI93] who im-
proved the exponent of ¢ to 5 — d with § = 55 when f is a holomorphic cusp form of full level
(N =1). Their proof introduced many of the basic tools for the subconvexity problem, such as the
amplification method (a technique based on estimating weighted second moments of the family) and
the application of various summation formulae for the Hecke eigenvalues. Subsequent progress in this
problem can be summarized as follows?: § = % for f holomorphic of trivial nebentypus by Bykovskil
[By96], § = i for f arbitrary® by Harcos [Ha03a, Ha03b], § = % by Michel [Mi04], § = 11012490 by
Blomer [B104], § = % by Blomer-Harcos-Michel [BHMOT7a]. In the last two results 6 is such that
Hypothesis Hy holds (hence 6 = 614 is admissible), and the results depend on this parameter for a
good reason. Namely, the papers [Bl04, BHMO7a] proceed along the lines of [DFI93] where ampli-
fication is carried out over the characters x. After the averaging the x(n)’s from (1.1) disappear,
but the Ay(n)’s survive in products of pairs. These pairs of Hecke eigenvalues are grouped in shifted
convolution sums which are then analyzed by elaborate techniques of harmonic analysis. Still, some
factors of type Af(g) turn out to be very “robust”, and this yields an unwanted factor ¢? in the
relevant estimates. It is for this reason that Bykovskii’s method is remarkable as it produces § = %
without any 6. Note that this is the true analogue of Burgess’ famous bound [Bu63]

L(x, s) < (Isla)"|s| 717, (1.3)

because L(f ® x,s) is closely related to the products L(x1,s)L(xz2,s) with x1x2 = x%. It is all
the more interesting that [BHMO07a] falls short of this result only by the presence of 6, although it
imposes no restriction on the nebentypus or the type of f. Bykovskii’s key idea was to amplify over
the forms f in the spectrum of level [NV, q]. In this averaging the A;(n)’s from (1.1) disappear, and
only the x(n)’s survive which are trivially bounded by 1. Of course this description is very vague,
but hopefully it motivates well the overall discussion.

The first result in this dissertation is joint work with Valentin Blomer [BIHa08a] which pushes
the method of Bykovskil [By96] to its limit.

n fact the convexity bound is a slightly stronger statement, we displayed the version in which the various parameters
appear separated.

2We list, results proved for all x, hence we omit [CTI00].

3In the case of Maass forms we assumed that the weight is 0 as the case of weight 1 is almost identical. The same
is true of later developments.



Theorem 1.1. Let f be a primitive (holomorphic or Maass) cusp form of level N and trivial neben-
typus, and let x be a primitive character modulo q. Then for Rs = % and for any € > 0 one has

L(f @ x5) < (slusNa)* (Is/ g N¥g2 + [sl s N3 (N, ) )
if f is holomorphic, and

L(f @ x,s) < (IslnsNg)® (|3|%M§N%q% + s/ g N (N, q)%q%)
otherwise.

The novelty of this theorem is that it covers Maass forms and achieves good uniformity in the
secondary parameters (e.g. it is as strong as the convexity bound in the s-aspect). In applications it
is easier to handle a single term on the right hand side, hence we formulate

Corollary 1.1. Let f be a primitive (holomorphic or Maass) cusp form of level N and trivial neben-
typus, and let x be a primitive character modulo q. Then for Rs = % and for any € > 0 one has

1 13
L(f®x,s) <e (IslusNa)®|s|Z Nz gs. (1.4)
Moreover, for ¢ > (ugN)* one has

1 1 3
L(f®x,s) < (IslufNq)® |s|? pjNigs. (1.5)

This corollary along with the ones below are deduced from the theorems in the next section.
An important consequence of Theorem 1.1 is an improved bound for the Fourier coefficients of half-
integral weight cusp forms (see [BlHa08a, Corollary 2] and [BM10, Theorem 1.5]), which in turn can
be applied to various distribution problems on ellipsoids and hyperbolic surfaces [Du88, DuSP90],
and representations by ternary quadratic forms with restricted variables [B108]. Another application
is the following hybrid subconvexity bound on the critical line [BIHa08a, Theorem 1]:

L( © x.5) <= (NIslg) N (1slg) .

Finally, Theorem 1.1 is an important ingredient in the proofs of Theorems 1.2 and 1.3 below.
The second family we consider consists of primitive cusp forms f of level ¢, for which the convexity
bound reads

er 1 o1
L(f,s) <e (Islpra)”[s|2pnjq™.

The aim is to prove a similar bound with g-exponent i — 4 (where § > 0 is fixed) and with an implied
constant depending continuously on s and pf. History in brief is as follows: ¢ = ﬁ for f holomorphic
of trivial nebentypus by Duke—Friedlander—Iwaniec [DFI94b], § = m for f holomorphic of square-
free level ¢ and primitive nebentypus [DFI01], § = ﬁ for f of primitive nebentypus [DFI02].

The second result in this dissertation is joint work with Valentin Blomer and Philippe Michel
[BHMO7b] which establishes a stronger and more general subconvexity estimate for modular L-

functions with a different method.

Theorem 1.2. Let f be a primitive (holomorphic or Maass) cusp form of level ¢ and nontrivial
nebentypus. Then for Rs = % one has

1__1
L(f,5) < (Jslpuy) g} =T, (1.6)
where A > 0 is an absolute constant.

The novelty of this theorem is that it only requires the nebentypus to be nontrivial* instead of
primitive, and the subconvexity exponent is stronger. Including non-primitive nebentypus is crucial
in the following corollaries which have arithmetic applications.

4In fact, with slightly more work we could also have covered the trivial nebentypus case, see Remark 4.2.



Corollary 1.2. Let K be a quadratic number field and O C K an order in K of discriminant do.
Let x denote a primitive character of Pic(O). Then for Rs = % one has

1

L(x, ) < |s|* |do| ™,
where A > 0 is an absolute constant.

Corollary 1.3. Let K be a cubic number field of discriminant dgx. Then for Rs = % the Dedekind
L-function of K satisfies

1

Cre(s) < ||| 37759, (1.7)

where A > 0 is an absolute constant.

Corollary 1.3 is an essential ingredient in the deep work of Einsiedler—Lindenstrauss—Michel—
Venkatesh [ELMV11] which establishes a higher rank generalization of Duke’s equidistribution theo-
rem for closed geodesics on the modular surface [Du88, Theorem 1].

The third family we consider consists of Rankin—Selberg convolutions f ® g with a fixed primitive
cusp form g and a primitive cusp form f that varies. The associated (finite) L-functions are essentially
defined as Dirichlet series

L(fegs)~> 7“(”71?9(”), Rs > 1,
n=1

where again ~ means that the ratio is negligible for our analytic purposes. These L-functions have

similar features as the ones already mentioned (Euler product, analytic continuation, symmetry),

hence denoting by ¢ the level of f and by D the level of g, we have the following convexity bound on
1

the critical line s = 5

L(f®g,s) <c (Is|psrgDq) |s|pspgD2q2.

The aim is to prove a similar bound with g-exponent % —§ (where § > 0 is fixed) and with an implied
constant depending continuously on the other parameters. This problem was solved by Kowalski—
Michel-Vanderkam [KMV02] when f is holomorphic and the conductor of xrx, (where xy and x4
are the nebentypus characters of f and g¢) is at most q%_" for some 1 > 0, the corresponding savings
0 then depending on 7. The second condition (which is the more serious) was essentially removed by
Michel [Mi04] under the assumptions that g is holomorphic and x X, is nontrivial.

The third result in this dissertation is joint work with Philippe Michel [HMO06] which solves the
subconvexity problem for Rankin—Selberg L-functions in even greater generality.

Theorem 1.3. Let f and g be two primitive (holomorphic or Maass) cusp forms of level q, D and
nebentypus X5, Xg, respectively. Assume that x x4 is not trivial. Then for Rs = % one has

11
L(f ®g,s) < (|slpsugD)* g2~ 53, (1.8)
where A > 0 is an absolute constant.

The novelty of this theorem is that it contains no restriction on the type of the cusp forms involved,
and the dependence on the secondary parameters is polynomial. To be precise, in [HMO06] we proved
the result with g-exponent % - ﬁ7 because at that time only a weaker version of Theorem 1.1 was
available. Here we take the opportunity to update the exponents in [HMO6], and indicate to some
extent how the exponent of ¢ in (1.8) depends on € and the exponents in (1.4), see Proposition 5.1.

The above subconvexity results can be used to reprove and refine Duke’s equidistribution theorem
[Du88] which we discuss now briefly. For a fundamental discriminant d < 0 (resp. d > 0) denote by Ay
the set of Heegner points (resp. closed geodesics) of discriminant d on the modular surface SLo(Z)\H.
As shown in Section 6.1, there is a natural bijection between Ay and the narrow ideal class group Hy
of Q(v/d), in particular Hy acts on A4 in a natural fashion. The total volume of Ay is |d|*/?+°() by
Siegel’s theorem (cf. (6.9)), hence it is natural to ask if A; becomes equidistributed in SLa(Z)\H as
|d| = oco. Linnik [Li68], using his pioneering ergodic method, could establish equidistribution under

the condition that %) = 1 for any fixed odd prime p. The congruence restriction was removed by

Duke [Du88] using quite different techniques. Duke exploited a correspondence of Maass to relate



the Weyl sums arising in this equidistribution problem to Fourier coefficients of half-integral weight
Maass forms, and then he proved directly nontrivial bounds for them using a technique introduced
by Iwaniec [Iw87]. The connection with subconvexity comes from the work of Waldspurger [Wag81]
on the Shimura correspondence, which shows that nontrivial bounds for these Fourier coefficients are
in fact equivalent to subconvexity bounds for the central twisted values L ( f®(9), %) as f ranges
over the Hecke-Maass cusp forms and Eisenstein series on SLo(Z)\H. The necessary bounds follow
from (1.3) and (1.4) above.

In combination with the special formulae of Zhang [Zh01] for d < 0 and Popa [Po06] for d > 0,

Theorems 1.2 and 1.3 imply the equidistribution of substantially smaller subsets of Ag, as |d| — oco.

Corollary 1.4. Let du(z) (resp. ds(z)) denote the hyperbolic probability measure (resp. hyperbolic
arc length) on SLa(Z)\H. Let g : SLo(Z)\H — C be a smooth function of compact support.

o Ifd <0 is a negative fundamental discriminant, H < Hy is a subgroup of the narrow ideal class
group of Q(\/ﬁ), and zg € Agq is a Heegner point of discriminant d, then

2oen 9(75)
ZGEH 1

e Ifd > 0 is a positive fundamental discriminant, H < Hg is a subgroup of the narrow ideal class
group of Q(\/E), and Gy € Ag is a closed geodesic of discriminant d, then

Yoen Jar 9(2) ds(2) .
> HHfC}) glds(Z) N /SL (Z)\Hg(Z) d(z) 1 Oq ([Hd : H}|d|*m) ' (1.10)
o€ G¢g 2

= [ g(dutz) + 0, ((Has H)ld| ). (1.9)
SLo(Z)\H

In particular, every H-orbit in Ag becomes equidistributed on SLa(Z)\H under [Hy : H] < |d|ﬁ and
|d| — co. In the above bounds the implied constant is a Sobolev norm of g.

This corollary strengthens the numerical values in [HMO06, Theorem 2] and [Po06, Theorem 6.5.1].
On the other hand, [HMO06] and [Po06] discuss the analogous results on more general arithmetic
hyperbolic surfaces, which we omit here for simplicity.

We conclude this summary by mentioning that the subconvex bounds (1.4), (1.6), (1.8) were
successfully applied in a number of other situations, see [MV07, Sa07, FM11, KMY11, Mall, MY11].
1.4 Proof of the corollaries
Proof of Corollary 1.1. By Theorem 1.1 we have

L(f ©x8) <= (slusNa)* (sl ufNEa? + Js3uf Nigh
X, 8) <e (IslusNg)® (|s|2ppN2gs +[s|2uf Nigt).
If the first term dominates inside the big parentheses, then (1.4) is clear. Else we have
slTudNEgE <|sltuiNigh = g <ppNt
Combining this with the convexity bound (1.2) we arrive at (1.4) again:
120113 1 13
L(f®x,s) < (|slurNa)®|s|2u; Niqsqs < ([s|uyNg)®|s|2pupN2g5.
As for (1.5) we note that by Theorem 1.1 we have
L Ng)E (|s|Z B Nigs 3N
(f@x,5) <e (IslusNag)® ([s[2puFNTqs +|s|Zpf Nigt ).

If the first term dominates inside the big parentheses, then (1.5) is clear. Else we have

. T 3
[sFUENTqE <Js|PufNigr = ¢F <pjN: = q<(uN)"



Proof of Corollary 1.2. As in [DFI02] we only need to remark that depending on whether K is real
or imaginary, L(x, s) is the L-function of a Maass form of weight x € {0,1}, level d and nebentypus
Xk (the quadratic character associated with K). This follows from theorems of Hecke and Maass.
One difference with Theorem 2.7 of [DFI02] is that we do not require the character x to be associated
with the maximal order O . Now the bound follows from Theorem 1.2. O

Proof of Corollary 1.3. If K is abelian, then dx = d? is a square and (x(s) = ((s)L(x,s)L(X, ),
where x is a Dirichlet character of order 3 and conductor d. In that case the bound (1.7) follows
from Burgess’s subconvex bound [Bu63]. If K is not abelian, let L denote the Galois closure of K
(which is of degree 6 with Galois group isomorphic to S3) and let F/Q denote the unique quadratic
field contained in L, then (x(s) = ¢(s)L(x, s), where x is a ring class character of F of order 3 and
conductor 0 satisfying Ng/q(0) = [dk|. The bound (1.7) now follows from Corollary 1.2. O

Proof of Corollary 1.4. The spectral expansion (2.1) is compatible with taking partial derivatives on
both sides, therefore it suffices to prove the statement when ¢ is a Hecke-Maass cusp form of full
level with (g,g) = 1 or a standard Eisenstein series E (-, % + it). More precisely, it suffices to show

for such g that the left hand sides of (1.9)-(1.10) are < [Hy : H](1 + |t|)*|d|~ 27, where A > 0 is an
absolute constant and ¢ = t, is the spectral parameter of ¢ as in (2.4). By (6.9) the denominators in
(1.9)~(1.10) are [Hy : H]"}|d|2+°(") hence it suffices to show that the numerators satisfy

S < (Lt
oceH
Using characters of the abelian group H,; we can rewrite this as

Z > (o). < (L+ [t])A]d]E =,

weHd o€Hq
VIg=

The number of 1’s here is precisely [Hy : H|, hence it suffices to show that for any ¢ € fId and for
any g as above we have

3 B0)g(xf) < (L+[e)|d|*~=m,  d <o,
oc€Hgy

Zw/ (2)ds(z) < (1 + [f)A |} =5,  d>o0.

oc€H,

(1.11)

The twisted sums in (1.11) can be related to central automorphic L-values. The formula (which
generalizes special cases by Dirichlet, Hecke, Maass, Gross—Kohnen—Zagier and others) is based on
the deep work of Waldspurger [Wa81] and was carefully derived by Zhang [Zh01] for d < 0 and by
Popa [Po06] for d > 0:

2
= cqld|? |py(D?A (fy ®9.3). (1.12)

> ¥(0)

oc€H,

Here cq is positive and takes only finitely many different values, py(1) is the first Fourier coefficient
of g asin (2.2)-(2.3), A(m, s) denotes the completed L-function, and f is the automorphic induction
of ¢ from GL; over Q(v/d) to GLy over Q such that A(fy,s) = A(¢,s). The modular form f,, was
discovered by Hecke [He37] and Maass [Ma49] in this special case, it is of level |d| and nebentypus
(4). In particular, when g is an Eisenstein series Eo(-, 3 + it) the identity (1.12) follows from [Si80,
pp. 70 and 88] and [Iw02, (3.25)].

Observe that in (1.12) we have [p,(1)]? <. (1 + [t))%e™! by [HL94] and [Iw02, (3.25)], while
the archimedean part of A ( fo®ag, %) is a product of exponential and gamma factors which is <
(14 |t|)e~"!"l by Stirling’s approximation. Therefore (1.11) reduces to a subconvex bound (with a
different A > 0)

L(fp®g,%) < (1+]t)*|d? (1.13)



If the character ¢ : Hy — C* is real-valued, then it is one of the genus characters discovered by Gauss
[Ga86]. In this case L(fy ®g,5) = L(g® (%), s)L(g® (%), s), where d = dds is a factorization of d
into fundamental discriminants dy and da (cf. [Si80, p. 62]), therefore (1.13) follows from (1.3) when
g is an Eisenstein series and from (1.4) when g is a cusp form. If the character ¢ : Hy — C* is not
real-valued, then f, is a cusp form of level |d| and nebentypus (), therefore (1.13) follows from (1.6)
when ¢ is an Eisenstein series and from (1.8) when g is a cusp form. O

1.5 About the proof of the main theorems

In this section we summarize briefly the main ideas in the proof of Theorems 1.1, 1.2, 1.3. The expert
reader will notice that the ancestors to the proof are the papers [By96, KMV00, DFI02, Mi04]. Using
the notation

o L(f):=L(f®x,s) in the case of Theorem 1.1;
e L(f):=L(f,s)> in the case of Theorem 1.2;
o L(f):=L(f®g,s) in the case of Theorem 1.3;

the goal is to find a particular 6 > 0 such that L(f) < q%*‘s with an implied constant depending
polynomially on the secondary parameters. We achieve this by estimating the amplified second
moment

1 2 2
- /¢ M) IL(6)2 du(o) (1.14)

over the spectrum of the Laplacian acting on automorphic functions of level &~ ¢ (in the case of
Theorem 1.1 the level equals 3[N,¢|]) and given nebentypus, so that one of the terms corresponds
to a cusp form ¢ =~ f. Here M(¢) is a suitable amplifier, and ¢ runs through Maass cusp forms,
holomorphic cusp forms, and Eisenstein series with respect to a certain spectral measure du(¢)
designed for Kuznetsov’s trace formula. The amplifier is given by M(¢) = >, x(£)A4(¢), where
(z(¢)) is a finite sequence of complex numbers depending only on f. Opening the square and using
multiplicativity of Hecke eigenvalues, we are left with bounding a normalized average

Q(0) = % /¢ Mo (O)L(6)[? dpu(0)

for £ less than a small power of q. We win once we can show Q(f) < ¢~° for a suitable § > 0.

By Kuznetsov’s trace formula, the spectral sum Q(¢) can be transformed into a weighted sum
of (twisted) Kloosterman sums, the weights being of the form y(m)x(n), 7(m)7r(n), Ay(m)As(n)
in the cases of Theorems 1.1, 1.2, 1.3, respectively. The set of weights x(m)x(n) is considerably
simpler which is mainly responsible for the better value of §. Here we follow the original treatment
of Bykovskil [By96] which expresses the sum in terms of the Hurwitz (-function. By applying the
functional equation for these (-function, the problem reduces to cancellation in certain complete
character sums, which is then established by Weil’s theorem. The set of weights 7(m)7(n) can be
regarded as a special case of A\y(m)\,(n) upon defining

g(z) == %Ew(z, $)js=1 = 2¢/ylog(ey/4m) + 4\/§Z 7(n) cos(2mnx) Ko (2mny). (1.15)

n>1

Note, however, that this g is not square-integrable, which causes technical complications and neces-
sitates a separate treatment. At any rate, the next step in the proof of Theorems 1.2 and 1.3 is an
application of Voronoi summation which turns the Kloosterman sums into simpler Gauss sums (plus
a negligible term in the case of (1.15)). Opening the Gauss sums, we are left with sums roughly of
the type

1 _
T foxg(h) Z Ag(M)Ag(N)Wy, o, (m, ). (1.16)
h Lim—~Lan=h

Here the sizes of h, m, n are = ¢, the weight function Wy, ,, is nice and depends mildly on ¢;, ¢5.
The innermost sum in (1.16) is a shifted convolution sum which at best exhibits square-root
cancellation, hence we need to exploit oscillation in the h-parameter. To understand the h-dependence



we analyze the shifted convolution sum by Kloosterman’s refinement of the circle method. This
approach is very appropriate: it worked efficiently in earlier related contexts [DFI93, DFI94a, Ju99,
KMV02], and in fact a special case of Kloosterman’s original application [K126] can be regarded as
a special case of the problem at hand. More precisely, for technical reasons, we employ the variants
of the circle method developed by Meurman [Me01] and Jutila [Ju92, Ju96]. As a result, the shifted
convolution sum equals (up to negligible error) a main term plus a weighted c-sum of (untwisted)
Kloosterman sums S(h, h';c). The weights are defined in terms of the coefficients A\,(n), but in the
end we only need that these are small in L?-mean. The main term is present only for (1.15), we
return to it later below. For the sum of Kloosterman sums we apply Kuznetsov’s trace formula in
the other direction in order to separate the h and h’ variables. Now we encounter expressions of the

type

/w S x(R)pus () (), (117)
h

where the h-sum is smooth of length &~ ¢, and v runs through modular forms of levels ~ £1 /5 and trivial
nebentypus with respect to another spectral measure dfi(1). Cancellation in the h-sum is therefore
equivalent to subconvexity of twisted automorphic L-functions for which we need Theorem 1.1. Some
difficulties arise from the fact that (1.16) may be “ill-posed”: if the support of W, ¢, is such that m is
much smaller than n, we have to solve an unbalanced shifted convolution problem which is reflected
by the fact that the v-integral in (1.17) is “long”. In this case the saving comes from the spectral
large sieve inequalities of Deshouillers—Iwaniec [DI82].

In the case of (1.15), i.e. when \yj(n) = 7(n), an extra term appears in the analysis of (1.16),
namely the contribution of the main term of the shifted convolution sums. This extra term equals (up
to admissible error) the contribution of the Eisenstein spectrum in (1.14) which is generally too large
and is included only to make (1.14) spectrally complete. In [DFI02] the analogue of this observation is
justified rigorously: the two large contributions are proved to be equal, so one can forget about both
of them. In the proof of Theorem 1.2 we take a shortcut instead. We arrange the weight functions in
the approximate functional equation and in Kuznetsov’s trace formula in such a way that the extra
term becomes negligible: in the analysis this manifests as destroying a certain pole by creating a zero
artificially. In fact, our choice of the approximate functional equation can be explained as by forcing
the Eisenstein contribution in (1.16) to be small, see Remark 4.1.

Finally we remark that there is a more direct and more powerful method resulting in a similar
spectral expansion of shifted convolution sums, see [BIHa08b, BIHal0] and the references therein.
This method avoids the double application of Kuznetsov’s trace formula, but at the time of working
on these projects it was limited to special situations such as holomorphic g or unbalanced shifted
convolution sums (i.e. when the sizes of h, m, n are not approximately equal).



Chapter 2

Review of automorphic forms

2.1 Maass forms

Let k and D be positive integers, and x be a character of modulus D such that y(—1) = (=1)*. An
automorphic function of weight k, level D and nebentypus x is a function g : H — C satisfying, for

any v = (Z Z) in the congruence subgroup I'g(D), the automorphy relation

9y (2) = jy(2) Fg(v2) = x(d)g(2),

where
az+b . cz+d

d =
cz+d an () |cz + d]

vz = = exp(iarg(cz + d)).
We denote by Lx(D,x) the L2-space of automorphic functions of weight k& with respect to the Pe-
tersson inner product

om= [ aGmEe S

To(D)\H

By the theory of Maass and Selberg, L (D, x) admits a spectral decomposition into eigenspaces of

the Laplacian of weight k
0? 0? 0
Ay = - | =— + =— iy —.
F Y <83¢2+8yz>+Z Yor
The spectrum of Ag has two components: the discrete spectrum spanned by the square-integrable

smooth eigenfunctions of Ay (the Maass cusp forms), and the continuous spectrum spanned by the
Eisenstein series {Ea(2, 8)}a, s with »s = 1} any g € Lg(D, x) decomposes as

o2 = Lo+ Y g [ B ) Bafeus) s (21)

320

where ug(z) is a constant function of Petersson norm 1, By (D, x) = {u;};>1 denotes an orthonormal
basis of Maass cusp forms and {a} ranges over the singular cusps of I'y(D) relative to x. The
Eisenstein series Eq4(z,s) (which for Rs = % are defined by analytic continuation) are eigenfunctions
of Ay, with eigenvalue A\(s) = s(1 — s).

A Maass cusp form ¢ decays exponentially near the cusps. It admits a Fourier expansion for
each cusp with its zero-th Fourier coefficient vanishing; in particular, for the cusp at oo, the Fourier

expansion takes the form

+00
9(z) = pg(mWoo i i, (4mlnly)e(nz), (2.2)

n=-—oo

n#0
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where W, g(y) is the Whittaker function, and (% + it) (% - it) is the eigenvalue of g. The Eisenstein

series has a similar Fourier expansion
1, - 1 . I
E, (Z, % + it) — 5a:my§+zt + d)a(% + Z‘t)yé—zt + Z pa(n, t)Wﬁgyit(47r|n|y)e(mc), (2.3)

n=—oo

n#0

where ¢q (3 + it) is the entry (oo, a) of the scattering matrix.

2.2 Holomorphic forms

Let Sk(D, x) denote the space of holomorphic cusp forms of weight k, level D and nebentypus x, that
is, the space of holomorphic functions g : H — C satisfying

9(v2) = x(V)(cz + d)*g(z)

for every v = ZL Z) € I'o(D) and vanishing at every cusp. Such a form has a Fourier expansion at

oo of the form .
3

9(2) = _ pg(n)(4mn)

n>1

e(nz).

We recall that the cuspidal spectrum of L (D, x) is composed of the constant functions (if £ = 0,
X is trivial), Maass cusp forms with Laplacian eigenvalues A, = (% + ity)(3 — ity) > 0 (if k is odd,
one has Ay > 1) which are obtained from the Maass cusp forms of weight x € {0,1}, k = k(2) by
’“*T" applications of the Maass weight raising operator, and of Maass cusp forms with eigenvalues
A= %(1 — %) <0,0 <1<k, I =k(2) which are obtained by % applications of the Maass weight
raising operator to weight [ Maass cusp forms given by y"/2g(2) for ¢ € S)(D,x). In particular, if
g € Si(D, x), then y*/2g(2) is a Maass form of weight k and eigenvalue %(1 — g) Moreover, we note

that our two definitions of the Fourier coefficients agree:
pg(n) = pyk/zg(n)'

We denote by BZ(D, X) an orthonormal basis of the space of holomorphic cusp forms of weight k > 1,
level D and nebentypus x.
In the sequel, we set

VAg —1/4 when g is a Maass cusp form of eigenvalue \g;

2.4
i(kg —1)/2 when g is a holomorphic cusp form of weight k,. (24)

pg =1+ [tgl; tg ::{

2.3 Hecke operators and Hecke eigenbases

We recall that £ (D, x) (and its subspace generated by Maass cusp forms) is acted on by the (com-
mutative) algebra T generated by the Hecke operators {1, },>1 which satisfy the multiplicativity
relation
T0To= > x(d)Tmy.
dl(m,n)

We denote by T(P) the subalgebra generated by {T}(n,p)=1 and call a Maass cusp form which is
an eigenform for T(P) a Hecke-Maass cusp form. The elements of T(P) are normal with respect
to the Petersson inner product, therefore we can choose By (D, x) and Bl (D, x) to consist of Hecke
eigenforms. Then, by Atkin-Lehner theory, these orthogonal bases contain a unique scalar multiple
of any primitive form.

The adelic reformulation of the theory of modular forms provides a natural alternate spectral
expansion of the Eisenstein spectrum (D, x) C Li(D, x). In this expansion, the basis is indexed
by a set of parameters of the form!

{(xasx2, f) I xaxe = x5 f € B(x1, x2)} (2.5)

1We suppress here the independent spectral parameters % + it with t € R.
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where (x1, x2) ranges over the pairs of characters of modulus D such that x1x2 = x and B (x1, x2)
is some finite set depending on (x1, x2). Specifically, Bx(x1, x2) corresponds to an orthonormal basis
in the induced representation constructed out of the pair (x1, x2), see [GJ79] for more details. For
g € Ex(D, x) one has

Z Z 471-2 / g’ X15X25 f(* s)>EX1 X2, f(z 8) ds. (2.6)

X1X2=
F€B (X1, Xz)

An important feature of this basis is that it consists of Hecke eigenforms for T(P): for (n,D) =1 one
has

TnEXl,XzJ (Z’ % + it) = )‘X17X2 (n’ t)EXth,f (Z’ % + it)
with _
Xl X2 Z Xl CL X2 b “ (27)

ab=n

We shall abbreviate E,, v, r (*, % + it) by Ey, v, .t and denote its Fourier coefficients by pf(n,t).

2.4 Hecke eigenvalues and Fourier coefficients

Let g be any Hecke eigenform with eigenvalue A\4(n) for T,,, then one has

Ag(m)Ag(n) = Z Y(d)Ag(mn/d*) for (mn, D) =1, (2.8)
d|(m,n)
Ag(n) = (n)Ag(n) for (n, D) =

In particular, it follows that

Ag(m) Ay (n Z Ay (mn/d®) for (mn,D) = 1. (2.9)

There is a close relationship between the Fourier coefficients py(n) and the Hecke eigenvalues Ay (n):

Vitpg(dn) = py(£1)Ag(n) for (n, D) =1, (2.10)

Vi (mn) = 3 xldiy (55) [ for (n.D) =1 (2.11)

d|(m,n)

Vimnp,(mn) = 3 x(du(dp, (%) \/fxg (5) forn.D)=1. (2.12)

d|(m,n)

The primitive forms are defined to be the Hecke—Maass cusp forms orthogonal to the subspace of old
forms. By Atkin—Lehner theory, these are automatically eigenforms for T and the relations (2.10)
and (2.11) hold for any n. Moreover, if g is a Maass form not coming from a holomorphic form (i.e.,
if ity is not of the form £ for 1 <1 <k, [ =k (2)), then g is also an eigenform for the involution
@11, ., of [DFI02, (4.65)], and one has the following relation between the positive and negative
Fourier coefficients:

pg(—n) =egpg(n) forn >1 (2.13)
with L .
jEF(§ +ity + &)

: (2.14)
D(z +ity — 5)

Eg:

(cf. [DFI02, (4.70))).
A primitive form g is arithmetically normalized if py(1) = 1.

12



2.5 Spectral summation formulae

The following spectral summation formulae form an important tool for the analytic theory of modular
forms. Let y(—1) = (—1)® with x € {0,1}, and recall that By(D,x) (resp. B(D,x)) denotes
an orthonormal Hecke eigenbasis of the space of Maass (resp. holomorphic) cusp forms of weight
k = k(2), level D and nebentypus y. The first formula is due to Petersson (cf. Theorem 9.6 in
[Iw02]):

Proposition 2.1. For any positive integers m,n, one has

4nl(k —)vmn S pi(m)ps(n) = S + 2mi Z Slmynic) ;- <4“\éﬁ>. (2.15)

feBr(D,x) c=0(D)

Here Sy (m,n;c) is the twisted Kloosterman sum

Su(mnie)i= 3 e (D).

z(c)
(z,c)=1

Let Br(D, x) = {u;}j>1 with u; of Laplacian eigenvalue \; = 3 —|—tf and Fourier coefficients p;(n).
The following result is a combination of [DFI02, Proposition 5. 2] a slight refinement of [DF102, (14.7)],
[DFI102, Proposition 17.1], and [DFI02, Lemma 17.2].

Proposition 2.2. For any integer k > 0 and any A > 0, there exist functions H(t) : RUIR — (0, 00)
and Z(z) : (0,00) = RUIR depending on k and A such that

H(t) > (1+ [t])F 10 (2.16)
for any integer j > 0,

o A+1 )
xJI<J>(:c)<<A,j< ) (14 z)19; (2.17)

1+

and for any positive integers m,n,

FZH )pj(m)p;(n) + \/72 / t)pa(m, t)pa(n,t) dt

j=1
(m,n;c) 4m/mn
=cadm,n .
—eabpnt 38 ( v )

c=0(D)

Here c4 > 0 depends only on A.

It will be useful to have an even more general form of the summation formulae above, namely
when Z(x) is replaced by an arbitrary test function. This is one of Kuznetsov’s main results (in the
case of full level). His formula was generalized in various ways, mainly by Deshouillers-Iwaniec [DI82]
(to arbitrary levels) and by Proskurin [Pr05] (to arbitrary integral and half-integral weights). See
[Iw02, Theorems 9.4-9.8]%, and also [CoPS90] for an illuminating discussion from the representation
theoretic point of view. In order to state Kuznetsov’s sum formula, we define the following Bessel
transforms for ¢ € C°(R™):

o(k) : = i¥ /oo Thor (@ W@)‘f, (2.18)
S(t) : = zsfrnﬁﬁm / e VT ie(2) Yola) (2.19)
(1) : = 2 cosh(rt) /0 Kgit(m)gb(x)d?x. (2.20)

2Note that in [Iw02] a few misprints occur: (9.15) should have the normalization factor % instead of %, and in
(B.49) a factor 4 is missing.
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Theorem 2.1. Let m,n, D be positive integers and ¢ € C®(RY) such that p(0) = ©'(0) = 0 and
W) (x) <. (1+x)727¢ for 0 < j < 3. Then for x € {0,1} one has

1 Sy(m,m;c) [ 4my/mn . _
- ” = > Thek) > prim)ps(n)
4y/mn ¢=0 (D) ¢ ( ¢ ) ki;(f) fFEBR(D,X)
Ald +oo -
Iy e+ -3 | AL pm gt (221
j>1 J a ©T

In addition, for kK =0 one has

4\/% > Sx(m;—n;c)¢(4ﬂ\£n%>:

¢=0(D)

. +o0 .
2 m;ph(éj))pj(m)pj(—”) + iZ/_ ﬂm(mi)pa(—n,t) dt. (2.22)

= mt; cosh(mt)

In both identities the (a,t)-integral is over the Eisenstein spectrum Ey(D,x) C Li(D,x).

Remark 2.1. In (2.21) and (2.22) the sum over the singular cusps a can be replaced by a sum over
the parameters (2.5), then accordingly pq(*,t) need to be replaced by ps(*,t). The proof is identical,
except that the sum in (2.6) plays the role of the second sum in (2.1).

It will be useful to have bounds for the Bessel transforms occurring in Theorem 2.1.
Lemma 2.1. Let o(r) be a smooth function, compactly supported in (R,18R), satisfying
eV (r) <; (W/RY

for some W =1 and for any j € Ng. Then, fort > 0 and for any k > 1, one has

Hit), B(it) < W for 0<t< i; (2.23)
¢(t), ¢(t), ¢(t) W for t>0; (2.24)
s, 50, 90 < () (7 + 1) for t31: (2.25)
@o(t), ¢(t), @(t) <k (Vtv>k <tll/2 + Jf) for t>max(10R,1). (2.26)

Proof. The inequalities (2.23), (2.24), (2.25) can be proved exactly as (7.1), (7.2) and (7.3) in [DI82].

The last inequality (2.26) is an extension of (7.4) in [DI82], but we only claim it in the restricted

range t > max(10R,1). On the one hand, we were unable to reconstruct the proof of (7.4) in [DI82]

for the entire range ¢t > 1; on the other hand, [DI82] only utilizes this inequality for ¢ > max(R, W)

(cf. page 268 there, and note also that for ¢ <« W the bound (2.25) is stronger). For this reason we

include a detailed proof of (2.26) in the case of ¢(t). For ¢(t) and ¢(¢) the proof is very similar.
We may assume that &k = 25 + 1 is a positive odd integer. The Bessel differential equation

TZK;it(T) + TK;“(T) = (7"2 - 4t2)K2it(T)

gives an identity
@(t) = (Dep) (1), (2.27)

where

14



This transform Dy;p is smooth and compactly supported in (R, 18R), and it is straightforward to
check that ' 4
(D) D |oo < (W/t)2(W/R)"  for t > max(10R,1).
By iterating (2.27) it follows that ‘
| Plt) = (D) (1),
where D is a smooth function, compactly supported in (R, 18R), satisfying
|(Df ) loc <6 (W/O¥ (W/R)! for ¢ > max(10R, 1).

We bound (D! ¢)Y(t) by (2.25) and obtain
) W2 R
o(t) < (t) (151/2 + t) for ¢ > max(10R,1).
O

Lemma 2.2. a) Let ¢(x) be a smooth function supported on x < X such that ¢\9)(x) <; X~ for
all 7 € Ng. Fort € R we have

C
ot), ol0), plt) < LT IoBX] (HX>

1+x \1+[
for any constant C > 0. Here the Bessel transform ¢ is taken with respect to Kk = 0.
b) Let o(x) be a smooth function supported on x < X such that ¢\9)(z) <; (X/Z)77 for all
Jj €Ny. Forte (—i/4,i/4) we have
1+ (X/Z)—Q\%ﬂ
1+ X/Z
Here the Bessel transform ¢ is taken with respect to k = 0.
¢) Assume that p(x) = '@ (z) for some constant a and some smooth function 1(x) supported

on x < X such that 9 (x) < X7 for all j € Ng. Assume aX >1,t € R, and assume t € N in the
case of ¢. Then

B(t), ¢t) <

1 F \°
#0400, ) <o = (1377 )
for any C >0, >0 and some F = F(X,a) < (a+1)X.

Proof. Parts a) and b) are covered by Lemma 2.1. Part c) is [Ju99, pp. 43-45]. O
Using [GRO7, 8.403.1] we can express the kernel ki (z) := Joj(z) — (=1)"J_9;(x) in (2.19) as
Joi(z) — J_oi(z) = itanh(mt) {You () + Yoou(z) }

Jai(2) + J_2it(x) = i coth(nt) {Ygit(w) — Y,Qit(m)}.

For future reference we shall recast ¢ as follows. By [GR07, 6.561.14] the Mellin transform of the
kernel equals

ky(s) = /000 ky(x)z®~Ldx

=2 r (Gt e (S—ie) {sin (x (5 —it)) = (—1rsin (= (S t)) ).

Let
0*(u) == p(—1 — 2u)2' T2, (2.28)
Then by Plancherel’s formula
mith 1 ~
p(t) = —— *(u)ke (1 4 2u)272 d 2.2
P = S S (rt) 2 /(J)SD (Whi(1+20)27 du (229)

=+ oy Jam [, wor (o) (gru-a) { S fan

where —1 + |3t < 0 < 0, and the upper (resp. lower) line refers to x = 0 (resp. £ = 1).
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2.6 Voronoi summation formulae

The modular properties of a cusp form g € Lx(D, x) translate into various functional equations for

Dirichlet series
D(g,x,s) := Z Vnpg(n)e(nz)n™*
n=1

attached to additive twists of the Fourier coefficients py(n). When 2 = % is a rational number in

lowest terms with denominator ¢ divisible by the level D, the functional equation is particularly
simple.
If ¢ is induced from a holomorphic form of weight I, then by Appendix A.3 of [KMV02] (see also

. a 1 CcN\172 T (1 — s+ %) a
D(g,ES) =i'x(a) (5) WD (g,—c71—8>.

If ¢ is not induced from a holomorphic form, then
@) = iv@ (S) T e Ay - -
D (ga C’ S) =1 X(a) (71') {\Ilkﬂ‘t(s)D (g, C’ 1 S> + \Ilkﬂ't(s)D (Qg> Ca]- S> } 9 (230)

where \Iff ;+(8) are meromorphic functions depending at most on k and it, % + t? is the Laplacian
cigenvalue of g, and @ = Q1 4 is the involution given in (4.65) of [DFI02]. In fact, we can assume
that Qg = €g for some ¢ = +1, and reduce the above to

a ko [ C\172s a _ a
D <g, - s) = i*x(a) (;) {\Ilgzt(s)D <g, —2 1- s> + ¥ 4 (s)D (g, o 1- s> } . (2.31)
For k =0, \I/iit(s) are determined in Appendix A.4 of [KMV02] (see also [Me88]):

r 1—s+it T 1—s—it T 2—s+it r 2—s—it
)0) DO )T
D (54T (554) D (H571) (5

T () = (2.32)

For k # 0, we will express \I/,fzt(s) in terms of the functions ®i (s, it) defined by (8.25) of [DFI02]:

[eS) 1 . k
+1 oy VT P(z+it+35) o1 dy

Our starting point for establishing the functional equation is the identity
I e o srdy A N
Z g(l’+2y)y 2; - (I)k(S,Zt)D (g,x,s) +(pk; (S’Zt)D (g,x,s), (234)
0
where

2Di1(gax7 S) = D(gaxa S) + D(g7 —Z, S)'
In deriving this identity we use (2.2), (2.13), and (2.14) with the sign ¢ = £1. The modularity of g

implies, for any y > 0,
a iy b a 7
g ( + > = i*x(a)g < + ) :
c ¢ c ¢y
We integrate both sides against ys_% % to obtain, by (2.34),
1-2s a
Z (s, it) DF (g, 87 s) = i*x(a) (£> Z@fa(l — s,it)D*! (g, —97 1-— 8) .
c 0 c
+ +
The analogous equation holds when a is replaced by —a:

1-2s a
Z(I)/::‘:E(Svit)Dil (gv 7g75> = ikX(ia) (E> Zéfs(l - Svit)Dil <g7 gv 1- 5) .
+ ¢ ™ m c
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Using that D*!(g, —x,s) = £D*!(g, x, s), and also that y(—1) = (—1)*, we can infer that

@fe(s,it)Dil (g7 g, s) = i*x(a) (E) @:e(_l)k(l - th)Di(*l)k <g, —g, 1-— s> .
c v c

1-2s

It is important to note that the functions @fs (s,it) are not identically zero by k # 0 and Lemma 8.2
of [DFI02] (cf. (8.32) and (8.33) of [DFI02]). Therefore we can conclude that

Dut) - Y0 (02)

ok (7) (0)1—23 Z @fa(—l)k(l — S,it) Di(fl)k a 1
IR T i (s, it) AR

Combining this equation with

2D*! (g,z,ls) D(g,i,ls):l:D(g,Z,ls),

we find that (2.31) indeed holds with the following definition of \I/f”(s)

DL(1 —s,it) | B (1 —s,it)
(CDF oy T o DF
O, (sit) D@, (s,it)

\I'ki)it(s) =

This formula works for k # 0 and complements (2.32) which corresponds to k = 0.
Using the calculations of [DFI02] we can express \Ilk 4i¢(s) in more explicit terms. First, we use
(8.34) of [DFI02] to see that

Or(1—s,it) D (1 — s,it)
\I]kizt( ) - k]_ - ) i k_]_ . .
P} (s, —it) P, " (s, —it)
Then we refer to Lemma 8.2 of [DFI02], the functional equation (8.36) of [DFI02], and the deter-

mination of the constant v = v{ = =£1 in that functional equation (p.534 of [DFI02]) to derive
that

kF (1 S-Ht) (1 s2—it) kr (2—-;+it) T (2—52—it)

+ _ .
Wiie(s) =i T (50T (552 +1 D (L= (Lt ) k even;
o 1-\ (1 s+7,t) F (2 S— zt) (2fs+it) F (17577215)

\Ilii (S) = Zk s—1 s+1 +i AR 2571' 82i ’ k odd.
ot L ( zt)F(lU“) D (H574) T (551)

Note that by (2.32) this formula is also valid for k=0.
We can simplify the above expressions for yiE k ;+(8) using the functional equation and the duplica-
tion formula for I:

m 1

I'(s)r(1—s)= Sn(rs)’ T(s)T( +5) = V72! 72T (2s).

For even k, we obtain

\Ilz”(s) = iFr12%D(1 — s+ it)[(1 — s — it){— cos(ms) };

2.35
Up(s) = 771220 (1 — s +it)D(1 — s — it) {cos(mit) }. (235)
For odd k, we obtain
Ty = F 1 T9%P(1 — s+ it)[(1 — s — it){sin(mws) };
Lils) = ( )I( ) {sin(ms) } (2.36)

Uy (s) = 12T (1 — s+ it)T(1 — s — it){ — sin(mit) }.

These identities enable us to derive a general Voronoi-type summation formula for the coefficients
pg(n) of an arbitrary cusp form g € Li(D,x). Special cases of this formula already appeared in
[Me88, DI90, KMV02].
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Proposition 2.3. Let D be a positive integer, x be a character of modulus D, and g € Li(D,x)
be a cusp form with spectral parameter t = t,. Let ¢ = 0(D) and a be an integer coprime to c. If
F € C®(R") is a Schwartz class function vanishing in a neighborhood of zero, then

S Ving(me(n®) Fm) = XSS pzme (0 ) 7 (). (237
+ n>1

n>1
In this formula,
I(+it—%)

F(%+it+§)pg(_n)’

p:;(n) = pg(n)7 p; (n) = pQg(n) —

and
FE(y) ::/ F(a:)Jét (4m\/zy) da, (2.38)
0

where

L]

J () = 2mit g1 (), J, (x) =0,
if g is induced from a holomorphic form of weight [;
L]
Jg+(17 = cosh e { 2it(x) + Yo oi(x )} Jg_(ac) := 4 cosh(mt) Kot (),

if k is even, and g is not induced from a holomorphic form;

{Yglt Y,Qit(fﬁ)}, J (LL') =4 Sinh(ﬂ't)Kgit(fL'),

J;(m) = s

if k is odd, and g is not induced from a holomorphic form.

smh mt)

We outline the proof for non-holomorphic forms g. We represent the left hand side of (2.37) as
an inverse Mellin transform

Z ﬁpg(n)e(n%)F(n) = ﬁ /(2) F(s)D (g, %, s) ds.

n>1

By the functional equation (2.30), the right hand side can be rewritten as

1 ~ c 1-2s a
Feogy L c +v a B
x(@ )27'('2 2) F(s) (W> \Ilk,zt(s)D <97 c,l s) ds

vi@g [ B0 (2) 7w (0 21 s

By changing s to 1 — 5 and shifting the contour, we see that this is the same as

1 ~ s c\s51 s a s ds
k(= +

i [ F(=3) () il (-5) 0 (o-55) 5
@ ), 2) \x Rit U7 2) P9 T 2) 2

1 & YA a s\ ds
+1 X( )27_(_2 /(2) F (1 — 5) (;) lI/kﬂ't (1 ) (Qg, s ) 7
Using (2.35) and (2.36) it is straightforward to check that

. + S 2 +
e, (1-3) = 205 () (s),

(2.39)

so that s g o
o1 _ RS A N, G 2N o9 s—lT+(,2
Fi=2)iwE, (1-3) =2 FE) (5) = 20 FE(2)(s),

where F* is the Hankel-type transform of F' given by (2.38). In particular,

1 ~ s\ fcy\sL s sds 1 n
kL _S5\ (¢ £ (1 _ —508 _ Lo/
" 2w (2)F<1 3) (7)) e (1-3) 55 =7 (%)
and this shows that (2.39) is equal to the right hand side of (2.37). But (2.39) is also equal to the
left hand side of (2.37), therefore the proof is complete.
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2.7 Bounds for the Fourier coefficients of cusp forms

In this section we recall several (now) standard bounds for the Fourier coefficients of cusp forms;
references to proofs can be found in Section 2.5 of [Mi04].

If g is an L?-normalized primitive Maass cusp form of level D, weight x € {0,1} and eigenvalue
3+ t2, then from [DFI02] and [HL94] we have for any ¢ > 0 (cf. (2.4)),

_. {cosh(rt,) 1/2 cosh(rt,) 1/2
gy () o)) < (D) () (2.40)
Dy Dy
If g € Si.(D, x) is an L?-normalized primitive holomorphic cusp form, then
(Dk)~= (DFk)*
— &, 1 e . 241
For Hecke eigenvalues, Hypothesis Hy gives in general the individual bound
Ay (n)| < T(n)n?. (2.42)

Note that 6§ = & is admissible by the work of Kim—Shahidi, Kim and Kim-Sarnak [KiSh02, Ki03,
KiSa03], and (2.42) holds even when n is divisible by ramified primes. Moreover, if ¢ is holomorphic,
it follows from Deligne’s proof of the Ramanujan—Petersson conjecture that (2.42) holds with 6 = 0.
Hence for all n > 1 and for any € > 0 we have by (2.10)

cosn(mw 1/2
(nDpg)® <1})l(tg)) W0 for g€ Lo(D,x), k€ {0,1};
Vnpg(n) <. (nDk): Hg (2.43)
W for QESk(D,X)

The implied constant depends at most on € and is effective. In fact, for a Maass cusp form g of weight
k € {0, 1}, Rankin—Selberg theory implies that the Ramanujan—Petersson bound holds on average:
one has, for all X > 1 and all € > 0,

S Py (m)]? < (D X)X, (2.44)

n<X

In several occasions, we will need a substitute for (2.43) when ¢ is an L?-normalized but not
necessarily primitive Hecke-Maass cusp form. This estimate can be achieved on average over an
orthonormal basis, and this is sufficient for our application. By a straightforward generalization of
[Mi04, Lemma 2.3] we have

Lemma 2.3. Assume Hypothesis Ho. For k > 1 let Bi(D,x) C Sk(D,x) and for k € {0,1} let
B, (D,x) C L:(D,x) denote orthonormal Hecke eigenbases. Then for n, X > 1, one has

nlp (”)‘2 226

T(k 2 L ANLEA DX)EX 2.45
YTH) S el Y B < DX X, (2.45)
k=r(2) gEBR(D,x) 9€B.(D,x)

2<k<X [tg|<X

where the implied constants depend at most on €.

Finally we state the large sieve inequalities [DI82, Theorem 2] for modular forms of level D and
trivial nebentypus.

Proposition 2.4. Let B'(D,1) C 8;(D,1) and B, (D,1) C L,(D,1) denote orthonormal bases. Let
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N, X > 1 and let (ay,) be an arbitrary sequence of complex numbers. Then

2

S Y | Y awn
k=0 (2) fEBL(D,1) |[N<n<2N
2<k<X )
1 5 N1+5 )

Z COSh(ﬂ't ) Z (Zn\/ﬁpf(n) < (X + D ) Z \an\ , (246)
FEB(D.1) P |Ngn<aN N<n<2N

[trl<X ,

X 1
n )| dt

[ i |, I,

where the (a,t)-integral is over the Eisenstein spectrum Ey(D,1) C Lo(D,1). The implied constant
depends at most on €.

2.8 Bounds for exponential sums associated to cusp forms

In this section we prove uniform bounds for exponential sums

)= Z Ag(n)e(na) (2.47)

n<X
associated to a primitive cusp form g. Our goal is to arrive at

Proposition 2.5. Let g be a primitive Maass cusp form of level D, weight k € {0,1} and Laplacian
etgenvalue % + tg. Then we have, uniformly for X > 1 and o € R,

Z Ag(n)e(na) < (DpgX)*DplXx'/?,
n<X

where the implied constant depends at most on €.

Remark 2.2. This bound is a classical estimate and due to Wilton in the case of holomorphic forms
of full level. However, we have not found it in this generality in the existing literature. One of our
goals here is to achieve a polynomial control in the parameters of g (the level or the weight or the
eigenvalue). The latter will prove necessary in order to achieve polynomial control in the remaining
parameters in the subconvexity problem. Note that the exponents we provide here for D and 1, are
not optimal: with more work, one could replace the factor D,ng 1/2 above by (DMSX )1/ 2. and in the
D and pg aspects it should be possible to go even further by using the amplification method. See
[BIHo10, T10, HT11] for recent developments in the case of square-free D.

First we derive uniform bounds for g(x + iy).
If g is an L?-normalized primitive Maass cusp form of level D, weight x € {0,1} and spectral
parameter it = ity, then we have the Fourier expansion

x +1iy) Z pg(n){Ws i (4mny)e(nz) + ng,%yit(élﬂny)e(—nx)}, (2.48)

n>=1

where e, = £(it)" is the constant in (2.14). The Whittaker functions here can be expressed explicitly
from K-Bessel functions:

y1/2
WO,it(4y) = WKit(Zy);
Wl zt(4y f{K1+zt 2y) + Kl —it (Qy)}7 (249)
itW_1 \F{KlJrzt 2y) — K%ﬂ-t(Qy)}.
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By the Cauchy—Schwarz inequality, we have

c : g (m)? .
v gl +iy) [P < Y e D (g { (W (dmny) [ + g Wo g (dmny) [}

m2>1 n>1

Combining this estimate with (2.10), (2.40), (2.44), (2.49) and the uniform bounds of Proposition 6.2,
we can conclude that

Yo g(x +iy) <o (Dpg)** D™ pgy™"/2, (2.50)

For small values of y, we improve upon this bound by a variant of the same argument. Namely,

we know that every z = x + iy can be represented as v, where § € SLo(Z) and Sv > @ Ify< @,
as we shall from now on assume, § does not fix the cusp oo, hence the explicit knowledge of the

cusps of T'g(D) tells us that it factors as 8 = ~d, where v € T'g(D) and § = <Z I) € SLy(Z) with

¢ # 0 and ¢ | D. We further factor ¢ as 0,7, where o4 is a scaling matrix for the cusp a = a/c (see
Section 2.1 of [Iw02]) and 7 fixes co. An explicit choice for o4 is given by (2.3) of [DI82]:

o (a [c2, D] 0 >
¢ [¢?,D] 1/ay/[c?,D])"
This also implies that
. (c/ [c2, D] * )
0 V102, Dl/c)’

therefore the point w := 7v has imaginary part
Sw > ¢?/[c?, D]. (2.51)

Observe that
9(2)] = lg(6v)| = |g(oaw)| = [A(w)], (2.52)
where h := g| ,, is a cusp form for the congruence subgroup o7 To(D)og of level D, weight x and

spectral parameter it;, = it,. We argue now for h exactly as we did for g, except that in place of
(2.10), (2.40), (2.44) we use the uniform bound

Z n|pn(n)|? < p) =" cosh(nty) X.
1<n<X

This bound follows exactly as Lemma 19.3% in [DFI02] upon noting that ¢, for the cusp a = a/c (see
Section 2.6 of [Iw02]) is at least [c, D/c] > 1 (cf. Lemma 2.4 of [DI82]). The analogue of (2.50) that
we can derive this way is

(Sw)*h(w) <o T (Sw) =2,
By (2.51) and (2.52), this implies that

gz + iy) e (Dpg) D2/, (2.53)

Note that this estimate was derived for y < ?, but it also holds for all other values of y in the light
of (2.50).

With the uniform bounds (2.50) and (2.53) at hand we proceed to estimate the exponential sums
Sg(a, X). By applying Fourier inversion to (2.48), we obtain, for any o € R,

L(3+it+%)

pg(n) {Wg,it (dmny) + mwf%,it (47my)} e(na) =

/0 {g(a+ B +iy) £ g(—a — B+ iy) ye(—nB) B,

3In this lemma, |s;| should really be |s;|*~%. In fact, this is the dependence that follows from Lemma 19.2 of
[DFI02]. We also note that the proof of the latter lemma is not entirely correct. Namely, (19.12) in [DFI02] does not
follow from the bound preceding it. Nevertheless, it does follow from the exponential decay of the Whittaker functions
(cf. our (2.49) and Proposition 6.2).
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where the & on the right hand side matches the one in (2.14). Then we integrate both sides against
(wy)a%’ to see that

1/2+5 / G nﬁ) dﬁ? (254)

where
1/2+5

o
Col®) = T (T o /{ga+5+zy sca-priph L. @)

The function @1 (s,it) is defined in (2.33), and is determined explicitly by Lemma 8.2 of [DFI02]. For
k € {0,1}, this result can be seen more directly from the explicit formulae (2.49). At any rate,

D) (% +e,it,) < K/gzg (155 + &) = " =1/2F cosh /2 (mt),
so that by (2.40) we also have
py(1)®L (& +e,ity) > (Dug)~1/*7=.
The integral in (2.55) is convergent by (2.50) and (2.53). Moreover,

~ : e .
/ {gla+B+iy) £g(—a—B+iy)}y m < (Dpy)? Dl/Q,uf;/Q.
0
Altogether we have obtained the uniform bound
Ga(B) <e (Dpg)*Duj,  a €R. (2.56)
For X > 1, we introduce the modified Dirichlet kernel
DB, X):= > e(-np).
1<n<X
It follows from (2.54) that
Z n1/2+5 / G ) B
n<X

Combining (2.56) with the fact that the L'-norm of D(, X) is < log(2X), we can conclude that

Ag(n)e(na) c
Z gnlﬁ <e (DpgX) Dﬂ3~
n<X

Finally, by partial summation we arrive to Proposition 2.5.
For completeness, we display the analogous result for holomorphic forms that can be proved along
the same lines.

Proposition 2.6. Let g be a primitive holomorphic cusp form of level D and weight k. Then we
have, uniformly for X > 1 and o € R,

> Ag(n)e(na) < (DEX)*DE/2X/2,
n<X

where the implied constant depends at most on €.

These estimates are useful to derive bounds for shifted convolution sums on average which will be
used later on: the following lemma is a variant of Lemma 3 of [Ju96] (see also Lemma 3.2 of [B104]).

Lemma 2.4. Let g be a primitive (either Maass or holomorphic) cusp form of level D. For any
X, Y > 1, for any nonzero integers {1, ¥, and for any € > 0, one has

2

Z Z Ag(m)Ag(n)| <. (DMQXY)sDQ,U;XY-
h€Z \m<X, n<Y
lim=Elan=h
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Proof. The estimate follows by combining Propositions 2.5-2.6 with the Parseval identity and the
Rankin-Selberg bound (2.44):

1
Y Nmnm)| = / 15, (—tr, X) S, (£z0, V) dor
heZ |m<X, n<Y 0
Lim=Elon=h

1

<. (DpgX ) DX / 15, (020, V)| da
0

= DX DX Y ()l

nlY
< (DpgXY)* D1 XY.
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Chapter 3

Twisted L-functions

3.1 Amplification

In the next three sections we give a proof of Theorem 1.1. The method is based on a paper by
Bykovskii [By96]. Let fo be a primitive (holomorphic or Maass) cusp form of Hecke eigenvalues A(n),
archimedean parameter u, level N and trivial nebentypus, and let x be a primitive character modulo
q for which we want to prove Theorem 1.1. We shall embed f;y into the spectrum of I'o(D) with
trivial nebentypus, where D is an integer satisfying [N, q] | D and D > 2q; we take

D:=3[N.q) (3.1)

More precisely, we shall choose the bases By (D, 1) and By(D, 1) described in Chapter 2 in such a way
that one of them contains the L2-normalized version of fy(z):

fi() = folz) fo(2)
"~ (fo,fo)p  [Tol) : To(D)] (fo, fo)q

Then (2.40) and (2.41)—applied for ¢ in place of D—shows that

(C(k)D)~Y(kD)~¢, for f1 € BI(D,1),

cosh(mp)D~Y(uD)~¢, for f1 € Bo(D,1), 32)

o (D] > {

We shall consider an amplified square mean of the “fake” twisted L-functions®

L(f@x,8) = > Vnps(n)x(n)n™
n=1
for f either in BE(D,1) or By(D,1) and
LBy g0 @x:8) =Y Vpg(n,t)x(n)n*
n=1

for 1 any character modulo D, f € By(¢,7) and t € R. The justification comes from (2.10): apart
from invertible Euler factors at primes dividing D,

L(fO XX, S) ~ Z )\(TL)X(TL)TL757

hence for Rs = % we have

IL(fr @ x;8)[ > D™ |pr, (DIIL(fo @ X, 5)]- (3.3)

L[By96] considers true L-functions over the whole spectrum which is, technically speaking, incorrect as the spec-
trum includes old forms. Similarly, the “normalized orthonormal basis” considered at the bottom of [By96, p.925] is
problematic as the first Fourier coefficient vanishes for old forms. We avoid these troubles by a more careful setup here
and in Sections 2.3-2.4.
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For integers 0 < b < a let us define
Yap(x) = PP, (x)z 0 (3.4)

In order to satisfy the decay conditions for Kuznetsov’s trace formula, we assume b > 2. Let k € {0, 1}
such that a — b = k (mod 2). It is straightforward to verify, using [GRO7, 6.574.2], that depending
on k we have

b N 2 2) 1
. b! (1 — k)l a+ b . - _92p—2
ot = st T (052 (52 0) )

=0

, oy —1 (3.5)
5 _ b 1 2 atb - =202
i L YL (57}
j=
with ¢ as in (2.18) and ¢ as in (2.19). In particular,
Gap(k) >0 for 2<k<a—b, (3.6)
Pap(t) >0 for all possible spectral parameters ¢, '
since |3t| < 1 when £ =0, and ¢t € R when x = 1.
We choose
P = 920,25
and for
T ER, ueC, ke {2,4,6,...}, (¢,D) =1
we define the quantities
Q) =2 T(k—1) > A(OL(f @ x,u+iT)L(f @ x,u + i),
feBl(D,1)
Q)= Y @lk)2(k —1)iF Q0
k>2 even
Y Bt MO @ o+ ) I © T T )
cosh(mt ) ’ ’
fEBo(D,l)
oo
. 1 . —
+ Z Z / N <,0(t)77r cosh (1) A b (GOL(Ey 510 @ X u+4T)L(Ey 5 ¢y @ X, T+ i) dt,
¢Ymod D 7
fGBo(ll’ﬂL)
with the notation (2.7) and (2.18)—(2.19).
For u = % + ¢ and k£ > 4 we shall show in the next section
L (BN | Bt (141
holo ) ) c
) <. | —= 1 1 D0)#,
3.7
1 (65(N,q) | (3(N,q)f
14 — . . 1 1 Dy)®
o) <. <ﬁ+< S s asie ) @ o,

with implied constants depending only on €. Theorem 1.1 then follows by standard amplification: let

us define the amplifier
A0 for L<EL2L, (¢,D)=1,
2(f) = { (&) for (£, D) (3.8)

0 else,
where L is some parameter to be chosen in a moment. Let w be a smooth cut-off function supported
on [1/2,3]. Then

1 N ~ s
Z IMOP > G LP)(fo @ fo, s)(s)Lods
(¢,D)=1 (2)
(~L

> L(guD) ™% + O (qE(LuN)%’“E) ,
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where the superscript (D) indicates that the Euler factors of the Rankin—Selberg L-function at the
primes dividing D have been omitted. The lower bound for the residue follows from [HL94], while
the error term uses the standard (convexity) bounds for the symmetric square L-function on the line

Rs = % + £. Therefore,
YOO = Y INOF > L(LD (3.9)

¢ (¢,D)=1
¢~L

provided L > ¢°(uN)'*T¢. Assume first that fy is a Maass cusp form of weight zero or a holomorphic
cusp form of weight 2. Then by (3.3), (3.2), (3.5) with b =2, (3.6) and (3.9), we obtain

2

L*(LD)~¢
N <<E

M6+ED

1
L(fo@X,2+€+iT>

DD ek (k) [ a(OAf(L

2

2
1
) ‘E(f@x,2+€+i7'>

k>2 even 4
fEBZ(D,l)
4 ’ 1 2
feB(D,1) ¢

2
dt,

D3 Ml BT
Y mod D
FEBo(¥,1)

1 ‘
‘L‘ (Ed,,w,fyt D5 +e+ w)

7T cosh (mt)

YDAy 5(6:t)
4

so that by (2.9) and (3.6)

2

L2(LD)~¢
—_ 7 <<E

M6+5D

1
L<f0®x,2—|—6—|—i7')

D la(t)z(e)] ’Q <€1£2>‘ + > ak|go(k)] ‘Ql];olo (écligzﬂ

£1,02 d|(l1 l2) k>20 even

Now we substitute (3.7). Note that the k-sum converges by (3.5). Changing the order of summation,
we get the bound

< ((A+[7NLD)* 4 3" D7 (ats) ™2 |w(dey)a(dly)]

d fl1,05
1+
+ |f T Z > (41a) F[w(dlr)x(dey)]
2 2 d £q,0o
+
qu d 41,62

In each term we have, by Cauchy-Schwarz (a € R),

DO (ko) | (dly ) (dly)| = Z (wa (dv)| ) <o D] e (;m(dﬂ)ﬁ)

d 0,0 d \¢<eL

_ Z 020 Z |$( )|2 <, (1+L2a+1)z7’(£)|$(£)‘2,

{<2L 4 L
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so that

2

L2(LD)~*
LALD) " <.

/,L6+5D 2

1
L<f0®x,+€+i7>

((1+ [r) LD (1 QUL O CT L |T>> S ()0,
?

This yields, by (3.1), (3.8) and (2.44),

2

<e

1
‘L<fo®x,2+€+i7')

N 1 1 1 1 ES
(it + LN )+ ZaE )+ D) ) (L i+ i)'

provided L > ¢°(uN)'¢. For such L, the second term in the parenthesis is dominated by the third
one which motivates our choice

N
D=

qi N

L:= S
(N, )3 (1 +7)

+ " (Np)tte.

|-

‘We obtain

1 .
L<f0®x,2+e+z7'> <.

1

9 1 1 3 _1 1 1 1 1 1 B
I ((1+|T|>“N448(N7Q) g +(1+ITD2M2N2(N,Q)4q4) (T+ 7]+ p)Ng)*=.

By the functional equation and the Phragmén—Lindel6f convexity principle, we obtain Theorem 1.1
in the non-holomorphic case as well as in the case when fj is holomorphic of weight 2. Analogously,
if fo is holomorphic of (even) weight k > 4, we get

2 < Y |a(t)ze)| D ‘Q}];cno <€;§2>’

£1,02 d|(l1,l2)

. L3(N,q) (1+]7] L*(N,q)% (1+]r| 2
<. ((1+ |7])LD) <1+ AN ( : +1>+ AN ( : +1>>2Z:T(e)x(e)|,

L2(kLD)~¢
kD

1
L(f0®x,2+€+i7>

provided L > ¢°(kN)'*¢. Choosing

and using (3.1), (3.8) and (2.44), we obtain

1
L<f0®x,2+8+i7') <e

B2 (7l + ) R TN (V,0) 78 + (7] + B ENE (N )% aF ) (1 + I7)kNg)*.

This completes the proof of Theorem 1.1.

3.2 Variations on a theme of Bykovskiil

In order to show (3.7), we perform the following steps, cf. [By96, Section 5].
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Step 0. For later purposes let us define, for u,s € C, 7,2 € R, m1 2 € {£1} and ¢, as in (3.4),

Eme(s) = {—exp(mm(S/? tu), for =

exp(mnT), for my # 19,
and
= () i RS B (1- 2 —u—ir)D (1= 2 —utir) gap(s)2' 525 ds.  (3.10)
u,T 21i () w,T 2 2 Pa,b

The Mellin transform of ¢, ; equals [GR07, 6.561.14]

_ —b 2 b—s\) "
Bap(s) = ib—02sb-1T <a2+8> (1“ (W)) . (3.11)

Thus the integrand in (3.10) is holomorphic and by Stirling’s formula the integral converges absolutely
if
b—a <o <2-2Ru < 1+b. (3.12)

Moreover, in this range we have, uniformly in a, 7, and Su,
=N1,M2
—u,T (I) <b,0,Ru

s [ t
x 2 / (a4 [t))o— 170 { <1 + ‘2 + S(u + 1)

— 00

b5
)} it.

Breaking the integration into [¢| < 4(1 + |Su| + |7]) and [¢t| > 4(1 + |Su| + |7|) we find, for integers
0 < b <2< aand o satisfying (3.12),

) (1+‘;+%(ui7)

EZ{,}W (v) <o mu

g a1 (4 [Su| 4+ 7)) 4 (14 |Qu| + )Rt for o < 14D,
x
a® (1 4 |Su| + |7]) 2R (1 Sl + | 7)) 2R, for o <1-2%Ru.

In particular, for u = 1/2 + & we obtain

Ep (r) <o BPE(L |7 (3.13)
1
e (r) <, 22T <+|T| + 1) , (3.14)
’ a

upon choosing 0 =1 — 4¢ and o = —1 — 2¢, respectively, while for 1/2 < Ru < (a —b+1)/2 — & we
have B
EZ{;—W (:E) La,rRu,e xz F (3.15)

upon choosing ¢ = b — a + 2. For a € R let

Cay(8):= Y (nta)™

n+a>0

be the Hurwitz zeta-function. It satisfies a functional equation

Cioy(5) = (2m)*1T(1 — 5) {fie (Z) C@(1 = 8) + e (72) 91— s)} , (3.16)
where

¢ W(s) = Z e(an)n™%.

n=1
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Step 1. Let us first assume 5/4 < Ru < 3/2. By combining (2.11) with Petersson’s (resp. Kuznetsov’s)
trace formula (2 15) (resp. (2.21) and Remark 2.1) we obtain the following expressions for Q°°(¢)
(resp. Q({)), cf. (2.7) and [By96, (5.3)]:

e (e

plg

—4;¢) 4 7 (3.17)
mlva; & TN M1
+Z Z Wx(ml)x(mz)w (C) )
Dlc = mi,m2 M
where )
S(my,ma,msz;c) i= — Z e (a1a2a3 +miay + maaz + m3<13>
c c
a1,a2,a3 (C)

and

_ JJk—1=r-1,0 if f is holomorphic of weight k > 4 (3.18)

©20,2 otherwise. )

The diagonal term in the first line of (3.17) only appears in the holomorphic case. The sum in the
second line converges absolutely once Ru > 5/4. In the following we transform the off-diagonal term
further.

Step 2. We open ¢ and write it as an inverse Mellin transform

(47r m1m2€>_1/ ~(8)( c >sd8
4 c T 2mi (U)ap 4mv/mimol '

By (3.11) the integrand is holomorphic and the integral converges absolutely if —3 < 0 = fs < 0
in both the holomorphic (note & > 4) and the non-holomorphic case; the mj, mo-sum converges
absolutely if Ru+0/2 > 1, and the c-sum converges absolutely if o < —1/2 (Weil’s bound, cf. [By96,
Lemmata 1 and 3]). If we impose 2 — 2Ru < 0 < —1/2, we can interchange the s-integration and
the my, mo-sum. Now splitting into residue classes modulo ¢, we write the my, mo-sum as a linear
combination of a product of two Hurwitz (-functions getting

chulﬂ;m/() B(s)(Amve)~ Z S(b1,ba, —0;¢)x(b1)x(b2)

Dlc bi,bs ()
XC(bl)( +u+z7’) C(bz)( —ir)ds.

By standard bounds for the Hurwitz {-function the s-integral and the c-sum converge absolutely if
Ru >5/4 and =3 < o < 0.

Step 3. We shift the integration to any line —3 < 0 < —2%u. By [By96, Lemma 6] if 7 # 0 and by
[By96, Lemma 2] if 7 = 0, we pick up poles only if : | ¢. Since (¢,D) =1, D | ¢ and % > 1, this
does not happen®. Now we apply the functional equation (3.16) for the two Hurwitz (-functions?®,

and write them as Dirichlet series getting (cf. [By96, (5.8)])

271.2u—2 B ) . L mb +mb
2(2(:2)7““ ST [ T ma TSN S (b, ba, —£5¢)x(b1)x(b2)e (1122>

(&
Dlc my1,ma€Z\{0} b1,b2(c)

> Eig;l(ml),sgn(mz) < ¢ > ,

[mams|

where = Hggn(ml) sen(m2) with © as in (3.18) was defined in (3.10). This expression converges absolutely
if Ru > 5/4 Note that when we apply (3.13)—(3.15) in the following, we have (a,b) = (k —1,0) with
k>4 or (a,b) = (20,2).

2Tt can be shown [By96, (5.10)] that the residues in the case g | £ would be harmless.

3i.e., we apply Poisson summation to both m1 and mg in (3.17)
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Step 4. We transform the by, bo-sum by [By96, Lemma 2| obtaining

27T2u72 B . L * C - mim _€
S ey X S (S x (e L)
D 0 d
© m 177”;;22%7& /q) (@

X Ezgﬁ(ml),sgn(mz) ( ¢ ) .

|m1msa

We will see in a moment that this term can be analytically continued to fu > 1/2. Let us start with
the terms mimsy # £. Their contribution equals

1 o 2u—1 X mimse u-1/2 my v —sgn(my),sgn(ms) ¢
dmq \ q > 72| 2 | S T} 319
g \ q T e gt |mima| ny mo |mims|
m1m2n1n2750
D/q|ny
where " _
X = Z X(m1 + nid)x(me + nad) <. q1/2+€(m17mQ’q)l/z(n1n2’q)l/2' (8:20)
d(q)

This estimate strengthens [By96, Lemma 4] and follows essentially from the Riemann Hypothesis
over finite fields. We provide a detailed proof in the next section, see Proposition 3.1. The condition
(¢,q) =1 is crucial here and in the sequel. By (3.15), the term (3.19) is holomorphic in 1/2 < Ru <
3/2. Let us take u := 1/2 + . We split the sum in (3.19) into two parts: |mims| > £, [mims| < £.
Notice that mims = —£ cannot happen, since mimy = £ (mod D/q) and (3.1) would then imply
(2¢,D) > D/q > 2 which contradicts (¢, D) = 1.

Using (3.14), the terms |mymg| > ¢ contribute at most

< (lg)° (é)é (12'7' + 1) Yo (didy)? > #7

d1,dz2q m>£
(d1,d2)=1 m=0 (d?)
m==xL ([d2,D/q])

where a := 20 in the non-holomorphic case and a := k — 1 in the holomorphic case. The smallest ele-
ment in the arithmetic progression given by the inner sum is at least max(¥, d?, %[dg, D/q]), therefore
the above is at most

< (Lg)® (£>
q d|q di,da|q lid [dQ»D/Q}i

< (lg)° (5) <1+a|7| - 1) <(N]’\?)g - g q;) :

In the last step we used the definition of D (cf. (3.1)).
By (3.13), the terms |mims| < £ contribute at most

< M Z (dl d2) % Z

1
(q)2 dy,da]q 0<m<{
(dy,d2)=1 m=0 (d?)
m==(([d2,D/q])

(Lq(1+]7]))* 1 ¢
< (5(1)% dl,zd;q () <[d%d2,D/Q] - 1) (3:22)

(d17d2)21

<. (tg(1 + |7))° ((5) QLI jz) .
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Finally the contribution of the terms mymgy = £ is

(2m)>u 2 my |7 = ¢\ - o
Z2c2u—1q£1—u Z x(mz) ma Z X m1+§a (:}L’,i(l)*:u}f’ ')
Dlc mimo=4~ a(q)
(3.23)
(2m)? 2 (2L (1) + 2, 271(1)) my |
- 2D2u—Tgf1—u > x(ma) P Z CQU T Z my + Die

m1m2:€
We write  := (D/q,q). Then the ¢, a-sum equals
1-2u
( ) Z Z m1+7'ab§(b)(2ufl)
b(q/r) a(q)
which is holomorphic for C\ {1/2}. By the functional equation (3.16), this is for Ru > 1/2

—i (%)172“ (27)2“2T(2 — 2u)e <2u4— 1) Z n2 o Z Z (mq + rab)e(brn/q)

b(q/r) a(

+i (%)172“ (2m)2“ 720 (2 — 2u)e <1 42u> Z n2 o Z Z (mq + rab)e(—brn/q).

b(q/r) a(

The a, b-sum decomposes into Ramanujan sums,

EF = Sam )Y e (+5) = Sximr ) 3 on(]).

d(q) a(q) d(q) s|(dn,q)
r|d r|d

showing that both n-sums equal

Sam+ )Y (Y)Y St =2 Y xom + Y p (1) ELE
d(q) ¥

slq @aln d(q) slq
r|d r|d

We substitute this back into (3.23), and obtain by (3.13) that this term for v = 1/2 + ¢ is bounded
by
(fq(1 +[7])° (Lq(1 + 7))
(d,q) < : (3.24)
/el gq:) : NG

Collecting the first line of (3.17), (3.21), (3.22), and (3.24), we arrive at (3.7) for u=1/2+¢.

3.3 A character sum estimate

In this section we state in more precise form the bound (3.20) and provide a detailed proof.

Proposition 3.1. Let x be a primitive character modulo ¢ and let my, ms, ni, ng be arbitrary
integers satisfying (mims — ning,q) = 1. Then we have the uniform bound*

1/2 1/2

X(mlamQa nlanQ) = Z X(ml + nla)x(mQ + ’I’LQ(Z) < q T(q)(mln%7m2n27 ) )

a(q)
where the implied constant is absolute.

By the multiplicative nature of these sums it suffices to show that

2, = p? for a prime p > 2;
|X<m17m2,n1,n2>|<q1/2<mm%,m2n§,q>l/2x{ a=r pmer (3.25)

25/2 ¢ =pP for p = 2.

“Note that (m1mg — ninz,q) = 1 implies (myn?,man3,q) = (m1,mz,q)(n2,n3,q) | (m1,mz,q)(n1nz,q).
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Case 1. First we discuss the case when 8 = 1 (that is, when ¢ is prime). We apply [IK04, Theo-
rem 11.23] with the parameters n = 1, IF := Fy, and

f(z) == z(mix + nl)dfl(mQ + nox),

where d > 1 is the order of y. The only thing we have to check is that f is not a d-th power. If d > 2
then f can only be a d-th power if n; = ny = 0 in F in which case the displayed bound is trivial.
If d = 2 then f can only be a d-th power if n; = no = 0 or m; = my = 0 in F in which case the
displayed bound (3.25) is again trivial. Otherwise (3.25) follows from [IK04, Theorem 11.23].

Case 2. Now we discuss the case when 8 > 1 is even, say 5 = 2a. We apply [IK04, Lemma 12.2] for

the rational functions L
mo noXx
=, = 0.
f(z) e — 9(x)
Then )
minex® + 2n1n9x + maony
f(x) = ;

(myz + ny)?

therefore it suffices to show that the congruence
minay? + 2n1ngy +meny =0 (mod p*) (3.26)

under the restriction
y(ma + noy)(miy +n1) 0  (mod p) (3.27)

has at most 2(n1,ng, p®) solutions when p > 2 and at most 4(ny, ng, p®) solutions when p = 2. We
can clearly assume that (nq,nq,p®) < p® for otherwise the assertion is trivial. Let us first assume
that p > 2. If p | my and p | my then the condition (mims — ning,q) = 1 shows that (3.26) has
no solution satisfying p { y. Therefore, without loss of generality, we can assume that p t m;. We
multiply both sides of (3.26) by m; to see that the congruence is equivalent to

na(myy + n1)2 =ni(ning —mimse) (mod p<).

By assumption, the parentheses on both sides are coprime with p, hence a solution can only exist if
pY || n1 and p” || ne for some 0 < v < « — 1, and then the number of solutions of (3.26) under (3.27)
is at most 2p7 = 2(ny,ng, p*) by the structure of the group (Z/p®~7)*. For p = 2 we adjust the
above argument slightly. First of all, we can assume that « > 2 for otherwise (3.26) trivially has at
most 4 solutions. If 4 | my and 4 | mo then the condition (mimg — ning,q) = 1 shows that (3.26)
has no solution satisfying 2 {y. Therefore, without loss of generality, we can assume that 4 1 m;. We
multiply both sides of (3.26) by m; to see that the congruence is equivalent to

na(myy + n1)2 =ny(ning —mima) (mod 2%(my,2)).

If 2 | nyng then 2 f mymso and we conclude, similarly as in the case of p > 2, that the number of
solutions of (3.26) under (3.27) is at most 4(ny,ng,2%). If 2 { nyny then the number of solutions of
the congruence

noT? = Ny (nin2 — mimsg) (mod 2%(mq,2))

is at most 4 while the map Z/2% — Z/2%(m4, 2) given by y — myy+mn1 is injective, hence the number
of solutions of (3.26) under (3.27) is also at most 4.

Case 3. Finally we discuss the case when 8 > 1is odd, say f = 2a+ 1. We apply [IK04, Lemma 12.3]

for the rational functions
mo + NoXx

fl)=2———— g(x):=0.

mix +ny’

Then

minex? + 2ninex + mang 2n1(ning — mims)

f(x) = ) /(@) (m1z + np )3

hence for p { 2ny the bound (3.25) follows from the already proven fact that (3.26) under (3.27) has
at most 2 solutions and for p = 2 the bound (3.25) follows from the already proven fact that (3.26)

b

(myx +nq)?
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under (3.27) has at most 4(ny,ng,p®) solutions. For p | ny (p > 2) it suffices to show that in any
complete residue systems modulo p® there are at most 2p~!(ny, ng, p®*1) solutions of the congruence

minay? + 2n1noy +mong =0 (mod p**t) (3.28)

under (3.27). We can clearly assume that (n1,nq, p®*!) < p®*! for otherwise the assertion is trivial.
By the condition (mime — ning, q) = 1 we have p{mq, hence (3.28) is equivalent to
no(may +n1)? = ni(ning — mims)  (mod p>™1h).

By assumption, the parentheses on both sides are coprime with p, hence a solution of (3.28) can only
exist if p7 || ny and p7 || ng for some 1 < v < «, and then the number of solutions of (3.28) under
(3.27) is at most 2p” by the structure of the group (Z/p®T1=7)*. In particular, n; and ny are both
divisible by p and the solutions of (3.28) under (3.27) form 2p”"~! = 2p~1(ny,no, p**!) complete
residue classes modulo p®. This completes the proof of Proposition 3.1.
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Chapter 4

Modular L-functions

4.1 Preliminaries on divisor sums

Let 7 be the divisor function. Exponential sums involving the divisor function can be handled by

Voronoi summation. Let
Ly (z) :=1logz + 2y — 2logw, (4.1)

where 7 is Euler’s constant, and let
J~(x) := —2nYy(4mz), It (z) .= 4Ky (47z)

with the usual Bessel functions. For later purposes we write J& as inverse Mellin transforms using
[GRO7, 17.43.17, 17.43.18] or [KMVO00, (36)]:

T (Wz) = i 2m) 2T (u) 22~ du,
271 (1)
9 (4.2)
J (Vz) = —/ (2m) 2T (u) 22~ cos(mu) du,
271 (%)
where (%) is the path Ru = —1 except when |Su| < 1 where it curves to hit the real axis at u > 0.
Let (d,c) =1 and let F' € C§°((0,00)), then
= dm 1 [
> rme () Fom) = [ L) Fw)ay
o 0
1 1 +d Iy (43)
m avaoT
- ~—= | F(y) dy.
R R rme (5 o () rons

In order to evaluate additive divisor sums, we use the following method, cf. [Me01, (2.1) and
(2.4)]. Here and later in the proof we will need smooth cut-off functions. Let henceforth w denote a
smooth function such that w(z) =1 on [0,1] and w(z) = 0 on [2,00). Then we have

(- () (- ()=

for all x,y,@ > 0 such that y < Q. Therefore

-3 (5) (2= (57))

d|n
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whenever n < Q. Let g : [%, Q] x [L, M] — C be a smooth function. Then

Z 7(n)T(m)g(n,m) = Z 7(n)7(£(h — an))g(n, £(h — an))

Z ( Q)Z (£(h — an))g(n, £(h — an)) <2 w<5f)>

=1 5 |

-2o(G), 2, e () (- (55))

m==h (ad)

Using additive characters and Voronoi summation (4.3), we get

> T(m)F(m) = %Z rulp) /OOO Ly(y)F(y) dy

w
m=pu (c) wlc
DM Iyl Z 15 tmsw) [+ (Y20 P ay
wle 0

for any compactly supported smooth function F, so that

S rtrtmgtnm) = 5 [T 00— a0 K et 00— )

antm=h
Jrz( ZT :thw)/oooj+< (i(Zax)))K(aw)w( )g(z, £(h — ax)) dx
+ 3 S s (i) [ J( i “@))Kw)w( oo £(h - az) .
w=1 n=1 (44)
where
rw(h) = S(h,0;w) Z du(w/d) (4.5)

d|(h,w)

=340 (1) (2= ()

For future reference we state some properties of K, ,(x). A straightforward calculation shows

is the Ramanujan sum and

z'w 00 —K i ] 4.6
! oa B (@) <ijlog Q (4.6)

for any 4,5 > 0, and clearly
Kyw(z) =0 ifw>2r/Q. (4.7)

4.2 Approximate functional equation

Let f = fo be a primitive (holomorphic or Maass) cusp form having L?-norm 1, for which we want
to prove Theorem 1.2. Let ty = ty, denote its spectral parameter as defined in (2.4). For fs > 1 the
L-function of fj is defined as a Dirichlet series in the Hecke eigenvalues of f

L(fo, 5) Z)‘fo
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The completed L-function is given by

A(fo,s) = qS/2LOO(f07S)L(anS)a Loo(fO;S) =a °T <S +lu1> I <s : #2) ?

2 2
where
ito, —itg when fy is an even Maass form of even weight;
itg, —itg+1 when fjy is an even Maass form of odd weight;
i, po =< itg+1, —itg+1 when fyis an odd Maass form of even weight;
itg + 1, —itg  when fy is an odd Maass form of odd weight;
—itg, —ito+ 1 when fj is a holomorphic form.

Observe that Hypothesis Hy implies
éR/,Ll, %/.12 = —6. (48)

The completed L-function is entire and satisfies the functional equation [DFI02, (8.11)—(8.13), (8.17)—
(8.19)]

A(fo,8) = wA(fo,1-3) (4.9)

for some constant w = w(fy) of modulus 1. Relation (2.8) shows that
L(fo,s)* = L(2s,x Z A=, Rs > 1. (4.10)
Let us fix a point s on the critical line s = % for which we want to prove Theorem 1.2. The

above Dirichlet series no longer converges (absolutely) for s but a similar formula holds which is
traditionally called an approximate functional equation. In order to achieve polynomial dependence
in the spectral parameter t; we will closely follow the argument in [Ha02] specified for the shifted
L-function w +— L (fo, s — & 4+ u). We define the analytic conductor [Ha02, (2.4) and Remark 2.7]

C =C(fo,s) := |s + pal|s + pol (4.11)

_q
(2r)?

and the auxiliary function [Ha02, (1) in Erratum]

. :1 —u/2 uLOO(foas—’_u)m(an ) u/2
F(ansvu) . 2C q K(fo,S*E)LOO(fO, ) C

By (4.8) this function is holomorphic in Ru > —1 (say) and satisfies the bound [Ha02, (2) in Erratum)
1 . 1
C2F(fo, s;u) — 5 <o (14 Ju)) 2 —; <Ru<o (4.12)

with an implied constant independent of s and fy. In addition, we have F(fy, s;0) = 1, and from the
functional equation (4.9) we can deduce [Ha02, (3.3)]

F(fo,S;U)L(f0,5+’U,) = w>\F(f0a£7 7ﬂ)f(f073 7ﬂ)7 A= 27

In particular,
=n(fo,s) == (WA)*

is of modulus 1 and with the notation
Gt (u) == Flfo,si 3 —s+w? G ()= F(fo,s:4 — s +)?
we obtain the functional equation

GF(w)L(fo. 5 +u)?* =nG~ (~u)L(fo, 5 — 0)*. (4.13)

36



Observe that (4.12) implies, for 0 < e < Ru < o,
GF(u) <ep O (14 |SuTF Ss|)*™. (4.14)

We fix an arbitrary entire function P(u) which decays fast in vertical strips and satisfies P(0) = 1
as well as P(u) = P(—u) = P(u). The role of this factor is to make the dependence on s in
Theorem 1.2 polynomial. We introduce another even function in order to create zeros that avoid the
matching, as discussed in Section 1.5:

Qu,t) = (u? — (5 —it)?)" (u® — A +i)2)" = 3 a, (t)u® (4.15)
v=0

for suitable real even polynomials a,, € R[T]. Note that

Q (i (2 — ) = Q9 (i (3 — u)) =0, (4.16)

Now we apply the usual contour shift technique to the integral

1 2 (u to) du
— | L(fy,3 GT(u)P i_ : :
In combination with (4.10) and (4.13) we obtain
ZOO n)As, (M)Vi (n/q) ZOO g (M)Vig (n/q)
an = nl/2 2 ni/2 2 ) (417)

where we define Vti for any spectral parameter ¢ through its Mellin transform

Plu+ 1 —s)  Qw,?)
uty—s  Qfs—3t)

V W u+s— 1+ u
Ve (u) =W ()Qu, ) := ¢ "G (w) L{1 + 2u,X) Pi ++s - f) Q (f(_ ’f)to) .
2 29

V() = WH(w)Q(u, t) := ¢ Gt (u)L(1 + 2u, x)

)

(4.18)

Here we have suppressed the notational dependence of ‘Zi and W= on s and to as these parameters
are kept fixed in the rest of the paper. Since (s — %,to) is real for Rs = % and the spectral
parameter tg, we have

W-(u) = %(ﬂ) and Vi (u) = E(E) (4.19)

W=(x) = W(z) Vi (@) = V/(a)
We can therefore drop the superscripts and write
W:=Ww" and Vi =Vt

Note that by (4.18) and (4.15),

- i:oal,(t) (;u;c)zy W (). (4.20)

By (4.14), (4.11), (4.15), (2.4), it follows, for 0 < ¢ < Ru < ¢ and for any A > 0,
W () <eon (Is] + o)™ (14 |SuF Ss)) ™

Therefore W is rapidly decaying on vertical lines and inverse Mellin transformation shows

Py A .
W) s o]+ o) (14

—B
x .
(|5|-’—t0|)2> y B,Z € NO. (421)
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With these auxiliary functions we introduce the following family of “fake” L-functions for any cusp
form f either in B2 (q, x) or in B, (g, x) and for any Eisenstein series Ey, y, 1.

T(n)Vnps(n)Vi, (n/q)

M

L(f®E,s): 17 )
o (4.22)
L(Bp g @ By s) i ; T(n)\/ﬁpz(lf;;t)‘é(n/q)'
With this notation (4.17) reads for f = fo (cf. (2.11) and (4.19))
s (VD L(fo,8)* = L(fo ® E, s) +n(fo,s)L(fo ® E, 5). (4.23)

In order to apply the trace formula, we wanted an approximate functional equation that is “as
independent of ty as possible”; now the information on the spectral parameter is all encoded in the
polynomial Q(u,t). In [DFI02], however, the weight function was the same for all the f’s which made
the rest of the proof more complicated.

4.3 Amplification

In this section we introduce the amplified second moment whose estimation will lead to the proof of
Theorem 1.2. The analysis relies on Kuznetsov’s trace formula, therefore we use as spectral coefficients
the Bessel transforms (2.18)—(2.19) of a convenient test function ¢ € C*°(R™T). The construction is
similar as in Section 3.1 for the proof of Theorem 1.1, but instead of working with a single function
defined in (3.4) we shall use a linear combinations of such functions to gain more flexibility. Namely,
it follows from (3.5) that for any fixed a, b and any even polynomial o € C[T] of degree 2d < 2b — 4
there is a linear combination

d
0(2) = Bpavbu(@) (4.24)
v=0

with 8, depending on a, b and the coefficients of a such that

(k) = ap(k)a (521) and  @(t) = Gap(B)alt). (4.25)

That is, we can introduce any given polynomial factor in the spectral coefficients once b is sufficiently
large. Note that for b > 2 the function ¢, € C(RT') also satisfies the decay conditions for
Kuznetsov’s trace formula, and by [GR07, 6.561.14] its transform (2.28) satisfies

b—aab1l ((a—b—1—2u)/2) o a—b—2
* _ sb—ag—b-1 x b—2—-2Ru <
Paplu) =172 T((3tatbt2u)2) Lap (14 [Sul) , Rul < 5 . (4.26)
We now specify
wo(z) :==pa10(z) = iw*AJA(x):Eflo (4.27)

for some very large A of parity &, and for (¢, q) = 1 we define

Qo) =2t T(k—1) Y MO|L(F @ B8,
feB(a,x)
Q) == > @o(k)2(k— 1)i~FQpoo(e) + ¢o(ff)m)\f(€)‘£(f®E’s)’2 (4.28)
k=k (2) f€B(a,x) ! .
k>k
& 1
D) DR O e e S T I

X1X2=X
fE€BL(X1,x2)
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Remark 4.1. Let us explain the reason of our choice for the construction of Vti. Suppose for
simplicity that ¢ is prime (hence x being nontrivial is primitive). In that case there are two Eisenstein
series Fy 1 ¢: and E y + (which are the Eisenstein series associated to the cusps a = 0,00). Their
contribution to the above sum equals

/OO @o(t)wkx,l(&t)

e 7 cosh(mt

2
dt.  (4.29)

V( ) ¢" du

L/ L2(u+ 5 —it, )P (u+ 5 +it) ~

The main contribution comes from the double pole of the inner integrand, and we designed V; such
that it kills this pole. This is reflected by the vanishing of (4.58) below.

We shall show
E Q0] 4 1Q(0)] e o (L7075 +0711?) (4:30)

for certain positive absolute constants ¢; and ¢y, uniformly in £ > A — 10, and with polynomial
dependence on s and tg. This implies Theorem 1.2: Let us choose the standard amplifier

Ap)x(p) if £=p, ptq, 3VL<p< VI
x(l) = —X(p) if €=p* ptqe, 3VL<p<VI;

0 else;
for some parameter log L < log ¢ to be chosen in a minute. Using (2.8) with n = m = p, we see
Sz = > 1LV
¢ plq
IVI<p<VL

Therefore, by (4.23), (2.40)—(2.41), (4.27), (3.5)—(3.6), we obtain

L
F\L(fo,é’)!‘l toe

oD [eo(k)4T(R)

k=k (2), k>k
fEeBE(a,x)

(f®E s)|

PIEC

L

2
£(f @ E,s)|?

4
* Z Polt COSh(T(tf)
FeBr(a:x)

* ZZ /_
X1X2=X
fe€Br(x1,x2)

so that by (2.9), (3.6) and (4.28) we obtain

> z(0)A(0)
14

2

Zx(f) Xl,Xz(g t) “C(EX1’X2,f7t®E>S)|2dt7
£

7r cosh(ﬂ't)

L 4
F|L(f0>3)| <Lto,e
(4.31)

41,62 k=x (2)
E>A-10

Sl S Ho(S2)]+ 3 sgsnl|or ()

Substituting (4.30) (note that the k-sum converges by (3.5)) and changing the order of summation,
this is

oo G 7Y > (la) M a(dir)z(dla)[ + Y > (Lrls) ™ a(dly )x(dly)|

d él,ez d 61762

Some @ (L1267 +1) S (0O,

4
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where we used Cauchy—Schwarz twice. By (2.44), we obtain from the last two displays
|L(f(],8)|4 Latore ql—i-a (L201q—02 + L—1/2> )
Choosing
L= qCQ/(251+1/2)’ (4.32)

this gives Theorem 1.2 with
1_ €2
L(fo,8) Koty qF TrD E, (4.33)

It remains to show (4.30) and calculate the constants ¢; and ¢s. This will be done in the next
three sections.

4.4 Applying the summation formulae

As a first step we substitute (4.22) into the definition (4.28) of Qb°l°(¢) and Q(¢). Then we apply
(2.8) and the corresponding formula for the divisor function in order to remove the factors A¢(¢) and
Axixe (t, £). Applying (2.10), this gives

—18 Aholopy _ N X(d) 1(a)7(b) = 7(m)7(n)
k=0 (@-;@\/g;d NG g% (mn)1/2

ik
0V () k0, (24 ) EL = 1)vmaen
Xk Vase (q )k Vaze: ( q ) 2 (dm)F—1 ps(m)ps(aen)

and

{ > uttti, (2 ), (“0) G Gl aen

q

F XX [ ot () (M) S oy Gt aen. 1)

s q ) mcosh(mt)

+ XS ol (2 ) Vi (%07 Wwpf<aen)}.

k=r (2), k>r 1
FeBR(a,x)

Substituting (4.20), we get something of the form

o) = 24: {Z ¢O(tf)wa§(tf)<xi)2vw <m> <x§w>%w (“d”)

_ q q
v,§=0 J (434)

+ Eisenstein contribution 4+ holomorphic contribution }

Now we apply Kuznetsov’s trace formula (2.21) for each term separately. Similarly, we apply Peters-
son’s formula (2.15) for Qh°°(¢). In the latter case we obtain a diagonal term which can be estimated
trivially using (4.20) and (4.21):

" x(d) p(a)7(b) x—~ T(aen)T(n), [aen g [ adn cp-1/2
VI i Wi (U6 Vs () e a0

n
ab=d
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Here and henceforth we suppress the dependence on s and tg and merely make sure that it is poly-
nomial at most. In either case the off-diagonal term is a linear combination of terms of the form

Y S () () st ().

abe=/{ q|(~ m,n

where ¢ is Ji_1 or a suitable ¢ as in (4.24)—(4.25) (with a := A, b:= 10, a := @, ¢ and d := 8), cf.
(4.27). Tn particular, by (4.21), (4.24), (3.4), (4.26),

A—10—1
Wl(g(a?) <epir TE(142)7 B oD(2) <Ay (1i1’> , ot (u) < (14|Su|) 22 (4.37)

for all ¢ with some very large A, B and for all u in a wide vertical strip symmetric about the origin.
Let us now open the Kloosterman sum and apply Voronoi summation (4.3) to the m-variable. It is
one of the main features of the Voronoi summation here that the twisted Kloosterman sum becomes

a Gauss sum. Let i
G = Y xiae (™)

d (mod c)
(d,e)=1

denote the Gauss sum, then the term (4.36) decomposes into the sum of a “diagonal” first term

S aba\[ Z ! Z 1/c216n Dy, <a2qbn>

abe=t (4.38)
o y 4dm /aeny\ dy
[ o (2) o () 3

q Cc

and of an “off-diagonal” second term given by

Z 2 : aba\[ Zc2 ZG (hie) Y w(m)r(n)g*(n,msc), (4.39)

abe=¢ qlc aentm=h
where
1 a*bn\ [ /my y A /aeny\ dy
n q 0 c q c )
for ¢ > q.

Using the weak bound (cf. (4.54))
‘GY(h; C)| < 01/2(07 h)1/27

the fact that (¢,¢q) = 1 and also the inequalities (4.37) (cf. (4.42)), we obtain that (4.38) is bounded
by

1 c/?(c, tn)/?
€ —_ Z - \5PY) L 1/2+4e 3e—1/2
<<e q Z 62 Z n1/276 q <<5 q 3 (441)
qle n<glte
c§€1/2q1+5

As for the term (4.39), let us attach a smooth factor 1)(m) to g* that is zero for m < 1/2 and 1
for m > 3/4. This does not affect the sum (4.39). We need this little technicality in order to apply
(4.4) later. It is easy to see that g*(n,m;c) is negligible (i.e., < ¢~ for any constant C' > 0) unless

1—e 1+e 1+e
q _ q €q
" =N <n< Nt := 2 c< \[\/% , m < aeng®. (4.42)

The upper bound on n follows directly from (4.37) by choosing A and B large enough. By (4.37)
we can also assume that cg~° < ,/aeny and y < ¢'T°. Combining these inequalities, we obtain
c2q™% < qaen which implies the lower bound on n and, in combination with the upper bound on
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n, it implies the upper bound on ¢ as well. Finally, the upper bound on m follows from (6.14) by
choosing a large j there. As a by-product, we can see that the integral in (4.40) is essentially supported
on [¢*~fe~ !, ¢'*¢], hence by applying a crude bound for the Bessel functions in that integral (e.g.
Proposition 6.2) we obtain

gt (n,m;c) <o ¢"?t Y2 for n< ¢ and ¢ > q. (4.43)
Let S(a,b,e,c;q) denote the weighted sum of shifted convolution sums
S(a,b, e, c;q) ZG (h;c Z Z 7(m)7(n)g~ (n,m; c)(m).
+ aentm=h

Thus (4.39) equals
x(ab)p
—=S(a,b 4.44
T M DS Lst@beca). (1.44)

abe=¢{ q\(’

Remark 4.2. Since we have assumed that y is not trivial, G(0;¢) = 0, hence in S(a,b, e, c;¢) the
h-sum varies over the h £ 0. When Y is trivial, the degenerate contribution corresponding to h = 0,

So(a,b,e,¢:q) :=p(c) Y T(m)7(n)g™ (n,m;c),

aen=m

yields a main term which can be bounded by <. ¢°¢/=/2. We do not carry out this computation in
this paper and rather refer to [KMV00, Section 3.6].
Applying (4.4) with
n q1+s
Q . (4.45)

to the innermost sum, S(a, b, e, ¢; ¢) splits into a main term

SM(a,b,e,c;q) : ZG hczz aewrw

h#0 + w=1 (446)
X /0 Ly (£(h — aex))K(ae7,,,)7w(x)gi (x,x(h — aex); c) Y(£(h — aex)) dx.

and two error terms of the shape

SEi(abecq ZG thi w2 i S (Fh, £n; w)

h#0 + w=1 n=1

X /OOO ji <\/ﬁ> K(ae w), w i(xa i(h - ae$); C)'l/](:t(h - aex)) dx

(4.47)

for various combinations of +. We postpone the estimation of (4.47) to Section 4.6, and start with
the contribution of (4.46) to S(a,b,e,c¢;q). At this point, we need to remove the catalyst function
(m) in (4.46) and define

SM(a,b,e,c;q) : ZG hCZZ aewrw

h#0 (4.48)
X / Ly (+(h — aea:))l((aeﬂu)’w(a:)gi (z,£(h — aex); c) dz.
0

The integrands in the two terms S™ and SM differ only for & = h/(ae) + O(1/(ae)). Since by (4.42)
(cf. (4.60) below) the h-sum in both terms is essentially over 1 < |h| < eg'*¢/(ab), the contribution
of their difference to (4.44) is at most (cf. (4.1), (4.6), (4.42), (4.43))

> /
<L ZZC—E ST P (h o) Z:l (a“‘;w (ﬁ)l < g, (4.49)

aell q|c 1<h<eqlte
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4.5 The main term
In this section, we will evaluate the contribution of the term (4.48) to (4.44):

ab)u(a)T(b ae, w
ZX( )au\(/g)()z(wQ)

abe=/ w>1

X Z Cig Z Tw(h)GY(h; C) g /OOO Lw(i(h - aex))K(ae,w),w (x)gi (33, :l:(h - (IGSU); C) dx.

qlc h#0

(4.50)

More precisely, we shall first evaluate the c- and h-sums above then average trivially over a, b, e, w.
To do so we proceed essentially as in [KMVO00, pp. 117-122]. We substitute the definition (4.40)
of g% and make a change of variables

7@ _ae

f: Can 77* ‘hl

in order to remove all parameters from the oscillating functions. Secondly, we replace the negative
values of h in (4.50) (which only contribute to the “—” case in ), ) by their absolute values. To
simplify the notation, let us write (cf. (4.1))

h
L(n) := Ly(hn) = logn + 27 + log <u;2) =:logn + A,

say. Then the ¢, h-sum in (4.50) equals

1 1 o0 o0
=YY ek [ [ ety

gle k21
x {8yer £ = )T (VT =)&) + 81 £ = )T~ (V= DE) + x(-DLn+ )T~ (VT DE) |
h c? abh d&d
e (2052 ()

Let us also write an
Xu(n) = Kaea o (55 ) Wal)-

Its Mellin transform )~(w satisfies essentially the same properties as Wg. To see this, observe first that
by (4.37), Wy is up to a negligible error supported on [0, ¢%], so we can replace K (qe,w),w (qn/(azb))

by
Ko, () := K(aew),w (%) w (;75) ;

where, as usual, w is a smooth cut-off function. Then, by (4.6), (4.45), and sufficiently many integra-
tions by parts, we find that

Ritw) = [ Kitmn" dn <o aful
0

for fu > 0 and any j > 0. Finally, by (4.21),

. 1 ~ — .
Xop(u) = — K (u—0)Wse(v)dv <je ¢°|ul™?
271'1 (%%u)

for e < Ru < 5, say.
Our next aim is to transform the double integral in (4.51) by several applications of Mellin’s
inversion formula: using (4.2) and (2.28), we write J* and ¢ as inverse Mellin transforms. Then the
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&, n-integral in (4.51) equals

2 / 1+2u1 2 2’LL21‘\ Uo
/ / 2m /02)/*) ()2 ™) (u2)"€”

01 L(1—m)  dps1L(n—1)cosmus = x(—1)L(n+ 1)cosmus
X( - (n—1)v= i (n+1)v2

¢ abhn\ d&dn
v (5) % () e

Since the u1-, ug- and &-integrals are absolutely convergent (using (4.37)), we can pull the £-integration

inside and calculate it explicitly in terms of the Mellin transform W; of W;. Then we write X,, as
an inverse Mellin transform getting that (4.52) equals

o 4 * U1 —2U u
/0 (271'1)2/(0 2) /(O 6)90 (U1)(27T)1+2 - 2n1/2+ IF(UQ)2

" (5n<1£(1 -n) n dp>1L(n — 1) cos Tug n x(—=1)L(n+ 1) cos 7ru2> <02) —l—ui+us
(1 —mn)we (n —1)u (n +1)v2 hq

1 bhn\ " ~ d
X W1 (1 +up — UQ) d’U,Q du1 — (CL77> Xw(u:g) dU3 "
(0.9)

27 eq nl/2’

Here we shifted the us-integration to Ruy = 0.6 since Wl(u) is rapidly decaying on the line Ru = 0.6.
Since again all integrals are absolutely convergent, we can pull the n-integration inside and calculate
the three terms explicitly (as in [KMVO00, (38)]) using [GRO7, 3.191.1, 3.191.2, 3.194.3]. We find

/00 <5n<1£(1 —n) . Op>1L(n— 1) cosmug n x(—1)L(n+ 1) cos 7ruz> n1+ul,u3dﬂ
0

(1 —n)we (n—1)ue 1+ 1) ]
= cos(muz)(— D(L 4w —ug)l'(=1 — w1 + uz + ua) B M
= cos(muz)(=0u, + A) T a) <X< 1) ol )
— (= (1 +uy —ug)l'(=1 — us + ug + ug) sin(m(—uy + ug + ug))
(=0u, +4) T ) (ray) :

Introducing the new variable uy := 1 + u; — u2 as a substitute for uq, we see that (4.52) equals

/ / / *(u1)(2m) 2ua— 1I‘(1—|—u1—U4) I'(1+wu; —ug)
27” 0.2) J(0.6) /(0.9)

<hq> Wl(U4)<aeb:) e (4.53)

(s — D(ug — uyq) B sin(m(ug — u1))
% {COb( (wy 1))(u, +A)F(1 + U — uy) <X( 1)+ sin(m(ug — ul))>

T(us —uq) sin(m(ug — uq))
(14 w1 — ua) sin(m(ua — u1))

—(8u4 + A) } dus dug duq .

Using the identities

D(us —ug)  Tl(uz —ug) r’ I’
(Ou, + A)F(l —|—3u1 3= Ta +3u1 m— (I‘(l Uy —uy) — f(ug —ug) + A) ,

sin(m(us —ug))
sin(m(ug — u1))

sin(m(us — uy))

— cos(m(u1 — ug)) + cos(m(u1 — u4))sin(7r(u4 —u1))’

it is straightforward to verify that the last two lines in (4.53) can be simplified to

D(us — ugq)
F(l +u; — U4>

(cc>s(7r(u1 —uz)) + x(=1) cos(m(us — u4))) (?(1 g —ug) — %’(w, —ug) + A) }

{ﬂsin(ﬂ(ul —us)) +
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In particular, we observe that the triple integral is absolutely convergent (since ¢*, Wl, and )N(w are
sufficiently nice) and the integrand is holomorphic whenever 0 < Ruy < Ruz < 1 + Ru;. Let us shift
the uyg-contour to Ruy = € (< 0.1) and the us-contour to Rug = 1.1.

We now substitute this triple integral back into (4.51) and perform the (absolutely convergent)
sum over ¢ and h. To justify this, we need to evaluate for s = 1+ 2uy, t = usz — uy the Dirichlet series

Dy ¢(x;8,t) : Z Z hcrw )

qle h>1

First we need to compute the Gauss sum Gx(h;c): we denote by ¢* the conductor of x and,
slightly abusing notation, we write x also for the primitive character of modulus ¢* underlying x mod
q. For q | ¢ we consider the unique factorization ¢ = g*q1qacic2 where ¢ = ¢*q1q2, c1q1 | (¢*)™ and
(CQC]Q, ) = 1. Then

Gx(h; ) = X(c242)Gx(h; " qrer)reyq, (h)

(with 7¢,q,(h) being the Ramanujan sum, cf. (4.5)). Moreover, Gy(h;g*qic1) = 0 unless ¢i1¢1 | b in
which case

* h *
Gx(h;q"quier) = x () c1qiGx(1;47).
C141

Summarizing the above computation, one has

_ h «
Gx(hic) = 0c,q,nX(C2G2) X <C16]1> C11T e, (M) Gx(1:¢7). (4.54)
Therefore
X(q2)Gx(1;47) x02 X(h)rw cuh h)7caq, (h)
Duq(x,s,t) = et g > T > Z =
Cra 2 gry=© (c2,a")=1 h>1
For o0 := Rs, and 7 := Rt sufficiently large the ci,co, h-sum factors as an Euler product over the
primes:
X 02 X rw lehh Te
Y oy ey S | CHISUE

al(gn)= © (c2,q%)=1 ]

say. We collected some useful properties of the Euler factors I, (), s,t) in Lemma 4.1 at the end of
this section. These properties imply that for Rus = € (< 0.1) and Rug = 1.1 the series Dy, 4(X, $,t)
is absolutely convergent and in the domain o > 1, 7 > 0 it decomposes as

Dug(x,8,1) = C(s +¢ = 1)L(x, t) Huw,q(X; s, 1),
where H,, 4(X, $,t) is a holomorphic function. Moreover, for 0 < ¢ < 0.1,
Rs =1+ 2¢, e/2 <Rt < 3e/2,

one has
Hyq(x,8,t) <c ¢°(qu, w)w1_5/3(q*)_1/2. (4.56)

Using
A = 2y —log(w?) + log(h)

we obtain that (4.51) equals

1
/ / / 1D)(2m)* (L + un — ua) D1+ ur — ug)T(uz — ug)
27” 0.2) J(e) J(1.1)

—u; 1 _
X qu4W1 (u4) (6(]) Z U3 + UJ4)L(LL37 U4))Fj dus duy duy,
=0
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where

L(uz,ug) := L(x,u3 — us) Hy q(X, 1 + 2ug, u3 — uyg)

and
Fo(ur,us,uq) := — wsin(m(ug — usz)) + (COS(’]T('LLl —wug)) + x(=1) cos(m(us — U4)))
X (11:/(1 +ug —uy) — I%(’Ll/g —ug) + 2y — log(w2)> ,
Fi(uy,us,ug) :=— (COS(TI‘(Ul —u3)) + x(=1) cos(m(uy — u4))).

Let us now shift the usg-contour from Rusz = 1.1 to Ruz = 2¢; we will show below that there is no
pole at ug + ug = 1. Then R(us — ug) = €, hence

aﬂgL(XaUS - U4) <<j,s (q*)1/2

by the functional equation for L(x,t) with implied constants depending on j, £ and (polynomially)
on |S(ug — ug)|. In addition, (4.56) combined with Cauchy’s integral formula shows that

0] Huq(x, 1+ 2ug, uz — ug) <je q° (qu, w)w'=</3(g*) 712,

therefore (4.51) summed over abe = £ is bounded by

e/ab) R
<. qIOE(ql’ )log wi— e/3 Z /
abe=/¢

<. q125(q1, w)w175/4€71/2.

Finally, averaging over w the above bound against the weight (ae,w)/w?, we obtain that the main
term (4.50) is bounded by
< @2, (4.57)

To conclude the analysis of the main term, it remains to show that the pole of the zeta-function
at uz + ug = 1 does not contribute anything. Let us only focus on the factors depending on ug:

G(ul,U3, U4) = F(l +up — U3)F(U3 — ’LL4) (ZZ) Z ’LL3 + U4)Z(U3,U4))Fj

If R; denotes the contribution of the j-term to the residue of G(u1, u3,u4) at us = 1 — ug, then

b U4—1 .
Ro = D(uy + ug)T(1 — 2uq) <Zq) Xo(1 — ug)D(1 — ug, uq) X { + msin(m(ur + wa))+

{ +2sin(muy) sin(mug) } (1;(1 oy —ug) — %(1 — 2ug) + 2y — 1og(w2)> }

—2 cos(muy) cos(muy)

Ry = T(us + ua)T(1 — 2us) <ZZ)U1 K1 — ) (1 — g, ) { — msin(r(us + ua))+
== RTINS TIVINEE) |

Here the upper line corresponds to £ = 0 and the lower line to x = 1, and we have used x(—1) = (—1)".
Altogether the residual integral equals, after shifting the u;-integration to (—e/2) and interchanging
the ui- and ugy-integration,

ﬁ /(E) / s s0*(111)(271-)2u4—11‘(1 g — ug)T(ug + ug)T(1 — 2uy)
ug—1
< Wi ) (ZD Kol =) L1~ g, ) (4.58)

— sin(muy) sin(muy) I o
x { + cos(muy) cos(mua) } (F (14w — ) r (ur +ua) + A(u4) dus du,
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where

~ X! abw?
A(uyg) := X—“’(l —ug) + 2y —log ( ” ) .

w

We recast the inner integral as

1
270 J(=e/2)

" (1) (R(ua) = B, ) T(1+ ur = wa)T(ug + ug) { ;ZIOHS((Z%)) } duy

and use (2.29) to see that (4.58) equals

U4—1
o [ w2 Wi () (b) Xop (1= ua) L(1 = g, ua)
211 (%) e
sin(7muy) i o 1
% cos(mug) ( (ua) = 8u4> ¢ (i (3 — ua)) ‘:?E(ﬁrzz; duy.

If ¢ = Jk—1, k = Kk (mod 2) then the integral vanishes by ¢ = 0. Otherwise we shift 9, to the other
factors by partial integration. Then we sum over v as in (4.34) and recall that, by the definition of
@ and W7,

Wi (ug) =udW(us)  and  $(t) = o(t)ay (Dae(t).

For t € R we have o, (t) € R, hence the sum over v introduces factors

4 4
a, (z (l —U4))u2” or a, (z (l —u4)) —

to each term. By (4.15)—(4.16) these factors vanish, that is, the residual integral (4.58) is zero in all
cases. This completes the analysis of the main term.

Without the additional zeros in the approximate functional equation, we might still succeed at
the cost of much more work. Applying the functional equation of L(s, x), expressing K (qe w),w(¥)
in terms of L(a:w) (y) and therefore X,, in terms of W, it should be possible to see that the polar
contribution (4.58) resembles exactly the contribution of the cusps a = 0,00 of Q(¥¢), see (4.29).

We conclude this section by stating and proving some useful properties for the Euler factors
II,(x, s,t) in (4.55).

Lemma 4.1. Letc =Rs > 1 and 7 =Nt > 0. For a prime p let v, denote the p-adic valuation, and
let ¢, (resp. L,) denote the corresponding Euler factor of the Riemann zeta function (resp. Dirichlet
L-function,).
a) For (p,qu) =1,
Ly(x, 1)

II,(x,s,t) = (s +t— 1)L X.5)

b) Forp| q*, .
1L, (x5, 8)] < 3p™ (@) (@NFA=TIe @) ¢ (6 — 1)¢, (7).

¢) For (p,¢*) =1, p| qu,
[T, (x; 5,1)] < 4p*r (@)= ()¢ (0 — 1)¢, (7).
Proof. a) For (p,qw) = 1 we use the notation

a = vp(ca), B = vp(h)
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in the sum (4.55), then

- p“ X (pP)rpe (p°)
L, (x; 5,t) Z Z 5
a=0 p
oo —(pB+1
X(p o1 X" 4
th (1 + Z pos o ) o p(ﬂ-‘rl)s p
£B=0
_ 1-X@p~® o x0”) (1 x(pﬁ“)pﬁﬂ)
v 1—s Bt B+1)s
L=X(p)p' = &= » pAty)
_1-Xp < 1 ~ X(p)p' )
1- Y(p)pl‘s L—x(pp~t 1-pl-s-t
X(p)p~*

S < 0~ P
b) For p | ¢* we use the notation
a = vp(cr), B = v,(h), v = vp(q1), 0 = vp(w)
in the sum (4.55), then clearly
0 ’r 5 (p@TAE) ‘

05,0 € 3 Z

a=0

We distinguish between two cases. For v > § we infer

oo

‘Hp(Xv 87t)| < Z a(g+7- 1) Z pﬁT =D Cp o+T = )CP(T)
a= 0
For v < § we infer
d—vy—1 1 p5_1 oo p(; 0o 1 e pé
|Hp(X’S’t)‘ S Z poz(0'+‘rfl) p(éf'y l1—a)T + Z W + Z W Z W
a=0 B=6—vy—« a=d0— B=0
d—vy—1 S— e
p p s 1
— Y
=P Z pa(0+7 1) <p(5—'y—1—a)7' + p(5 y—a) Cp( )) +p CP(T) Z pa(cr+7'—
a=0

< 2pv+(5fv)(lff)<p(7.)cp(g —1)+ p’y+(577)(27077)<p(7.)4p(g +7—1).

In both cases we conclude

[T, (x; 5,1)] < 3p™ I HU=T (0 — 1)¢(7),

¢) For (p,q*) =1, p | qw, we use the notation

a:=uvp(ca),  Bi=wp(h),  vi=up(e), 0= vp(w)

in the sum (4.55), then clearly

SR [ ‘Tpa )T pat pﬁ)|
|H (X7S t Z paa Z pBT :
a=0
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We distinguish between two cases. For v > § we infer (note that v > 0 in this case)

= (& e
pao p((x+’y—1)7' pﬂT
0 B=a+~vy

I (x, 5, 8)] <

oo

1 pa—i-’y—l pa—i-’y
< P‘SCp(T) g (
paa p at+~y—1)T p a+y)T
a=0 ( ) ( )

For v < § we infer

6—-1 a—+y 6—1 0 o 0 o a+vy—1 e a—+y

p p p p p p

008,81 < 3 ot | T2 e >

1 ao —1)7 BT ao at+y—1)T BT

a=0 p p( ) B=d p a=0—v p p( Y =a+y p

-7 —T = 1
< 2p7 o0 )CP(T)CP(U -1+ 2p> )CP(T) Z palotr—1)
a=§—2

= 2p7+5(1*7)cp(7')<p(0 -1+ 2p57”(577)+5(177)gp(T)Cp(a +7-1).
In both cases we conclude
I, (x, 5,)| < 4p?P0077¢ (0 — 1)Gp(7).

The proof of Lemma 4.1 is complete. O

4.6 The error term

Finally we estimate the contribution of (4.47) to (4.44). This time, we fix ¢ and evaluate the h-sum
nontrivially: in other words, we will bound the terms S¥:*(a, b, e, c; q) in (4.47) for ¢ satisfying (cf.

(4.42))
Veqtte
N

q]ec, g<ce<

As a first step, we use the identity

ZF(w,(ae,w))zZ Z F(w,r):Zu(s) Z F(w,r)

w>1 r|ae (ae,w)=r rs|ae w=0 (rs)

and write (4.47) as

Z Z ru(s) Z % Z Gx(h;c) i 7(n)S (Fh, £n; w)

+ rslae w=0 (rs) h#0 n=1

X /OOO J* ( n(:l:(fzu— aex))) Kpw(2)g™ (2, £(h — aex); c)ip(£(h — aex)) dz.

We want to apply the trace formulae (2.21) and (2.22) to the w-sum. This needs some preparation.
By (4.42) we can restrict the z-integration to

14¢
|h — aex| < aexq® < eqab (4.59)
and the h-summation to
eq1+6
<, (160)
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up to negligible error. Let p be a smooth nonnegative function with bounded derivatives, supported
on [1/2,2] such that p(y) +p(2y) = 1 fory € [1/2,1]. Then ), p(2"y) = 1 for y > 0. We apply this
smooth partition of unity to all variables and insert (4.40); thus we will bound O(log® q) terms ((4.62),
(4.64), (4.67) show that each of W, H, N, R, X, Y can be taken from the interval [1/2, £3¢**¢]), of
the shape

S 22 puMW’E:G (||>§:p(N)Tmﬂﬂ¢mimu0

rs|ae w=0 (

T o)

in< n(:t(f;—aem)))ji< :I:(h;aex)y)(p(éhr\/(@) dydx

¢ (xy)1/>

(More precisely, for 1/2 < R < 1 we adjust the first p-factor by the function ¢ as in the discussion
following (4.41).) In view of (4.59), (4.42), (4.37), (4.7) and (4.45), and the remark following (4.41),

Wwe can assume
7“(]1/2+E

av/b

Now we use (6.14) to integrate the first factor in the third line of (4.61) by parts sufficiently many
times; in order to apply (6.14) we change variables ¢t := +(h — aex) < R. By (4.6) and (4.37), the
j-th derivative with respect to t of the integrand without the J*(y/nt/w) factor is

J
1 1 VY VY 1 VY
<<5,] q + <<57j qE ey + - = .
R Xae VR  cvXae R ¢VR

This shows, by (6.14), that the integral in (4.61) is negligible unless

w1 VY .
7% (\/R + q) >q°. (4.63)

Note that this implies either VRN /W < ¢° or vVN/W < ¢~ /%€ (since Y < ¢'*¢), and so in any
case

1 1—¢ 1+e¢ ab 1—¢ 1
5 <R<aeXe, T <x<i To<y<gt g

(4.62)

[\
Q
o

\/RN
< Veg'. (4.64)
Let us now define
zp(n/N) [ 4m+\/|h|n /OO /°°
U(h,n;z) = K T
( ) 47n/|h|n ( zZW o Jo T’47T\/|h\n/z( )

() () ()

Y
e (Zi(h“ex)> T (i(hae:c)y> . (477@) (dydx |

Then (4.61) equals

Z ZG (h;c) < |)ZT(n) Z %S(:Fh,:tn;w)\ll (h,n;lm “w|h|n> (4.66)
rslae n w=0 (rs)

We are now in a position to apply Kuznetsov’s trace formula (2.21)—(2.22) for

level rs, trivial nebentypus and weight 0.
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The innermost sum in (4.66) equals

hln
Z W (h,n; tf) hi |t ) pr(|h])ps(n) + two similar terms

fE€By(rs,1)

corresponding to holomorphic forms and Eisenstein series (or a similar expression with ¥ in place of
¥). We substitute this into (4.66), and are left with bounding

Do ru(s) Y ZGx(h§C)P< )\/Wpf h)) Z (n)v/nps(n )M

rs|ae feBo(rs,1) h COSh(ﬂ'tf)

for
1 eql-‘rs
— < <

2\ ~ ab )

cf. (4.60). Finally we split the f € By(rs,1)-sum into dyadic pieces depending on the size of ¢;:

namely,
o= > x>

f€Bo(rs,1) [tyl<1 T |tp|=T

(4.67)

for 7 = 2% k > 0 an integer. Thus typically we need to bound sums of the form

ru(s ~(h;c)p h|p7(|h pr(n)——7mr—= 4.68
S (s) 35 S Gxthiclo (1 ) VI (H) ot DN L C R

rs|ae [ty|=<T h

(plus one more sum with Z\tf\XT replaced by thf|<1). Moreover, as we will see in Lemma 4.2 below,

the contribution of the 7’s greater than ¢* (1 + g(\/ﬁ + \/E)) is negligible.

It will be useful to separate the h, n, t; variables; we proceed by partial summation: for j € Ny
let

Ei(h,n;z) = 88}; o <|h|> U(h,n;z); (4.69)

note that differentiation commutes with taking Bessel transforms. Then by partial summation (4.68)
equals a sum of two expressions (corresponding to the signs +)

> s / / Z SulEh ) > Gelhi)Whpr(h) > T(n)v/npg(n) dhdn,  (4.70)

cosh(rmty)
rs|ae [te]= h<bh nn

but we can also suppress the partial summation with respect to h getting two expressions (corre-
sponding to the signs +)

- Z ru(s / Z ZG («£h; e)Vhp7 (h )M ZT(n)\/ﬁpf(n) dn. (4.71)

cosh(mty)
rs|ae [ty|=<T h2>1 nn

We summarize the properties of Z;(t) = Z;(h,n;t) in the following lemma.

Lemma 4.2. Let

. —1/2
- quig)? (1 + Vé?) (4.72)
and
Z := min (1, 7”{;/]\7 g) . (4.73)

Then for n < N, |h| < H and for any j € Ng we have

[1)¢
~
=

A
~
)

N
—~
| ®
N—
<

t

|

N

%%

=

Ej (t)7 Ej (t)7



assuming |St| < 1/2 and t € N in the case of Ej (t). Moreover, all three functions are negligible unless
N
it < ¢ (1 + %(VE+ JE)) : (4.74)

Proof. Let us first show that the function Z; defined by (4.69) and (4.65) and supported on z =
VHN /W satisfies

Lo e\ VENY'
o5 (s 2) Kigee Z(E) <1+W> (4.75)

for all 7,5 € Ny. To verify this we fix ¢ and the sign of h and observe that, by the Leibniz rule for
the operator z(9°/0z"), the left hand side is a finite linear combination of integrals of the form (cf.
(4.69) and (4.65))

F Y Bl h — aex
@/0 /0 A(h —aex,y) B ( o ) C(h,z,y) dz dy, (4.76)

where we have used an obvious abstract notation and suppressed the dependence on n, z for simplicity.
In particular, A : R\ {0} x (0,00) — C is a smooth function supported on a product of compact
intervals t < £R, y <Y satisfying

-1/2
VR
Alt,y) << ¢° <1+C ) ,

B(t) := 2%(0% /02F) T % (2+/|t|/(47)) for some 0 < k < i satisfying in the relevant range (cf. (4.64))

sti—1/2
0° VRN VRN
t5 atsB(t) <<s,i,e qE <1 + W) s AV |t‘ = W g \/Eqa’ (477)

and C' : (R\ {0}) x (0,00) x (0,00) — C is a smooth function supported on a product of compact
intervals h < H, x < X, y < Y satisfying

S
a0 q° aeXY

H"X?® h rsi 1 . 4.
G e 0 Y) Sosie T ( R ) (478)

Now for j > 1 we rewrite (4.76) as

§imt o 9 h — aex
W/o /0 ah{A(h—aeac,y)B( - >}C(h,x,y)dxdy

o Bl e h—aex\ O
+W/O /0 A(h—aex,y)B( W )mLC(h,x,y)dxdy.

The inner integral in the first term equals

1 [ —
_E/ A(h — aex,y) By (h haex) C(h,z,y)dx
. ° (4.79)

+— A(h — aex,y) B (

ae Jo

h —aex

) CO(h7 Zz, y) d.’L‘,

where

0 0
BO(t) T tﬁB(t)a CO(hvxay) E %C(haxa y)

This decomposition is not obvious but follows easily by using the identities

0 1 0 o} h — aex r 0 h — aex
%A(h —aex,y) = 7%%/1(}1 — aex,y), %B <h> =—-——-—B ( > ,
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and then integrating by parts in

/OOO % {A(h — aex,y)B (h _h“ex> } C(h, z,y) dz.

From (4.77)—(4.79) we can see that (4.76) is a linear combination of 3 integrals of the form

Ve 1 VY i1 h — aex
(H + aeX - cVaeX | Oh—1 — aez,y) By h Cr(h,z,y) dv dy,

where A is as before; By and Cj have the same support as B and C and satisfy the same bound as
n (4.77) and (4.78), respectively. By (4.62) and (4.67) we see that

Ve, 1, VT _ e

+ +
H aeX = cvVaeX

By iterating this process we can finally decompose (4.76) as a linear combination of 37 integrals of

the form e e L
j _
3) / / A(h — aex,y) B; (M) Cj(h,z,y) dx dy, (4.80)

where A is as before; B; and C; have the same support as B and C and satisfy the same bound as
n (4.77) and (4.78), respectively. By estimating the integral pointwise we obtain (4.75) immediately.

The lemma follows now from part a) of Lemma 2.2, if ¢ is real and VRN /W < ¢°. f VRN /W > ¢¢
then we look more closely at the first factor in the third line of (4.65). In the JT case we are done
by the rapid decay of the Bessel K-function. In the J~ case we use the asymptotic expansion of the
Bessel Y-function to see that for large x,

1 1
VT vV
with smooth functions Jj o satisfying J; U )( ) <5 x77. Now a similar argument as above together
with part ¢) of Lemma 2.2 yields the proof of Lemma 4.2. A technical point to note here is that in
this case we develop the above decomposition for ¢ = 0 only and then estimate the z-derivatives and
the Bessel transforms inside the resulting integrals (4.80) individually. In our exposition we did not

follow this path as we wanted to suppress the z-dependence for simplicity. Finally, if ¢ is imaginary,
part b) of Lemma 2.2 completes the proof of Lemma 4.2. O

J (x) = e(2z)Ji(x) + —=e(—2x)J2(x)

We will bound separately the contribution of the 7’s not exceeding a specific parameter T and of
the 7’s larger than this parameter. In the former case we shall use (4.71), in the latter (4.70).

4.7 The case of large spectral parameter

Using (4.54), Lemma 4.2 and Cauchy—Schwarz, (4.70) can be estimated from above by

1
2\ 2
. Ze 1 "
(a )1/201(115 T E d/ /7 E — E x(h)v erqidhpy(ciqidh)
TH cosh(mty)
rslae dleagz £ IN p<H ltsl=7 h<h/er1q1d
(hvc%;,lz):l
2\ 2
1
—_— dh dn.
< X ey (v | avan
=T n<

Decompose d into dady such that dy | ¢3° and (df, g2) = 1; then for f a Hecke eigenform one has
(since (rs,q) =1)
Veaqdhpp(eiqidh) = Af(c1qida)+/dyhpr(dyh)
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so that by the large sieve inequalities (2.46) one obtains that (4.70) is bounded by

. Ze
< " (@) eq)0 D Y d§d§+6§HN

rs|lae d|cags

1/2 1/2 1/2
x| 7+ L H T+ ﬁ NI/Z.
c1qrdors caqd rs

Here we clearly have the inequalities r < rs < ae < ¥,

1/2 1/2 1/2 1/2
dydb*? r+(H ) / ( 1 ) / —dy' 2 df d1/27+( l > / (H ) /
22 c1q1dars c1qid 2 2 2 caqurs c141

H 1/2 H 1/2
S (62q2)1/2+0 (T + <01Q1Q27"> (Clq1) ’

(o () ) () 2ol ) ) (+ (D)),

Using these and the definition (4.72) of Z, we obtain, according to (4.62), (4.63), (4.67), (4.74), that
(4.70) is bounded by

) eS/QR Y1/2 q1/2 N1/2
<e qs(q )1/2(CIC2QIq2)1/2+9Wﬁql/2N1/2 (7’ + (C1q1q2)1/2) (7' + W)

0 1/2
c R . N
< Fct/? (q*> 02— q'/2N1/? (T+ (g )1/2) (T+ ST > .

and

(4.81)

T™W
Let us recall that (by (4.62), (4.63), (4.67), (4.74))

W 1 1 /2412 N1/2 )
/2.
1<CIEN1/2 <R1/2+q1/2)’ TS <1+ W >7 W<al™

we observe that the first two conditions imply that
1/2
<2 (1 (2) .
T<(q + R

> 02T for some T > ¢,

If we assume that

then
RY2 < q1/2+s7——1 <<q1/2,

and in particular, (RN)/? < ¢°W. Now we bound the four terms of the product

R N1/2
2 2N2 <T+ (q*)1/2) <T+ >

W £1/2
in (4.81):
RN1/2
T §? <. T RY2gM? < 0121+
RN1/2 . . q* 1/2q1+5
— (@) < £ RVA(g)' PP < %
RN q1/2 q1/2
Wﬁ <. qswm <. 61/2q1+5,
L RN . 1/2 1/2 s W12 172 (¢9)"/?q'te
Fwan @) < d @) e < T
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The same argument works for holomorphic forms and Eisenstein series and gives the same estimates.
Therefore the total contribution of large eigenvalues to the sum (cf. (4.44))

Z W Z C%SE’i(a,b,e,c; q) (4.82)

abe=¢ qle

2 (g 1/2=6 y5/2 ¢ -0
¢ l=— — . 4.83
q<T<q) +q1/2(q) (483)

is bounded by

4.8 The case of small spectral parameter

The estimate (4.83) is useful if 7 is not too small, that is, if T is at least some small power of ¢q. In
fact we shall later specify T so that log7T =< logq. In view of the preceding section, we suppose that

0< < OPT. (4.84)
For such small 7 we use (4.71) which can be bounded by
o\ 1/2

= +h,n;t N
co Yo [ | X X oo I | (e ) (455)

rslae I \|tg|=x7T|h21

using Cauchy—Schwarz and the large sieve (2.46).
For f € By(rs,1) (which we recall is a Hecke eigenform), let £(f,u) denote the Dirichlet series

[:(f, u) — Z GY(}M CZL\M/Epf(h) )

h>1

In the following we study this Dirichlet series in order to estimate the h-sum in (4.85). The Dirichlet
series is absolutely convergent for Ru > 1; by (4.54), one has

Lifu)= Y 3 Gx(hi; ©)x(h2)Vhihaps(hihs)

hi|(rsc)> (ha,rsc)=1 hl h2

_ N —u Te h)veiqgihpe(ciqgih)x(h
= LU9(f @ x,u) x X(c2q2)Gx(1;¢") (c1q1)" h(Z)w sex( ) 1q1hupf( ()

= LU (f @y, u) x H(f,u),

say, with
Ag(h)x(h)
,(rse) — APARIXAE)
(f ©@x,u) > T
(h,rsc)=1
and
X _u _u c verqidhpr(cigidh)x (b
H(fw) = Xleam)Ox(Lia ) en) ™ Y d =y (22) Y Yanderandinh)
dlec2q2 h|(rsc)>

On the one hand,

L f & ) = T

plrsc

EETTIRT.

where f is the newform (of level dividing rs) underlying the Hecke eigenform f (and with the same
spectral parameter ¢;). Applying a subconvex bound of the form

1_
L(f ® x.5) <c (Is|psNq)*|s|*ufNTq2~° (4.86)
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one has
LU (f @ x,u) <e (ul(1+ [tr))rse)®[ul(7)? (rs) (q") />~ (4.87)

in particular, we remark that (1.5) is applicable if (cf. (4.84))
= (P > (rsT) (4.88)

On the other hand, H(f,u) is holomorphic for Ru > 1/2 and satisfies in this domain the uniform
bound

vVeigidh c1q1dh
H(fu) < (g"aq)? D a2y L ]L’.f’/;( 10dh)] (4.89)
d|caqz h|(rsc)>

cf. (5.33). By Mellin inversion, the h-sum in (4.85) equals, without the factor /cosh(nt;) and after
replacing f(2) by 7(—2),

1 >,
— L(f,u) </ So(E£x,nyty)zv ! da:) du.
(1/2) 0

21

By partial integration and Lemma 4.2 we see

® ZVH e\ 5 o
Zo(x,nty) 21 d == (=) z7sl 4.
[, Bomiatar < 22 () .

on Ru = 1/2, for any v > 0 (at first for integer v, but then by convexity also for real v). We choose
v :=a+ 1+ ¢ in order to ensure absolute convergence of the u-integral. Using Cauchy—Schwarz and
(2.45), we see that

1
2\ 2
dh dh 1 dh dh)|?
U i LN b M7
It;[=r ||(rsc)> coshimey h|(rsc)> It =7 f
<e CE(lehd)e(l + T)v (491)

where § = 7/64 < 1/2 (cf. (2.42)). Collecting the estimates (4.87), (4.89), (4.90), (4.91), we can
bound (4.85) by

<L ¢ Z re®t (1) (rs)7(q*) 0 Z (crnd) /N ZVE (T\/N+ \/]\TLS) 5200

rs|ae d|c2g2

1/2+6
_ N .
Lo & ()P ety ()t (0) NZVH (T\/N + ﬂ) Z= 20, (4.92)
where g =0 if 7 > 1 and 6p =0 if 7 < 1.

If 7> 1, Z72% =1 and we use the bound (4.84) to obtain that (4.92) is at most

1/2+6
- N
TP otB/ 2 ()10 <C> NZVH <T\/N+ ) . (4.93)
q Ve
We deal now with the sum (4.85) where the summation , | is replaced by 3, | : we recall that
Z depends on H according to (4.73), so that (4.92) is an increasing function of H. Thus we estimate
(4.92) from above using (4.67). But then, together with (4.62), we see that Z > 0=1/2¢=¢ so that
Z=%00 < ¢°4%; in that case however, there is no factor (7+v/¢)?. Since 8 > 3/8 > 20, the contribution

of [tf] <1 is dominated by (4.93).
Using (4.72), and the bound (cf. (4.62) and (4.67))

VY

VH <. ¢"/*F,
aev X
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we are left with

1/2+6 1/2 A\ 2
TP OTP 2 g7y 17012 <qc> RN <1 + VAN ) (T\/Z+ W) ,

W w N3
subject to
‘I‘?/N < fqﬁ’ R g £q1+5, W < £q1/2+8.

Averaging over ¢ =0 (mod ¢), we see that the total contribution of small eigenvalues to (4.82) is at

most
*\1/2—0-5 p3 ari /
<. g+ ld) = (T\/ZJr - N)

g W3 Vi

“)1/2-0-5 (RATH 4+ wet),

B
<e q56a+2+7+2T57(q )qlg

£\ 1/2—06
<. qs€a+§+w+%frﬁ+1 <q> (¢")~°. (4.94)
q
The same bound holds for holomorphic cusp forms. The case of Eisenstein series is somewhat
different at least when they are parametrized by the cusps for their Fourier coefficients are not
multiplicative anymore. Instead we proceed as in [Mi04, HM06] and calculate the coefficients directly.
Unfolding the Gauss sum leads for each cusp a = 2, w | rs, to the normalized series

x(h Wpa (1/2 +1it, gh)
Z cosh(rt)

, (4.95)

where ¢ := ¢;q1dd’ and dd’' | caqa. By the computation of Section 5.7 this series can be written in
terms of products of two Dirichlet L-functions L(x®,u — it)L(xw,u + it) for certain characters ¢
having conductor dividing (w, ZTS)’ times a holomorphic function in fu > 1/2 that is bounded on
Ru =1/2 by

X (grs)® (g,w) (w, ;—5)1/2 (rs)~4/2,

Here we used that (rs,q) = 1. In particular, the function defined by (4.95) can be holomorphically
continued to Ru > 1/2 and on Ru = 1/2 it is bounded by

rs\7/8 _
<o (g1 + [N ul)? (ul + ) (g,rs) (w, =) (rs) 726",

according to Heath-Brown’s hybrid bound [HB80] for Dirichlet L-functions. Summing over all cusps
of T'y(rs) and noting that

7/8
o (w2 (. 2) )2 < 0,
wlrs w w

we obtain a bound of at least the same quality as in the case of Maass cusp forms if we assume
a,B>3/8,v>=17/16, 6 < 1/8. Then we proceed analogously.

4.9 Putting it all together

Collecting (4.35), (4.41), (4.49), (4.57), (4.83) and (4.94), we obtain that
KT QR (0] +12(0)

1 /2 q* 1/2-6 25/2 q* -0 N q* 1/2-0 —
St (81/2+T(Q) () e (T @

. 1 2 (g 1/2-6 TR TR 5 [ q* 1/2-0
<<5,t0’5q m‘f'? E +/ v 4T ( ) ; (496)
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(in the first inequality above the last term is always larger than the third one).

Set ¢* = ¢" with n € [0,1]. If 5 is small (to be determined in a moment) we choose T := ¢°V//
and apply the convexity bound (1.2) (cf. (4.86)) with
1

Y= 5:07

1 1
a_ia /6_§a 4

and so we arrive at we arrive at (4.30) with

c1: =5 and co:=(1—mn) (;9)

Substituting the expressions for ¢; and ¢y into (4.33) we obtain

1—n)(1—26
1_( niég )_,’_E.

L(anS) Ls,to,e 4* (497)

If 7 is large, we use the exponents provided by the subconvex bound (1.5) (cf. (4.86)),

o= - 6::37 7:217 5::§’

assuming that (4.88) holds. Equating the second and third terms on the right hand side of (4.96) we
choose

T = (q) Pt R
provided
g > b (499)
(so that log T =< log q), and provided
q'r](6+2—46)—8 > [—404—&-4[3—4'\/-&-7 (499)

(in order to satisfy (4.88)). Under these assumptions we obtain a total error term of

a+58/2+~y+21/4 a+58/2+~y+21/4
<. q° L + ¢ o < € L + ZL
eq /172 qnﬁﬂlfn)(%fﬁ) e q 0172 qﬁ )

since § — 6 > ﬁ for any 8 > 0 and any 6 € [0,1/2]. Hence we arrive at (4.30) with

. _a+53/24y+21/4 and o d
L= 512 T B+2

We choose L as in (4.32):
L = qcz/(261+1/2).

In (4.31) we apply (4.30) for £ < L?, and it is easily checked that (4.98) and (4.99) are satisfied as
long as n > 14/59. Substituting the expressions for ¢; and ¢y into (4.33) we obtain

1 5 1 1
1_ +e 1_
L(fo, 5) <<s,t0,5 g%~ T6aTaap+167+02 <<s,to g1 1889

for n > 14/59 while for n < 14/59 the bound (4.97) is stronger. This concludes the proof of Theo-
rem 1.2.
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Chapter 5

Rankin—Selberg L-functions

5.1 Approximate functional equation

For s on the critical line Rs = 1, we set (cf. (2.4))
P = (|s| + pg + ).

By standard techniques (see [Mi04] for instance), one can show that for s with s = 3 and for any
A > 1, one has a bound of the form

2 ’Lf®g(N)’ N -4
L(f®g,s) <alog®(¢gDP +1) ; T <1 + qDP> , (5.1)

where N > 1 ranges over the powers of 2, and Lygg(N) are sums of type
Lyag(N) =Y As(m)Ag(m)W(n)
n

for some smooth function W (z) = Wi a(x) supported on [N/2,5N/2] such that
W () <4 P (5.2)
for all 7 > 0. In particular, Theorem 1.3 follows from

Proposition 5.1. Assume Hypothesis Hy for any 0 < 0 < % and that x x4 is nontrivial. Let B and
diw be as in (5.35). Then for any 0 < & < 1073 and any integer

1< N < (¢gDP)'e, (5.3)

one has
(1—26)6w

M <, qlooaq%788+185—280—8092 .

VN

The implied constant depends on £ and polynomially on D and P.

Indeed, for any 0 < £ < 1073 by a trivial estimate and by taking A sufficiently large, we see that
the contribution to (5.1) of the N’s such that N > (¢DP)'*¢ is bounded by

<. (qDP)QOOE.

For the remaining terms, we apply Proposition 5.1, getting

1 (1-260)5y

L(f ®g,s) <<5,D,P q1005 logS(qDP + 1)q§_883+183—288—8092

1_ (1—26)6¢w
<Le.D,P q2005q2 88B 11882868062
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5.2 Amplification

As usual, the bound for L;gq(IN) in Proposition 5.1 follows from an application of the amplification
method. For this one has to embed f into an appropriate family. In preparation of this, we change
the notation slightly and write x for the nebentypus of f and rename our original primitive form f to
fo- We note that when fy is a holomorphic form of weight k& > 1, then Fy(z) := y*/?fo(2) is a Maass
form of weight k and of course Ly gq(N) = Lr,gq(IN), so we may treat fy as a Maass form of some
weight & > 0. As an appropriate family we choose an orthonormal basis Bk([q, D],X) = {uj}j>1 of

Maass cusp forms of level [¢, D] and nebentypus x containing (the old form) fo/(fo, f0> (note the

[4,D]
enlargement of the level from ¢ to the l.c.m. of ¢ and D) .

Remark 5.1. As was emphasized in [DFI02], the replacement of the holomorphic form fy by its
associated weight k Maass form is not a cosmetic artefact but turns out to be crucial when & is small.
Indeed, for small k, the c-summation in the Petersson formula (2.15) does not converge quickly enough
(and Petersson’s formula does not even exist when k& = 1!): the reason is that when k is small, the
holomorphic forms of weight k are too close to the continuous spectrum. On the other hand, when k is
large (k > 105 say), we could have chosen for family an orthonormal basis of the space of holomorphic
cusp forms of level [¢, D] and nebentypus y containing (the old form) fo/(fo, f0>[1q/) 3)], see Remark 5.2
below.

For L > 1 (a small positive power of ¢q), let & = (z1,...,x¢,...,2) be any complex vector whose
entries xy satisfy
(4,gD)#¢1 = x,=0. (5.4)

For f(z) € ﬁk([q, D],X) either a Maass cusp form or an Eisenstein series E4(z, s), we consider the
following linear form:

Ligg(Z,N) sz Z Z ZW (adn)Ag(n)v/aenpys(aen).

de=/{ ab=d

As explained in Section 4 of [Mi04], it follows from (2.10) and (2.11) that for our original primitive
form f = fo, Lygq (%, N) factors as

Lpyag(# N) = pg (1) | Y 20d g, (0) | Lpyag(N). (5.5)
<L

Thus we form the “spectrally complete” quadratic form
- . 2 1 - 2
Q(F N) =Y H(t;)|Lu,qg(@ N)|"+ > o /R’H(t)‘Layt,g(%Nﬂ dt,
7 a

where 7 (t) is as in Proposition 2.2, and the parameter A used to define #(¢) will be chosen sufficiently
large. Our goal is the following estimate for the complete quadratic form.

Proposition 5.2. Assume Hypothesis Hy for any 0 < 0 < %, and let B and 0wy be as in (5.35).
With the above notation, suppose that xx4 is nontrivial and let ¢* > 1 denote its conductor; moreover,
suppose that g satisfies

w|D = ¢*t(w,D/w). (5.6)

Then for any 1 < L < q, any 0 < ¢ < 1073 and any N satisfying (5.3), there is A = A(e) as in
Proposition 2.2 such that

Q(#,N) <e "N {|| 73 + |Z|TL> ¢~}

with
5 41+ 8B — 146 — 4062 5 . 1-20
L= 6+ 2B ’ 1T 3ypT™
and
|21 = |l 13 == el
<L <L
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If g does not satisfy (5.6), then
QUEN) < ¢ N (I3 + 13 (%00 + Liveq o0 g )

with
170 + 2062 1 20
BEIT TR 0 T Tt
176 + 2002 1+ 460 — 204y
04, i =13 — —— Opy 1 — W
e 3+B = M 4(1+90)

In these inequalities the implied constant depends on € and polynomially on pg, D and P.
Proof of Proposition 5.1. As explained in Section 4 of [Mi04], Proposition 5.1 now follows from Propo-
sition 5.2. Indeed, by (5.5) and by positivity, in particular by (2.16), one has

2

7-[(tfo)|pf0(1)|2
(fo, fo)qlTo(q) : To(lg, D])] Kz;m)\fo(f) | L fo09(NV)]|

Moreover, for a Maass cusp form fy of weight k € {0,1}, we have, by (5.5), (2.16) and (2.40),

t 1)|2 D+ |ty )¢
H(tg)lps, (1) S (gD + [ts,1)

(fo, fo)all'o(q) : To(lg, DI~ [g, DI + [t£,)*¢”

where the implied constant depends at most on €. When f; comes from a holomorphic form of weight
k (ie., ts, = £if51), we have, by (2.16) and (2.41),

H(tg)lps, (1) (gD + |ts,|) e “*
(fo, fo)q[To(q) : To(lg, D])] [q, DJ(1 + [tg,])'6 7

for some absolute positive constant C' > 0, the implied constant depending at most on e. We suppose
first that g satisfies (5.6); by Proposition 5.2, we have

2

n
2
\.Hl
=

2

2 — — —
> wid iy (O] |Lpoog(N)|” Kpyop.pe DTG (1 + [t 5, )0 lg, DIN {||Z]5 + | 7L ¢},
(<L

where the implied constant depends at most polynomially on 14, D and P. The result follows by

choosing the (standard) amplifier (z1,...,x) given by
Aro@X(0) if L=p, (p,gD)=1, VL/2<p<VI;
Ty = —x(p) if €=p% (p,gD)=1, VL/2<p<VL;
0 else.

Indeed, from the relation Az, (p)? — As, (p?) = x(p), we have

VL
> g, (0] > 7
<L g

for L > 5(log ¢D)?, and from (2.44) we have
[l + 1713 < (¢D(1 + [¢, ) L) LY,
where the implied constants depend at most on €. Hence we have
Liyeg(N) €py0,pe (14 t5,)%2q7% (qN)'/? (L’l/“ + L‘;L/Zq*‘s"”) :

By choosing
254 2(1—260) 54w
— o — T 140-4062
L=1"Ly:= q 0L = qa4+9B-146-4062 |

we conclude the proof of Proposition 5.1 when g satisfies (5.6). When g does not satisfy (5.6), one

has
LgSL/2q763q/2 +Lg4L/2q754q/2 < L0_1/4,

so that Proposition 5.1 holds in that case, too. O
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Remark 5.2. The above estimates prove Proposition 5.1 with a polynomial dependency in py,, g,
D, P except possibly when f; is a holomorphic form of weight k in which case the dependency in
pp =1+ % is only proven to be at most exponential. This comes from the fact that I'(k)/H (z%)
is bounded exponentially in k£ rather than polynomially. We could probably remedy this by making
a different choice for the weight function H(t); another—more natural—way is to consider, instead
of Q(#, N), the quadratic form

Q"#N):= Y T(k)|Lsey(# N)%,
feB([q,D],x)

where BZ([q, D], X) is an orthonormal basis of the space of holomorphic cusp forms of level [g, D]
and nebentypus x containing (the old form) fo/(fo, f0>[1q/ 3)]. If k is large enough (k > 10° say),

Q"(#, N) can be analyzed (by means of the holomorphic Petersson formula (2.15)) exactly as in the
next section, and Proposition 5.2 can be shown to hold for Q"(#, N) with the same (polynomial)
dependencies in py, P and D only. Then the argument above (using (2.41)) yields Proposition 5.1
with a polynomial dependency in k¢, as well.

5.3 Analysis of the quadratic form

We compute the quadratic form Q(#, N) by applying the spectral summation formula of Proposi-
tion 2.2. Q(Z, N) decomposes into a diagonal part and a non-diagonal one:

Q(Z,N) = Z To, Te, Z p(ar)paz)xxg(@raz)x (biba)Ag(b1)Ag(b2)

Zlyz2 alblelzél
a2b262:€2
Ao ((m bioea N)+ Z Lono (far b1 e Nic
az by e c? ay by e
c=0([q,D])
= CAQD(va) + QND(f7 N)7 (5 7)
say, with
D ap b1 e L s 7
S (<a2 by 62),N> = Z Ag(M)Ag(n)W (a1dim)W (azdan),
ajerm=aseaxn
and

SND(<G1 b1 61),N;C> _
az by e

_ 4./ I
CZ/\g(m))\g(n)SX(alelm,agegn;c)I( T alagelegmn> W (a1dim)W (azdan). (5.8)

c

m,n

Here we have put d; := a1b; and ds := a2b2. The diagonal term is easy to bound and the arguments
of [Mi04, Section 4.1.1] yield

) . ()l o
Q(#N) < @NPYN 3 Jaae, fraes| 228070 o NPy (5.9)

01 Lo Vil

for any € > 0.

We transform (5.8) further by applying the Voronoi summation formula of Proposition 2.3 to the
n variable. We set e := (agea,¢), ¢* := c/e, e* := ages/e, so that (¢*,e*) = 1, and by (5.4) we have
(e,qD) =1, hence D|[q, D]|c*. Again, the arguments of [Mi04, Section 4.1.2] yield, for a cusp form g,

b . — —
SND ((Z; b; Z;) 7N;c> = exg(e )Zaj Z Ag(m)Ag(n)Gyy, (are1m F ee*n; ¢) I (m,n),
+ m,n>1
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where ¢/ =1 and ¢, = +1 is the sign in (2.14) (for g not induced from a holomorphic form) and

_ o0 4 4
TE(2,y) = Waydsz) / W (asdau)T (ﬂ mw%) JE (ﬂe VW) du
0 C

Cc

We consider the following (unique) factorization of ¢:

c=c¢, where ¢ := H ptr(@).
ple
vp(c)<vp(azez)
Then
(cﬂ,cb) =1, cb|e, (Fe*) =1,

and a calculation in [Mi04, Section 4.1.2] yields

s (o 2; z;)7N;c)=
P Y10 (5) X w5 e’ .0, (510

fle? I

where f* := f/(aie1, f) and

SE(arere” ff*e) = Z Gyx, (B )SE(arere* f/f,e) (5.11)
h
with o
Swlmee™f'fe)i= > AT Fmon).

arere* f/ f*mFen=h

Since xxg4 is not the trivial character, Gy, (0;¢)So = 0, and we are left to evaluate (5.11) over
the frequencies h # 0. This will be done in Theorem 5.1.
First we analyze the properties of J*(z,y); to simplify the notation we set

a:=aidy, b := aads, d = ajazeies.
Lemma 5.1. Let
d\'"* N be? N
0:=|— — Z:=P+06 Wy = —— Xo = —
<ab) c ’ + ) 0 eQNa 0 G,’
bc dN d (14 6?2
. p2 2y _ 2

For any i,j,k > 0, any € > 0 we have

oo, N o \At Y —k ryp\ Oote
= 72 (140) (— 1 =0

Y g W) <21 )<1+@) ( Y y ’

90— {|3tg| if g is a weight 0 Maass cusp form;
9=

where

0 otherwise.

Here the implied constant depends on ¢, i, j, A and polynomially on pg; A is the constant which
appears in (2.17). Note that Sty = 0 when g is a Maass form of weight 1. Recall also that as a
function of x, J(x,y) is supported on [Xy/2,5X0/2].
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Proof. We have -
T* (2, y) = W(aa) / W (bu)T (W) T (Wa) du
0

with
47/ dxu 4dmy/e2yu Y 1/2 y 1/2
Wyi=—— ~ 0, Wyi= ——" ~ | = > | = .
c Cc WO Y()
The latter integral can be written as a linear combination (with constant coefficients) of integrals of
the form

W (az) /0 AW ba)Z (W) Wy P YWY, (W) du,

where Y, ()
(x
Jy(l’) € {m, COSh(ﬂ't)KV(l')}
with v € {£2it,} if g is a Maass form of weight 0; or
Y, (z) .
J,,(x) S {m, Slnh('ﬂ't)Ky(x)}

with v € {£2it,} if g is a Maass form of weight 1; or
Ju() = Ji,-1(2),

if g is a holomorphic form of weight k,. Using (6.12) we integrate by parts 2k times (where we may
assume that k = 0 for y < Yy). We obtain, using also Propositions 6.1 and 6.2, (2.17), (5.2) and that
u~ N/b,

N o A+1 y —k—1/4
+ N 2 Y
T (x,y) €ae b(1+@)<1+®) <1+Y0)

W —2|SQty|—€
2 o 1 .
(1+W2) if g is a Maass form;

kg—1
(JVV%/Z) * <1 if g is holomorphic.

For the higher derivatives, the proof is similar after several derivations with respect to the variables
z,y. O

We proceed now by bounding ¥F (ajeie* f/f*,e). We set
d

I == aree f'f* = gf/f*, Iy :=e;
1; d 5 (1+62
X:i=—Xyg=-X Y =LY y,=P X
70 = 5 Xo, 2Y0 ( o ;

q := Cond(xx4) = ¢*, c:=c, F(z,y) := ji(f’f*x/ll,y/lz).

By a smooth dyadic partition of unity, we have the decomposition

A+1
Pl =5 0+0) (1og) 3 Ao

1+06 51

where Y is of the form 27, v € N, Fy-(z,y) is supported on [X/4,4X] x [Y/4,4Y] and satisfies

R Y, o % —k Y 04+
yf— —F ke 27 (14 = = 12
'y Ot ay] Y(xay) <<Z7],k?,6 ( + Y) (Y) (5 )

for any 4,5,k > 0 and any ¢ > 0. The sum Y% (1;,12) decomposes accordingly as
N N /o) A+1
¥ (1, 1p) == (14 6) <1+®> D Grxy (h5€)Shy (11, 12)

Y>1 h
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with o
Sny(lz) = Y X(m)Ag(n)Fy (lim, 1an).
11 m:‘:lg’ﬂ:h

We want to apply Theorem 5.1 (to be proved in the forthcoming section) to the h-sums above.
Given € > 0 very small, we see by trivial estimation and by choosing A large enough (we will take
A =1000/¢ + 100), that the total contribution of the SNP (... N;¢) such that © < ¢¢ is negligible;
hence in the remaining case we have the easy inequalities

0 '<¢, O©<LN/e, 1+O©<2¢°LN/c, Lla< (L),

< dN/e < L*Ne, Y/X < ¢*P?, Y < ¢*P?L?N/e.

We will also use the trivial bound ©/(1 + ©) < 1. We introduce a parameter Yy, to be deter-
mined later and denote by EY<Ymm(11,12) (resp. ZY>Ymm(11,12)) the contribution to X% (1,15)

of Y < Yiuin (vesp. Y > Yiin). For YV < Yiuin, we apply the ”trivial” bound (5.17) to the sums
>on XXg( c)Shy (11,12), and find that (since 1113 = df’ f* and 6, < 6)

_ LN L2N\"? (dNYm\"? [ Y 1\’
E):Egymin(ll,l2) <<Pg5 q10 N— c 1/2< 62 ) < df/f* ) <Y )

L2+20N2+0

10 1/2—6
<<P79,E q N (f*>1/2€1+901/2 Ymin . (513)

For Y > Yiuin, we apply Theorem 5.1 and for this we set (cf. the next section), with B := 3,

13+ 2B + 46 1 2+ B
Mg = ——————, mr = =, mx =0, my =1, My/xX ‘= —(5
2 2 2
1429 12026,
Mec = 2 ) Mq = 2 )
and
9+2B +40 1 2+ B
Dy=—+—— D=0, Dx:=——, Dy:=0, D =
Z Aa+e 0 TET T X T aqasey TV VX 4(1+0)
[ 1 — 260 — 204y m
Degi=——r— D, :=— = — ! ,
2(1+6)’ a 4(1+06) 2(1+0)
17+2B+49 1
= 1+4+20)D _ = 14+20)Dy, = =
Moz =1z + (1+20)Dy 010 Nar, =iz + (1+260)Dy, 5’
1+ 20 2+ B
= 1420)Dx = ——— = =1 = 1+20)D - -1
Nex = mx+(1+20)Dx iiye)y ™=y =L thyx My/x+(14+20)Dy/x 4110
1+29 1 —20—2(5tw Mg
= 14+20)D = ——— = 1+20)D, = = .
M2c Nic + ( + ) c 2(1 n 0)) T2 Mg + ( + ) q 4(1 + 9) 2(1 I 9)

It follows from (5.4) that 1315 is coprime with q = ¢* | ¢ and also with D, therefore if the cusp form
g satisfies (5.6) then Theorem 5.1 yields, by (5.12),

LN
E):E>y lla 12) <<Pg 5 quN ¢

1712 2 my +my/x+0
27]1L ﬂ ymx-— my/x—0 ( € Nic ( *)mq
min Cb q

e

7722 2 N2y +N2y/x +0 )
2”72L L°N yRx" oy x—0 ( €\ (q*)"2a
c e min Cb )
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i.e.,

b L 2+B+20
+ 10e 254+4B+486 194+3B466 (C) 2 m
Syoy,, (ls12) <pge g N<L > N2 WW(CI) Vi
e 2 ¢
1 5
37+4B+366+862 27+3B+240+462 AT _ 1+ B+20+46
+L a(1+6) N (1F0) (C ) ( )nqu (1+9)
6+B+804+462 1942B+120 min
e 4(1+9) ¢ 40+0)

A comparison of the second portion of this bound with (5.13) suggests the choice

204484200 194384120 2 _2+4B 2(1460) _ 174284100 1-26-25;
Yiin:=L 3B N 3+B (Cb)3+Be 3+B (f*) 318 ¢ 3+B (q*) EE

Note that ¢ < ¢°LN and e < ¢ imply that Yy, > 1. With this choice, one has
Zi(ll,lz) <<P,g,5 quaN(q*)éq*

by Z1=B—(10+25)0
17— (74+20B)0—4002 194358 —(44+12B)0—2402 (C ) 6128
x| L 6+2B N 6428
24 B+(4+B)0+202 §84+3B+20 8—B—(48+12B)0—2002
(f*) 31B e 6128 ¢ 6128
by 1=26
41+8B—(26+4B)60—4002 3147B—(20+4B)0—2402 (c ) 3+B
6+2B N 6+2B
1+ B+20+462 8+3B+20 20+3B—(244+4B)60—2002 |’
(f) 6+28B ¢ 6+2B ¢ 6+28
where
e (1= 2p) =20 = P
/ 6+ 2B

We note that by f*|f|c’|e|c and (e, ¢D) = 1,

—1-B—(1042B)6

ef(f*)e (Cb) 6+2B 20+43B—(48+12B)9—2002
> 2 <Le g~ c+2B
2 ) 24 B+(4+B)6+262 8138120 8—B—(48+12B)0—2062 €
*

C
¢=0(la,D]) fle TR e e oren

and
by 1=20
ef f (c ) 3+B 3247B—(24+4B)6—2002
E g < qa— 6+28
2 " 14+B+204+402 843B+420 20+3B—(24+4B)0—2002 € :
=0 ([q,D]) flcb (f 6128 e 6128 ¢ 6128

Collecting all the terms (see (5.7), (5.10), (5.11)) and using also ¢* < ¢, we deduce that for g satisfying
(5.6) and for N < (¢DP)*e,

QND( )<<P,g,f5 q100s||xH2NL5L —dq

with
41+ 8B — (26 4+ 4B)f — 400> 41 + 8B — 1460 — 4062
o =20+ = ,
6+ 2B 6+ 2B
5 s 19+3B—(44+12B)9—2492+20+3B—(48+12B)9—2092
¢ o 6+ 2B 6+ 2B
_ 31+7B7(20+4B)972492+32+7B7(24+4B)972062
- 6+ 2B 6+ 2B
1-26
= Su-
3+B "

For g not satisfying (5.6), an additional term occurs whose contribution to QNP (#, N) is bounded by
(cf. Theorem 5.1)
<<P,g,5 quOE ||{f||%N (L63L q_63‘1 + L54L q—§4q)

with
170 + 2002 1 26
R B N R I A
176 + 206> 1+40 — 264w
Sap =13 — 22 gy =T
o 3+B ' M A(1+0)

The above estimates together with (5.9) conclude the proof of Proposition 5.2.
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5.4 A shifted convolution problem

Our main point is to solve the following instance of the shifted convolution problem: let x be a
primitive character of modulus ¢ > 1, 1 < ¢ =0(q), ¢1,¢2 > 1 be two integers, and g be a primitive
cusp form of level D and nebentypus x,. We assume that g is arithmetically normalized by which we
mean that its first Fourier coefficient (see (2.2)) py(1) equals one and consequently, by (2.10), that

Ag(n) = \/ﬁpg(”)

for any n > 1.
Given X,Y, Z > 1 and a smooth function f(u,v) supported on [1/4, 4] x [1/4, 4] satisfying || f|lcc =
1 and )
ot o
out Jvi
for all 4,7 > 0, where the implied constant depends only on i and j , we consider F(xz,y) := f(%, %)
which is supported on [X/4,4X] x [Y/4,4Y] and satisfies
Y,
z'y 88302 %F(z y) < Z' (5.14)
for all 4,5 > 0, the implied constant depending at most on i and j.
We consider the sum

—— f(u,v) < Z'I

£1’€2; ZG 61762)
h#0

where G, (h; c) is the Gauss sum of the (induced) character x (mod ¢) and
SE, 0y) = Z Ag(m)Ag(n)F(1m, on). (5.15)
LimTFLlan=h
Our goal is

1, and let B and 6y be as in (5.35). Set
P :=cDuglil2Z(X +Y),

Theorem 5.1. Assume Hypothesis Hy for any 0 < 0 <

and assume (as one may by symmetry) that Y > X. Set also

9+2B+460 1—-260—26¢

w 24B 1
DOpt — 77 T4+0) ¢ 2<1+e>q 1(1+0) (X/Y)4(1+9>X4<1+e)_

Suppose that
w|Dlly = q1(w,Dllsy/w),

then the following upper bound holds:

134+2B+446
2

SE(0, b ¢) <40 P°Z (£105) 730z =0=00 (V) X) 557V (1 + Dypy) +20.

On the other hand, if q|(w, D010y /w) for some w|Dlyly (in which case q < (Dl1€y)? ), the above
bound holds up to an additional term bounded by

< P*Z*(c, 0102)7 (£1£5) 7Y 2 (1 4 Dopy ).

In these bounds, the implied constants depend at most on € and g. The latter dependence is at most
polynomial in D and pg, where D (resp. pg) denotes the level (resp. spectral parameter given in

(2.4)) of g.
Remark 5.3. It is crucial for applications to subconvexity that the sums of the exponents in the X,
Y, c, g variables are strictly smaller than 2: indeed, one has

1 1
1+20
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The proof of this theorem will take us the next two sections. For the rest of this section and in
the next one, we use the following convention: --- <, ... means implicitly that the implied constant
in the Vinogradov symbol depends at most polynomially on D and py,.

By symmetry, we assume that Y > X. Considering the unique factorization

c=gqqc, (=1, g™
we have
Gy (h;e) = x(c") G (h; qq')r(h; ),
where
S dulefd)
d|(c’,h)

denotes the Ramanujan sum. Moreover, G, (h;qq’) = 0 unless ¢’|h in which case

Gy(h;qd') =x(h/q)d G (1;9),

hence we have

SE (b, ba5¢) = Xx(c)q' Gy (1;9) Y du(c' /d)x(d) Y X(h)Siryrg (b1, L2). (5.16)

d|c’ h#0

Observe that by (5.14), (5.15) and (2.44) this implies the trivial bound

Sl laic) < d'g Py d Y Ag(m)][Ag(n)]

dlC/ 7TL<<X/€1
TL<<Y/€2
q'd|timFLlan

<dd Py d Y (Mm)P 4+ ()

dIC/ m<<X/€1
q'd|timFLlan
(€1€2, C)

EPE 1/2
ST,

XY.

When ¢ is large a better bound can be obtained from an application of Lemma 2.4: integrating by
parts and applying Cauchy—Schwarz, we obtain

Z (61,62, 1/22 // 6162

d|e’

F(lyz, ly)

ST Y. Xm)rg(n)| dady

h#£0 | m<z, n<y
L1mFLlan=dq'h

‘g2 Z d max Z Z Ag(M)Ag(n)

d|e’ y<<Y/F2 |dg'h|<Lliz+Loy | m< e, n<y

/1m152n
X+Y V2 xy\ Y2
PED 222 ! 1/2 d faialal
<e Hg Z 0105
2. 272 1/2 1/2 XY /
<. PEDu2z% A (X + Y)Y <€1€2> : (5.17)

On the other hand, an application of the d-symbol method of [DFI94b] yields (cf. [Mi04, Section 7.1],
[Ha03b, Theorem 3.1], [KMV02, Appendix B])

E;(t(él,KQ;c) <<g,s P€Z5/4q1/2X1/4Y3/2.

For our given subconvexity problem, one typically has ¢ ~ VXY, X ~ Y and ¢,/ is a very small
power of Y.
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5.5 Jutila’s variant of the circle method

In the sequel, we only treat the case of the “+” sums (i.e., ¥ (f1,/2;c) and S (41, €2)), the case
of the “—” sums being identical; consequently, we simplify notation by omitting the “4” sign from
¥¥(...) and SH(..L).
We shall assume that
Y > (4D0145)?,

for otherwise the bound of Theorem 5.1 follows from (5.17). We denote by D(g, {1, {2, q'd) the h-sum
n (5.16); to simplify notation further, we change it slightly and replace ¥ by x and ¢’d by d and set

D(g,t1,02,d) Z X(h)Sha(l1,€2) = Z x(h) Z Ag(M)Ag(n)F(Lym, lan)d(dh).

h;ﬁO h;éO Z1m7£2n:dh

As in [DFI94a], we have multiplied F'(¢ym,fon) by a redundancy factor ¢(dh), where ¢ is a smooth
even function satisfying @2y 2y] = 1, supp¢ C [—4Y,4Y] and »)(x) <; YU Of course, this extra
factor does not change the value of D(g,¥1,¥{2,d), but will prove to be useful in the forthcoming
computations.

We detect the summation condition ¢1m — fan — dh = 0 by means of additive characters:

D(g,41,43,d) /G a)1jo (@) da

with
Q) = Z x(h Z Ag( VF(€ym, lan)p(dh)e(a(tym — lyn — dh)).

h#0 m,n>1

As in [Ha0O3a], we apply Jutila’s method of overlapping intervals [Ju92, Ju96] to approximate the
characteristic function of the unit interval I(a) = 1j1j(«) by sums of characteristic functions of
intervals centered at well chosen rationals: for this we consider some C satisfying

Y2<0o<y

and a smooth function w supported on [C/2,3C| with values in [0, 1] equal to 1 on [C, 2C] such that
w (z) <; C~% we also set

§:=Y 1 N := Diy4s, L:= Z w(e)p(c).
c=0(N)
Note that C > 4D/ {5, hence L satisfies the inequality
L>.C* /N >, . C?¢/(l14s) (5.18)

for any £ > 0. The approximation to I (a) is provided by

I(o) == 25L Z Z lja s a45(c)

c=0(N) a(c)
(a,c)=1

(which is supported in [—1,2]), and by the main theorem in [Ju92] one has

2+¢€

) c
/ I(0) — (o) Pdar <2 S e O (t105)? (5.19)
[ 1 2] 5L

c?
Next, we introduce the corresponding approximation of D(g, {1, {2, d):

D(g, r, b, d) = / Ga)i(a)da,
[7172]
then it follows from (5.19) that

_ y1/2
[D(g, 41, 62,d) = D(g, b1, 65, d)| < | = I|]| Gl <g.c Clrla=~ G-
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We factor G(a) as
Z x(h (—adh) x Z Ag(m)Ag(n)F(6ym, Lon)e(a(tym — lon)) =: H(a)K (),
h7#0 m,n=>1

say. By Parseval, we have

¥\ /2
1612 < 1K e < () 1K
Integrating by parts shows that (cf. (2.47))

a) = b1y / / FOD (0,2, 09)S, (—lre, 2)S,(—bacr, ) dady,
(R+)2

where by (5.14),
2

1 1)(€1x €2y) ﬁ7

and by Proposition 2.5,
Sg(—t10,2) Sy (—laar,y) Kg.e (2y)'/>+*,

so that 1o
XY
1K oo <g.e (XY)727 (7
’ b1ty
Collecting the above estimates, we find that

~ 1/2 y,1/2
D—D <, P°Z% (l14,XY)"? (Z) YT

therefore the contribution of this difference to ¥, (¢1,¢2;c) is bounded by

X1/2y3/2
Lge PEZ2(U14) 2P (5.20)
We have )
D= 7 w(c) Z Js,2,
c=0(N) a(c)
(a,c)=1
where

Tz = Sl (F25) S Rtmmge (“2% ) e (72 ) B
" Bla,y,2) i= F(trz, by)d(d2) 25/ a(biz — by — d2)) da.

By applying Proposition 2.3 to the variables m,n (cf. (2.10), (2.13), (2.14)) and by summing over
a,c, we get (observe that the factor X4 (@) from the m-sum is cancelled by x4(@) coming from the

n-sum)
3 + + Pt
= Z €46 DT,
.+
where ¢/ = 1 and ¢, = +1 is the sign in (2.14) (for g not induced from a holomorphic form),
- 1 S(dh, Fim £ lan;c)
+,+ . - ) ) +,+ .
D= - > Xam)rg(n) > > x(h ; EFE(m,n, h;c) (5.21)
m,n c=0(N) h
and

dmli\/m 4dmls,/
EXE(m,n, hic) = El&w // E(x, y,h)J (7T€1) qu (71—207”4) dzdy.
Rt)2 ’

Cc
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Notice that the definition of E¥ and the various assumptions made so far imply that

E(z,y,z) =0 unless &~ X/ly, y~Y/ly, |dz| <A4Y. (5.22)
Moreover,
o Zi+3 i g3 gk
N o 1%2
Bl )(aj,y,z) Li ik iyt (5.23)
so that for any fixed h
. ZH T XY
[EGID (5,5, h) |1 <ijin T (5.24)

XY itk ’
and therefore - ,
1] k1
ZHig g g XY
XY itk
Next, we evaluate £ (m, n, h; c) and its partial derivatives: depending on the case, £ (m,n, h;c)
can be written as a linear combination (with constant coefficients) of integrals of the form

47l
B[] i, (T gy (T gy, )
C (]R+)2 ¢ ¢

IEGIR|) <5 5

where Yo (2)
(x
{Jl,u(x)7j2,y(x)} C {m, COSh(']Tt)KV(x)}
with v € {£2it,} if g is a Maass form of weight 0; or
YV,(z) .
{J1.,(), Jo(z)} C {m smh(ﬂ't)Kl,(x)}

with v € {£2it,} if g is a Maass form of weight 1; or
Jip(x) = Jou(x) = T, —1(x),

if g is a holomorphic form of weight k,.

In order to estimate (5.25) efficiently, we integrate by parts i (resp. j) times with respect to x
(resp. y), where i (resp. j) will be determined later in terms of m (resp. n) and . Using (6.12),
we see that E5%(m,n, h;c) can be written as a linear combination (with constant coefficients) of
expressions of the form

Glyw(c) (iym\ 2 [loyn\ P // oiti I
2vz — 5 h 1 2
c c c (R+)? 8x18yﬂ{ (2,9, W W, )

X WOTWE T (W) Ja s (Wa) dady,

where {11,190} C {£2it,} (or v1,v = ky — 1) and

_Anliy/mr Vmb X W e Amla/ny  /nlY
- ~ C ) PARE ~ C )

C c

W1:

in view of (5.22). Using (5.24) and Proposition 6.2 in the slightly weaker form

~1/2
)

Jl’l/1+7,'(W1) <<7,',5 M;—‘,—E(l + Wfl)i+2‘gtg‘+5 (1 + Wl)

+e — ] 239 £ —1/2
Jopntj(Wa) <5 %Jr (1+W2 1)j+ |Stq|+ (1+W2) / ’

we can deduce for any ¢,j > 0 that

o 02 02 1/2 i 02 C2 1/2 J
+,+ . L PE(ulz)iI = =
E5Fmon,hie) ije PXg2)™ Y oo T\ omx Ty \lony (m, n),
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where

_ XY 2 o2 \) /%! (ymX Cony \) V4
H<m,n>.c{<1+glmx> (1+£2ny>} {(1+ e )<1+02>}  (5.26)

This shows, upon choosing i and j appropriately, that €% (m,n, h;c) is very small unless

42202 42202
dh| <4Y, c~C, m<. PHZ < n<e peloZ = . (5.27)
1 2

and in this range we retain the bound (by taking i = 7 = 0)

EEE(m,n, h;c) <. P°E(m,n). (5.28)
The partial derivatives
oIt
k +,+ .
hie Shide kS (m,n, h;c)
can be estimated similarly. We shall restrict our attention to the range (5.27); the argument also

yields that outside this range the partial derivatives are very small. By (6.13), the above partial
derivative is a linear combination of integrals of the form

. ok (w
Ry (ity)cks 8ck3< ) / /]R+ W E(x,y, YW WE T e (W) Jan iy (W) dady,

where Ry is a polynomial of degree < k and the integers ki, ko, k3 satisfy
ki1 + ka4 ks < k.

Therefore we obtain

_ , g X 7"
hjck(g:t,:t)(o,o,],k)(m’n,h;c) ke pe <d|h> ,uk (1 + Vim + Vilan ) E(m, n)

Y 9 C C
e PP Z) E(m,n). (5.29)

5.6 Expanding the c-sum

Our next step will be to expand spectrally the c-sum in (5.21) as a sum over a basis of Maass and
holomorphic forms on I'g(N). To do this we use the complete version of the Petersson—Kuznetsov
formulae given in Theorem 2.1. We only treat D"_, the other terms being similar. To simplify
notation further, we denote D>~ by D and £~ by £. The shape of the sum formula depends
on the sign of the product h(¢ym — ¢on) when it is nonzero. So our first step will be to isolate the
contribution of the m,n such that ¢;m — ¢3n = 0 (the contribution of the h = 0 is void since we
assume that y is nontrivial). Thus we have the splitting

D=D"+D%+D",

where ) (dh )
- — r c
Do = S Xm)rg(n) D> > x(h) E(m,n, h;c)
lim=~lan c=0(N) h
with
r(dh;c) = S(dh,0;¢c) = Z ul(e/c)d
c’|(dh,c)
the Ramanujan sum, and
- 1 — S(dh,lym — lan;c
pr=l Y N Y Y S A e

£1m—~Lan#0 c=0(N) h
+h(lim—~Lan)>0

=1 Y D mn)

417R7€2n750
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with

/.
RO S SV /A Ll CLALAL Py
¢=0 (N) £hh'>0 ¢

here we have set h' := {1m — fon # 0.
We set ) :=£1/(¢1,03), s := l5/(€1,¢5), then

- 1 — 1
D=2 D Xe(lsm)rg(tim) Y =D x(h)r(dh; e)E(Eym, em, hic),
m>1 ¢=0(N) h
and the c-sum equals

> ME;/”) S ))x (((f@) ;X(h)g ( Lm, Ohm, (C,C:d)h;c’c”> :

c’ ¢’=0(N/(c,N

Combining partial summation with (5.29) and Burgess’ bound

Z X(h) <. 1‘{1/2q3/16+57
h<H

we find that the h-sum is bounded by

Z (c,d) Y2y 3/16—=/ yt , L (d,d)Y d
h x(h)... < F° c aiz 4 E(lym, &ym) 'd  (¢,d)Y
d.d /2 y1/2 _
<<E PE <( C/ )) d1/2 3/16‘—‘(5/2m7€/1m)7

and the c-sum is bounded by

1 (d, 01£5)Y/2 Y1/2 _
> p D ox(h)--- < PQ&T 717z C2gP 1O (tym, 6ym).
c¢=0(N) h

In summing over the m variable we may restrict ourselves to some range
[ﬁl,ﬁg]m Lg,e PEZQ(CQ/Y),

as the remaining contribution is negligible. If Y/X <, . P*Z 2 then we split the m-sum into three
parts,

[61,62]m<C2 /Y C2/Y <[01,b2]m<C2 /X C2/X <[y fa]m< g . PEZ2(C2)Y)
and combine (2.12), (2.44), (5.18) and (5.26) to infer that

(d, 0105)/? 3/16 Xy3/2

HO 3e
D <y P di2[e,, 610 o1

<X—9Y0—1 L X3y /Ay ZX_1/4Y_3/4) _

HY/X >, P72, then we split the m-sum into two parts,

[1,62]m<C2/Y C2 /Y L[l l2]m <y, P Z2(C?/Y)
and infer similarly that

(d, 66) 5, XY3/2
d1/2[51,£2]1—0q C1/2

Do e p3e (X—9Y9—1 n Z3/2—29X—9Y9—1) .
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In both cases we conclude that

(d, 6162)1/2 3/16X3/4Y3/4
4120, 0,10 C1/2

D’ «,. P¥Z

Finally, returning to our initial sum X, (¢1,f2;c), we see by (5.16) that the contribution of the D°
terms is bounded by (remember that we have reused the letter d in place of ¢'d)

(0,4152)1 1/2q3/16X Bays/

[£1’£2]1_9 01/2 (530)

<4 P*Z

Remark 5.4. Notice that in the (important for us) case ¢ ~ ¢ ~ X ~ Y (remember that C' > Y1/2),
Burgess’ estimate is used crucially in order to improve over the bound Y2.

We perform a dyadic subdivision on the h variable. By (5.28) and (5.29), we can decompose

E(m,n, h;c) as
E(m,n, h;c) = ZEHmnhc)
H>1
where H =2, v € N, and Eg(m,n, h; ¢) as a function of h is supported on [-2H, —H/2|U[H/2,2H]
and satisfies _ )
hjcké'gj’od’k) (m,mn, h;c) < ke PE(Ps,uzZ)kE(m,n). (5.31)

Accordingly, we have the decomposition D = > H>1 Dy.

We shall assume that H < 8Y/d for otherwise Dy =0. We split DH into two more sums getting
a total of 4 terms, DH’ say, where

Dype2 = = 7 Z Z n) D5} (m, n)

m21 n>=1
€2h/>0

with
- 1
D3} (m,n) := E x(h) E ES(dh,h';c)EH(m,n,h;c).

e1hh’>0 c=0(N)

We only consider DEJ“ (the term corresponding to h, h’ > 0), the other three terms being treated in
the same way. We proceed by separating the variables h and ¢ by means of Mellin transforms: we

have
4mv/ dhh 1
Ve ) =— /soH(m,n;S;T)hfsdsv
r 211
(2)

/+°° ( 4m/dxh/> Ldx
wr(m,n;s;r) = Eg | mn,x;—— | ¥ —
0 T

T

En <m,n,h;

where

is a smooth function of r compactly supported in the interval (27“%”,367“0%). Hence taking

’
dmv/dhh' Vcdhh , we have

Dig(m.m) = i / Z b Z WWH <m,n;s, W) ds.

T =

We are now in a position to apply the Kuznetsov trace formula (2.21) to the innermost c-sum. We
obtain a sum of 3 terms,

DIJ}(m, n) =

5 / THO (m, n; s) ds + —/ T35 (m n; s) ds + —/ TES (m, n;s) ds, (5.32)
i

(2) (2)
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where

THO®(mnys) =4 Y gp(mmnis;=)(WT(k) > VHpp(W)L(f @ x, 57d),

k=0 (2) feBl(N,1)
TMaass . .— 4 @H(m n;s; *)( ) / . -d
H (m7n1 S) j§>1 COSh(ﬂ'tj) p]( ) (uj ®Xa37 )a
- 1 o o (m,n; s;%)(t) )
Eisen . o ) 1y 9y /! 1 .
T ) = LY [ P01 (Bl i) © . 5:d) i

and

Z x(h \ﬁpf dh)

h>1

L(f ®x, s;d)

Our next step will consist of shifting the contours of integration in (5.32) to the left up to s = % and
of bounding the three integrand on these contours. For this we will need to bound the various twisted
L-functions L(f ® x, s;d) on the line s = % and the various Bessel transforms ¢ (m,n;s;*)(k),

Gr(m,n;s;*)(t) and @g(m,n;s;*)(t). This will be done in the next two sections.

5.7 Bounds for twisted L-functions

In this section we seck nontrivial bounds for the Dirichlet series L(f ® x, s;d) when f(z) has trivial
nebentypus and is either a holomorphic Hecke cusp form (i.e., f € BI(N,1)) or a Hecke-Maass cusp
form (i.e., f =u; € By(N, 1)) or an Eisenstein series f(2) = Fq(z, & +it).

Denoting by f the primitive (arithmetically normalized) cusp form (of level N'|N) underlying f,
we have the further factorization

Lfexvsd=| 3 w > A

h|(dN)> (n,dN)=1
h)Wdhp7(dh x(P)Aj(p 7
Ly aaman) ( <1 o2 >+><;,<p>) )
he p* ptl
h|(dN)> plaN

where g denotes the trivial character modulo N’ and

n>1

is the twisted L-function of f by the character y. In particular, we see by (2.45) and Hypothesis H z
that L(f ® x, s;d) is holomorphic for Rs > %, and for ®s = % one has

2
L(f@x,s:d) < (PN)* | > @# |L(f-x, )] (5.33)
hl(dN)>

By (1.4), for L(f.)(7 s) one has the subconvexity bound

L(fx.5) < (Islis Nq)|s|> pf N2 g2 =0, (5.34)
with the parameters
1
B :=3, Opw 1= g (5.35)

When f(z) is of the form Fq(z, 1 + it), the computations of [Mi04] show that bounds for L(f ®
X, s;d) are reduced to bounds for products of Dirichlet L-functions. More precisely, we recall (see
[DI82, Lemma 2.3]) that the cusps {a} of I'y(INV) are uniquely represented by the rationals

{E: w|N, ueZ/Iw},

w

(0]



where, for each w|N, U, is a set of integers coprime with w representing each reduced residue class
modulo (w, N/w) exactly once, and in the half-plane St < 0 we have for h # 0 (see [DI82, (1.17) and
p.247)),

Lty g7 |it 3+it
w2 dh| (w, N/w)\ 2 1 )
dh|pq(dh,t) = g —_ g —dh—
| |pu( ) ) P(%-’-’Lt) < wN fy]~+2lt €

yw
(v, N/w)=1 6(yw), (d,yw)=1
§v=u mod (w,N/w)

with analytic continuation to 3t = 0. The congruence condition on § can be analyzed by means of
multiplicative characters modulo (w, N/w):

> w2 o)

w
(v, N/w)=1 S(yw), (8,yw)=1 7
dy=u mod (w,N/w)

N X B Y e

A0 N0 o v (3 Nfw)=1
For each character ¢ mod (w, N/w), we denote by w* its conductor and decompose w as
w=www", w'| (w*)>, (w”,w*) = 1.
Accordingly, the Gauss sum factors as
Gy (dh;yw) = p(yw" )Gy (dh; w*w")r(dh; yw") = 0y janwP(yw” )Gy (dh/w'; w*)r(dh; yw").

Hence the inner sum on the right hand side equals

¢(v) ,
Z L2t Gy (dh;yw) =
(v, N/w)=1

Surjan "t (dh/w" ) (w" )Gy (15 w") V() " ¥?(a)
LN (2,1 + 2it) %:x i " (Al yw”) %:h a2t
(%’JYV/w)zl (a,N)=1

)

where the superscript (V) indicates that the local factors at the primes dividing N have been removed.
We deduce from here the inequality

|dh|pq(dh,t) <. (P(1+ It))gcoshm(ﬂt)W

<o (P(1+ [t])) cosh'/2(xt)(dh, N)/2, (5.36)

and also the identity

it it w w) 2T
s - 70 (50
1 W' Gy (1w )P (—ud/(d, w))p(w”) ('
" el N ), mod%,mw) (w/(d, ')~ LO) (42,1 + 2it) * ((d, w'>>

x(h)¥(h) () ( dh' ¥*(a)
X Z hs—it Z ,Yl+2it r (d7 wl) yyw Z a2it
hz1 yIN= a\ﬁ
(v.N/w)=1 (a,N)=1
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Now the h-sum factors as

Z Z | =LY, s — it) L) (v, s + it)

(h,dN)=1 h|(dN)>

X (h) V() dh (a)

Z —it Z N2t \ (d,w')’ yw” Z 2t
hl(dN)e YN 7 al Gty
(v:N/w)=1 (a,I\fsuzl

We can see that the second factor is holomorphic for s > 0 and is bounded, for any ¢ > 0, by
<. (dN)E(d, w")(w")1 =% in this domain. Hence L(f ® ¥, s; d) has meromorphic continuation to the
half-plane {s, $s > 0} with the only possible poles at s = 1 £ it. The latter poles occur only if ¢
divides (w, N/w).

By Burgess’ bound

L(xt, s —it)L(x, s + it) < (|| + [t)1/345 (qu™) 2715+,

1

we infer that for s = 3,

N 1-1/8 d
L (Fa(e.3 i) © X 55d) <z (1 H)Ng)* cosht /() ] + 2+ 22 wiv () 2
2
e (1 [H)Na)* cosh'(mt)(Is| + [t])/2=(d, N)g' /271",

Remark 5.5. In the special case where ¢|(w, N/w), the residues of L (Ea(z, % —l—it) ®X,s;d) at
s =1=it (t #0) are bounded by

(d, w)(w, N/w)
(wN)1/2

<e ((1+]t))Nq)F cosh?(xt)(d, N)*/?, (5.37)

ress—14it L (Ea(2, L +it) ® x, 8;d) << (1 + [t|)Ng)® cosh'/?(rt)

and the same bound holds for ress—1(s — 1)L (Ea (z, % + z't) ® X, S; d) ift =0.

5.8 Putting it all together

We will need to bound the Bessel transforms ¢ (m, n; s; %) (k), ¢u(m,n;s;*)(t) and @g(m,n; s;*)(t).
For this purpose, we first record an estimate for ¢y and its partial derivatives. Using (5.31) and
several integrations by parts, we see that for any j,k > 0 and Rs > —%,

ok . .
rkwapb{(m, n;8;7) LKjike PE(PE,uiZ)J+k|s|_]E(m, n)H"*, (5.38)

where E(m,n) is defined in (5.26); moreover, as a function of r, g (m,n;s;r) is supported on

i /
<2 Vdé{h 136 Vdgh ) — (R,18R),

say. We will apply these bounds in conjunction with Lemma 2.1.
We are now ready to combine the results of the preceding sections to conclude the proof of

Theorem 5.1. We start by estimating the contribution of the Maass spectrum to 13;’+:
1 N 1 ass aass
T Z )\g(m))\g(n)%/T}L\I/Iad (m,n;s)ds = 2—7” / Z Ag( n)TH2 (m, n; 5) ds.
m,/n}l (2) (1/2) m,n>1
h'>0 h'>0
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With some Tj > max(10R, 1) to be determined later, we further decompose TN (m, n; s) as
Ty (m, n; s) = T 25 (myn; s) + TSy (m,n; s),

corresponding to the contributions of the eigenforms u; € Bo(NN, 1) such that |t;| < Tp and |¢;]| > T,
respectively (observe that the first portion contains the exceptional spectrum whenever it exists).

Setting W := P°u2Z, we can apply (2.23) and (2.24) to ¢ = @ (m,n;s;*) in the light of (5.38).
Using also (5.33) and (5.34), we obtain, for any j > 0,

Wi

WE(m, n)(£105) Y2 HY/2 g /20w

Tg{?%i (m,n;s) <je (PTo)°

8.

VI pi()) IVdhp;(dh)| \ 1+ |log(R/W)| + (R/W)~2I3t]
2 eotny |, 2w L+ R/W

[t:|<To h|(dN)o®

By several applications of the Cauchy—Schwarz inequality and the bound (2.45), we can see that

VI pi(R)] |[Vdhpi(dh)]

) “cosh(wt;) Y. e | e (mnPTo) (0'd)'Tg. (5.39)
It:|<To ! h|(dN)>

In addition, since H < 8Y/d and R = 2v/dHR' /C, we have

Lt [log(B/W) | + (R/W) Uy o (W20 (Y12
1+ R/W ‘ 0% d '

Hence by summing over m,n and using (2.44) and (5.26), we find that

S T (i) | <
lLm<,, e PEZ%(C?/X)
an<K, PEZ3(C?)Y)

Wi c3 e\’ (v\'"?
5e r73+260 1/2 46 ~ s 1/2—6¢wB+2
(PT()) 7 7|5|j*1/2*€ (6162) d TIKQ ( % ) <d> q TO .

For TH%%55 (m,n; s), we use (2.26), (5.33) and (5.34): we obtain, for any j > 0 and any k > 1,

aass & Wj — — 0t
T3 (myn; s) <. P W:(m,n)(gng)l/zHl/qu/z St
5 WEn (g~ ko] e (WA (LR
cosh(mt;) h1/2 ’ t A2t )
|t:]>To R|(dN)=>= i

We take k > 3/2 4+ B + ¢ to ensure the convergence of the sum over the {u;}, and then we sum over
m,n using (2.44) and (5.26). As before, we may restrict ourselves to some range

hm <, PFZ3(C?/X)  and  lon <, . PTZ*(C?/Y),
the remaining contribution being negligible. In this range
W <, PPZ3(C?/X)  and R <,. P°Z(Y/X)Y?

therefore we obtain, using also (5.39),

ST A THE (03 5)| e (PT) 2572
lLm<,, . PEZ%(C?/X)
on<ky . PEZ%(C?)Y)

; 0 1/2 k 1/2
W 1/2 16 c3 [c? Y 1/2-60 (W B2 1 Z(Y/X)
x |s|i—1/2—¢ (rlz) ""d 10, \ X d q T, Ty T01/2 + T, :
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Summing up and using also (5.18), we infer that

1 — Wi
T2 MmN () TH i) ke (PTo) 2 s (6)
m,n>1
h'>0

2\’ (v\"? WA\* ((Y/X)0  Z(v)X)Y/2+0
~ - /2—6¢wB+2 M
<o) (7)o (5) (25— )

Ty == max(10R, WY V) <, . WYVE(Y/X)!/2

Upon choosing

and taking k very large (in terms of ¢), the above becomes

4 13¢ 734260 With+2 1/2 760—1/2 1/2— 5 (B+2)/2v,1/2—0 ~1+20
LG ge P77 |S|j_1/2_€(€1£2) d q (Y/X) Y C .

We use this bound with j > 3/2 + ¢ (to ensure convergence in the s-integral), and integrate over s.
In this way we obtain that the contribution of the Maass spectrum to D™ is bounded by

g plde 73+207y,7/2+ B (6162)1/2d971/2q1/275m (Y/X)(BH)/QYVQ*HCH%,

hence by (5.16) the global contribution of the Maass spectrum to X, ({1, ¢2; ¢) is bounded by (remem-
ber that we have reused the letter d in place of ¢’d)

<<g,€ P24€z13/2+B+29 (6162)1/2C1/2+0q1/27076tw (Y/X)(B+2)/2Y1/27901+29. (540)

Similar arguments (using also (2.45) and (2.26) for ¢) show that the same bound holds for the
holomorphic and the Eisenstein spectrum (in fact in a stronger form). For the Eisenstein portion,
however, an additional term might occur, coming from the poles of L (Eu (z, % + it) R X, s) ats=1+
it. This additional term occurs only if ¢|(w, N/w) for some w|N (in particular ¢ < N*/2 = (D¢45)/?)
and (by (5.36), (5.37), (2.24), and (5.38) with j = 14 ¢ for 6 > 0 small) contributes to Di;(m,n)
at most

Y
Kge PEWE(m, n)(d, 162) (W 41£2)' 2 —,
and the contribution of these residues to X, (¢1, f2; c) is bounded by
Lge PEWZ3(c, 0142) V22V O <y P*Z%(c, 0102) Y2 (£1£2) Y2V C. (5.41)

Collecting all the previous estimates, we obtain that X, (¢1,f2;c) is bounded by the sum of the
terms in (5.20), (5.30), (5.40), plus the additional term (5.41) if ¢|(w, N/w) for some w|N. To
conclude, we discuss now the choice of the parameter C.

A comparison of (5.40) with (5.20) suggests the choice

9428146 1-20—28¢y

_ __ 0 _ B+2 1
Copt (= 77 Aare) ¢ 2in g 4T (X/Y) e X [ Y1/2 —. Doptyl/g,

say. Clearly, Copt <Y and the condition Copy > Y1/2 is fulfilled if and only if

9+2B+40 20 1-20-284 __ B+2

X > Xopy := Z Bis cBisg bs Y Bis, (5.42)

Under this condition it follows from Y > X, ¢ > ¢ and bty < % that

3 X3/4Y3/4 X1/2Y3/2
¢ —7— < :
C / Copt

opt

so that (5.30) is bounded by (5.20) (when P?¢ is replaced by P®¢). Therefore, we obtain Theorem 5.1
when (5.42) is satisfied (cf. (5.40)):

EX (el’ 62, C) <<g,5 P24ezl3/2+3+29 (5132)1/2C1/2+9q1/2_0_6°w (Y/X)(BJ'_Q)/QYDS)I;QQ,
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plus the additional term (5.41), if ¢|(w, N/w) for some w|N, which equals
P74 (¢, 015) Y2 (0142)V2Y Copy = P¥ Z% (¢, 0102) /2 (£102) 2V 32 Dy

If (5.42) is not satisfied (i.e., X < Xopt, hence Doy < 1), we choose C' = Y1/2 = YV/2max(1, Dopt)-
We see that (5.20) is bounded by (5.40) whose value is given by

&g PHAEZI/2HBH20 (0, §,)1/261/2401/2=0=30 (v ) X )3y,
The diagonal contribution (5.30) is bounded by

(c,102)'/?

P>*Z
Soe (1, L5]1 0

Cl/2q3/16X3/4Y1/2 g PSEZ(£1£2)0C1/2q3/16X1/4(X/Y)1/2}/.

Translating X < Xopt into
X(X/Y)B+2 < Z9+23+49C29q1—29—25tw
and using also ¢ > ¢ and §y < %, we can see that
POXVA(X )Y ) B/ < 79/24B+200 11/2-0=5u
It follows that (5.30) is bounded by
<<g R P5Ez11/2+3+29 (£1£2)9C1/2+9q1/2—9—5tw (Y/X)B/4Y
In particular, if (5.42) is not satisfied, then (5.20), (5.30) and (5.40) are all bounded by
P24szl3/2+B+29 (£1€2)1/2C1/2+0q1/27075tw (Y/X)B/4Y
Finally, if ¢|(w, N/w) for some w|N, the additional term (5.41) equals
P4€Z4(C, 6162)1/2(6162)1/2}/3/2.

This concludes the proof of Theorem 5.1.
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Chapter 6

Appendix

6.1 Heegner points, closed geodesics, and ideal classes

In this section we discuss how the narrow ideal classes in an imaginary (resp. real) quadratic number
field give rise to Heegner points (resp. closed geodesics) on the modular surface SLy(Z)\H.

Let us start the discussion with the equivalence of integral binary quadratic forms. The concept
was introduced by Lagrange [La73] and studied by Gauss [Ga86] in a systematic fashion.

An integral binary quadratic form is a homogeneous polynomial

{a,b,c) := az® + bry + cy® € Z[x,y]

with associated discriminant
d:=b>—4dace 7.

The possible discriminants are the integers congruent to 0 or 1 mod 4. We shall assume that the form
(a, b, c) is not a product of linear factors in Z[xz,y], then d is not a square, hence ac # 0. If d < 0
then ac > 0 and we shall assume that we are in the positive definite case a,c > 0. Furthermore, we
shall assume that d is a fundamental discriminant which means that it cannot be written as d’e? for
some smaller discriminant d’. Then (a, b, ¢) is a primitive form which means that a,b, ¢ are relatively
prime. The possible fundamental discriminants are the square-free numbers congruent to 1 mod 4
and 4 times the square-free numbers congruent to 2 or 3 mod 4.

FEzample 1. The first few negative fundamental discriminants are: —3, —4, —7, —8, —11, —15, —19,
—20, —23, —24. The first few positive fundamental discriminants are: 5, 8, 12, 13, 17, 21, 24, 28, 29,
33.

Lagrange [La73] discovered that every form (a,b,c) with a given discriminant d can be reduced
by some integral unimodular substitution

(z,9) — (ax + By, yx + dy), (i ?) € SLy(Z),

to some form with the same discriminant that lies in a finite set depending only on d. Forms that
are connected by such a substitution are called equivalent. It is easiest to understand this reduction
by looking at the simple substitutions

(@y) S (@ —yy)  ad  (2,9) > (~y.2). (6.1)
The induced actions on forms are given by
(a,b,c) L (a,b—2a,c+ a—b) and (a,b,c) A (c,—b,a).
Now a given form (a, b, c) can always be taken to some {(a, ¥, ') with |0'| < |a| by applying T or T!

a few times. If |a| < |¢/| then we stop our reduction. Otherwise we apply S to get some (a”,b”, ")
with |a”| < |a| and we start over with this form. In this algorithm we cannot apply S infinitely
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many times because |a| decreases at each such step. Hence in a finite number of steps we arrive at
an equivalent form (a, b, c¢) whose coefficients satisfy

[b] < la| < ¢, b? — dac = d. (6.2)
These constraints are satisfied by finitely many triples (a, b, ¢). Indeed, we have

|d| = [b* — 4ac| > 4|ac| — b* = 3b%, (6.3)
so there are only < |d|'/? choices for b and for each such choice there are only <. d¢ choices for a and
¢ since the product ac is determined by b. We have shown that the number of equivalence classes of
integral binary quadratic forms of fundamental discriminant d, denoted h(d), satisfies the inequality

h(d) < |d"/?te. (6.4)

In the case d < 0 it is straightforward to compile a maximal list of inequivalent forms satisfying
(6.2). There is an algorithm for d > 0 as well but it is less straightforward. In fact the subsequent
findings of this lecture can be turned into an algorithm for all d. Note that for d > 0 (6.3) implies
4ac = b?> —d < 0, hence by an extra application of S we can always arrange for a reduced form (a, b, c)
with a > 0.

Ezample 2. The equivalence classes for d = —23 are represented by the forms (1,1,6), (2,=+1,3).
Hence h(—23) = 3. The equivalence classes for d = 21 are represented by the forms (1,1, —5),
(—1,1,5). Hence h(21) = 2.

To obtain a geometric picture of equivalence classes of forms we shall think of Q(v/d) as embedded
in C such that v/d/i > 0 for d < 0 and v/d > 0 for d > 0. For q1,qo € Q we shall consider the
conjugation

¢+ qVdi=q — gVd.

Each form (a, b, c) decomposes as
az® + bry + ¢y = a(z — 2y)(z — Zy),

where
b+ Vd . —b—Vd
2=, Zi=
Using (6.1) we can see that the action of SLy(Z) on z and Z is the usual one given by fractional linear
transformations: . s
z—z+1 and z¥ —1/z.

Therefore in fact we are looking at the standard action of SLo(Z) on certain conjugate pairs of points
of Q(v/d) embedded in C. For d < 0 we consider the points z € H and obtain h(d) points on
SLo(Z)\H. These are the Heegner points of discriminant d < 0. For d > 0 we consider the geodesics
Gz, C H connecting the real points {Z, z} and obtain h(d) geodesics on SLa(Z)\H.

It is a remarkable fact that for d > 0 any geodesic G . as above becomes closed when projected
to SLa(Z)\H, and its length is an important arithmetic quantity associated with the number field
Q(V/d). To see this take any matrix M € GL3 (R) which takes 0 to z and oo to z, for example!

z Z
M = (1 1) ,
then M takes the positive real axis (resp. geodesic) connecting {0,000} to the real segment (resp.

geodesic) connecting {z, z}. In particular, using that M is a conformal automorphism of the Riemann
sphere, we see that G, is the semicircle above the real segment [z, z], parametrized as

Gz, ={g(N)i: A >0}, where g\) =M (6\ )\01> .

lwe assume here that a > 0 which is legitimate as we have seen
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Moreover, the unique isometry of A fixing the geodesic Gz . and taking ¢g(1)i to g(A\)¢ is given by the
matrix

M (3 A(L) M~ € SLy(R).

Therefore we want to see that for some A > 1 the matrix

M (A 0 ) ol L (z)\ — 2\t 2N - A)) 65)

0 At z—z \A=X"1 2xTh—2)
is in SL9(Z), and then the projection of Gz , to SLa(Z)\H has length

A2 d
/ Y _om(n)
1 Yy

for the smallest such A > 1. A necessary condition for A is that the sum and difference of diagonal
elements of the matrix (6.5) are integers and so are the anti-diagonal elements as well. Using that

z—zZ=—), z+z=—), zZZE
a a a
this is equivalent to:
1 A=t
A+ AT €7, {a,b,c}——— C Z.
Vd

As ged(a, b, ¢) = 1 we can simplify this to

A=t

A+ tez, and
Vd

e Z.

In other words, there are integers m,n such that

d —nvd
omAnvd o menVd (6.6)
2 2
As A > 1 the integers m, n are positive and they satisfy the diophantine equation
m? — dn® = 4. (6.7)

The equations (6.6)—(6.7) are not only necessary but also sufficient for (6.5) to lie in SL2(Z). Namely,
(6.5)—(6.7) imply that

A0 _ m_bn  _pc
M (0 ,\1> M~ = ( 2 m;bn) € SLy(Z) (6.8)
since
m+bn=m?—dn>=0 (mod 2).

The \’s given by (6.6)—(6.7) are exactly the totally positive? units in the ring of integers O, of
Q(\/&) These units form a group isomorphic to Z by Dirichlet’s theorem, therefore there is a smallest
A = Ag > 1 among them (which generates the group). In other words, the sought A = Ay > 1 exists
and comes from the smallest positive solution of (6.7). In classical language, the matrices (6.8) are
the automorphs of the form (a, b, c).

To summarize, the SLy(Z)-orbits of forms (a, b, ¢) with given fundamental discriminant d give rise
to h(d) Heegner points on SLy(Z)\H for d < 0 and h(d) closed geodesics of length 21In(\y) for d > 0
where A\q = (m + n\/d)/2 is the smallest totally positive unit of Oy greater than 1. This geometric
picture is even more interesting in the light of the following refinement of (6.4) which is a consequence
of Dirichlet’s class number formula and Siegel’s theorem (see [Da00, Chapters 6 and 21]):

A2 < h(d) <. [d]Y>, d <o,

6.9
d'/?7¢ <« h(d)In(\g) <. d'/?Fe, d>0. (©6.9)

2i.e. positive under both embeddings Q(v/d) — R
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This shows that the set of Heegner points of discriminant d < 0 has cardinality about \d|1/ 2 while
the set of closed geodesics of discriminant d > 0 has total length about d'/2,

We now prove that the equivalence classes of forms of fundamental discriminant d can be mapped
bijectively to narrow ideal classes of the quadratic number field Q(v/d) in a natural fashion. As the
latter classes form an abelian group under multiplication, we obtain a natural multiplication law
on the equivalence classes of forms. This law, discovered by Gauss [Ga86], is called composition in
the classical theory. In combination with the previous paragraphs, we obtain that the narrow ideal
classes correspond bijectively to the Heegner points (if d < 0) or the closed geodesics (if d > 0)
of discriminant d on SLg(Z)\H, and the narrow ideal class group acts on these geometric objects
accordingly.

Recall that a fractional ideal of Q(v/d) is a finitely generated Oz-module contained in Q(v/d)
and two nonzero fractional ideals are equivalent (in the narrow sense) if their quotient is a principal
fractional ideal generated by a totally positive element of (@(\/&) Here “totally positive element” can
clearly be changed to “element of positive norm” where the norm of p € (@(\/&) is given by N(u) = pji.
Recall also that we can represent equivalence classes of forms of fundamental discriminant d by some

Qi(x,y) = a;x® + by + ey = ai(r — ziy)(x — Ziy), i=1,...,h(d),

with

R

7 -

a; > 0, Z;

Zai 2&1‘

It will suffice to show that each fractional ideal I of Q(v/d) is equivalent to some fractional ideal
Il:Z—i-ZZ“ Z:L,h(d),

and that the fractional ideals I; are pairwise inequivalent.
Any fractional ideal I can be written as

. Wi — WiWw
I =7w, +Zwy  with %>0.

We associate to I (and wy,ws) the binary quadratic form

(zw1 — ywe)(zio; — yws)
N(I) ’

Qf(x7y) =

where N(I) > 0 is the absolute norm of I, i.e. the multiplicative function that agrees with (Oy : I)
for integral ideals I. We claim first that Q;(z,y) has integral coefficients and discriminant d. To see
the claim we can assume that I is an integral ideal since Q(z,y) does not change if we replace I by
nl (and w; by nw;) for some positive integer n. Then wq,ws and their conjugates are in Oy and the
claim amounts to:

o N(I) | w1w1, wi@g + @1wa, wals;
o (wiwy — Ww2)? = N(I)?d.

The first statement follows from the fact that wq,ws,wi +ws are elements of I, hence their norms are
divisible by N(I). The second statement follows by writing Oy as Z + Zw and then noting that

The claim implies that there is a unique 7 and a unique (: g) € SLy(Z) such that

Qrlax + By, yx + 6y) = Qi(x,y).
We can write this as

N(awy — yws)

N (= 2y)(z — Zy) = a;(z — zy)(x — Ziy),
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where

— 1
- M (6.10)
Qup — Yw2
This implies immediately that
N(awy —yws) = a;N(I) > 0. (6.11)
Then a straightforward calculation yields
z2—Z ad — [y Wiws — wile

Vi Now @) va 0

which by
i 2 0
Z2i — Z S

Vd i

forces that z = z;. But then (6.10)—(6.11) imply that

I = Zw + Zws = Z(owy — ywa) + Z(—Pwy + dws)

is equivalent to

Now assume that I; and I; are equivalent, i.e. there is some p € Q(v/d) such that

W(Z + Zz;) = L+ Lz, N(p) > 0.

Then we certainly have some (3 ?) € GL2(Z) such that

p= o+ Bz, pzi =7 + 0z;.

In particular,
o+ Bz;

By a straightforward calculation as before,

)

with  N(a+ Bz;) > 0.

Zi — Z; ad — By Zj — Zj

vd  N(a+8z) Vd '

which shows that YT
ad —pBy=1 and  N(a+fz)="2—2=—"

Zi — Zi a; '
Now we obtain
ai(x — zy)(x — Zy) = a; ((a + Bz;)x — (v + 6z)y) ((a + BZ;)z — (v + 6z;)y),
i.e.

Qi(xa y) - Qj (OZCE - Y, *ﬁl’ + 52,/)7 (_% _g> € SLQ(Z)

This clearly implies that ¢ = j, since otherwise the forms @); and @); are inequivalent.

Incidentally, we see that the equivalence class of the associated form Q;(z,y) only depends on the
narrow class of I (in particular, it is independent of the choice of ordered basis of I') and two fractional
ideals I and J are in the same narrow class if and only if Q;(x,y) and Q;(z,y) are equivalent.
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6.2 Bessel functions

In this section we prove some basic facts concerning Bessel functions.
For s € C, the Bessel functions satisfy the recurrence relations

(szs(x))/ =z’ Js_1(x), (asSYS(:z:))/ =2°Y;_1(x), (xsKs(x))/ = 2K 1(x).
In particular, if o > 0 and B, denotes either J,, Y, or K, then
(/)" Bo(a/E) = % - ((0/a)" Buya (o). (6.12)

and for any j € N,

5. (2) =008 (2) 4 0t (2) 5 (2) -4 0 (2) 8 (2). 019

where each @; is a polynomial of degree ¢ whose coefficients depend on ¢ and j.

Lemma 6.1. Let F' € C°(RT) be a smooth function of compact support. For s € C let By denote
either of the Bessel functions Js, Yy or Kg. Then for a > 0 and j € N we have

" F(2) Bu(an/3) do = + % T ‘Lj,(F(:c)x—%)xS?j Byyj(avz)dz. (6.14)
0 0

dxd

Proof. Using (6.12) and applying integration by parts j times we obtain

[ FepovR = + (j) [ E@ VD (@A) B ) de

. (j) | A F @ ava) ) ave) B (v de

+ (Q)j /0oo i(F(x)x—%)xs?' Biysj(ov/7) dz

« dxI

Proposition 6.1. For any integer k > 1, the following uniform estimate holds:

3:kfl

Jeo1(z) < {2“F(ké>’

kx=1/2, 1<

O0<z<l;

The implied constant is absolute.

Proof. For x > k2, the asymptotic expansion of Ji_; (see Section 7.13.1 of [O174]) provides the
stronger estimate Jy_1(z) < 2~ Y2 with an absolute implied constant.
For 1 < x < k?, we use Bessel’s original integral representation (see Section 2.2 of [Wad4]),

1

2m
Jp—1(z) = %/o cos((k —1)0 — xsin6) db,

to deduce that in this range
| Jk—1(2)] <1< kx—1/2,

For the remaining range 0 < x < 1, the required estimate follows from the Poisson-Lommel
integral representation (see Section 3.3 of [Wad4])

G " . 2k—2
ok—1T (k*%)F(%) /0 cos(z cos #) sin 9do. O

Jk_l(l‘) =
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Proposition 6.2. For any o > 0 and any € > 0, the following uniform estimates hold in the strip
|Rs| < o

(1+19s)7 2772, 0 <o <1+ 3]
6771'\§3|/2)/S(z) < (1 + |%S|)7€‘TIJE, 1+ |%S| <z <1+ |5|2;
212, 1+ s]? <

(1+ |%s|)a+ax_"_5, 0<z<14+7Ss|/2;

T|Ss|/2
e Ks(x) < {€—r+ﬂ'35|/21‘_1/27 1+ 7T|(55|/2 <

The implied constants depend at most on o and €.

Proof. The last estimate for Y follows from its asymptotic expansion (see Section 7.13.1 of [O174]).
The last estimate for K follows from Schléfli’s integral representation (see Section 6.22 of [Wad4]),
K.(z) = / e osh() oo (st) d,

0

by noting that
cosh(t) > 1+ t2/2 and | cosh(st)| < e”".

We shall deduce the remaining uniform bounds from the integral representations
1 — —w
4Ks(x):—,/r WoS\p (LS (5) " dw.
2mi Je 2 2 2
1 w—Ss w4 s ™ T\ W
e g [ (252 () () (5) "
21Ys(x) 27Ti/c ( 5 ) ( 5 )cos 2(w s) 5 dw

where the contour C is a broken line of 2 infinite and 3 finite segments joining the points

—& — i00, —e—i(242[Ss), o+e—i(2+2[Ss]),
c+e+i(2+2Ss]), —e—+i(2+2(Ss]), —& + 100.

These formulae follow by analytic continuation from the well-known but more restrictive inverse
Mellin transform representations of the K- and Y-Bessel functions, cf. formulae 6.8.17 and 6.8.26 in

[Er54].
If we write in the second formula

cos (g(w - s)) = cos (gw) cos (gs) + sin (gw) sin (gs) ,

then it becomes apparent that the remaining inequalities of the lemma can be deduced from the

uniform bound
w s w+8 z _w T —O0—¢€ T €
7 max(|Ss|,|Swl)/2 T — T (,) d [ —_— .
/ce ( 7 ) ( 2 ) ) e \ T 5] AT 5]

By introducing the notation
G(s) = ISP (s),

Ms(x):/c G(w;S)G(w;8> (g)_w duw

the previous inequality can be rewritten as

T —O0—¢€ T I
M, ve | ——— — ] . 6.15
() <, (1+|Ss|) + (1+%s> ( )

)
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Case 1. |Ss| < 1.

If w lies on either horizontal segments of C or on the finite vertical segment joining o + ¢ + i(2 +
2|Ss]), then w =+ s varies in a fixed compact set (depending at most on o and ¢) disjoint from the
negative axis (—oo, 0]. It follows that for these values w we have

w— S w+ S
el
o(25)o () =
w—S w+ s AN ot
G( - )G(2>(2) Coe 777,

and the same bound holds for the contribution of these values to M(x).
If w lies on either infinite vertical segments of C, then

ie.,

|S(w +£ 5)| < |Sw| > 1,

whence Stirling’s approximation yields

w— S WS\ n —e—1
6(52) 6 (M) = fowre

It follows that the contribution of the infinite segments to My(x) is <4 2°.
Altogether we infer that

M(z) €5 2777 + 2%,
which is equivalent to (6.15).

Case 2. |Ss| > 1.
If w lies on either horizontal segments of C, then

|S(w £ 5)| < |Ss],

whence Stirling’s approximation yields

w— S w+s\ _ o Rw—1
o("5) o (") o

w—§ w+s\ T\ 1 [Ss] R
(7)) 0 em (B)

It follows that the contribution of the horizontal segments to M (z) is

ie.,

Loe |Ss| 7oL 4 |Ss| T a0,
If w lies on the finite vertical segment of C joining o + € + i(2 + 2|%s|), then
Rwts)>e and max |S(w £ s)| < |Ss],

whence Stirling’s approximation implies

w—5 w+ s Ss|ote/2=1/2 i min |S(w + s)| < 1;
G( 2 >G< )<<m{| | S(w + 5)|

2 |Ss|otet if min |S(w + s)| > 1.

It follows that the contribution of the finite vertical segment to Mg (x) is
Lge |Ss|7tex™7E,
If w lies on either infinite vertical segments of C, then

IS(w + 8)| < |Sw| > s,
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whence Stirling’s approximation yields

w— S wH+Ss\ & e
G( 5 )G( 5 >A5|Jw| .

It follows that the contribution of the infinite vertical segments to M(z) is

Lo [Ss] 752"
Altogether we infer that
M(7) g |Ss|7Te2777° + Qs %27,

which is equivalent to (6.15).
The proof of Proposition 6.2 is complete.
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