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ABSTRACT. The aim of this paper is to derive bounds on the critical line s = % for L-functions
attached to twists f ® x of a primitive cusp form f of level N and a primitive character modulo
q that break convexity simultaneously in the s and ¢ aspects. If f has trivial nebentypus, it is

shown that .

4 1_ 1
L(f ® x,s) < (N|slg)* N5 (|s|g)2~ 30,
where the implied constant depends only on € > 0 and the archimedean parameter of f. To this
end, two independent methods are employed to show
1,1 3
L(f®x,5) < (N|s|g)*N=|s|zqs
and ) s
L(g,s) < D3|s|12
for any primitive cusp form g of level D and arbitrary nebentypus (not necessarily a twist f ® x
of level D | N¢?).

1. INTRODUCTION

In the past two decades, powerful methods have been obtained to study the growth of L-functions
on the critical line Rs = % Depending on the application, one usually tries to break the convexity
bound in one of the parameters of the L-function while keeping the dependence of the other para-
meters polynomial. By now there are only two results where subconvexity in two parameters has
been achieved simultaneously: Heath-Brown [HB] combined Burgess’ and van der Corput’s method

to obtain
(1.1) L(x, ) <e (|s]q) 6t

for Dirichlet L-functions for a character x modulo ¢ on the line Js = % Very recently, Jutila and
Motohashi [JM] managed to obtain uniform subconvexity in the archimedean and the s-aspect for
L-functions for cusp forms on GLy. They showed

L(f,s) <= (|s] + |ul)3 "=

for any holomorphic or non-holomorphic cusp form f for the full modular group where we write

A= % when f is a Maaf} form of Laplacian eigenvalue A,
(1.2) p=ty:= Uk ) ) _
— when f is a holomorphic form of weight k,
and refer to p as the archimedean parameter of f. This was a major breakthrough, and the proof
is long and very elaborate. For most arithmetic applications, however, the focus lies on the non-
archimedean parameter (“conductor”) of the L-function. For L-functions attached to general cusp
forms for a congruence subgroup I'g(g), the authors and Philippe Michel [BHM2] recently obtained

L(f, 8) <<s,u q%_ﬁ,
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but by present technology it seems to be out of reach to break simultaneously the convexity bound
in ¢ and one of the other parameters. We can, however, get hybrid bounds, if we restrict ourselves
to a special subfamily of cusp forms, namely those that occur as a twist of a fixed form. In analogy
with (1.1), we shall prove the following hybrid estimate.

Theorem 1. Let f be a primitive (holomorphic or Maafl) cusp form of archimedean parameter u
as in (1.2), level N and trivial nebentypus, and let x be a primitive character modulo q. Then for
Rs = 3 and for any e > 0 the twisted L-function L(f @ x, s) satisfies

PRt 11
L(f @ X, 8) <pe (Nslg)" N> (|s]g)> 770,
where the implied constant depends only on € and p.

Note that f ® x is a primitive cusp form of level dividing N¢? and nebentypus x2. A thorough
examination of the proof shows that the dependence on the archimedean parameter p of f can
be made polynomial. In order to prove Theorem 1, we combine two methods each of which gives
subconvexity in only one of the parameters. Theorem 1 will be a simple corollary from Theorems 2
and 3 below. Pushing a method of Bykovskil [By] to its limit, we shall show

Theorem 2. Let f be a primitive (holomorphic or Maafl) cusp form of archimedean parameter p,

level N and trivial nebentypus, and let x be a primitive character modulo q. Then for Rs = L and

for any € > 0 the twisted L-function satisfies ’
L(f @ x.5) <= (IslHulBNEgd + |52 [ulN 3 (N, )%t (sllniNg)*
if f is holomorphic, and
L(f @ xos) < (Jsl* (14 |ulPNEgd + Js) (1 + ) ENE (N 0 R at) (1s](1 + ) No)®
otherwise.

In [BHM1] the authors obtained

L(f @ x,5) <e (Is](1 4 [u))Ng)*|s|* (1 + |u])?N7q>

i — 503 _ 1285 _ 13 = 25 i
with a = 3z, 8 = 522, v = 15, 0 = 555 in the more general setting where f was allowed to

have any nebentypus. Theorem 2 is now a complete analogue of Burgess’ result [Bu] for Dirichlet
L-functions in the g-aspect; note that it is—unlike its predecessor in [BHM1]—independent of the
Ramanujan—Petersson conjecture. As in [BHM1], Theorem 2 can also be used as an input for certain
automorphic functions on GL4. Together with the convexity bound, we obtain

(1.3) L(f @ x;8) <z (Jsl(1 + ) No)*|s| = (1 + ]’ N 2 g
from Theorem 2. Changing exponents in [HM], we obtain®
Corollary 1. Let f and g be two primitive (holomorphic or Maafl) cusp forms of respective levels

g, D and respective nebentypus X, xg such that x rxg is non-trivial. Then for Rs = % the associated
Rankin—Selberg L-function satisfies

1

1_
L(f ®973) < ((|S| + |tf| + ‘tg|)D)Aq2 13

where A > 0 is an absolute constant.

Waldspurger’s theorem translates bounds for twisted modular L-functions into bounds for the
coefficients of half-integral weight modular forms. Theorem 2 gives

IMathematica source code available upon request.



HYBRID BOUNDS FOR TWISTED L-FUNCTIONS 3

Corollary 2. Let k, M € N, and let x be a character modulo 4M . Let
F(2) =" py(n)(4mn) > Fie(nz)
n=1

be an L2?-normalized cusp form in Siy1(4M,x), where S 1 (4M,x) denotes the orthogonal com-
2 2

plement in Sk+%(4M7 X) of the space of theta series in one variable?. Then for any e > 0 and any
n > 1 we have

—-1/2
Vnps(n) <o (kMn)® (F <k + ;)) (kJ%M%n%6 + k;Mn%) (n, (2M)>®)%.

The first nontrivial bound for Fourier coefficients of half-integral weight was proved by Iwaniec
[Iwl]: \/nps(n) <g.e n® 14+ uniformly in M. For k+3 > 3, Bykovskil [Bu] obtained \/npg(n) <as ke
n3/16+¢ with an unspecified dependence on k and M. Various applications of Corollary 2 to ternary
quadratic forms can be found in [B12]. The proof is based on a careful calculation of the Kohnen—
Zagier constant appearing in Waldspurger’s theorem. This has been carried out by Zhengyu Mao in
[BHM1, Appendix 2] for every index n whose square part is coprime with 2M. In Section 9 we give
some refinements of the argument in [BHM1, Appendix 2] and indicate how to cover all indices n,
as kindly communicated to us by Zhengyu Mao.

Since Theorem 2 is on the edge with respect to s, we obtain a version of Theorem 1 as soon
as we have subconvexity in s with polynomial growth in q. There are several methods to break
convexity in the s-aspect, but all of these have only been carried out for cusp forms for the full
modular group. Although it is clearly known to experts in the field that a result of this kind
for congruence subgroups can be achieved, the generalization is not completely straightforward.
Probably the most elementary approach is due to Jutila [Jul, Me], using only Voronoi summation
and estimates for certain exponential integrals. It turns out, however, that this method is not directly
applicable for congruence subgroups, since Voronoi summation is only available for certain fractions,
and it is not clear what approximation properties Farey fractions with congruence restrictions have.
Chronologically the first to obtain subconvexity (for holomorphic cusp forms of full level) in the
s-aspect was Good [Gol, Go2] who deduced it from an asymptotic formula of the kind

(1.4) /OT L (g, % + it) i

dt = c;Tlog T + coT + O(T'79).

Evaluating this integral leads to a shifted convolution problem in the coefficients A(n) of L(g, s).
There are several ways to obtain good bounds for such sums. Good [Gol, Go2] and many others
(see, for example, [Ju2, Ju3, JM, Sa, LLY]) used a spectral decomposition for the Dirichlet series
ST A(M)A(n + h)(n + h)~°. This approach has certain difficulties® in the non-holomorphic case (see
e.g. [Sal]), but it can be made work since the shifting parameter is not too large. However, we prefer
to use a more elementary method based on Jutila’s variant of the circle method and Kuznetsov’s
trace formula that is readily available in the general case and does not require much calculation.
Theorem 2 in [Bl1] yields

Proposition 1. Let g be a primitive (holomorphic or weight zero Maaf) cusp form of archimedean
parameter i, level D and arbitrary nebentypus. Let 0 < é be as in (2.4).
a) Let K, T be large parameters such that

] ] 9 4—260
D<K:T™%, DwweTsw <K <T,

or
2

0 1 4
KT+ < DLTs, DT < K <T.
2Note that Sllc+ (4M, x) is the entire space Spi1 (4M, x) if k > 2, while for k = 1 it equals the subspace V (4M; x)
2

1
2
defined in [U93].
3Very recently the authors found an alternate spectral decomposition that avoids these difficulties, see [BH].
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Then the L-function attached to g satisfies

T+K 1
L g,—i—it)
o el
b) If D > T3 then

T 1 2
L —+it
Jo o)

dt <, - (DT)® min (D%T%,D%T) .
A more careful reasoning would give an asymptotic formula as in (1.4). As a simple consequence
we obtain

2
dt <, (DT)°K.

Theorem 3. Let g be a primitive (holomorphic or weight zero Maafl) cusp form of archimedean
parameter i, level D and arbitrary nebentypus. Let 0 < é be as in (2.4). For Rs = % we have

L(g,5) e (D|s|)° D% |s|57% < D3|s|.
Precisely,
D |s|$5r,if D < Js| ™75 ;
(1.5) L(g,5) <pue (D]s])° x { D¥|s|3, if s <D< |s|3;
Di|s|, if |s|* <D.

Remark. Inequality (1.5) breaks the convexity bound in the s-aspect as long as D < |s|%

Acknowledgements. This paper was worked out in part during the theme year “Analysis in Num-
ber Theory” held in Montréal in Spring 2006. We thank the Centre de Recherches Mathématiques
for excellent working conditions.

2. OVERVIEW: AUTOMORPHIC FORMS

In this section we briefly compile some results from the theory of automorphic forms and introduce
the relevant notation.

2.1. Hecke eigenbases. Let D > 1 be an integer, ¥ be an even character to modulus D; let k > 2
be an even integer. We denote by Si(D,v), £L2(D,v) and LE(D,v) C L?(D,1)), respectively, the
Hilbert spaces (with respect to the Petersson inner product) of holomorphic cusp forms of weight
k, of Maafl forms of weight zero, and of Maafl cusp forms of weight zero, with respect to the
congruence subgroup I'g(D) and with nebentypus . These spaces are endowed with the action
of the (commutative) algebra T generated by the Hecke operators {7, | n > 1}. Moreover, the
subalgebra T(P) generated by {T}, | (n, D) = 1} is made of normal operators. As an immediate
consequence, the spaces S(D,1) and L£3(D,1) have an orthonormal basis made of eigenforms of
T(P) and such a basis can be chosen to contain all L?-normalized Hecke eigen-newforms (in the
sense of Atkin—Lehner theory). We denote these bases by By (D,) and B(D, ) respectively. For
the rest of this paper we assume that any such basis satisfies these properties.

The orthogonal complement to £2(D,) in £2(D,) is the Eisenstein spectrum &(D,v) (plus
possibly the space of constant functions if ¢ is trivial). The adelic reformulation of the theory of
modular forms provides a natural spectral expansion of this space in which the basis of Eisenstein
series is indexed by a set of parameters of the form*

(2.1) {1,002, f) | 1h2 = 9, f € B(y1,42)},

where (11, 19) ranges over the pairs of characters of modulus D such that 115 = ¢ and B()1, )
is some finite set depending on (11, 2) (specifically, B(11, 12) corresponds to an orthonormal basis
in the space of an induced representation constructed out of the pair (¢1,12), but we need not be

e suppress here the independent spectral parameters % + it with t € R.
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more precise). We refer to [GJ] for the definition of these parameters as well as for the proof of the
spectral expansion of the following form: for g € £(D, ) one has

dt
ZZ /g,Ewl,wz,ff By o, f(2) -

P1Pa=
fEB(wl,wz)

An important feature of this basis is that it consists of Hecke eigenforms for T(P): for (n,D) = 1
one has

TnEw1 7¢27f7t(z) = )‘wl a’/&,t(n)Ewlvw%fat(z)

A it () = D by (@)a’ o (b)b™".

ab=n

with

2.2. Hecke eigenvalues and Fourier coefficients. Let f be any such Hecke eigenform and let
Az(n) denote the corresponding eigenvalue for T),; then for (mn, D) =1 one has

Ag(m) = > w(d)As(mn/d?),

d|(m,n)

Ap(n) = d(n)As(n).
In particular, for (mn, D) =1 it follows that

(2:2) Ap(m)As(n) =(n) D w(d)As(mn/d*).
d|(m,n)

By [DFI, Proposition 19.6] we have

(2.3) > ()P << (1 + |tf]) D)

n<e

forany z > 1, € > 0.
We write the Fourier expansion of a modular form f as follows (z = z + iy):

= ps(n)n*%e(nz) for f e By(D,),

n>1

= > pp(m)Wour, (4znly)e(nz) for f e B(D,),

n#0
and for a basis Eisenstein series

Ellfhlllz( f7 b + lt) = ftyl/ et +coft y1/2 " + prt WO Zt(47r|n‘y) ( )
n#0
Here t; denotes the spectral parameter (1.2) for which the currently best approximation is due to
Kim-Sarnak [KS]’:
s
64
When f is a Hecke eigenform, there is a close relationship between the Fourier coefficients of f

and its Hecke eigenvalues Af¢(n): one has for (m, D) =1 and any n > 1,

(2.5) Ap(m)vnpg(n) =Y (d \/;pf (%);

d|(m,n)

(2.4) Stp| < 0=

in particular, for (m, D) =1,
(2.6 Ar(m)ps(1) = vimps(m).

5For MaaB cusp forms f of weight 1, ¢y € R.



6 VALENTIN BLOMER AND GERGELY HARCOS JULY 30, 2007

Moreover, these relations hold for all m, n if f is a newform.

We will also need the following lower bounds for any L?-normalized newform f in either By (D, )
or B(D,v):
(4m)*=Y((k — D)D)~ (kD)=¢, for f € Bi(D,),
cosh(rmt ) D™H(D + |ts]) ¢, for f e B(D,v),

cf. [DFI, (6.22)(6.23), (7.15)—(7.16)] and [HM, (31)].

(2.7) (L) > {

2.3. The trace formula. Let ¢ : [0,00) — C be a smooth function satisfying ¢(0) = ¢’(0) = 0,
¢V (z) <. (1+x)"27¢ for 0 < j < 3. Let

39 = [ aa @,
(2.8) | i )
(mt) / (Joit(x) — J_244()) p(x)—

2sinh 0 T

~ 1

o(t) :=

be Bessel transforms. Then for positive integers m, n the trace formula of Bruggeman—Kuznetsov
holds:

pRECHUNNST C I 3) piF BRI it

D‘c k>2 even
B (D
(2.9) feEBR (D)
(ty) dt,
DI ZZ/ o) i )pm o) dt
feBD) Vo=
B i)

where the right-hand side runs over the spectrum of the Laplacian of weight zero in (2.9) acting on
forms of level D and character ¢ (cf. [Iw2, Theorems 9.4 and 9.8]%). The holomorphic counterpart
of (2.9) is Petersson’s trace formula (cf. [Iw2, Theorem 9.6])

(2.10) Gy + 2w Z %Sw(m, n,c)Jp_1 <4T{W> = (k (_43;_?1” Z pr(m)ps(n).

Dle FEBK(D,)

2.4. Approximate functional equation. For the proof of Proposition 1 we shall need to express
L-functions as finite sums. Let g be a primitive (holomorphic or Maaf}) cusp form of archimedean
parameter pu, level D and arbitrary nebentypus. Define

i, —ipu when g is an even Maafl form of even weight;
i, —ip+1 when g is an even Maaf} form of odd weight;
11, p2 =< ip+1, —ip+1 when gis an odd MaaBl form of even weight;
i+ 1, —ip when g is an odd Maafl form of odd weight;
i, i+ 1 when g is a holomorphic form.
Observe that (2.4) implies
7
R R —0=——
M1, /J*2 64

For s > 1 the L-function of g is defined in terms of the Hecke eigenvalues A(n) as
)= Alm)n~
n=1

6In [Iw2] the basis of the Eisenstein spectrum is indexed by the set {a} of cusps of I'g(D) which are singular with
respect to 1. The proof for the basis indexed by (2.1) is identical. Note also that in [Iw2] equation (9.15) should have
the normalization factor % instead of %, and in equation (B.49) a factor 4 is missing.
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The completed L-function, given by

A(g,s) == D**Loc(g,9)L(g,5),  Loo(g,s) =7 °T (8 +2u1> : (S +2M2) ’

is entire and satisfies the functional equation
(211) A(g78) :wx(gal_g)a

for some w = w(g) of modulus 1, cf. [DFI, (8.11)—(8.13), (8.17)—(8.19)]. This leads to the follow-
ing representation of L(g,s) as an essentially finite series for s on the critical line; the following
approximate functional equation holds:

1 — An n SRR
(2.12) L<g,2+“>:Zn;&ztv(\/@)M{Zlné(th< C(t)>

n=1

for t € R where k = k(g,t) has absolute value 1,

D |1 1
2.13 C(t) = —=|=+it —+it
( ) () (27?')2 2+Z +,u1 2+Z +/'L2
is the analytic conductor, and V is a smooth function satisfying
(2.14) VO (2) < (14 2)7"

for each pair (j, k) € N2, see [Ha, Theorem 2.1 and Remark 2.7].

3. AMPLIFICATION

In the next three sections we give a proof of Theorem 2. The method is based on a paper by
Bykovskil [By]. Let fy be a primitive (holomorphic or Maa$l) cusp form of Hecke eigenvalues A(n),
archimedean parameter p, level N and trivial nebentypus, and let x be a primitive character modulo
g for which we want to prove Theorem 2. We shall embed fj into the spectrum of T'g(D) with trivial
nebentypus, where D is an integer satisfying [N, q] | D and D > 2q; we take

(3.1) D :=3[N,q].

More precisely, we shall choose the bases B (D, 1) and B(D,1) described in Section 2 in such a way
that one of them contains the L?-normalized version of fo(z):

fl(z) — .fO(z) _ fO(Z) ]
(fo, fo)p  [Tolq) : To(D)] (fo, fo)q

Then (2.7)—applied for ¢ in place of D—shows that

(4m)*=1((k — 1)!D)~Y(kD)~¢, for fi € Bx(D,1),
cosh(mu)D~Y(D + |u])~¢, for f; € B(D,1),

(3.2) o (DI > {
We shall consider an amplified square mean of the “fake” twisted L-functions’
(3.3) L(f@x:5) =Y Vaps(n)x(n)n~*

n=1
for f either in By (D, 1) or B(D,1) and

(3-4) L(Eyj e @X8) = Y Vrpse(n)x(n)n~*
n=1

7[By} considers true L-functions over the whole spectrum which is, technically speaking, incorrect as the spectrum
includes old forms. Similarly, the “normalized orthonormal basis” considered at the bottom of [By, p.925] is prob-
lematic as the first Fourier coefficient vanishes for old forms. We avoid these troubles by a more careful setup here
and in Sections 2.1-2.2.
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for ¢ any character modulo D, f € B(¢,%) and t € R. The justification comes from (2.6): apart

from invertible Euler factors at primes dividing D,

O®Xa ZA

hence for s = % we have

(3.5) IL(f1 @ X, 8)[ > D™ |pg, (V]| L(fo ® X, 5)|.
For integers 0 < b < a let us define
(3.6) Pap() =" o ()",

In order to satisfy the decay conditions for Kuznetsov’s trace formula, we assume b >

(mod 2), then using [GR, 6.574.2] it is straightforward to verify that

-1
: B (1—k)i\* at+b \? —2b-2
Pap(k) = 1, jl;[o { < 5 > + ( 5 J> Xap £k ;
- R atb N\
Gap(t) = iy H {t2 + ( 3 _]> } Xap (14 |t|)_2b_2

Jj=0

(3.7)

with ¢ and ¢ as in (2.8). In particular,

(;.Sa, k)>0 for 2<k<a-—b,
(38 . v(k)
¢ap(t) >0 for all possible spectral parameters ¢,
since |3t < 1. For

TER, ueC, ke {2,4,6,...}, (¢,D) =

let us define the quantities

holo ik(k_2)! N~ S — N
Q) == > ML @ x,u+iT)L(f ® x, T+ iT)

o (4m) k1
fE€BK(D,1)

> bR)2(k = D)iT* Q)

2. Ifa=b

k>2 even
+f€BZ(I; : oty Cosh cosh(rt ) M OEU @ xu+im)L(f & X, +i7)
oo 1 b .
+ Z Z /O<> (b(t)mAw,@t(Z)E(Ew,&,ﬁt @ X, u +4T)L(Ey g 0 @ X, U +47) dt
¢pmod D ¥
fFeB(b.P)

with the notation (2.8) and with ¢ := ¢ 2, cf. (3.6).
For u = % + ¢ and k£ > 4 we shall show in the next section

QZOIO([) <. (\}E+ <K4EN,Q) fz(N,(I)2> (1+ ‘7'|
q2

Nz ¢ N

. {va) | V)l
1 {1 ,q ,q)2 €
o) <. (ﬂ*(@é e )<1+|r>> ((1+ Doy,

3 + 1)) (1 +|7|)De)s,
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with implied constants depending only on €. Theorem 2 then follows by standard amplification: let
us define the amplifier

(3.10)

N0 <U< =
2(0) = A(0) for L<E<L2L, ((,D)=1
0 else,

where L is some parameter to be chosen in a moment. Let w be a smooth cut-off function supported
on [1/2,3]. Then

1 AT
SO > 5 / LP)(fo & fo, s)a(s) L ds
(¢.D)=1 @)

{~L

> L(g(1+ [1)D) ™% + O (¢°(L(1 + [u)N)F+<)

where the superscript (D) indicates that the Euler factors of the Rankin—Selberg L-function at the
primes dividing D have been omitted. The lower bound for the residue follows from [HL], while the
error term uses the standard (convexity) bounds for the symmetric square L-function on the line
Rs = % + €. Therefore,

(3.11) S z@OMO) = Y MO > LILD)*
‘ o

provided L > ¢°((1 + |u|)N)'*¢. Assume first that fo is a Maal cusp form of weight zero or a
holomorphic cusp form of weight 2. Then by (3.5), (3.2), (3.7) with b = 2, (3.8) and (3.11), we
obtain

L2(LD)~¢ 1 A\ P
(1-’—(N/|)6)+E_D‘L<f0®><72+6+27-> <<5
(k-1 i Ak
> 1o(k) 47Tk =D a0 (L fox,g+etir
even 14
FEBu(D)
2
+ ) oty Zx(mf(@ Clfoxtaetir i
B COSh(ﬂ'tf) "2

’ 2
[e.°] - 1 1 |
+ wZ dzl:) /_OO ¢(L‘)Wh(7rt) %::c(ﬁ))\w,@,t(é) ’ﬁ (Ew,w,f,t Qx5 +eF w) dt,
fEB(,p)
so that by (2.2) and (3.8)
LQ(LD)_E 1 2
D) 1 , 5
(1 +[u)s*=D ‘ (fo ®Xxogte +ZT> <

el & ()]« 5wl ()

£1,L2 d|(l1 l2) k>20 even
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Now we substitute (3.9). Note that the k-sum converges by (3.7). Changing the order of summation,
we get the bound

< ((A+[TDLD)* 4 3" D7 (atn) ™% |w(dey)a(dly)]

d f1,0s
1+ (N,
it LT)l 9 SN (ko) Fa(de )z (dly))|
qz N> d 1.0
+ |7
+ LZZ l105)2 |33 dly)x(dls)|
qu d f1,0s

In each term we have, by Cauchy-Schwarz (a € R),

Edj(zéij(dé))lz 3 g (%Jm(dﬂ)?)

DD (o) |a(dl )z (des)]

d 01,65 d \¢<2L
= DY D 1020 <a (1+ L7 7 (0)]a(0))?,
(<2L ¢ P
so that
L%(LD)~¢ 1 A\ ?
(:[—f—(lu)ﬁ)“raD’L<fo®X’2+€+lT> <<5

L%(N q)

2(N, )t
(1 + |7 LD)? <1+ (L4 |r]) + L““(Hﬂ))Zﬂfﬂx(e)?,
¢z N 7

This yields, by (3.1), (3.10) and (2.3),

2
<e

1
‘L(fo®x,2+€+i7'>

(1 ) (i + LN+ 7]+ L (VL R+ 17 ) (L + b+ I Vo)

provided L > ¢°((1 + |u|)N)*¢. For such L, the second term in the parenthesis is dominated by
the third one which motivates our choice

[

giN
(N, )%(1 |7])2

L= + g (N(L+[u)) .

We obtain

1
L(f0®Xa2

(LD (4 DN (N, )78 + (L P+ ) ENE (V@) ) (14 I + ) Na)*.

By the functional equation and the Phragmén—Lindelof convexity principle, we obtain Theorem 2
in the non-holomorphic case as well as in the case when f; is holomorphic of weight 2. Analogously,
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if fo is holomorphic of (even) weight k > 4, we get

L2(kLD)=¢ 2 oo (110
e <e ) _letta(e)] o ’Qil (22)‘
£1,42 d|(l1,l2)

L3 (N, 1 L2(N,q): (1
< ((1+ LDy (14 20 < + 17l +1> MEZCT) ( i ) Y 7
gzNz k gz N 7
provided L > ¢°(kN)'¢. Choosing

1
L(fO®X7

2+5+i7’>

B qiNzkz
(N.@)T(1+ || + k)=
and using (3.1), (3.10) and (2.3), we obtain

+ qa(kN)l-i-a

1
L(f0®Xa

B (Il + R N (V,0) 78 + (7] + AN (N, Fqh ) (1 + I7))ENG)*.
This completes the proof of Theorem 2.

4. VARIATIONS ON A THEME OF BYKOVSKII

In order to show (3.9), we perform the following steps, cf. [By, Section 5].
Step 0. For later purposes let us define, for u,s € C, 7,2 € R, 12 € {1} and ¢, as in (3.6),

Emare(s) i {—eXp(n17ri(8/2 ). for m =,

exp(mnT), for m # no,
and
(4.1) "’71’”2 = 5 / E‘”“72 1 — % —u— ZT) T <1 — % —u+ iT) gga,b(s)Zlfsm*% ds.
The Mellin transform of ¢, ; equals [GR, 6.561.14]
(4.2) Ban(s) = ib-e25-b-1T (a _;’+ S) (r (2 ta ;L b= s))l .

Thus the integrand in (4.1) is holomorphic and by Stirling’s formula the integral converges absolutely
if
(4.3) b—a <o <2—-2Ru < 1+0.

Moreover, in this range we have, uniformly in a, 7, and Su,

) (1 + ‘2 + S(u —iT) >}égmdt.

Breaking the integration into [t| < 4(1 + |Su| + |7|) and |t| > 4(1 + |Su| + |7]) we find, for integers
0 < b <2< aand o satisfying (4.3),

EN (7)) <bo,%u

x” % / (a+|t)o—17° { <1 + ’2 + S(u +i7)

— 00

Eia (1) <o tu

s a® 171+ S| + |7))270 2R 4 (14 |Qu| + 7)1 2 Reb for o <1+,
T
a® (1 + S| + |7)) 7072 R 4 (1 4 |Su| 4 |7|) 2 Reb for o <1-2%Ru.
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In particular, for u = 1/2 + ¢ we obtain

(4.4) BN (z) <. x” 3V (L 4 )%
1
(4.5) E () < a2t (HT' * 1) :
’ a

upon choosing o = 1 — 4¢ and 0 = —1 — 2¢, respectively, while for 1/2 <Ru < (a—b+1)/2 — € we
have

(46) ~771T7l2( ) <La,r,Ru,e xaTibia
upon choosing ¢ = b —a + 2¢. For a € R let

Cay(8)= D (nt+a)

n+a>0
be the Hurwitz zeta-function. It satisfies a functional equation

(4.7) Cio(5) = (2m)*IT(1 — 5) {—z’e (Z) CO(1 — 8) + e (—Z) ¢a(1 - s)} ,

where -
¢(s Z

Step 1. Let us first assume 5/4 < Ru < 3/2. By combining (2.5) with Petersson’s (resp. Kuznetsov’s)
trace formula (2.10) (resp. (2.9)) we obtain the following expressions for QB°(¢) (resp. Q(¥)), cf

By, (5.3)]:

()
3547 (6) 1
2mi—kpu H (1 p2u> C(2U)
(4.8) pla

S(mi,ma, —l;c) (m i Amtv/mimol
#3130 SR (1) G (L),

Dlc mi,m2

where
. 62 T
o= 3 @ (2)
b la=0 1
1 aiagaz + miay + moGo + Msas
S ce) = =
(m17m23m376) c Z 6< - ) s
ay,az,a3 (c)
and
Jk—1 = ¢r—1,0 if f is holomorphic of weight k > 4;
(4.9) ¢ = '
$20,2 otherwise.

The diagonal term in the first line of (4.8) only appears in the holomorphic case. The sum in the
second line converges absolutely once $ou > 5/4. In the following we transform the off-diagonal term
further.

Step 2. We open ¢ and write it as an inverse Mellin transform

() L (Y.
c 21 J (o) 4my/mimol

By (4.2) the integrand is holomorphic and the integral converges absolutely if —3 < 0 = £s < 0
in both the holomorphic (note k£ > 4) and the non-holomorphic case; the mq, mo-sum converges
absolutely if ®u 4+ /2 > 1, and the c-sum converges absolutely if o < —1/2 (Weil’s bound, cf. [By,
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Lemmata 1 and 3]). If we impose 2 — 2Ru < 0 < —1/2, we can interchange the s-integration and
the m1, ma-sum. Now splitting into residue classes modulo ¢, we write the mq, mo-sum as a linear
combination of a product of two Hurwitz {-functions getting

ZCQIL%%M ( 47(\/» Z S b17b27_ ) )X(bl)m

Dle (@) b1,b2 (c)
x ( bl)( +u+z7’)(<2> (quufiT)ds.

By standard bounds for the Hurwitz (-function the s-integral and the c-sum converge absolutely if
Ru >5/4 and —3 < 0 < 0.

Step 3. We shift the integration to any line —3 < ¢ < —2%u. By [By, Lemma 6] if 7 # 0 and by
[By, Lemma 2] if 7 = 0, we pick up poles only if g | . Since (¢,D) =1, D | ¢ and % > 1, this
does not happen®. Now we apply the functional equation (4.7) for the two Hurwitz (-functions?,

and write them as Dirichlet series getting (cf. [By, (5.8)])

27T2u—2 B ] iy L S +mb
2(262)7%’_1 Z ma | 1+z7—|m2‘u 1—iT Z S(by,ba, —;¢)x(b1)x(b2)e (1122)

C
Dlc my,mo€Z\{0} b1,b2(c)

Xﬁgn(m)sgn(Mz)( ¢ )
[mym|

where = ~ggn(m1) sen(m2) with ¢ as in (4.9) was defined in (4.1). This expression converges absolutely
it Ru > 5/4 Note that when we apply (4.4)—(4.6) in the following, we have (a,b) = (k — 1,0) with
k>4 or (a,b) = (20,2).

Step 4. We transform the by, be-sum by [By, Lemma 2] obtaining

2 2 u—144t1 u—1—it * (o mimeo — /
2 (ZCJqu Yo I T Yy (m1 + qd) X (m2 + c/qd>
Dle mamsz 0 d(q)
mima=L(c/q)

« =sen(m1),sgn(ms) 76
u,T |m1m2|

We will see in a moment that this term can be analytically continued to Ru > 1/2. Let us start
with the terms mimso # £. Their contribution equals

1 2T Zu—1 X mimeso
@) o (7) ) ‘ 2
4dmq O N 17 U7 P Al B
m1m2n1n27§0

D/q|n1

u—1/2
/ my

ma2

=sgn(m1),sgn(m2) <£>

—u,T ‘m1m2|

where

(4.11) X = Z X(my + nid)x(ma + nad) <. q1/2+5(m1,m2, Q)l/Q(nlnm Q)1/2~
d(q)

This estimate strengthens [By, Lemma 4] and follows essentially from the Riemann Hypothesis over
finite fields. We provide a detailed proof in the next section, see Proposition 2. The condition
(¢,q) = 1 is crucial here and in the sequel. By (4.6), the term (4.10) is holomorphic in 1/2 < Ru <
3/2. Let us take u := 1/2 + ¢. We split the sum in (4.10) into two parts: |mima| > £, [mima| < £.
Notice that mims = —¢ cannot happen, since m;ms = £ (mod D/q) and (3.1) would then imply
(2¢,D) > D/q > 2 which contradicts (¢, D) = 1.

81t can be shown [By, (5.10)] that the residues in the case g | £ would be harmless.

9.e., we apply Poisson summation to both m1 and mq in (4.8)
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Using (4.5), the terms |myms| > ¢ contribute at most
1
0\ (14

< e (1) (FF

a
d1,d2|q

(dl,d2)21

+ 1) 7 (didy)?

VALENTIN BLOMER AND GERGELY HARCOS JULY 30, 2007

1
Z mlte’
m>{
m=0 (d?)

m==+L([d2,D/q])

where a := 20 in the non-holomorphic case and a := k — 1 in the holomorphic case. The smallest
element in the arithmetic progression given by the inner sum is at least max(¢,d3, [ds, D/q)),

therefore the above is at most

< (Lg)° (€>2 (1 Il 1> 3 d? + > ENCTOL
q a oDl S ekazdy, D/g)b
(412) ) q 1,d2|q 1 )
ANEERaU (N.g)?  (N.q)
g (2) (T adk oy
< () (Q> ( a > ( N tiN:
In the last step we used the definition of D (cf. (3.1)).

By (4.4), the terms |mimg| < £ contribute at most

(bq(1 +|7]))° S (did)?

€ 1
(£q)> P
(dl,dz)zl
Lg(1 4+ |7]))° 1
(4.13) <e (q(é# Z (dids)?
(q)> dy,dzlq
(dl,dz)—l

1 3

< (a1 +17)))¢ ((ﬁ)

Finally the contribution of the terms mimso = £ is

(2,”)21/,72

N

T
m

7 (N,q)?

)y

0<m<¥
m=0 (d?)
m==+{ ([d2,D/q])

([d%de/q]“>

NS
1)

1 * C_\ /= _T.
ZW > x(m2) . > X <m1 + qa) M +E2711)
Dlc mima=~ a(q)
(4.14)
(2m) 72 (Epr (1) + 25271 (D) my |
= 2DZu—1gfl—u Z x(m2) Mo Z C2u 1 Z my + ;ac
mlmgzé
We write r := (D/q,q). Then the ¢, a-sum equals

(q>1 2u Z Z (my + rab) g“( by (2u—1)

b(q/r) a(q)

which is holomorphic for C\ {1/2}. By the functional equation (4.7), this is for Ru > 1/2

q 2u—1

i3

) e - 2w ( 4 ) >

HQZUZZ

(mq + rab)e(brn/q)
b(q/r) a(q)

, Q) 1=2u 2u—2 1—2u
= 2 I'2-2
+i (r (2m) ( u)e ( 1 Z
The a, b-sum decomposes into Ramanujan sums,

Y =Y k)Y e (i;m)
b a dr(‘d) a(q)

22uZZ

(my + rab)e(=brn/q).
b(q/r) a(q)

=Y xm+d) Y su(?),
d(q)

s|(dn,q)
r|d
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showing that both n-sums equal

2 2u
Zi(mler)Zs“(%) Z n212u* (2 - 2u) me1+d Z“( ) dsf 2u

d(q) slq wsln d(q) slq
r|d r|d

We substitute this back into (4.14), and obtain by (4.4) that this term for v = 1/2 4 ¢ is bounded
by

(Lg(1+|7])° (g(1+|7])°
(4.15) Vi %(d,q) <. 7i .

Collecting the first line of (4.8), (4.12), (4.13), and (4.15), we arrive at (3.9) for u=1/2+«.

5. A CHARACTER SUM ESTIMATE
In this section we state in more precise form the bound (4.11) and provide a detailed proof.

Proposition 2. Let x be a primitive character modulo q and let my, mo, n1, no be arbitrary integers
satisfying (mims — nina, q) = 1. Then we have the uniform bound'®

*
X(mysma,nying) == 3 X(my +ma)x(m +nza) < ¢"/r(q)(min?, man3, q)'/2,

a(q)
where the implied constant is absolute.

By the multiplicative nature of these sums it suffices to show that

2, =p” fi i > 2;
(51) |X(m17 m27n17n2)| < ql/Q(mln%an%v Q)1/2 X 2 1 P ot aprmep

25/2 g =pP for p=2.
Case 1. First we discuss the case when 3 = 1 (that is, when ¢ is prime). We apply [IK, Theo-
rem 11.23] with the parameters n = 1, F :=TF,, and

f(@) = z(miz + n1)* ! (me + naa),

where d > 1 is the order of x. The only thing we have to check is that f is not a d-th power. If
d > 2 then f can only be a d-th power if ny = ny = 0 in F in which case the displayed bound is
trivial. If d = 2 then f can only be a d-th power if ny = ny =0 or m; = mg = 0 in F in which case
the displayed bound (5.1) is again trivial. Otherwise (5.1) follows from [IK, Theorem 11.23].

Case 2. Now we discuss the case when 8 > 1 is even, say 3 = 2a. We apply [IK, Lemma 12.2] for

the rational functions .
mo noXx
r)i=r——, z):=0.

fla) = a2 LB g(a)
Then
/ m1n21'2 + 2n1n21: + mony

fiz) = 3

(myiz +ny)

therefore it suffices to show that the congruence

)

(5.2) manay? + 2ninsy + mong =0 (mod p%)
under the restriction
(5.3) y(ma + noy)(miy +n1) Z0 (mod p)

has at most 2(ny, ng, p®) solutions when p > 2 and at most 4(nq, ng, p*) solutions when p = 2. We
can clearly assume that (nq,ng,p®) < p® for otherwise the assertion is trivial. Let us first assume
that p > 2. If p | my and p | ma then the condition (mims — ning,q) = 1 shows that (5.2) has

10Note that (mimg — ning,q) = 1 implies (mﬂz%,mgn%,q) = (ml,mg,q)(n%,n27 q) | (m1, m2,q)(nin2,q).
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no solution satisfying p t y. Therefore, without loss of generality, we can assume that p f m;. We
multiply both sides of (5.2) by m; to see that the congruence is equivalent to

na(myy + 711)2 = ny1(ning —mimsa) (mod p®).

By assumption, the parentheses on both sides are coprime with p, hence a solution can only exist if
p? || n1 and p7 || ny for some 0 < v < @ — 1, and then the number of solutions of (5.2) under (5.3)
is at most 2pY = 2(ny,n2,p*) by the structure of the group (Z/p*~7)*. For p = 2 we adjust the
above argument slightly. First of all, we can assume that « > 2 for otherwise (5.2) trivially has at
most 4 solutions. If 4 | my and 4 | mz then the condition (mimz —ning, q) = 1 shows that (5.2) has
no solution satisfying 2 t y. Therefore, without loss of generality, we can assume that 4 4 m;. We
multiply both sides of (5.2) by m4 to see that the congruence is equivalent to

na(myy + n1)2 =ny(ning —mime) (mod 2%(my,2)).

If 2 | nyny then 2 4 mymy and we conclude, similarly as in the case of p > 2, that the number of
solutions of (5.2) under (5.3) is at most 4(nq,n2,2%). If 2 f nyny then the number of solutions of

the congruence

nox® = ny(ning —mims)  (mod 2%(myq,2))

is at most 4 while the map Z/2* — Z/2%(m1,2) given by y — myy + n; is injective, hence the
number of solutions of (5.2) under (5.3) is also at most 4.

Case 3. Finally we discuss the case when 3 > 1 is odd, say 8 = 2a+ 1. We apply [IK, Lemma 12.3]

for the rational functions
Mo + Nox
= = 0.
flo) ma L g
Then

minsz? + 2ninex + man 2n1(ning — mims)

f'(z) = ;o @)=
hence for p t 2n; the bound (5.1) follows from the already proven fact that (5.2) under (5.3) has at
most 2 solutions and for p = 2 the bound (5.1) follows from the already proven fact that (5.2) under

(5.3) has at most 4(nq, ne, p®) solutions. For p | ny (p > 2) it suffices to show that in any complete
residue systems modulo p® there are at most 2p~!(ny, ny, p®*1) solutions of the congruence

(miz +n1)? (miz + ny)3

(5.4) minay? + 2ninsy + mong =0 (mod po‘+1)
under (5.3). We can clearly assume that (ny,ng, p®™1) < p®*! for otherwise the assertion is trivial.
By the condition (mimq — nina,q) = 1 we have p t my, hence (5.4) is equivalent to

na(miy +n1)? = ny(nine —mims)  (mod p**t).

By assumption, the parentheses on both sides are coprime with p, hence a solution of (5.4) can
only exist if p7 || ny and p7 || ny for some 1 < v < «, and then the number of solutions of (5.4)
under (5.3) is at most 2p” by the structure of the group (Z/p*+t1=7)%. In particular, n; and ny are
both divisible by p and the solutions of (5.4) under (5.3) form 2p?~! = 2p~1(ny, ne, p®*1) complete
residue classes modulo p®. This completes the proof of Proposition 2.

6. A SHIFTED CONVOLUTION PROBLEM

The main ingredient for the proof of Proposition 1 is following result:

Proposition 3. Let A(n) be the Hecke eigenvalues of a primitive (holomorphic or weight zero Maaf)
cusp form of level D, arbitrary nebentypus and archimedean parameter p. Let N, P, H be real
numbers greater than 1/2 satisfying HP?> < N'=¢. For 1 < h < H let W), be a smooth function
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supported on [$N,4N]? such that uniformly HW,E”)HOO <j (P/N)™I for all i,j € No. Then we
have

Yo > Mm)Amo)Wa(mi,ma) <. (HN)2P2D3 <P2 i (P]\I:I)G <g)

h<H mi—ma=h

for alle >0 and 6 as in (2.4).

S

) (HNPD)®.

This is Theorem 2 in [Bl1] with I = Iy = h; = a(h) = 1, where we have made the dependence
on the level D explicit. To this end, we just note that in equation (3.1) of [Bl1] we have A < Q?/D,
and in the display following (3.20) of [Bl1] we have

Z|Ay(7')|2 Lp,e (D4y(2 + y))1+5

r<z

by (2.6) of [Bl1]. By the large sieve inequality [Bl1, Lemma 2.5], (3.21) of [Bl1] is bounded by

N2VHQ® = VH f) 2 1/2
Swe TRQP / /1/2/Zy)Z<Z+\/5> <Z+\/5 Dvule+u)y " dzdy e,

analogously to the first display on [BI1, p.127]. After the same calculation as on [Bll, p.127] we
arrive at Proposition 3.
We shall need the following corollary:

Corollary 3. Use the same notation as in Proposition 3, but let Wy be a smooth function supported
on [3N,3N] such that uniformly HW,EJ)HOO < (P/N)J for all j € Ng. Then we have

ST ST MmN = W)W (m) <.c (HN)2PED3 <pz + (}i};)e (g)) (HNPD)".

h<H m

for alle >0 and 6 as in (2.4).

This follows immediately on choosing any smooth function ¢ supported on [—N/ P, N/ P] satisfying
#(0) = 1 and [|¢Y)||o <; (P/N)’ for all j € Ny, and applying Proposition 3 with

Wiz, y) == Wa(a)p(z — h —y).

7. PROOF OF PROPOSITION 1

Let g be a primitive cusp form as in Proposition 1 and Theorem 3; let T';, K be large parameters
such that

(7.1) T>2(1+p) and Tt <K<LT.

Let 9 be a smooth function, supported on (T — %K, T + 2K) such that ¥(z) =1 if x € (T, T 4+ K)
and ||| <; K~ for any j € Ny. By the approximate functional equation (2.12) we have

(7.2) /OOOW)‘L <g,;+it> 2dt<4/0001/1(t) ZS%V( g(t)> 2

with C(t) as in (2.13) satisfying
o7

ot
and V as in (2.14). Hence up to a negligible error we can assume

(7.4) n <N = (VDT)'*e.

dt

(7.3) C(t) < DT?, —C(t) <; DT*™7
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With K = T we get from Montgomery—Vaughan’s variant of Hilbert’s inequality (see e.g. [Br,

Satz 4.4.3])
2T 1
/ L <g, + zt>
T 2

by (2.3) and partial summation. This gives the second estimate of part b) of Proposition 1. Let us
now open the square in (7.2). The diagonal term contributes

A(n
dt<<TZ| +Z|/\ )? <. (VDT)HE

n<N n<N

A(n
(7.5) <> A <, K(TD)*
n<N

by (2.3). We write the off-diagonal term as

(7.6) Y3 D AmAn — Wi n(n),

NN n<N h#0
h<n—1

where N runs over dyadic integers and

Wh’N(””)'_W/ V) (k’g( D)V( &w)V(x&];)‘”

for a smooth function py supported on [3N, 3N] such that ||p)|| <; N7 for all j € No. By (2.14)

and (7.3) we have
o9 x
= A
o (vom) =

for all 7 € Ny; hence partial integration shows
h —J
s (1-3) )
T

for all j € Ny and z < N. In particular, choosing j sufficiently large, we see that Wh,N(x) is
negligible unless

N\ e
. <H:=|= ,
(7.7) Ih| <M ( K>

and for such h we have \/x(xz — h) < N. Furthermore, in this range we have

o7 K (1 hTY K (T Y
@ < 5 (14 5) <oy (53)

for all j € Ng. Now we apply Proposition 3 with H = H and P = T/K to the two inner sums in
(7.6). Note that the condition HP? < N'~¢ is satisfied if K > T2/ which is ensured by (7.1).
By Corollary 3, (7.7), and (7.4) we see that (7.6) is at most

K/ N2\ /2 T\ 3/2 T\ /2 2\ 7 N\ /2
€ i - 5/2 - o i
oo (55 (2o () (5 ()

T2D5/2 K20
L e (DT)* <1 + ) .

Wh’N(ZC) <<j m(i(—h) <

K3/2 TOD1/4
Together with (7.5) we see that for any K satisfying (7.1), we have

T+K 2 21)5/2 20

1 7D K
[ e (ki) e (50 T2 (14 2 Y Y ey
T

K3/2 TOD1/4
This gives the remaining estimates of Proposition 1.
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8. PROOF OF THEOREMS 3 AND 1

From the functional equation (2.11) one can deduce the following essentially well-known lemma
(see for example [Go2, p.294]):

Lemma 1. For g as in Theorem 3 and for Rs = % we have

o0 1/2
L(g,s) <e (1 + |u)Dls)* <1 + / IL (g5 +it)? e 2" dt>
0

The second part of Theorem 3 now follows immediately from Lemma 1 and Proposition 1. The
first part can be verified by checking the cases D < |s|'/5, [s|'/® < D < |s|'/%, and using the
convexity bound for D > |s|'/4.

It is now an easy matter to prove Theorem 1. Let N, ¢ and s be as in Theorem 1. We combine
Theorems 2 and 3, the latter with g := f ® x and its conductor D | [N, ¢?]. For convenience we
write

D=Nog*>,  No <N,

and we distinguish between various cases, depending on the relative size of Ny, ¢ and |s|. If
: _1

(8.1) q < Js| N 2,

then

9 _
(8.2) L(f @ x, 8) < (Nols|g) N | |50 g 10°57
8.2

32250 _
< (NO|S|q)sN016o—1sse (|S|q)%_fo—141799 < N% (‘s‘q)%fﬁ

by Theorem 3, (8.1), and (2.4). If

(8.3) 5|75 NG * < g < [s| TN 2
then
(8.4) L(f ® x, 5) < (Nolslg)*Ng |s|Fq < (N|s|q) N (|slg)* %
by Theorem 3 and (8.3). If
(8.5) s/ N, 2 < g <|sISNG 0,
then
(8.6) L(f ® x,5) < (Nolslg)*Ny [s|*q® < (N]slg)*N? (|s|q)
by Theorem 3 and (8.5). If
(8.7) NS < g <52,
then
(8.8) L(f ® X, 5) < (Nols|a)*Ngt |s|3q* < (N|slq)*N* ([slg)* %
by Theorem 2 and (8.7). If finally
q=> s,
then
(8.9) L(f ®x,5) < (N|s|g)*N|s|iq% < (N]s|q)*N(|s|q)> =

by Theorem 2. Here all implied constants depend only on € and the archimedean parameter p of f.
Theorem 1 now follows from (8.2), (8.4), (8.6), (8.8), and (8.9).
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9. PROOF OF COROLLARY 2

The proof of Corollary 2 follows along the lines of Appendix 2 in [BHM1]. We indicate some
small improvements and extensions to cover all indices n regardless of their square part.

Let us first note that Theorem 7 in [BHM1, Appendix 2] holds for all integers D of the form
D't? where D' is square-free and ¢ | (2M)>°. Now, in the line following [BHM1, Lemma 7.3] we
obviously have |D|, = |(D, (2M)*°)|p, since p | 2M. This and Theorem 7 are the only places in
[BHM1, Appendix 2] where it was used that D was assumed to be square-free. Thus Lemma 7.4
reads for integers D = D't? as above

N 2 _ 1 son
Ep(#p: Ppy ¥p, D) < oL (L+p H(A+p"2)2 (1 = p~ ") 7*|(D, (2M)>)], .
P
With these adjustments, [BHM1, (7.15)] reads

(9.1) VDp;(D) <. (kMD)? (r (k: + 2>>1/2 (D, (2M)>®)'/?L, <g ® XDrs ;) v :

valid for special cusp forms f € S}, (4M, x) as described in the beginning of [BHMI, Section 7.1]

and for integers D = D’t? as above. We use Theorem 2 to bound the L-function and we also
note [BHM1, Lemma 7.1], that is, we apply Theorem 2 with N replaced by N2. By Shimura’s
correspondence, applied to square factors coprime with 2M, (9.1) holds for all integers D = D't?
without restriction on ¢. Finally, at the cost of a factor (dim S,’€+%(4M7 Y2 < B2 MY we

extend the estimate to arbitrary cusp forms f € Sl'€+l(4M, X)-
2
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