THE SUBCONVEXITY PROBLEM FOR
RANKIN-SELBERG L-FUNCTIONS AND
EQUIDISTRIBUTION OF HEEGNER POINTS. II

G. HARCOS AND P. MICHEL

ABSTRACT. We prove a general subconvex bound in the level aspect for Rankin—Selberg L-functions
associated with two primitive holomorphic or Maass cusp forms over Q. We use this bound to
establish the equidistribution of incomplete Galois orbits of Heegner points on Shimura curves
associated with indefinite quaternion algebras over Q.

1. INTRODUCTION

In this paper, we pursue the program—initiated in [KMV02] and continued in [M04a]—of solving
the subconvexity problem for Rankin—Selberg L-functions in the level aspect. The subconvexity
problem is the following: given two primitive cusp forms f and g, we denote by ¢ and D, xs and
Xg, Tf = X' mp and Ty = X' Tg.p, Tespectively, the level, nebentypus, and GL2(Aq)-automorphic
representation attached to f and g; finally, we denote by

L(f®g,s) = L(ms ®@my,s) = H L(myp @ g p, )
p<oo
the associated (finite) Rankin—Selberg L-function as it is defined in Jacquet’s monograph [J72] (see
also [C04]).
As in [KMV02, M04a], we are interested in providing non-trivial upper bounds for L(f ® g, s)
when g is (essentially) fixed, Rs = %, and ¢ — 4o00. Using the local Langlands correspondence, one
can verify that the conductor Q(f ® g) of L(ny @ my, s) satisfies the bound

(aD)?/(¢,D)* < Q(f ® g) < (¢D)*/(a, D),
hence the subconvexity bound we are seeking is a bound of the form

L(f®g,s) <qi?,

for s = %, with some absolute § > 0, the implied constant depending on |s|, g and the parameter
at infinity of f (i.e., the weight or the Laplacian eigenvalue).

In [KMVO02], the problem was solved under the following assumptions:

e f is a holomorphic cusp form;
e the conductor ¢* of xrxg is at most q%*" for some 1 > 0, the corresponding exponent §
then depending on 7.

Of the two conditions above, the second is the more serious. It was essentially removed in [MO04a]
under the assumptions:

e ¢ is a holomorphic cusp form:;
® XfXg is non-trivial.

The main objective of the present paper is to remove the assumption of g holomorphic; we prove
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Theorem 1. Let f and g be two primitive (either Maass or holomorphic) cusp forms of level q, D
and nebentypus X5, Xg, respectively. Suppose that x x4 s not trivial; then for Rs = % one has

(1.1) L(f®g,8) < q?7°,

with 6 = ﬁ = 0.000377 ..., and with the implied constant depending polynomially on |s|, D and
on the parameters at infinity of f and g (i.e., the weight or the Laplacian eigenvalue).

Remark 1.1. More precisely, the subconvex exponent % — § can be replaced by

1 (1-20)2

(1.2) 3 1616 +e

for any € > 0. Here 6 stands for an approximation towards the Ramanujan—Petersson conjecture
for weight zero Maass forms (see Hypothesis Hy below). While the current best approximation
towards the Ramanujan—Petersson conjecture—due to Kim-Shahidi, Kim and Kim-Sarnak [KS02,
K03, KS03]—is rather strong (§ = & is admissible), we see from (1.2) that in order to solve the
present subconvexity problem any 6 < % would have been sufficient. Note also that for simplicity we
decided to exhibit a uniform subconvex exponent: when the conductor of x; is small (i.e., smaller
than ¢" for some fixed 1 < 1), better subconvex bounds are admissible (we leave it to the reader to
determine the dependency of such bounds in terms of the parameter 7: cf. the exponents given in
Theorem 4).

Remark 1.2. The method of proof of Theorem 1 can also be applied (with some non-trivial modifi-
cations) when g is an Eisenstein series; the most interesting one being the non-holomorphic Eisenstein
series of full level:

g(z) == %E(z, 8)js=1 = 2y/ylog(eTy/4m) + 4@2 7(n) cos(2mnx) Ko(2mny);

n>1

in this case, L(f ® g,s) = L(f, s)? is the square of the standard Hecke L-function of f. When x is
primitive (which, in some sense, is the most difficult case), the subconvexity problem for L(f, s) was
solved by Duke-Friedlander-Iwaniec, in a series of difficult papers [DFI97a, DFI97b, DFI01, DFI02]:
one has

(13) L(f, 3) < q%723(11417

for s = %, where the implied constant depends polynomially on |s| and the parameters at infinity
of f. In a future work [BHMO5b], we shall use a modification of the methods of the present paper
(using the original §-symbol method of [DFI94al) to give a fairly different proof of (1.3), valid when
X is non-trivial and with a significantly improved subconvexity exponent.

Note that besides achieving a subconvex exponent in the level aspect, a not so small portion
of our effort is directed towards checking the polynomial dependency of the bounds of Theorem 1
with respect to the remaining parameters of f and g'. This (seemingly minor) aspect turns out to
be important in several situations: namely for the problems in which subconvexity is applied not
only to an individual L-function but to a whole family so that polynomial control in the remaining
parameters indexing the family is crucial. A typical example is the present subconvexity bound
(1.1), which relies ultimately on a family of subconvex estimates for twisted Hecke L-functions over
a whole Hecke eigenbasis of automorphic forms of small levels (see Sections 5.4 and 5.6). Another
example is given in Remark 1.4.

In particular, when g is holomorphic of weight kg, (1.1) depends polynomially on kg which is not the case for the
bound proven in [M04a).
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1.1. Equidistribution of Heegner points. A remarkable feature of the subconvexity problem is
that in several occasions a subconvex bound is just sufficient to bring a full solution to some natural,
apparently unrelated, questions; it is in particular the case with several equidistribution problems.
This was first pointed out by Duke [D88] in the context of Linnik’s problems on the distribution of
integral points on the sphere and on the distribution of Heegner points on the full modular curve
(see also [IS00, S94, SO1, M04b] for further effective or potential applications of subconvexity to
other equidistribution problems).

In fact, one of the main applications of the subconvex bound of Theorem 1 is to provide some
further refinements concerning the equidistribution of Heegner points on modular curves. For this
introduction, we describe our results in the case of the full modular curve X(1), which is the origi-
nal case treated in [D88]. Recall that as a Riemann surface, Xo(1) ~ P! is defined as the quotient
SL2(Z)\(HUQU{oo}), where H is the upper half-plane and SLy(Z) acts by linear fractional trans-
formations. We denote by du(z) the probability measure on Xy (1)(C) induced by the normalized

hyperbolic measure %% on H. The map z — C/(Z + Zz), where z € H, induces a bijection

from SLa(Z)\H—the points of Xy(1)(C) excluding the cusp at infinity—to the set of isomorphism
classes of elliptic curves over C. We write ¢ for the inverse of this bijection. For an imaginary
quadratic extension K/Q with maximal order O of discriminant —D, we denote by Ell(Ok) the
set of (C-isomorphism classes of) elliptic curves with complex multiplication by Og. By the theory
of complex multiplication, these curves are in fact defined over Hy, the Hilbert class field of K, and
the Hilbert class group Gi = Gal(Hgk /K) =~ Pic(Ok) acts simply transitively on Ell(Og); hence
El(Ok) = {E?, 0 € Gk} for any E € Ell(Ok). The set of Heegner points (of conductor 1) with
CM by K is the image of the embedding Ell(Ok) & Xo(1)(C). Since by Siegel’s theorem,

’EII(OK)‘ = ‘Pic(OK)’ >, D3 ¢ 5 too as D — 400,

one may wonder how the Heegner points are distributed on X((1)(C) as D grows. This question
was investigated by Linnik [L68]: by means of his pioneering ergodic method, Linnik proved, under
an additional congruence condition on —D modulo some fixed prime, that w(Ell(OK)) becomes
equidistributed relatively to the measure du(z) as D — +oo. This restriction was removed by
Duke [D88] by using quite different techniques; namely by exploiting a correspondence of Maass
to relate the Weyl sums associated to this equidistribution problem to Fourier coefficients of half-
integral weight Maass forms and by proving directly non-trivial bounds for them (using a technique
introduced by Iwaniec [I87]). The connection of this problem with subconvexity comes from the
work of Waldspurger [W81] on the Shimura correspondence, which shows that non-trivial bounds
for these Fourier coefficients are in fact equivalent to subconvexity bounds for the central values of
twisted L-functions
L(g®xk. 1) <, D577,

where g ranges over the (weight 0) Maass eigenforms on X(1) (possibly Eisenstein series) and xx
denotes the quadratic character (of conductor D) corresponding to K; the latter bound was proved
in [DFI193] for g holomorphic and extended to Maass forms in [H03a, M04a], thus providing another
approach to Duke’s theorems. Our main application is to strengthen these results by proving the
equidistribution of smaller Galois orbits of Heegner points:

Theorem 2. For any continuous function g : Xo(1)(C) — C, there exists a bounded function
gq : RT — R which satisfies

.%ii% gg(x) =0
such that: for any imaginary quadratic field K with discriminant —D, any subgroup G C Gk, and
any E € Ell(Ok), one has

(1.4) @; g(e(E7)) — /Xo(l)(c)g(z) du(z)| < g4([Gk : G)D~ 75032 ),
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This result states the equidistribution of orbits of Heegner points by subgroups G of G of
index satisfying |Gk : G| = O(DW); this is a special instance of equidistribution for short orbits
of Heegner points on Shimura curves associated to indefinite quaternion algebras? over Q and is
meaningful in the context of the André—Oort conjectures. At this point, we refer to Section 6 for
definitions and proofs of more general cases, and simply say that the equidistribution property is
a consequence of deep Gross—Zagier type formulae established by Zhang [Z0la, Z01b, Z04] which
connect the Weyl sums associated to this equidistribution problem to central values of Rankin—
Selberg L-functions. The proof that these Weyl sums are small follows from the subconvexity bound
(1.3) and from the bound (1.1) of Theorem 1.

Remark 1.3. The exponent i in (1.4) comes from the subconvex estimate (1.3) of [DFI02,
Theorem 2.4], which is used to bound the Weyl sums corresponding to the Eisenstein spectrum. In
particular, for functions g contained in the span of the Maass cusp forms, only Theorem 1 is used
and (1.4) holds with the stronger exponent %. In Section 6 similar equidistribution problems
for compact Shimura curves are considered. As such compact Riemann surfaces have no Eisenstein

spectrum, the analogue of (1.4) holds with this stronger exponent as well.

Remark 1.4. The polynomial control can be used to give more quantitative information on the
equidistribution of Heegner points, that is, to bound their discrepancy. For instance, it is natural to
consider, as in [LS95], the spherical cap discrepancy

1 3
Dg(G):= sup |— 1— =Vol(B)|,
Bcxo(1)| |Gl Cgc m
o(E7)eB

where the supremum is over all the geodesic balls B C Xo(1) and Vol(B) = [, dz;ly. Using the
bounds of Theorem 1, [DFI02] and the approximation arguments of [LS95, Section 5], one can show

that there exists an explicitly computable n > 0 such that, under the notations and assumptions of
Theorem 2, one has

Dp(G) < |Gk : GID~ 0w,
where the implied constant is absolute (but not effective).

These equidistribution results admit analogues in the case of real quadratic fields. In his recent
Ph.D. thesis, Popa [P03] established formulae analogous to those of Gross—Zagier and Zhang: for
example, his formulae relate the central values of Rankin—Selberg L-functions (of automorphic forms
against theta functions attached to narrow class group characters of a real quadratic field) to some
(twisted) integrals of modular forms along geodesic one-cycles on a Shimura curve. The subconvexity
bounds of [M04a] and of the present paper then can be used in conjunction with these formulae to
study the distribution properties of (orbits of) these cycles either on the curve or in the homology
of the curve, generalizing former results of Duke [D88].

1.2. Outline of the proof of Theorems 1. The beginning of the proof closely follows [DFI02,
Mo04a]. By a standard approximate functional equation, one is reduced to estimate non-trivially

partial sums of the form

Z )‘f(Ti)/%g(n)W (%) ,

n>1
where Af(n) and A\;(n) denote the n-th Hecke eigenvalues of f and g, W denotes a rapidly decreasing
function (depending essentially on the infinity types of f and g), and N is of size about ¢. As is
customary in the subconvexity problem, we bound such sums using the amplification method, by
evaluating their amplified second moment over an orthogonal basis of automorphic forms of level
[¢, D] containing f (considering a slightly larger family of forms with level [¢, D] rather than ¢ is a

2For definite quaternion algebras, there is also an analogue (see [DS90]), in which the role of the Shimura curves
is played by ellipsoids in R (of positive curvature!); this is closely related to the application discussed in [M04a].
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trick very useful to simplifying the computation; this trick also occurred in [M04a] and in a slightly
different yet related context in [GZ86, Z0la, Z01b]). Then we analyze the amplified second moment
by applying Kuznetsov’s trace formula forwards (i.e., from sums of Fourier coefficients of modular
forms to sums of Kloosterman sums) and by applying Voronoi’s summation formulae to the Fourier
coefficients of g. We arrive at sums whose archetypical example is of the form

(15) E(&]wqa Y) = ZGXfX.q (h’ [q’DD Z )\g(m))\g(n)w (T;L,g/> ’
h

Im—n=h

where Gy, (h; g, D]) denotes the Gauss sum, ¢ < L? is an integer coming from the amplifier (of
length L), L is a very small (positive) power of ¢, Y < ¢, and W is a bounded rapidly decreasing
function. The sum X (¢, 1;¢,Y) splits naturally into the contribution of the A = 0 term, which in
our case is zero by the assumption that xrx, is not trivial, and our main problem is to evaluate the
remaining terms. From the bound for Gauss sums, the trivial bound is given by

B(615¢,Y) <60 VEFETT
for any € > 0, where ¢* denotes the conductor of x;Xg4; on the other hand, in order to solve our
given subconvexity problem, we need a bound of the form

(1.6) S(6154,Y) <g ¢*7°

for some § > 0, uniformly in ¢ < L?; thus one sees, from this crude analysis, that the problem gets
harder as ¢* gets larger. For h # 0, the innermost sum

}:,%mnﬂmw(?%@)

fm—n=h

is called a shifted convolution sum (the case h = 0 corresponding to a partial Rankin—Selberg
convolution sum), and the problem of bounding non-trivially such a sum (the trivial bound being
<, Y'7¢) is known as the Shifted Convolution Problem. There are at least two ways to handle this
problem:

e The first one is via the §-symbol method® which has been used for instance in [DF193, DF194a],
in [KMV02], and—in a different form—in [J99, H03a, HO3b]; the method builds on a formula
for the Kronecker symbol 0, —pn—p, in terms of additive characters of small moduli (i.e., of size
~ /lq instead of £q). Plugging this formula into the shifted convolution sum separates the
variable m from n; then a double application of Voronoi’s summation formula for g yields a
linear combination of Kloosterman sums in a short range. In this case, Weil’s bound (in fact,
any non-trivial bound) for the Kloosterman sums suffices to solve the Shifted Convolution
Problem.

e The second one was suggested by Selberg [S65] in 1965; it was worked out in some cases by
Good, Jutila and others but was made effective and general by Sarnak in [SO01]. It builds
on the possibility of decomposing spectrally the shifted convolution sum above, in terms
of a basis of automorphic cusp forms (and Eisenstein series) of level D¢ and of their h-th
Fourier coefficient. The solution of the Shifted Convolution Problem then follows from fairly
non-trivial estimates for certain triple products (cf. [S94, BR99, KSt02]) and from a(ny)
non-trivial approximation to the Ramanujan—Petersson conjecture, by which we mean that

the following hypothesis is satisfied for some 6 < % (in fact, Hy is now known for § = =

64
[KS03)):

Hypothesis Hy. For any cuspidal automorphic form m on GL2(Q)\ GL2(Aq) with local

Hecke parameters agrl)(p), af? (p) for p < 00 and /h(rl)(oo), ugf)(oo), we have the bounds

D (p)| <p’, j=1,2

3a descendent of the classical circle method with the Kloosterman refinement
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(resp. [Ru (00)| <6, j =1,2)

provided T, (Tesp. Too) is unramified.

When it can be applied, the latter approach is less elementary but (now) more powerful than the
d-symbol method (in part because Weil’s bound for Kloosterman sums corresponds to Hypothesis
H,, while H is currently known); it is in particular the case when g is holomorphic [S01, M04a]
or for unbalanced shifted convolution sums (i.e., when h is small compared to the typical sizes of
the variables m and n [SO1], or when one of the variables m and n is much smaller than the other).
In the case of Maass forms and in a balanced situation (i.e., when h is comparable in size with
the other variables m and n, as is the case in the present paper), realizing the spectral expansion
of the shifted convolution sum is not so immediate (cf. [HO3b]). This technical problem is very
similar to the kind of difficulty Kuznetsov dealt with when he established his formula with arbitrary
test functions on the Kloosterman sum side: in other words, the spectral expansion of the shifted
convolution sums has to include contributions from the full automorphic spectrum (i.e., including
contribution from the discrete series). In a recent paper, Motohashi [Mo04] has produced such a
spectral expansion—confirming the above expectations—but there are several technical issues that
need to be addressed before one can apply it to the present problem; we will return to this in the
forthcoming work [HMO5].

In fact, the two methods discussed above turn out to be closely related and in this paper we exploit
this connection to obtain the spectral expansion by following a rather indirect path. Our starting
point is the d-symbol method or, more precisely, another variant of the circle method due to Jutila
[J92, J96]: this variant gives us the extra luxury of selecting the moduli of the additive characters
to be divisible by D{ and hence provides us with considerable simplification in the forthcoming
argument—it was also employed by the first author in [H03a] to give a simplified solution of the
subconvexity problem for the L-function of a Maass form twisted by a character. We then apply
the Voronoi summation formula twice getting a sum of Kloosterman sums of moduli divisible by
D{. Finally, we expand spectrally this expression by applying Kuznetsov’s formula a second time
but backwards (i.e., from sums of Kloosterman sums to sums of Fourier coefficients of automorphic
forms) transforming the shifted convolution sum into a weighted sum of the h-th Fourier coefficient
over a Hecke eigenbasis of automorphic forms of level D¢. Note that this process is (of course) not
involutory and that in this way we encounter not only Maass but also holomorphic forms. Of course,
this is just another way to realize (up to an error term) the same spectral expansion of the shifted
convolution sums discussed in the second method above. There are, however, some differences: in
particular, triple products of automorphic forms are absent from our argument as well as the delicate
issue of showing their exact exponential decay; instead, we use more elementary estimates on Bessel
transforms®.

In any case, the spectral expansion alone is insufficient, even under Hypothesis Hy, to get the
bound (1.6) when ¢* is large, but now we can proceed as in [M0O4a] by combining the spectral
expansion with the averaging over the h variable and by exploiting the oscillation of the Gauss
sum. The problem turns out to be reduced to a collection of subconvexity problems for the twisted
L-series L(1) ® xfXg,$) as 1 ranges over a basis of Maass forms, holomorphic forms and Eisenstein
series of level D¢, a question which has already been solved (but at this point we need strongly the
polynomial dependency with respect to the auxiliary parameters).

Remark 1.5. The process of applying Kuznetsov’s formula backwards—after an application of the
d-symbol method—for the resolution of the shifted convolution problem was carried out by Jutila
[J99] in the full level case (D¢ = 1); for general levels, where exceptional eigenvalues cannot be
excluded, this possibility was already considered in [DFI94a], but not pursued further—and in fact,
this was not really crucial by comparison with our present problem—cf. loc. cit. p.210: “We shall
use Weil’s bound for Kloosterman sums rather than the spectral theory of automorphic forms since

4Nevertheless, the two approaches are closely related via representation theory and Bessel models.
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the latter approach would require us to deal with the congruence subgroup T'g(ab) facing intrinsic
difficulties with small eigenvalues. The results obtained this way would not be good enough for large
a,b.” We remark that the last sentence is now obsolete but only because of the progress made in
direction of the Ramanujan—Petersson conjecture (more precisely, because Hypothesis Hy holds for
some 6 < i) We also note that, applied to our present situation, this process is nevertheless robust:
Theorem 1 would remain valid (with a weaker subconvex exponent) even under Hypothesis Hy for
any given 6 < % The reason is that we need to solve the Shifted Convolution Problem either for
a few individual h’s but of relatively large size (when ¢* is small), or for h’s varying in a wider
range but then on average (when ¢* is large), or for any intermediate case in between these two
configurations, thus keeping the distortions created by small eigenvalues limited. In other words,
we don’t need to resolve an individual Shifted Convolution Problem for a small h. We also note
that in a recent preprint [Bl04], V. Blomer gave a striking application of Jutila’s method to the
subconvexity problem for twisted L-function. His argument does not seem sufficient to solve the
present subconvexity problem in full generality, but it can be combined with the one of this paper
to obtain a somewhat stronger subconvex exponent in Theorem 1. See [BHMO05a] for a first step in
this direction.

1.3. Recent developments regarding the Subconvexity Problem. During the final stage of
preparation of this paper (Summer of 2004), new striking cases of the subconvexity problem have
been announced by J. Bernstein and A. Reznikov on the one hand, and by A. Venkatesh on the
other hand; these results are now available in print [BR05, V05]. More precisely, Bernstein and
Reznikov considered the subconvexity problem in the spectral parameter aspect and established
a subconvex bound for the central value L (7T¢ ® Ty @ T, %) of the triple product L-function
associated to three Hecke-Maass cusp forms (over Q), two of which (¢’ and ¢”, say) are fixed
and the remaining one (¢) has large Laplacian eigenvalue. In a different direction, A. Venkatesh
considered the subconvexity problem in the level aspect for automorphic L-functions over a general
number field F.Amongst other cases, he obtained subconvex bounds for the standard L-function
L(7, s), the Rankin—-Selberg L-function L(m ® 7', s), and the central value of the triple product L-
function L (7r Q' @w", %), where 7’ and 7" are some fixed cuspidal automorphic representations
of GL2(AF) and 7 is a cuspidal automorphic representation of GLy(A ) with large conductor and
trivial central character: in particular, these bounds generalize, to any number field, the subconvex
bounds obtained in [DFI193, DFI94a, KMV02]. The proof of these new subconvexity cases build on
soft but powerful methods which are very different from the ones developed so far: indeed these
methods are geometric in nature, and rely on the expression of the central values of automorphic
L-functions in terms of periods of automorphic forms; then, the subconvexity problem becomes
tantamount to bounding non-trivially these periods. This is achieved by using a beautiful mix of
representation theoretic, analytic and/or ergodic theoretic arguments. This is in sharp contrast with
the former approaches (like the one presented here) where the relationship between central values
and automorphic period is exploited, but only after the subconvex bound has been obtained (via the
method of amplified moments for instance), to deduce an equidistribution result from subconvexity.
Although these alternative approaches are very different from the ones coming from analytic number
theory, an astute reader will nevertheless identify some common patterns on each side: this is
especially striking when one compares [V05] with say [DFI94a] or [KMVO02]. In fact, it seems
plausible that one can pursue the analogy further so as, for example, to incorporate some features
of the present paper within the framework developed in [V05]: this would yield to a generalization
of Theorem 1 (which is not covered by the results of [V05]) to GLy-automorphic forms on a general
number field.

The present paper is organized as follows. In the next section we collect and recall several general
facts on the analytic theory of automorphic forms (like Voronoi summation formulae and estimates
for Fourier coefficients of modular forms); the material presented there is mostly standard but on
several occasions we have not been able to find the proofs of several estimates given in the generality
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required by the present paper, so we have provided proofs on these occasions. Section 3 reduces our
subconvexity problem for Rankin—Selberg L-functions to an estimate for sums of shifted convolution
sums of type (1.5). As this reduction is entirely similar to Section 2 of [M04a], we skip most of
the details. Sections 4 and 5 constitute the technical core of the paper: there we resolve the given
shifted convolution problem by combining Jutila’s variant of the circle method with the Kuznetsov
trace formula and subconvexity estimates for twisted L-functions. Section 6 contains the application
of our subconvexity bounds to the problem of equidistribution of short orbits of Heegner points on
Shimura curves associated to indefinite quaternion algebras over Q.
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2. REVIEW OF AUTOMORPHIC FORMS

2.1. Maass forms. Let k& and D be positive integers, and y be a character of modulus D. An
automorphic function of weight k, level D and nebentypus x is a function g : H — C satisfying, for

any v = <(z Z) in the congruence subgroup I'g(D), the automorphy relation

9y (2) = jy(2) Fg(v2) = x(d)g(2),

where
az+b . ez +d

= d =
T e d o 219 |cz + d]

We denote by Lx(D,x) the L?-space of automorphic functions of weight k with respect to the
Petersson inner product

= exp(iarg(cz + d)).

(91,92) = / 91(2)g2(2) dzgy

To(D)\H

By the theory of Maass and Selberg, L1 (D, x) admits a spectral decomposition into eigenspaces of
the Laplacian of weight k
0? 02 .0
Ay = —y? <3x2 + ('9yQ> + zk‘y%.
The spectrum of A has two components: the discrete spectrum spanned by the square-integrable
smooth eigenfunctions of Ay (the Maass cusp forms), and the continuous spectrum spanned by the
Eisenstein series { F,(z, 5)}{a, s with s = 1}7 any g € L (D, x) decomposes as

02 = Llowh)+ Y g [ 0B ) Bales) s

720
where ug(z) is a constant function of Petersson norm 1, By (D, x) = {u;};>1 denotes an orthonormal
basis of Maass cusp forms and {a} ranges over the singular cusps of I'y(D) relative to x. The
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1

Eisenstein series Fq(z,s) (which for s = 3

of Ay with eigenvalue A\(s) = s(1 — s).

A Maass cusp form g decays exponentially near the cusps. It admits a Fourier expansion for
each cusp with its zero-th Fourier coefficient vanishing; in particular, for the cusp at oo, the Fourier
expansion takes the form

are defined by analytic continuation) are eigenfunctions

—+oo

(2.1) gz)= > Po(MW s sy (4mlnly)e(n),

T
where W, 5(y) is the Whittaker function, and (% +it) (3 —it) is the eigenvalue of g. The Eisenstein
series has a similar Fourier expansion

+oo
Eo(2 3 +it) = acaoy® ™+ @a (3 +it)y2 "+ D pa(n, W a s i (4ninly)e(na),

[n]
n=—o0

n#0

where qba(% + it) is the entry (oo, a) of the scattering matrix.

2.2. Holomorphic forms. Let Si(D, x) denote the space of holomorphic cusp forms of weight k,
level D and nebentypus x, that is, the space of holomorphic functions g : H — C satisfying

9(v2) = x(7)(ez + d)*g(2)
for every v = (CCL Z) € T'g(D) and vanishing at every cusp. Such a form has a Fourier expansion

at oo of the form

k
g(z) = Z pg(n)(4mn)=e(nz).
n>1
We recall that the cuspidal spectrum of L (D, x) is composed of the constant functions (if k£ = 0,
X is trivial), Maass cusp forms with eigenvalues A, = (1 + ity)(5 — ity) > 0 (if k is odd, one
l;as Ag = 1) which are obtained from the Maass cusp forms of weight £ € {0,1}, K = k(2) by

“57 applications of the Maass weight raising operator, and of Maass cusp forms with eigenvalues
A= é(l - %) < 0,0 <1<k, =k(2) which are obtained by % applications of the Maass weight
raising operator to weight | Maass cusp forms given by 3%/2¢(z) for g € S;(D,x). In particular, if
g € Sk(D, x), then y*/2g(z) is a Maass form of weight k and eigenvalue g(l — g) Moreover, we note

that our two definitions of the Fourier coefficients agree:

pg(n) = py"/zg(n)'
In the sequel, we set

ky—1

(2.2) Tty for g a Maass cusp form of weight 0 or 1;
’ 7 1+ ~%&— for g a holomorphic cusp form of weight ,.

2.3. Hecke operators. We also recall that £ (D, x) (and its subspace generated by Maass cusp
forms) is acted on by the (commutative) algebra T generated by the Hecke operators {T}, },,>1 which
satisfy the multiplicativity relation

TTo= Y, X(d)Tmy.
d|(m,n)
We denote by T(P) the subalgebra generated by {T"}(n,p)=1 and call a Maass cusp form which is
an eigenform for T(P) a Hecke-Maass cusp form. The elements of T(P) are normal with respect to
the Petersson inner product, therefore the cuspidal subspace admits a basis formed of Hecke—Maass
cusp forms. For a Hecke-Maass cusp form g, the following relations hold:

(2.3) Vnpg(£n) = pg(£1)Ag(n) for (n,D) =1,
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where A\4(n) denotes the eigenvalue of T,,, and

(2.4 Vimpgmg(n) = 3 xdpy (5 5) 1\

d|(m,n)

(2.5) Vinpy(mn) = 3" x(duldip, (%) \/ng (5)-

d|(m,n)

The primitive forms are defined to be the Hecke-Maass cusp forms orthogonal to the subspace of
old forms. By Atkin-Lehner theory, these are automatically eigenforms for T and the relations (2.3)
and (2.4) hold for any n. Moreover, if g is a Maass form not coming from a holomorphic form (i.e.,
if ity is not of the form :I:FT1 for 1 <1< k,l=k(2)), then g is also an eigenform for the involution
Q11it, x of [DFI02, (4.65)], and one has the following relation between the positive and negative
Fourier coeflicients:

(2.6) pg(—n) = ggpg(n) formn =1

with

D(%+ity+%

o) sttt )

D(z +ity — 3)

(cf. [DF102, (4.70)]).
A primitive form g is arithmetically normalized if py(1) = 1.

2.4. Voronoi summation formulae. The modular properties of a cusp form g € L (D, x) trans-
late into various functional equations for Dirichlet series
D(g,z,5) =Y v/npg(n)e(nz)n
n>=1

attached to additive twists of the Fourier coefficients py(n). When 2 = ¢ is a rational number in
lowest terms with denominator ¢ divisible by the level D, the functional equation is particularly
simple.

If ¢ is induced from a holomorphic form of weight I, then by Appendix A.3 of [KMV02] (see also

[DI90]),
a q [ C 1—25F(1—s+l_71) a
D(Q,E,s) =i'x(a) (ﬁ) WD (g,—c,l—s).

If g is not induced from a holomorphic form, then
a ks fC\172s a _ a
(2.8) D (g, . s) = i*x(a) (;) {\I!:Lt(s)D (g, —2 1— s> + Wi (s)D (Qg, = 1-— 8) } )

where \I!,f ;+(8) are meromorphic functions depending at most on £ and it, i + t2 is the Laplacian
eigenvalue of g, and @ = Q1 is the involution given in (4.65) of [DFI02]. In fact, we can assume
that Qg = eg for some € = 1, and reduce the above to

@) =ity (&) e O - -
(29) D <g, C,s) =1i"x(a) (w) {\Dk’it(s)D (g, C,l s) +eWy, ., (s)D (g, > 1 s) } .
For k =0, \Iliit(s) are determined in Appendix A.4 of [KMV02] (see also [M8&8]):

D (15 T (L) (2 1 (2

s—1 s+1 + s—1 s+it) *
CEF)T () D= (H)

(2.10) UG, (s) =
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For k # 0, we will express \Ilflt(s) in terms of the functions @f(s, it) defined by (8.25) of [DFI02]:

> I(3+it+ %) , dy
2.11 D (s, it) = ﬁ/ Wi (dy)+ —2—22W . (4 s—g 2
( ) k (8 ? ) 4 0 g,lt( y) F(% Tt — %) _27”( y) Y Y

Our starting point for establishing the functional equation is the identity
O e L e_idy PN P |
12) T /0 ol + i)y Y = @ (s.i)D* (g.2.5) + (5. #1)D (9.5,

where
2Di1(ga xz, S) = D(g,x, S) + D(97 -z, S)
In deriving this identity we use (2.1), (2.6), and (2.7) with the sign ¢ = £1. The modularity of g

implies, for any y > 0,
a iy . a 7
g ( + > = i*x(a)g < + ) :
c ¢ c oy
We integrate both sides against y*~ 2 dy—y to obtain, by (2.12),
1-2s a
Z q)]fs(sait)Dil (ga g7 S) = ka<a) <E> Zq)kia(l -5 Zt)Dil (ga _ga 11— S) .
+ ¢ T T c

The analogous equation holds when « is replaced by —a:

Z@fe(s,it)Dil (g7 —%, s) = ikx(—ﬁ) (;)1_23 zi: @fs(l — s,it)Dil <g, g 1- s) .

+

Using that D*!(g, —x,s) = £D*'(g, z, s), and also that y(—1) = (—1)*, we can infer that
1-2s a
& (s,it) DE! (g, 9, s) = i*x(a) (E) @fe(_l)k(l - s,it)Di(*l)k <g, 79,1 - s> .
¢ v ¢

It is important to note that the functions @fg(s, it) are not identically zero by k # 0 and Lemma 8.2
of [DFI02] (cf. (8.32) and (8.33) of [DFI02]). Therefore we can conclude that

APCRED SERIAEN

+

_ Le(—1)" , _
_ ik (m E)l 2 @}, (1- 37Zt)D:|:(71)’“ _e
¢ X(a) (7‘(‘ ; @%8(8,21}) g, C7 S

Combining this equation with

2D+ (g,—(z,l—s) :D(g,—?l—s)iD(%Z,l—s),

we find that (2.9) indeed holds with the following definition of \I/iit(s):

DLl —s,it) D (1 — s,it)
Vi) = ]g—m . ]i(—l)k o
O, (s,it) D (s,it)

This formula works for k # 0 and complements (2.10) which corresponds to k = 0.
Using the calculations of [DFI02] we can express Wi, (s) in more explicit terms. First, we use
(8.34) of [DFI02] to see that

OL(1—s,it) | ®p'(1 - s,it)
—1

Ui, (s) = :
k,’Lt(S) fI)}C(s,fit) q)k <S7—Zt>
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Then we refer to Lemma 8.2 of [DFI02], the functional equation (8.36) of [DFI02], and the deter-
mination of the constant ¥ = v; = =£1 in that functional equation (p.534 of [DFI02]) to derive

that
1— s—Ht) (1 s—it) T (2—s+it)F (Z—S—it)
\I/ii (S) = ik ( s—1 s 7,2 + Zk 5271' 3 it ?
TS (50 T ()T ()

(1 s+zt) T (2 5— 1t) N ik-lr (2—32+th) T (1—‘;?115)
PO () D {E5 T (57
Note that by (2.10) this formula is also valid for k& = 0.

We can simplify the above expressions for \Ilfzt(s) using the functional equation and the dupli-
cation formula for I':

T(s)T(1—s) =

k even;

U (s) = P! k odd.

7T 1

D(s)I(% + s) = V2! 72T (2s).

sin(rs)’
For even k, we obtain

Ul (s) = i*n 122 (1 — s+ it)D(1 — s — it){ — cos(s) };
(2.13) pi(s) = P12 (1 — s+ it)T(1 — s — it){cos(mit) }.

For odd k, we obtain
Ul (s) = " 'rm 12T (1 — s +it)D(1 — s — it) {sin(s) };
Wy i(s) = 122 (1 — s 4 it)D(1 — s — it){— sin(mit) }.

These identities enable us to derive a general Voronoi-type summation formula for the coefficients
pg(n) of an arbitrary cusp form g € Ly(D,x). Special cases of this formula already appeared in
[M88, DI90, KMV02].

(2.14)

Proposition 2.1. Let D be a positive integer, x be a character of modulus D, and g € Li(D,x)
be a cusp form with spectral parameter t = t,. Let ¢ = 0(D) and a be an integer coprime to c. If
F € C®(R*™T) is a Schwartz class function vanishing in a neighborhood of zero, then

(2.15) Z \/ﬁpg(n)e(n%)F(n) = X(Ca) Z Z \/ﬁpzt(n) ( )]—"i (C2>
n>1 + n>1

In this formula,

NCRR)

p;(”) 1= pg(n), Pg (n) := pgg(n) = mﬂg(‘”%

and

(2.16) / F(x)Jg (4ny/zy) da

where

J;(x) = 2mil iy (), J, (x) =0,

if g is induced from a holomorphic form of weight l;

J;(I) = () {}/Qfo )+ Y_ou(x )} J;(z) := 4 ch(wt) Ko (),
if k is even, and g is not induced from a holomorphic form;
J+( ) : Sh {Y27t Y_Qit(fp)}’ J;(SC) = —41 Sh(ﬂ't)KQit(I),

if k is odd, and g is not induced from a holomorphic form.
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We outline the proof for non-holomorphic forms g. We represent the left hand side of (2.15) as

an inverse Mellin transform

Z \/ﬁpg(n)e(n%>F(n) _ b /(2) F(s)D (g, %, s) ds.

271
n>1

By the functional equation (2.8), the right hand side can be rewritten as
1 N c\ 1—2s a
kv(a +
— [ F (f) U (5D (g, -2 1—s)d
M@ [ PO (2) il (0.2 s)as

viv@ss [ PO () won (@0 Fa-s)as

27 ™
s
2

ST RIEHIOREAGH RIS SN
TR G OREAG HCE Sk

Using (2.13) and (2.14) it is straightforward to check that

By changing s to 1 — £ and shifting the contour, we see that this is the same as

(2.17)

. s 2
U, (1 - 5) = ;J;L(‘lx)(s)v

so that
F(1- ;) i, (1- ;) = 2" L FE(y) (%) = 2m T FE(2) (s),

where F* is the Hankel-type transform of F given by (2.16). In particular,

1 ~ S c\s1 S s ds 1 n
-k + -3 7:i
! 27(’& (2) 2 7 kit 2 nee 2 C 62

and this shows that (2.17) is equal to the right hand side of (2.15). But (2.17) is also equal to the

left hand side of (2.15), therefore the proof is complete.

2.5. Spectral summation formulae. The following spectral summation formulae form an impor-

tant tool for the analytic theory and the harmonic analysis on spaces of modular forms.
The first one is Petersson’s formula concerning the case of holomorphic forms (cf. Theorem 9.6 in

[195]): let BI(D,x) denote an orthonormal basis of the space of holomorphic cusp forms of weight

k > 1, level D and nebentypus y.

Proposition 2.2. For any positive integers m,n, one has

(218) 47Tr(k - 1)\/% Z Ff(m)pf(n) = 5m,n + 2mi " Z

fFEB(D,x) ¢=0(D)
Here Sy (m,n;c) is the twisted Kloosterman sum

Semmie)i= 3 x(@)e (”W) .

z(c)
(z,c)=1

Let Bi(D, x) = {u;};>1 be an orthonormal basis of the cuspidal part of L1 (D, x) formed of Maass
forms with eigenvalues A; = % +t? and Fourier coefficients p;(n). The following spectral summation

Sy (m,n;c) 4m\/mn
- Jr—1 . :

formula is a combination of [DFI02, Proposition 5.2], a slight refinement of [DFI02, (14.7)], [DFI02,

Proposition 17.1], and [DFI02, Lemma 17.2].
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Proposition 2.3. For any integer k > 0 and any A > 0, there exist functions H(t) : RUIR — (0, 00)
and Z(z) : (0,00) = RUR depending on k and A such that

(2.19) H(t) > (14 |t])*F 107,

for any integer j > 0,
A+1 )
) (14 z)1;

(here the implied constants depend only on A and j, that is, they are independent of k) and for any
positive integers m,n,

FZIH )P (m)p;(n) + \/72 / t)pa(m, t)pa(n,t) dt

=1
4
= CAbmn + Z (m,n;c) ( 7n/mn>.
c

c=0(D)

2.9 i) =
(2.20) x () < (1 g

Here cq > 0 depends only on A.

It will also be useful to have an even more general form of the summation formulae above, namely
when Z(z) is replaced by an arbitrary test function. This is one of Kuznetsov’s main results (in the
case of full level). His formula was generalized in various ways, mainly by Deshouillers-Iwaniec (to
arbitrary levels), by Proskurin (for arbitrary integral or half-integral weights); see also [CPS90] for
an illuminating discussion of this formula from the representation theoretic point of view. In this
paper, we will only need the trivial nebentypus case [I87, Theorems 9.4, 9.5, 9.7]. To save notation,
we set Bo(D) = {u;};>1 (resp. BE(D)) for an orthonormal basis of the space of weight 0 Maass cusp
forms (resp. of the space of holomorphic cusp forms of weight k) of level D, and trivial nebentypus.

Theorem 3. Let m,n, D be positive integers and ¢ € C(R*). One has

21 e 3 S, (B S g1 S artmleto

¢=0(D) k=0 (2) feB“(D)

N +o00 A
C;f(“”)p( Z / Palim, t)pa(n, ) dt

j=>1
and

4F Z c n;C)SO (47“?%) -

c=0 (D)

. +oo -
Z c}f((;;z-)pj(m)pj(n) + 417T > / Cf((?t)m(mt)pa(n, t)dt,

where the Bessel transforms are defined by

pe-1:= [ so(x)z'%_xmdf;
(2.22) o(t) 1 = /0°° 2ch { 2it () + Y_2:e( )}%7

(2.23) B(t) = /0 " (@)t eh(mt) Ko () .
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Remark 2.1. The kernels in (2.22) and (2.23) can be expressed alternately as

2Ch {Yén +Y 2'Lt( } 26h { 21t —-J_ 22t( )}

A ch(mt) Koy (z { 2t (2) = Igi(z)}.

2.6. Bounds for the Fourier coefficients of cusp forms. In this section we recall several (now)
standard bounds for the Fourier coefficients of cusp forms; references to proofs can be found in
Section 2.5 of [M04a].

If g is an L2-normalized primitive Maass cusp form of level D, weight x € {0,1} and eigenvalue
14 t2, then from [DFI02] and [HL94] we have for any e > 0 (cf. (2.2)),

_. [ ch(wty) 1/2 ch(mty) 1/2
2.24 Dpug)=¢ | ——%* 1 Dpy)® | ——2% .
(2.24) Dug) (it} < 1) < Do) (7
If g € Si(D, x) is an L?-normalized primitive holomorphic cusp form, then

(Dk)~* (Dk)*

2.25 —_— 1 —_— .
For Hecke eigenvalues, Hypothesis Hy gives in general the individual bound
(2.26) Ag(n)| < T(n)n?.

Note that this bound remains true when n is divisible by ramified primes. Moreover, if g is holo-
morphic, it follows from Deligne’s proof of the Ramanujan—Petersson conjecture that (2.26) holds
with 8 = 0. Hence for all n > 1 and for any £ > 0 we have by (2.3)

. [ ch(mty) 1/2 P
nDjig — n’ for L.(D,x), k 0,1};
(2.27) Vnpg(n) <. ( (;;;)f Dy ) or g€ Ly(D,x), re€{0,1}
(DT(k))1/? for g € Sk(D,x).

The implied constant depends at most on ¢ and is effective. In fact, for a Maass cusp form g of
weight x € {0, 1}, Rankin—Selberg theory implies that the Ramanujan—Petersson bound holds on
average: one has, for all X > 1 and all ¢ > 0,

(2.28) Z |/\q(n)|2 < (DpgN)°N.
n<N

It will also be useful to introduce the function
n) = [Ag(d)
d|n

This function is almost multiplicative,
(mn)"Fo4(mn) < o4(m)og(n) < (mn)oy(mn),
and satisfies (from (2.28))
Z ag(n)? < (DpugN)°N,
n<N

for all N,e > 0. In the above estimates, the implied constants depend on £ but not on g.

In several occasions, we will need a substitute for (2.27) when ¢ is an L?-normalized but not
necessarily primitive Hecke—Maass cusp form. This estimate can be achieved on average over an
orthonormal basis, and this is sufficient for our application.
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Lemma 2.1. Assume that Hypothesis Hg holds. Let Bo(D,x) = {u;}j>0 denote an orthonormal
Hecke eigenbasis of the space of Maass cusp forms of weight 0, level D and nebentypus x. For any
n,T > 1, one has

X 2
(2.29) 3 m < (nDT)*T*n?,
uj €Bo(D,x) /
[t;|<T

and for any m, N,T > 1, one has

mn|p;(mn)|* e 7,20
2.30 NDT)T*N .
( ) Bz(:D ) ;\/ ch(rt;) <tm : "
u; € n
e

Here the implied constants depend at most on €.

Proof. Inequality (2.29) is a straightforward generalization of Lemma 2.3 in [M04a]. For (2.30),
combine (2.5), (2.28), (2.29), and note that 6 < ;:
mnlpg (mn) 2 md|p (md)? )
IRAPGNTTE)T s
2. X Ty T 2 2 a2 )
uj €Bo(D,x) )y nSN d|(mD)® u;eBo(D,x) n<N/d
[t;|<T d<N [¢;|<T (n,mD)=1
< (mNDTFT°Nm* >~ d*~' <. (mNDT)*T*Nm?*.

d|(mD)>
d< N

]

Lemma 2.2. For k > 1, let BY(D,x) C Sk(D,x) denote an orthonormal basis of the space of
holomorphic cusp forms of weight k, level D and nebentypus x. For any T > 1, any n > 1 and any
€ >0, one has

(2.31) S T(k) Y. nlps(n)]? < (nDK)*K?,
k<K feEBE(D,X)
where the implied constant depends at most on €.

2.7. Bounds for exponential sums associated to cusp forms. In this section we prove uniform
bounds for exponential sums

(2.32) Sy, X) := Z Ag(n)e(na)

n<X

associated to a primitive cusp form g. Our goal is to arrive at

Proposition 2.4. Let g be a primitive Maass cusp form of level D, weight k € {0,1} and Laplacian
eigenvalue % + t_,z]. Then we have, uniformly for X > 1 and o € R,

Z Ag(n)e(na) < (D,ng)ED/,L;Xl/Q,
n<X

where the implied constant depends at most on €.

Remark 2.2. This bound is a classical estimate and due to Wilton in the case of holomorphic forms
of full level. However, we have not found it in this generality in the existing literature. One of our
goals here is to achieve a polynomial control in the parameters of ¢g (the level or the weight or the
eigenvalue). The latter will prove necessary in order to achieve polynomial control in the remaining
parameters in the subconvexity problem. Note that the exponents we provide here for D and p4 are
not optimal: with more work, one could replace the factor Dng 1/2 above by (D,uf]X )1/ 2 and in
the D and pg aspects it should be possible to go even further by using the amplification method.
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First we derive uniform bounds for g(x + iy).
If g is an L2-normalized primitive Maass cusp form of level D, weight x € {0,1} and spectral
parameter it = ity, then we have the Fourier expansion

(2.33) g +iy) = 3 py(){ Wy (dmny)e(na) + £, W_ s io(4mny)e(—na) },

n>1

where e, = £(it)" is the constant in (2.7). The Whittaker functions here can be expressed explicitly
from K-Bessel functions:

2y1/2
Wo,it(4y) = N K (2y);
2y
(2.34) Wi (dy) = W{K%+it(2y) + K1 _u(2y)}s

. 2y
itW_1 i (4y) = W{K%Jrit(Qy) — Ki_u(2y)}.
By the Cauchy—Schwarz inequality, we have
ylglo+ i)l < 3 P S gy {0 o) + Je W i (dmny)?).
>1 m? >1 o o

Combining this estimate with (2.3), (2.24), (2.28), (2.34) and the uniform bounds of Proposition 7.2,
we can conclude that

(2.35) yeg(a +iy) <. (Dpg)* D~ 2 pgy=1/2.

For small values of y, we improve upon this bound by a variant of the same argument. Namely,
we know that every z = x +iy can be represented as Sv, where 8 € SLy(Z) and Sv > @ Ify < ?,

as we shall from now on assume, § does not fix the cusp oo, hence the explicit knowledge of the

cusps of T'o(D) tells us that it factors as 8 = vd, where v € T'y(D) and § = (CCL I) € SLo(Z) with

¢ # 0 and ¢ | D. We further factor 0 as 0,7, where o4 is a scaling matrix for the cusp a = a/c (see
Section 2.1 of [I95]) and 7 fixes co. An explicit choice for o4 is given by (2.3) of [DI82]:

— [¢2, D] 0
T\ D] 1/a/[e2,D])
This also implies that

=TT )

therefore the point w := 7v has imaginary part

(2.36) Sw > ?/[c?, D].

Observe that

(2.37) 19()] = lg(5v)| = lg(oaw)] = [h(w)],

where h := g| _,, is a cusp form for the congruence subgroup o 'To(D)o, of level D, weight x and
spectral parameter it, = it,. We argue now for h exactly as we did for g, except that in place of
(2.3), (2.24), (2.28) we use the uniform bound

Z n|pn(n)|* < p; " ch(rty) X.

1<ngX
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This bound follows exactly as Lemma 19.3° in [DFI02] upon noting that ¢, for the cusp a = a/c (see
Section 2.6 of [195]) is at least [¢, D/c] > 1 (cf. Lemma 2.4 of [DI82]). The analogue of (2.35) that
we can derive this way is

(Sw)h(w) <z !> (Sw) V2.
By (2.36) and (2.37), this implies that
(2.38) g(x +iy) < (Dpg)*DV2p/.
Note that this estimate was derived for y < ‘f , but it also holds for all other values of y in the light
of (2.35).
With the uniform bounds (2.35) and (2.38) at hand we proceed to estimate the exponential sums
Sg(c, X). By applying Fourier inversion to (2.33), we obtain, for any o € R,
L(3+it+%)

pg(n) {Wg,it(477ny) + sz,it(‘lﬂny)} e(na) =

/0 {g(a+ B +iy) + g(—a — B + i) }e(—nB) B,

where the & on the right hand side matches the one in (2.7). Then we integrate both sides against
(wy)edy—y to see that

(2.39) nl /2 +5 / Go(B)e(—npB)dp,

where

(2.40)  Ga(B) = G

4py ()2} (3 + 2,1t

The function ®1(s,it) is defined in (2.11), and is determined explicitly by Lemma 8.2 of [DFI02].
For k € {0, 1}, this result can be seen more directly from the explicit formulae (2.34). At any rate,

oL (3 +e,ity) = K/%;g (45 4 ¢) = M!(st—l)/Z-&-a Chfl/Z(ﬂ_tg),
so that by (2.24) we also have
pg(1)®@r (L +e,ity) >. (Duy) =275
The integral in (2.40) is convergent by (2.35) and (2.38). Moreover,

/ {gla+B+iy) £ g(—a— B +iy) by~ ; <z (Dpg)* D232,
Altogether we have obtained the uniform bound

(2.41) GulB) < (Duy)"Dp, a€R.
For X > 1, we introduce the modified Dirichlet kernel

DB, X) = > e(-nB).

1<n<X

/O {g(a+ B +iy) £ g(—a —5+iy)}y6%-

It follows from (2.39) that

1
> 2eee) — [ Gu)n(e. x) ds,

n<X

5In this lemma, |s;| should really be |s;|'~%. In fact, this is the dependence that follows from Lemma 19.2 of
[DFI02]. We also note that the proof of the latter lemma is not entirely correct. Namely, (19.12) in [DFI02] does
not follow from the bound preceding it. Nevertheless, it does follow from the exponential decay of the Whittaker
functions (cf. our (2.34) and Proposition 7.2).
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Combining (2.41) with the fact that the L'-norm of D(j3, X) is < log(2X), we can conclude that

Ag(n)e(na) 2
Z T ie Le (DpgX)* Dy
n<X
Finally, by partial summation we arrive to Proposition 2.4.
For completeness, we display the analogous result for holomorphic forms that can be proved along

the same lines.

Proposition 2.5. Let g be a primitive holomorphic cusp form of level D and weight k. Then we
have, uniformly for X > 1 and o € R,

D Al < (DX DE32X1/?,

n<X

where the implied constant depends at most on €.

These estimates are useful to derive bounds for shifted convolution sums on average which will
be used later on: the following lemma is similar to Lemma 3 of [J96] (see also Lemma 3.2 of [Bl04]).

Lemma 2.3. Let g be a primitive (either Maass or holomorphic) cusp form of level D. For any
X,Y > 1, for any nonzero integers {1,2, for any sequence of complex numbers a = (ap)nez, and
for any € > 0, one has

Sa S Xym)Ag(n) <o (XY Dpy)* D2t (XY)]jall5.
heZ m<X, n<Y
Zﬂ”ﬂ*éznih
Remark 2.3. Of course this lemma will be applied to sequences a supported in [—H, H| with
= 1| X + |6:]Y.

Proof. The estimate follows by combining Proposition 2.4 or 2.5 with the Cauchy—Schwarz inequal-
ity and the Parseval identity:

Zah Z )\ / Zahe (ah)Sy(l1cx, X)S (l20,Y) da

heZ m<X, n<Y heZ
Elm—ézn—h

Z ape(ah)

<o (XY pgD)*D? 1} (XY') 1/2/ da

<. (XY 11y D) D2 (XY) | Jall2.

3. RANKIN—SELBERG L-FUNCTIONS

Given two primitive cusp forms f and g, we denote by ¢ and D, xs and x4, 7 = ®/ Ttp
and 7, = ®/ Tg,p, Tespectively, the level, nebentypus, and GL2(Aq)-automorphic representation
attached to f and g; the Rankin—Selberg L-function of f and g is the Euler product of degree 4
given by

O yom, i (P)\ 7
Lf@g.s) = L<7rf ® Wg’s) - H L(Wﬁp Q@ Tg,p, S H H ( Wf@ﬂg,)

p<oo p<ooi=1

(say); it is the associated (finite) Rankin—Selberg L-function as defined in Jacquet’s monograph [J72]
(see also [C04]).

Remark 3.1. Although we will not use this fact, it was proved by Ramakrishnan [R00] that L(7;®
Tg,$) is automorphic: there exists a GL4(Aq)-automorphic isobaric representation 7y X 7, whose
L-function coincides with L(7y ® 7y, s).
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For p 1 (q, D), the local parameters {ar;r,,i(P)}i=1,....4 have a simple expression in terms of the
local numerical parameters of 7y and 7, at p. Namely,

Liry o) = 1111 (1- O‘(m(m) ,

i=1j=1 P
where
2 axpi(P)) As(n)
L(nfp,s) =[] 1—T = et
i=1 n|p>
. ()" Ao(n)
_ QXrg,5 P _ g\n
L(mgp, s) = H (1 - gps) - Z ns
Jj=1 n|p>
In general, inspecting the possible cases one can verify that for ¢ =1,...,4,

‘amv®7rg,i(p)| < p29~
The local factors at the finite places are completed by a local factor at the infinite place of the form
4

Loo(f®g,8) = L(Tf,00 ® Tg,00,5) = HFR(S + Nﬂf®ﬂg7¢(oo)), I'r(s) := W*S/2I‘(s/2).
i=1
Again, one can verify that fori =1,...,4,
(3-2) éRMﬂ'f@ﬂ'g,i(oo) > —20.
The L-function L(f ® g, s) satisfies a functional equation of the form
Af®gs)=e(fogAf®g,1-53)
with e(f ® g)] =1 and
Af®g,8) = Q(f ®9)**Loo(f © g, 5)L(f © g, 5),

where Q(f ® g) = Q(my ® my) is the conductor of the Rankin-Selberg L-function. By the local
Langlands correspondence, one can verify that Q(f ® g) satisfies

(¢D)?/(¢,D)* < Q(f ® g) < (¢D)?/(g, D).

3.1. Approximate functional equation. For s on the critical line Rs = %, we set

4
1/2
P:= H|S+:uﬂ'f®rrg,i(oo)| 5
i=1
The local parameters fir;gr, i(00) can be computed in terms of the local parameters at oo of 7
and 7,; in particular, one can check that (cf. (2.2))

P < (I8 + py + pg)*.

Note that (3.2) and 6 < } imply that P > 0. By standard techniques (see [M04a] for instance), one
can show that for s with R®s = 1 and for any A > 1, one has a bound of the form

2g(N)| N -
VN (HPQ(f@g)l/Q) ’

where N ranges over the reals of the form N =2, v > —1, and Lyg4(N) are sums of type

Ligg(N) = Z Ar(m)Ag(n)W(n)

(3.3) L(f®g,5) <alog’(qDP+1)) s
N

for some smooth function W (z) = Wi a(x) supported on [N/2,5N/2] such that
(3.4) W () <4 P
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for all 7 > 0. In particular, Theorem 1 follows from
Proposition 3.1. Assume Hypothesis Hy and that x X, is nontrivial. For any 0 < ¢ < 1072 and
any N > 1 satisfying
(3.5) N < (¢gDP)**e,
one has
Lf®g(N )

VN

The implied constant depends on € and polynomially on uy, pg, D and P.

100e 1_(1=20)80y

<< q q2 202

Indeed, for any 0 < & < 1072 by a trivial estimate and by taking A sufficiently large, we see that
the contribution to (3.3) of the N’s such that N > (¢DP)'*¢/2% is bounded by

<. (¢DP)°.

For the remaining terms, we apply Proposition 3.1, getting
£ 3 1 (1-20)6¢w
L(f ®9,8) <e|s|usu,.0 42 log”(¢DP + 1)g? 202

cpl_ (=200
Le,lslyppong,D T 2 202

3.2. Amplification. Asusual, the bound for L ;g4 () in Proposition 3.1 follows from an application
of the amplification method. For this one has to embed f into an appropriate family. In preparation
of this, we change the notation slightly and write x for the nebentypus of f and rename our original
primitive form f to fy. We note that when fy is a holomorphic form of weight £ > 1, then
Fy(z) == y*/2fy(2) is a Maass form of weight k and of course Ly g,(N) = Lp,gye(N), so we may
treat fo as a Maass form of some weight k£ > 0. As an appropriate family we choose an orthonormal
basis By ([q, D], x) = {u;};>1 of Maass cusp forms of level [, D] and nebentypus x containing (the

old form) fo/(fo, f0>[1q/2D] (note the enlargement of the level from ¢ to the l.c.m. of ¢ and D) .

Remark 3.2. As was emphasized in [DFI02], the replacement of the holomorphic form fy by its
associated weight k Maass form is not a cosmetic artefact but turns out to be crucial when k is
small. Indeed, for small k, the c-summation in the Petersson formula (2.18) does not converge
quickly enough (and Petersson’s formula does not even exist when k = 1!): the reason is that when
k is small, the holomorphic forms of weight k are too close to the continuous spectrum. On the
other hand, when k is large (k > 10° say), we could have chosen for family an orthonormal basis
of the space of holomorphic cusp forms of level [g, D] and nebentypus x containing (the old form)

fo/{fos f0>[1q/2D], see Remark 3.3 below.

For L > 1 (a small positive power of ¢), let Z = (21,...,2y,...,2) be any complex vector whose
entries x, satisfy
(3.6) (l,gD)#1 = z,=0.

For f(z) € L([g, D], x) either a Maass cusp form or an Eisenstein series Fq(z, s), we consider the
following linear form:

Lgy(Z,N) Zw Z Z ZW (adn)Ag(n)vaenps(aen).
de=/{ ab=d

As explained in Section 4 of [M04a], it follows from (2.3) and (2.4) that for our original primitive
form f = fo, Lygy(&, N) factors as

(3.7) Lpyag(@ N) = pg (1) | Y 2ed g, (0) | Lpyag(N).
<L
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Thus we form the “spectrally complete” quadratic form
Q(Z,N) ZH )| Lu;@q(Z, N)| +Z /’H )| Lat.o( N)| dt,

where H(t) is as in Proposmon 2.3, and the parameter A used to define H(¢) will be chosen sufficiently
large. Our goal is the following estimate for the complete quadratic form.

Proposition 3.2. Assume Hypotheszs Hy for any 0 < 0 < ; With the above notation, suppose
that x x4 is nontrivial and let ¢* > 1 denote its conductor; moreover, suppose that g satisfies

(3.8) w|D = ¢ {(w,D/w),

then for any 1 < L < q, any 0 < &€ < 1073 and any N satisfying (3.5), there is A = A(e) as in
Proposition 2.3 such that

Q(Z N) < ¢" "N {||ZlI3 + |1 ZITLq "}

with )
46 — 96 — 220 1—260
o = — 9 0g := 5 Opw -
Here
1= lael,  1Z13 =D lwel?,
(<L (<L
and Oty := _T is the convezity breaking exponent of Theorem 5. If g does not satisfy (3.8), then
Q(F, N) <e '™ N {|[Z]5 + || ZIF (Lg% + Lsr g% 4 Lo4rg~)}
with
1
031, := 9 + 46, (5311 225—6‘,
5 _T+100 + 462 5, o L1140
LT T ) T A1+ )

In these inequalities the implied constant depends on ¢ and polynomially on pg, D and P.

Proof of Proposition 3.1. As explained in Section 4 of [M04a], Proposition 3.1 now follows from
Proposition 3.2. Indeed, by (3.7) and by positivity, in particular by (2.19), one has
2

(tfo)|pfo 2 .
20| [Lpes(N) < Q(E N).
<f07f0>q[ ( ) KZL fo | fo®g |
Moreover, for a Maass cusp form fy of weight k € {0, 1}, we have, by (3.7), (2.19) and (2.24),
Htsy)lps (1)1 (gD + tg|)~®

(fo, fo)qTo(q) : To(lg, DN ™ g, DI(1 + [t5[)*¢°

where the implied constant depends at most on €. When fy comes from a holomorphic form of
weight k (i.e., ty, = £i%51), we have, by (2.19) and (2.25),

H(tfo)|pfo(1)|2 > (qD + |tf0|)—5€—Ck
(fo, fo)alTo(q) : To(la, D))~ [a. DI+ [tg[)*C
for some absolute positive constant C' > 0, the implied constant depending at most on €. We suppose
first that ¢ satisfies (3.8); by Proposition 3.2, we have
2

ST @y (0| |Lineg(N)| €pyop,pe DG (14 [t7,[)1%* g, DIN {||Z)3 + | Z[2 Lg%},
<L
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where the implied constant depends at most polynomially on pg, D and P. The result follows by
choosing the (standard) amplifier (z1,...,2zr) given by
Aro@X(p) if €=p, (p.gD)=1, VL/2<p<VL;
TR —x(p) it €=p° (p,gD)=1, VL/2<p<VI;
0 else.

Indeed, from the relation Az, (p)* — A, (p?) = x(p), we have

VL
Z TeAgy (0)| > oo L
<L 8

for L > 5(loggD)?, and from (2.28) we have
11 + 1115 < (aD(L + lt5,)L) L2,
where the implied constants depend at most on . Hence we have
Liysg(N) o0, me (L I3, )52 ()12 (L7140 4 L30/2g0002).
By choosing
L=Loi= g7 > g®,
we conclude the proof of Proposition 3.1 when g satisfies (3.8). When g does not satisfy (3.8), one

can check that for 0 < 6 < £ and for &y = 1 829 one has

LgsL/Qq—63q/2 +Lg4L/2q—64q/2 < L61/47
so that Proposition 3.1 holds in that case, too. O

Remark 3.3. The above estimates prove Proposition 3.1 with a polynomial dependency in py,, fiq,
D, P except possibly when fj is a holomorphic form of weight k& in which case the dependency in
ft5, = 1+ %51 is only proven to be at most exponential. This comes from the fact that I'(k)/H (i%51)
is bounded exponentially in k rather than polynomially. We could probably remedy this by making
a different choice for the weight function #(t); another—more natural—way is to consider, instead
of Q(&, N), the quadratic form

Q"#FN):= Y T(k)|Lreg(@ N)P,
feBi (e, D],x)
where BJ! ([, D], x) is an orthonormal basis of the space of holomorphic cusp forms of level [¢, D] and
nebentypus x containing (the old form) fo/(fo, f0>[1q/20]' If k is large enough (k > 108 say), Q"(Z, N)
can be analyzed (by means of the holomorphic Petersson formula Proposition 2.2) exactly as in the
next section, and Proposition 3.2 can be shown to hold for Q"(#, N) with the same (polynomial)

dependencies in 4, P and D only. Then the argument above (using (2.25)) yields Proposition 3.1
with a polynomial dependency in k¢, as well.

3.3. Analysis of the quadratic form. We compute the quadratic form Q(Z, N) by applying the
spectral summation formula of Proposition 2.3. Q(Z, N) decomposes into a diagonal part and a
non-diagonal one:

= Fawen, Y, plar)p(az)xxg(@iaz)x(brbe) g (b1)Ag(b2)

e11e2 alblelzél
a2b262:€2

1 I xpffa1 b1 e )
8 ((2 ) ) Z CQS az by e N
c=0([g,D])
N

(3.9) = caQP(Z,N) + Q P (&, N),
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say, with

5D<(“1 b el),N) = XA ()W (ardym) W (azdan),

ajeim=—azean

— 4 \/7 —
CZ)\g(m))\g(n)SX(alelm,agegn;c)f< T ala2€162mn> W (ardim)W (azdan).

Cc

Here we have put d; := a1b; and dy := a2bs. The diagonal term is easy to bound and the arguments
of [M04a, Section 4.1.1] yield

l)og (£ -
(3.11) Q (Z,N) <. (¢qNP)*N Z |$d€1‘|$d€2 % 1) Q( 2) <Lge (qNP)ngH(EH%

d, 1,02
for any € > 0.

3.3.1. The non-diagonal term. We transform (3.10) further by applying the Voronoi summation
formula of Proposition 2.1 to the n variable. We set e := (azea, ¢), ¢* := c/e, €* := agea/e, so that
(c*,e*) =1, and by (3.6) we have (e,¢qD) = 1, hence D|[q, D]|c*. Again, the arguments of [M04a,
Section 4.1.2] yield, for a cusp form g,

ND (a1 b1 oer . o - .
S ((az by 62> 7N,c> = eXgl(e ZE zglAg(m))\g(n)GXXg(a1€1m:Fee n; )T E(m,n),
where ¢/ = 1 and €, = +1 is the sign in (2.7) (for g not induced from a holomorphic form) and
T*(@,y) = W(aldlz)/ W (asdau)T <@) s <7reg/@Tu> "
0

We consider the following (unique) factorization of ¢
c=c¢, where ¢ := H p?r(e),

ple
vp(c)<vp(azez)
Then
(ch, ) =1, e, (Fe*) =1,
and a calculation in [M04a, Section 4.1.2] yields

ND (a1 b1 e AN
(3.12) S ((a2 b €2>,N,C>_

Dou(@re Y (5 )Z TR (T S 5 (areret £, ),
+

fleb frf
where f* := f/(are1, f) and

(3.13) SE(arere* f 15 €) ==Y Gy, (h;c?)Si (arere” ff* )
h

with
SE(arere f'f* e) = Z Ag (M)A, () TE(f f*m,n).

ajere* f' f*mFen=h
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3.3.2. Bounding X* (ajere* f'f*,e). Since xx, is not the trivial character, Gyx, (0;¢)So = 0, and we
are left to evaluate (3.13) over the frequencies h # 0. This will be done in Theorem 4.
First we analyze the properties of J*(z,y); to simplify the notation we set

a = aldl, b:= agdg, d:= aijaze1€n.
Lemma 3.1. Let

d\'* N be? N

0 =(— — Z:=P+0O Wy i= —— Xo = —
(ab) c ) + ) 0 62N7 0 a )

bc? dN d (14 62
Yy :=PPWo(1+0%) =P?( -+ — | = P>~ Xo.
0 o1 +67) e2N + ae? e? 02 0

For any i,5,k > 0, any € > 0 we have
) 82 a] N N O A+1 y —k YO 0g+c
fyt i~y 5 ZlJr]*l () 1 v — ’
f”yaxzaygj (#,y) < p U )<1+@> (+Yo y

0 - {|C5tg| if g is a weight 0 Maass cusp form;
9=

where

0 otherwise.

Here the implied constant depends on €, i, j, A and polynomially on pg; A is the constant which
appears in (2.20). Note that Sty = 0 when g is a Maass form of weight 1. Recall also that as a
function of x, J(x,y) is supported on [Xo/2,5X0/2].

Proof. We have
T (x,y) = W(azx) / W (bu)I (Wh) J¥ (W2) du
0

with
47/ dzu 4/ e2yu y 1/2 y 1/2
W)= —— ~ 0, Wyi=—"F"75>"—~ |+ > | = .

c c Wo Yo
The latter integral can be written as a linear combination (with constant coefficients) of integrals of
the form -

W (az) / (W (bu)T (W) Wy YWY, (Wa) du,

0

where

J,(z) € {CYJ(%’ ch(ﬂt)Ky(x)}

with v € {£2it,} if g is a Maass form of weight 0; or
Y, (x)
h K
Jo@) e {2 ay Shit) J(z)}
with v € {£2it,} if g is a Maass form of weight 1; or
JV('I:) = Jkg—l(x)v

if g is a holomorphic form of weight k,. Using (7.1) we integrate by parts 2k times (where we may
assume that k£ = 0 for y < Y)). We obtain, using also Propositions 7.1 and 7.2, (2.20), (3.4) and
that u ~ N/b,

N o \A+! y —k—1/4
4 NV Y
(3.14) T (x,y) <4ape b(1+®)(1+®> <1+Y0>

( W —2|Stg|—6
1+W:
> +Wa

if g is a Maass form;

kg—1
(11‘/1/2[/2) ° <1 if g is holomorphic.
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For the higher derivatives, the proof is similar after several derivations with respect to the variables

TR O
We proceed now by bounding X% (aje e* f/f*, ). We set
d
Iy ;== ajeief f* = Ef/f*’ I, :=¢;
1y d 14 6?2
X:i=——Xo=-X Y =LY, = P? X;
Frpe0 = 0 2Yo ( o2 ) ;

q:=Cond(xxg) =¢q*, c:=c,  F(z,y) =T (ffa/li,y/l).
By a smooth dyadic partition of unity, we have the decomposition

A+1
P =5 0+0) (1og) 3 Ao

1+06 ¥31

where Y is of the form 2”, v € N, Fy(x,y) is supported on [X/4,4X] x [Y/4,4Y] and satisfies

R ) " v\ " Y\ %t
1,1 o i+7
(3.15) 7Y gt g LY (@) Cigke Z (1 + Y) (Y)

for any i, j,k > 0 and any ¢ > 0. The sum %*(1;,12) decomposes accordingly as

N N /o) A+1
S (l11g) = (14 0) (H@) S 3 Gy, (1:6)Shy (11, 1)
Y>1 h
with
Shy(lz) = Y Ag(m)Ag(n)Fy (lam, 1an).
11m:|:12’n:h

We want to apply Theorem 4 (to be proved in the forthcoming section) to the h-sums above.
Given € > 0 very small, we see by trivial estimation and by choosing A large enough (we will take
A =1000/¢ +100), that the total contribution of the SNP (..., N;¢) such that © < ¢~¢ is negligible;
hence in the remaining case we have the easy inequalities

ol < ¢, © < LN/e, 14+ 0 <2¢°LN/c, 11y < (L&)?,
X < dN/e < L*N/e, Y/X < ¢*P?, Y < ¢*P?L?N/e.

We will also use the trivial bound ©/(1 + ©) < 1. We introduce a parameter Y, to be deter-
mined later, and denote by Z$<Ymin (13,13) (resp. Z§>Y (13,12)) the contribution to ¥¥(I4,12)

min

of Y < Yiin (resp. Y > Yim). For Y < Y, we apply the "trivial” bound (4.4) to the sums
> n Gyx, (h;€) Sy (11,12), and find that (since I3l = df’ f* and 0, < 0)

LN LQN 1/2 ANY. : 1/2 Y 2
4 10 1/2 min
Zygymm (117 12) <<P,g,a q ENTC / < S ) < df/f* ) (Ymin)

L2+20N2+9

1/2—6

10
(3.16) e O N g2 Vi

For Y > Yin, we apply Theorem 4 and for this we set (cf. the next section)

mz =13 + 30, np =1, mx =0, my =1, my/x =4,

1420 1-20— 26y,
2 ) Mq = 2 )

Mec ‘=

and
11+ 36 1 1 2
Dyi=———"" Dpi=-——— Dxi=——1\ Dy:=0, Dyxi=———
7 2(1+6) F A1+60) T T a1+ TV VX 1+6°
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D __L .__1—29—26“\,__ Tyq
21 +0) e 414+0) 2(1+6)’
15+ 76 3+260
= 1+420)Dy; = ——— = 1+20)D, = ——+
ez =Mz + (1+20)Dy 20+0) ner :=mr + (1+26)Dy, 11+0)
= +(1420)Dx = 1426 = =1 = +(1+20)D 2
2x ‘= 1Mx X = A1+ 6) N2y =My =1, 7Tey/x ‘=Ty/Xx Y/X =7 1o
1426 1—20 — 201w Mg
= 14+20)D = ——— = 1+20)D, = = .
e i= e + (L4 20)De = 557750 g i= o + (14 20)Dy = —=70 = 977 5

It follows from (3.6) that 1112 is coprime with q = ¢* | ¢ and also with D, therefore if the cusp form
g satisfies (3.8) then Theorem 4 yields, by (3.15),

LN
Sy sy (s l2) €pge ¢'°N=— c

mz 2 my +ny/x+0 e
X ( <L]V> (ch)znlL (LN) erll;( my/x—¢ (%)77 (q*)mq

C €

LN\ ™7 I2N N2y +M2y/x +0 Noe
+<C) (ch)2n2L< e) YIZf;( M2y/x— 9(5) 2 (q*)ﬂzq ,

Q

ie.,
3—26

() 4+0
Eﬁi/>Ymin (117 12) <<P,g,a qlogN <L26+50N19+40 540 27446 (q )mqué] )
€ c 2

2(1+6 2(1+6 *\M24
+L asn N (o) 34+20+62 16476 (q ) Ymin
e 1+  c2(1F0)

1 2
3241004402 2341364202 (Cb) 110 _742%1;1)9 >

A comparison of the second portion of this bound with (3.16) suggests the choice

len — L56+229 38+149( )%e %( *)2(1;»9) C_ 10«549 (q*) 17299725tw
Note that ¢ < ¢°LN and ¢* < c imply that Yy, > 1. With this choice, one has
+ 10e 10-996—2262 19-580—1462 (Cb) 75178269 NG x
b (11712) <<P7g,€ q N L o N o (f*)8+109+292 1346 1-400—862 (q ) ?
9 e 9 ¢ (g
46-270—2202  37—220—1462 (cb)2;49 NG
+L y N ’ (f*)7+29+402 1346 13-1660-862 (q ) ‘ ’
18 e 9 ¢ (3
where 0 5
1— 20 — 20w
g i = (1 —20) —————.
v o= (- 2012
We note that by f*|f|c’|e|c and (e qD) =1,
ef (Cb) 75178269 o 13-400-862
Z Z 841004262 13460 1-400—862 <e g ¢
e=0([g.D]) fle* (f) o e
and o
ef (Cb) 5 _ 25-160-8602
Z Z 74204462 1346 13-160—862 <e qa ¢ .
¢=0(@.D]) fler fryE e e

Collecting all the terms (see (3.9), (3.12)7 (3.13)) and using also ¢* < ¢, we deduce that for g
satisfying (3.8) and for N < (¢DP)'*e,

QND( )<<Pgaq100€||x|| NL(SL —dq
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with
46 — 2760 — 2262 46 — 90 — 2262
5, 29 262 _46—9 |
9 9
13 — 400 — 862 19 — 580 — 1462
0q 1= 5 — 5 — Oy
_ 25 — 160 — 862 37 — 220 — 1462
- 6 9 «
1-—-260
= Oty -
9 t

For g not satisfying (3.8), an additional term occurs whose contribution to QNP (Z, N) is bounded
by (cf. Theorem 4)

<<P,g,g quOEHfH%N (LéBLq—(Saq +L54Lq—54q)

with
1
b3, := 9+ 40, 53q 525—9,
5 _T+106 + 467 _1+46
T T e 0 T Al 6y

The above estimates together with (3.11) conclude the proof of Proposition 3.2.

4. A SHIFTED CONVOLUTION PROBLEM

Our main point is to solve the following instance of the shifted convolution problem: let y be a
primitive character of modulus ¢ > 1, 1 < ¢ =0(q), £1,¢> > 1 be two integers, and g be a primitive
cusp form of level D and nebentypus x,. We assume that g is arithmetically normalized by which
we mean that its first Fourier coefficient (see (2.1)) p4(1) equals one and consequently, by (2.3), that

Ag(n) = V/npg(n)
for any n > 1.
Given X,Y, Z > 1 and a smooth function f(u,v) supported on [1/4,4] x [1/4, 4] satisfying || f|lco =
1 and
ot o
A Qv
for all 4,5 > 0, where the implied constant depends only on i and j , we consider F(z,y) := f(%, )
which is supported on [X/4,4X] x [Y/4,4Y] and satisfies

i i
«'y’ 9 Oyl

— flu,v) < Z'I

(4.1) F(z,y) < 2"

for all ¢, > 0, the implied constant depending at most on 4 and j.
We consider the sum

(b, ta;0) =Y Gy(h;e)Sif (61, £2),
h##0

where G, (h; c) is the Gauss sum of the (induced) character x (mod c) and
(4.2) Sl )= Y Ag(m)Ag(n)F(ym, ton).
ZlmZFlgn:h

Our goal is
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Theorem 4. Assume Hypothesis Hy. Set
P = CDILLg£1€2Z(X + Y),

and assume (as one may by symmetry) that Y > X. Let 0y = % be the power saving exponent
of Theorem 5, and let Doy, be

_ 11436 1 __ 0 _ 120264 2 1
DOpt = 7 2(1+0) ([152) Aoy ¢~ 200 g 1(1+0) (X/Y)1+9X4(1+e>.

Suppose that
w|D€1€2 — q1’ (’LU,D[lgg/U}),
then the following upper bound holds:
SE(l1, las€) Kge P20 (0145)c3H0q3 0700 (V) X) 1Y (1 + Do) 127

On the other hand, if q|(w, D010y /w) for some w|Dlily (in which case q < (Dl1€)2 ), the above
bound holds up to an additional term bounded by

& PEZ%(c, 0105)% (£145)2Y 2 (1 + Dopy).

In these bounds, the implied constants depend at most on € and g. The latter dependence is at most
polynomial in D and pg, where D (resp. ig) denotes the level (resp. spectral parameter given in

(22)) of g.

Remark 4.1. It is crucial for applications to subconvexity that the sums of the exponents in the
X, Y, c, q variables are strictly smaller than 2: indeed, one has

1 1
1+(2+9>+<2—6—5tw)=2—6tw

and
1+ 26 1 0 1 1+26 Otw
——+1+(1420) (= — — — =0l | (1 - | =2— ——.
mre TS )<2 2(1+9)>+<2 t)( 2(1+9)> 2(1+0)
The proof of this theorem will take us the next two sections. For the rest of this section and in
the next one, we use the following convention: - -- <, ... means implicitly that the implied constant

in the Vinogradov symbol depends at most polynomially on D and p,.
By symmetry, we assume that Y > X. Considering the unique factorization

c=qq'c, (c,q) =1, q'q%,
we have
Gy (h;c) = x(c") Gy (h; qq')r(h; ),

where

r(h;c) = Z du(c'/d)

d|(c’,h)
denotes the Ramanujan sum. Moreover, G, (h;qq") = 0 unless ¢’|h in which case
Gy (h;qd') = X(h/q')d Gy (1;q),
hence we have

(4.3) SE(l b e) = X()g' Gy (1) Y dp(e /d)x(d) Y X(7) Sy a1, L)
d|c’ h#0
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Observe that by (4.1), (4.2) and (2.28) this implies the trivial bound
Syl laic) < d'q Py d Y Ag(m)][Ag(n)]

dIC/ m<<X/€1
77,<<Y/ZQ
q'd|timFLlan

<dd Y d Y (AP + ()

d|c¢’ m<X /4,
q'd|tymFLan

(0142, c)
Y4

XY.
142

<. P6q1/2

When gq is large a better bound can be obtained from an application of Lemma 2.3: integrating by
parts, we obtain

F(lz, lay) Z Z Ag(M)Ag(n)| dzdy
h#0 | m<z, n<y
LymTlan=dq h

'qt/? g d max E E Ag(m)Ag(n)
KX/l
dlc’ y<<y/g21 |dg'h|<liz+Llay | m<x, n<y

Elm:Flgn h

XJrY
. PED2 4z2 1/2
< Hg E d €1€2

d|e’

E):l(:(£17£27 / 1/2Zd//R 6162

dlc/ +)2

XY) 1/2

(44) << P25D2 4z2 1/2(X+Y)1/2 (g E
1£2

On the other hand, an application of the d-symbol method of [DFI94b] yields (cf. [M04a, Section 7.1],
[HO3b, Theorem 3.1], [KMV02, Appendix B])

Z)j(: (£17 621 C) <<g)5 P€Z5/4q1/2X1/4Y3/2.

For our given subconvexity problem, one typically has ¢ ~ VXY, X ~ Y and /145 is a very small
power of Y.

4.1. A variant of the J-symbol method. In the next two sections, we only treat the case of the
“4+7 sums (i.e., Z;(El, ly;¢) and S; (41, ¢2)), the case of the “—” sums being identical; consequently,
we simplify notation by omitting the “4” sign from X} (...) and S,
We shall assume that
Y > (4D0145)?,

for otherwise the bound of Theorem 4 follows from (4.4). We denote by D(g, ¢1,42,q'd) the h-sum
n (4.3); to simplify notation further, we change it slightly and replace ¥ by x and ¢’d by d and set

D(g, by, b2, d) ==Y x(W)Sna(lr, 2) =D x(h) D> Xg(m)Ag(n)F(lym, lan)d(dh).
h#0 h#£0 Lym—Lyn=dh
As in [DFI94al, we have multiplied F(¢;m, ¢an) by a redundancy factor ¢(dh), where ¢ is a smooth
even function satisfying ¢|_sy,2y] = 1, supp¢p C [-4Y,4Y] and #)(x) <; YU Of course, this extra
factor does not change the value of D(g,¥1,¥¢2,d), but will prove to be useful in the forthcoming
computations.
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We detect the summation condition ¢1m — fan — dh = 0 by means of additive characters:

D(g,01,42,d) / G(a)1p,1)() da

with
a) = Z x(h Z Ag( VF(€ym, lon)p(dh)e(a(tym — lyn — dh)).
h#0 m,n>1
As in [HO3a], we apply Jutila’s method of overlapping intervals [J92, J96] to approximate the char-
acteristic function of the unit interval I(a)) = 1jg,1j() by sums of characteristic functions of intervals
centered at well chosen rationals: for this we consider some C satisfying

VI2<o<y
and a smooth function w supported on [C/2,3C| with values in [0, 1] equal to 1 on [C, 2C'] such that
w® (z) <; C~%; we also set

§:=Y 1 N := Dl14s, L:= Z w(c)p(c).
c=0(N)

Note that C' > 4D/¥1 05, hence L satisfies the inequality
(4.5) L>.C?*¢/N >, . C*¢/(l14s)
for any € > 0. The approximation to I(«) is provided by

~ 1
I(a) = o557 > wle) Y lja_saig(a)
c=0(N) a(c)
(a,c)=1
(which is supported in [—1,2]), and by the main theorem in [J92] one has

24¢

_ C ) Y
(4.6) /[ @) @ da < S < O (018

Next, we introduce the corresponding approximation of D(g, 1, {2, d):
Dlg.brtad)i= [ Gla)l(a)da,
[_112]
then it follows from (4.6) that

~ - Y1/2
1D(g, b1, b2, d) = D(g, &1, b2, )| < | = 12[|Gll2 <g.c Clrbz—==|G]l2-
4.2. Bounding HG||2 We factor G(«) as
Z x(h (—adh) x Z Ag(M)Ag(n)F(Lym, Lon)e(a(tym — lon)) =: H(a)K (),

h#0 m,n=1
say. By Parseval, we have
v\ /2
161 < 2l Kl < () 1K
Integrating by parts shows that (cf. (2.32))

a) = 66y / / FOD (6,3, 64)8, (—lre, 2)S, (—bacr, ) dady,
R+

where by (4.1),

2
FOEY (02, byy) < X7

and by Proposition 2.4, -
Sy(—tia, ) Sy (—laa,y) g (xy)l/Q"‘e’
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so that
Xy /2
Koo €g,e (XY)°Z2 (5= ) .
0144

Collecting the above estimates, we find that

B Y 1/2 Y1/2
D—-D<,. P°Z> (L, XY)? (=) —,
& d C
therefore the contribution of this difference to X, (¢1, l2; ¢) is bounded by
X1/2Y3/2
(4.7) Lg.e P2€Z2(£1£2)1/2c1/27.
4.3. Bounding D. We have
~ 1
D:f w(c) Z 35,%,
c=0(N) a(c
(a,c)=1
where
—adh — alim —alan
s = S xie (T2 ) TR mrg e (S ) e (T2 ) Blon,nn)
h m,n
and

5
E(x,y,z) := F({yz, égy)(b(dz)% /5 e(a(ltyz — by — dz)) dov.

By applying Proposition 2.1 to the variables m,n (cf. (2.3), (2.6), (2.7)) and by summing over a, c,
we get (observe that the factor Xy (@) from the m-sum is cancelled by x,4(@) coming from the n-sum)

A + 4+ 7/t +
D—E e g D,
+,+

where e =1 and ¢

9 = =41 is the sign in (2.7) (for g not induced from a holomorphic form),

g

1 — S(dh, Fl1m + lan;c

I Z Ag(m)Ag(n) Z Z x(h) ( ! 2 )Ei’i(m, n, h;c)
m,n c=0(N) h

4.8 DE* .=
(4.8) .

and
g

W/ 4d7ls ./
EEE(m,n, hic) = bitaw(c) // E(z,y,h)J;F (47%177133) JE <W> dzdy.
C (R+)2 C C

4.4. Estimates for £¥'* and its derivatives. Notice that the definition of E and the various
assumptions made so far imply that

(4.9) E(xz,y,z) =0 unless x ~ X/l1, y~Y/ly, |dz| < 4Y.
Moreover,

o Zi+] pi f‘jdk

(6.3,k) R
(4.10) EYN gy, 2) < gk iy ik

so that for any fixed h
ZH T AR XY
XY itk ’

(4.11) IEGTR) (5,5, B) 11 <ok

and therefore

ZiHig= gk Xy
XiYi+tk

|EGIR|) <5 5
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Next, we evaluate E% (m, n, h; ¢) and its partial derivatives: depending on the case, E¥%(m, n, h; ¢)
can be written as a linear combination (with constant coefficients) of integrals of the form

v/ 4dmly ./
(4.12) M// E(z,y,h)J1.0, <47r£1mx> T, <W> dzdy,
C (R+)2 C C

where
{Jl v J2 u( )} C {CY}v;(gft)), Ch(ﬂt)K,,(x)}

with v € {£2it,} if g is a Maass form of weight 0; or
Y, (2)
l/ v b h t KV
{hata) Ble)} € { G, shlm)K, (@)
with v € {£2it,} if g is a Maass form of weight 1; or
Jl,u(l') - J2,u(x) - Jkgfl(x)a

if g is a holomorphic form of weight &,.

In order to estimate (4.12) efficiently, we integrate by parts i (resp. j) times with respect to z
(resp. y), where i (resp. j) will be determined later in terms of m (resp. n) and e. Using (7.1),
we see that %% (m,n, h;c) can be written as a linear combination (with constant coefficients) of
expressions of the form

Lrlow(c) (Li/m EQI Y // o . ,
h 141 v
c c (R+)2 8;1:283/1 Ew,y, )Wy ™ Wy }

X WP HWEE Ty i (W) o, (Wa) dady,

where {vy, 0} C {£2it,} (or 11,10 =k, — 1) and

47l /mx vmbi X 4mly\ /Ny nlsY
Wi = c ~ c Wa = c YT

in view of (4.9). Using (4.11) and Proposition 7.2 in the slightly weaker form
Jl,lll-i-i(Wl) <<i,£ M;—‘:—E (1 + W—l)i+2‘i\ftg|+€ (1 + W]_)_l/z,
J2 V2+J(W2) <<J € /‘j+6(1 + W )j+2‘%t9‘+5 (1 + W2)71/2’

we can deduce for any ¢, > 0 that

o) C 2 \'"\'[ ¢ e\
E5F(m,n hic) <ije P (g 2)™ {€1mX * (fﬂnX) 5% * (fan) =lem, )

where

_ XY 2 o2 \ !5l tmX tony \ ) V4
s 2 (1150 (0 S () ()

This shows, upon choosing i and j appropriately, that €% (m,n, h;c) is very small unless

Z202 Z202
(4.14) d|h| < 4Y, c~ C, m < PE&T’ n <, PEW,
and in this range we retain the bound (by taking i = j = 0)
(4.15) EEE(m,n, hyc) < PTE(m,n).

The partial derivatives
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can be estimated similarly. We shall restrict our attention to the range (4.14); the argument also
yields that outside this range the partial derivatives are very small. By (7.2), the above partial
derivative is a linear combination of integrals of the form

. 0% (w
Ry, (Ztg)c Ock ( ) // JZ Y, h)Wlkl WQkQ J17V1—k1 (Wl)JQ,Vz—kz (WQ) da:dy,
C 3 R+ 3h3

where Ry is a polynomial of degree < k and the integers ki, ko, k3 satisfy
k1 + ko + k3 < k.

Therefore we obtain

| . d|h\? imX Gy \"
B F(EFE) 0000 (1m0, h;e) <jpe PP (}U) ug (1 + v gn + v én ) 2(m,n)

(4.16) ke PP EEZ)FE(m,n).

5. EXPANDING THE c-SUM

Our next step will be to expand spectrally the c-sum in (4.8) as a sum over a basis of Maass and
holomorphic forms on T'g(N). To do this we use the complete version of the Petersson-Kuznetsov
formulae given in Theorem 3. We only treat D~ ~, the other terms being similar. To simplify
notation further, we denote D~ by D and £~ by £. The shape of the sum formula depends
on the sign of the product h(fym — ¢3n) when it is nonzero. So our first step will be to isolate the
contribution of the m,n such that ¢;m — fan = 0 (the contribution of the h = 0 is void since we

assume that x is non-trivial). Thus we have the splitting
D=D"+D*+D",

where

Pr= 1 Y R Y3

lim=lan c=0(N) h

)5(m,n, h; c)

with

r(dh;c) = S(dh,0;c) = Z u(e/c)e
the Ramanujan sum, and

D=t Y N Y
c=0 (N

lim—Lan#0

S a2 g )
h

) ih(ﬁlmfézn)>0
1 -
LY R m D)

élm—€2n7é0

with

Z Z Mg(m,mh;c);

=0 (N) £hh’>0

here we have set h' := {1m — fon # 0.
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5.1. Bounding D° . We set ¢} := {1/(l1,£a), ty := ly/({1,ls), then

1 _
D% =2 > Ag(lym)g(tym) > Zx r(dh; )& (tym, tym, hi c),
m21 e=0( N) h
and the c-sum equals

M(C”) d / / d S
- cl’ Z X (Cl,d) ;X(h)g E2M,€1m, 7(0/7d) h,C C .

c¢’=0(N/(c",N))

Combining partial summation with (4.16) and Burgess’ bound
S x(h) <. HV2g10,
h<H

we find that the h-sum is bounded by

(¢, d) 2y 3/16= (c,d)Y dd
LK PE
ZX(h) < ( o4 di/2 q ( m, E ) cd (clvd)Y

o q3/16E(€/2m,€/1m)7

(C/,d) 1/2 y1/2
di/2

< P* (
and the c-sum is bounded by

1 d, 0105)/2 Y'1/? _
D= d xh) < Pk% i3 O R (. fym).
c=0(N) h

In summing over the m variable we may restrict ourselves to some range
[l ba]m <g.c P*Z*(C?]Y),
as the remaining contribution is negligible. If Y/ X <, . P#Z?, then we split the m-sum into three

parts,

[€1,62)m<C2 /Y C2 /Y <[l ba]m<C? /X 02/ X< [01,02]m< 4. PEZ2(C2]Y)
and combine (2.5), (2.28), (4.5) and (4.13) to infer that
(d,612)" 2 5,16 XY/
d2[e,, 6101 o1
IfY/X >, . P°Z?, then we split the m-sum into two parts,

oo+ > e

[61,£2]m<C2/Y C2)Y [l fa]m< g c P<Z2(C2/Y)

DO g p3e (X—0Y9—1 +X‘3/4Y_1/4+ZX_1/4Y_3/4>.

and infer similarly that
(d, 00)' 2 5, s XY/
d1/2[g1952]1—9q O1/2

In both cases we conclude that

DO <<g,6 P3€ (Xfeyefl _|_ZB/2729X79}/071> .

(d, 6162)1/2 3/16 X3/4y3/4
d1/2[€1,€2]1_9q C1/2

DO <<976 P45Z

Finally, returning to our initial sum X, (f1, fo;c), we see by (4.3) that the contribution of the D°
terms is bounded by (remember that we have reused the letter d in place of ¢'d)

(c, 6152)1/2 c1/2q3/16 XB3/4ys/

5.1 o phegi el
( ) <<97 [€17f2]179 C1/2
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Remark 5.1. Notice that in the (important for us) case ¢ ~ ¢ ~ X ~ Y (remember that C' > Y1/2),
Burgess’ estimate is used crucially in order to improve over the bound Y2.

5.2. Preliminary truncation. We perform a dyadic subdivision on the h variable. By (4.15) and
(4.16), we can decompose E(m,n, h;c) as

E(m,n, h;c) = ZEHmnhc)
H>1

where H = 2”, v € N, and Eg(m,n, h; ¢) as a function of h is supported on [-2H, —H/2|U[H/2,2H]|
and satisfies

(5.2) hjcké'g)’o’j’k) (m,n, h;c) K ke PE(PE/L??Z)’“E(m7 n).

Accordingly, we have the decomposition D = > H>1 Dy.

5.3. Bounding f)i(m,n) We shall assume that H < 8Y/d for otherwise Dy = 0. We split f)i
into two more sums getting a total of 4 terms, Dfl’i say, where

D=7 37 37 R m)A(n) D (m, )

m21l n>1
EQh,>O

with
- 1
D3 (m,n) = E x(h) g ES(dh,h’;c)c‘)H(m,n, h;e).

e1hh!>0 ¢=0(N)

We only consider b;}’+ (the term corresponding to h,h’ > 0), the other three terms being treated
in the same way. We proceed by separating the variables h and ¢ by means of Mellin transforms:
we have

47/ dhh' 1
Ex | m,n,h;— | =

— cs:rVh%d
QWi/gaH(m,n, s;7) s,

(2)
where

/+°° ( 47r\/d:vh’> Ldz
wr(m,n;s;r) = Eg | mn,x;—— | 2 —
0 T

T

is a smooth function of r compactly supported in the interval ( . Hence taking

4w/ dhh’

r = T8 we have

~ h.h': A/ !
D; m’ 27TZ/ZX (d ’h7C)§0H <m7n;57 il dhh>ds

c c
) h>1 = O(N)

dHh' dHh'
2 VA 36 VAT )

We are now in a position to apply the Kuznetsov trace formula (2.21) to the innermost c-sum. We
obtain a sum of 3 terms,

~ 1
(5.3) Df(m,n) = 5 /THOlO(m n;s)ds + f/TMaaSS(m n;s) d8+ — /TElsen m,n;s)ds,
(2) (2) (2)
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where

TH (myn;s) =4 > @u(m,n;s;0)(k—D(k) Y VIpp(W)L(f ® x, ;)

k=0 (2) FEBE(N)

TMaaSS m n; 5 =4 SOH m, 1 5 *)( j)\/ﬁp](h/)L(Ug ®X757d)a
ch(rt;)
j=1
Ei n QDH m,n;s; *)( 3 :
Ty (m, n; s) Z/ ch(rt) g V(W O (Ea(5 +it) @ x, 5d) dt,
and \/*
X pi(dh
L(f @y, 5:d) Z—f()

h>1

Our next step will consist of shifting the contours of integration in (5.3) to the left up to s = % and
of bounding the three integrand on these contours. For this we will need to bound the various twisted
L-functions L(f ® x, s;d) on the line s = % and the various Bessel transforms @ g (m, n; s; ) (k—1),
Gu(m,n; s;*)(t) and @g(m,n;s;*)(t). This will be done in the next two sections.

5.4. Bounds for twisted L-functions. In this section we seek nontrivial bounds for the Dirichlet
series L(f ® x,s;d) when f(z) has trivial nebentypus and is either a holomorphic Hecke cusp form
(ie., f € BI(N)) or a Hecke-Maass cusp form (i.e., f = u; € By(N)) or an Eisenstein series
f(2) = Ea(z, 5 +it).

5.4.1. The case f cuspidal. Denoting by f the primitive (arithmetically normalized) cusp form (of
level N'|N) underlying f, we have the further factorization

L(f®x,sd) = Z w Z W

h‘(dN)oo (n,dN):1
h)dhor(dh X(P)Az(p P
(v x(h)Vdhpy (dh) I <1— ») f()+X20(p3> L(fx, s),
hs p* p*t
h|(dN)> pldN

where yo denotes the trivial character modulo N’ and
= XM ()
- Z ns
n=1

is the twisted L-function of f by the character x. In particular, we see by (2.29), (2.31) and
Hypothesis Hé that L(f ® x, s;d) is holomorphic for s > %7 and for Rs = % one has

(5:4) L(f @ x,sd) <= (PN | Y M [L(fx:9)-

h|(dN)e
For L(f.x,s), one has the convexity bound (cf. (2.2))

L(fx, 8) <e (Isluy Na)|s| 2y *[N, ¢4

For large ¢, we obtained in [BHMO5a], by combining the techniques of [DFI93] and the spectral large
sieve of [DI82], the following improvement.

Theorem 5. Assume Hypothesis Hy. Let f be a primitive cusp form of level N (holomorphic or
a weight 0 Maass form), and let x be a primitive character of modulus q. For s = % and for any
€ > 0, we have

L(fx,8) < (slpuy Nq)¥|s|” pf NAGH/ =0
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The implied constant depends at most on €, and an admissible choice for the exponents is

1-26 13 79 + 1260 31+ 46
Oty 1= ———, A= —, B=———, E = .
g 8 16 16 16

Remark 5.2. This result was established previously with the following smaller exponents iy, (and
some positive A, B, E):

1 1 1-26
Oow =77 [HO03a, HO3D], G = 5 [MOa],  uw [B104].

54 T 10+ 46
5.4.2. The case f Eisenstein. When f(z) is of the form E, (z,% + it), the computations of [M04a]
show that bounds for L(f®y, s; d) are reduced to bounds for products of Dirichlet L-functions. More
precisely, we recall (see [DI82, Lemma 2.3]) that the cusps {a} of I'¢(N) are uniquely represented

by the rationals
u

{— : w|N, wu Eblw}7

w

where, for each w|N, U, is a set of integers coprime with w representing each reduced residue class
modulo (w, N/w) exactly once, and in the half-plane St < 0 we have for h # 0 (see [DI82, (1.17)
and p.247]),

T |dR|t [ (w, Njw)\ 2T 1 5
dh|pa(dh,t) = , B —dh—
[@H]pa(dh, 1 r(;w)( ) X g X (-2

v, N/w)=1 S(yw), (8,yw)=1 T
éy=u mod (w,N/w)

with analytic continuation to 3t = 0. The congruence condition on & can be analyzed by means of
multiplicative characters modulo (w, N/w):

1 1)
I R I G

(’y,N/u)):l 6(7“’)7 (577"“):1
6v=u mod (w,N/w)

1 - ¥(v)
SN wmd%w O(~u) (%N%_l ~rrai G (dhi w).
For each character ¢ mod (w, N/w), we denote by w* its conductor and decompose w as
w=www", w'| (w*)>, (", w*) = 1.
Accordingly, the Gauss sum factors as
Gy (dh;yw) = p(yw”) Gy (dh; w w')r(dh; yw") = dyrjanw'P(yw” )Gy (dh/w's w*)r(dh; yw”).

Hence the inner sum on the right hand side equals

> 2 Gutanw) =

(v, N/w)=1

)

Sur|anw' P (dh/w')ih(w" )Gy (1;w") ¥ (v) " ¥*(a)
LN (2,1 + 2it) %O 3 " (dh; yw") zd:h q2it
v a
(7, N/w)=1 (a,N)=1
where the superscript (N) indicates that the local factors at the primes dividing N have been
removed. We deduce from here the inequality

il pu(an 1) < (P2 + i) ) T

(5.5) < (P(1+ [t])® ch?(xt)(dh, N)'/?,
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and also the identity

it ((w, N/w) ) ait

L(f®x,s;d) =

I'(+it) \ wN
1 w Gw(l w*)(—ud/(d, w'))p(w") w'
* o((w, Nfw)) 2 (w'/(d, w'))*=* LI (92,1 4 2it) ((d, w’))

1 mod (w,N/w)

hyd(h 2 d'
X Z % Z ;/Jlg)ﬂ" ((d, w,)Ww ) Z a21t

h21 v N

a’| T anly
(v,N/w)=1 (a, (Jil/)w |
Now the h-sum factors as
> S| =LY, s - it) LN (x5 + it)
(h,dN)=1 R|(dN)>

x(h)¥(h) W (v) dh
> Rs—it > S+t \ (4 w/),'yw” Z a21t
h|(dN)> Y IN> ’ al 2 )
(7, N/w)=1 (a,N)=

We can see that the second factor is holomorphic for s > 0 and is bounded, for any £ > 0, by
<. (dN)*(d,w")(w") =% in this domain. Hence L(f ® ¥, s;d) has meromorphic continuation to
the half-plane {s, ®ts > 0} with the only possible poles at s = 1 + it. The latter poles occur only if
g divides (w, N/w).

By Burgess’ bound

L(x, s —it)L(xi, s +it) <. (|s| + |t\)(qw*)1/2_1/8+5,

we infer that for Rs = %,

N 1-1/8 d,

L (Ea(e: 4 +i0) @ x,55d) e ((1+ )N b2 ] + o L) s

2
<o ((1+ [t)Ng)* ch'/2(mt)(|s| + [¢])(d, N)g"/ >/,
emar .3. In the special case where ¢q|(w, N/w), the residues o alz,5 +1t) X, s; at

R. k 5.3. In th ial h N h id f L(FE % ) d
s =1=it (t #0) are bounded by
(d, w)(w, N/w)

(wN)1/2
(5.6) <o ((1+[t)Ng)® b2 (rt)(d, N)'2,

and the same bound holds for ress—1(s — 1)L (Ea (z, % + z't) R X, S; d) ift=0.

res,—1zt L (Ba(2, 5 +it) @ x, s:d) < ((1+ [t])Ng)* ch'/?(m)

5.5. Bounds for ¢y (m,n;s;r) and its Bessel transforms. We also need to exhibit bounds for
oa(m,n;s;x)(k — 1), ¢u(m,n;s;*)(t) and @g(m,n;s;*)(t). For this purpose, we first record an
estimate for ¢y and its partial derivatives. Using (5.2) and several integrations by parts, we see
that for any 7,k > 0 and Rs > -3

ak

(5.7) rngDH(m, n;8;7) Kjike PE(PE,ugZ)jJFk|s|_jE(m7 n)H®,
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where Z(m,n) is defined in (4.13); moreover, as a function of r, ¢ (m,n;s;r) is supported on

VAHRK _ NdHW
25 36

) = (R, 18R),
say. We will apply these bounds in conjunction with the following lemma; as this lemma is an
immediate generalization of Lemma 7.1 of [DI82], we do not reproduce the proof.
Lemma 5.1. Let p(r) be a smooth function, compactly supported in (R,18R), satisfying
o1 (r) < (W/R)'

for some W > 1 and for any integer i > 0, the implied constant depending on i. Then, fort > 0
and for any k > 1, one has

(5.8) lit), @(it) < W for 0<t< i;

69 90, $(0, 50 < B for 120

10) et o 60 < () (7t 1) for t31;

GBI B, (1), $t) < (Z")k (tf/z + f) for t > max(10R, 1).

Proof. The inequalities (5.8), (5.9), (5.10) can be proved exactly as (7.1), (7.2) and (7.3) in [DI82].

The last inequality (5.11) is an extension of (7.4) in [DI82], but we only claim it in the restricted

range ¢ > max(10R,1). On the one hand, we were unable to reconstruct the proof of (7.4) in [DI82]

for the entire range ¢ > 1; on the other hand, [DI82] only utilizes this inequality for ¢ > max(R, W)

(cf. page 268 there, and note also that for ¢ < W the bound (5.10) is stronger). For this reason we

include a detailed proof of (5.11) in the case of ¢(t). For ¢(t) and @(¢) the proof is very similar.
We may assume that k£ = 2j + 1 is a positive odd integer. The Bessel differential equation

P2 Ko (r) 1K gig(r) = (1% = 48%) Ky (1)
gives an identity

(5.12) ¢(t) = (D) (),

where . /
o ro(r) o(r)

This transform D;p is smooth and compactly supported in (R, 18R), and it is straightforward to
check that

(D) ||oo <i (W/t)2(W/R)"  for ¢ > max(10R,1).
By iterating (5.12) it follows that
¢(t) = (Dip)" (1),
where D] is a smooth function, compactly supported in (R, 18R), satisfying
1(Df0)Vloe <0 (W/O¥ (W/R)"  for ¢ > max(10R, 1).
We bound (D) (t) by (5.10) and obtain

wA\Y 1 R
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5.6. Putting it all together. We now use the results of the preceding two sections to conclude
the proof of Theorem 4. We start by estimating the contribution of the Maass spectrum to D;}"’r:

1
L Z 2 Z/T}}/Ia‘“”ss(771,n s =5 / Z Ag( ()T (m, n; 5) ds.
T T

m,n=>1 2 1/2 m,n>1
h'>0 2 1/2) h'>0

With some Ty > max(10R, 1) to be determined later, we further decompose TH235 (m, n; s) as

Maass Maass

T}L\I/Iaass(mams) TH<TO(man;s) TH>T0(m»n'5)

corresponding to the contributions of the eigenforms u; € By(N) such that |¢;| < Ty and |¢;] > T,
respectively (observe that the first portion contains the exceptional spectrum whenever it exists).
Setting W := PE,uzZ, we can apply (5.8) and (5.9) to ¢ = g (m,n;s;*) in the light of (5.7).
Using also (5.4) and Theorem 5, we obtain, for any j > 0,
J

ISIJT‘EE(’”’ n) (6 09) A HY 2 ¢ /2= 0

T}\I/I?%Z (m,n;s) <. (PTo)°
VR pi (R Vdhpi(dh)| \ 1+ |log(R/W)| + (R/W)~2IStl
le()l ZI pi(dh)| [ log(R/W)| + (R/W)

5.
ch(nt;) h1/2 1+ R/W

[t:|<To h|(dN)o®

By several applications of the Cauchy—Schwarz inequality and the bound (2.29), we can see that

VI pi (W Vdhp;(dh .
[t:]<To ! h|(dN)=°

In addition, since H < 8Y/d and R = 2v/dHR'/C, we have
1+ |log(R/W)| + (R/W) |

72 \sti W2C2 0 Y 1/2
HY? «_ P = .
1+ R/W < < WY ) (d)

Hence by summing over m,n and using (2.28) and (4.13), we find that

S e TN s s)| <
Lm<,, . PEZ3(C?/X)
lon<ky . PEZ3(C?)Y)

; Wi o’ c2 Ty
PT 0€Z3+20 0.0 Ad9 - 1/275thB+2.
(PTo) B (tbo)"d 5 7)) ¢ 0
For T}L\I/I‘;""}Z (m,n;s), we use (5.11), (5.4) and Theorem 5: we obtain, for any j > 0 and any k > 1,

J

T]l}da;a%i (m’ n; S) e pe E(m, n) (6152)14]{1/2(]1/27&»«

|S|j—7E—s
k
x 3 VR pi(h)] 3 [Vdhpi(dh)| |t;|B+e w 1B
|ts|>T ch(nt;) R|(dN)> h1/2 ' ti /> i)
i 0 '

We take k > 3/2+ B+ ¢ to ensure the convergence of the sum over the {u;}, and then we sum over
m,n using (2.28) and (4.13). As before, we may restrict ourselves to some range

Om <L, P°Z%(C%/X)  and  lon <, PTZ*(C?)Y),
the remaining contribution being negligible. In this range

W <, PPZ*(C?/X)  and R<,. P°Z(Y/X)'?,
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therefore we obtain, using also (5.13),

>

lim<,, . PEZ(C?/X)
lon<ky, . PEZ3(C?)Y)

. . 0 1/2 k 1/2
Wi A0 CP e\ (Y s (W 1 Z(Y/X)
JEE— d _ - - /2 Stw R TB+2 )
X s B—< (0143) 1 \ X d q T 0 Tol/Q + T

Summing up and using also (4.5), we infer that

g () () TH (m, 3 )| < nge (PTo)* 27127

Wi
|s[i—E—

e\’ (y\'Y? W\* ((v/X)0  Z(y/X)/2+0
o I /2= 84 B2
co(§) (7)o () (S

Ty = max(10R, WY V/¥) <, . WY VE(y)X)\/?

and taking k very large (in terms of e) the above becomes

23 RN () THSm, i) € e (PTo) %254

m,n>1
h'>0

(€105)2d?

Upon choosing

jge pl3e 73+20 mﬂ —— (5142)Ad9—1/2q1/2—6¢w (Y/X)(B+2)/2yl/2—901+20.
We use this bound with j > 1+ F + ¢ (to ensure convergence in the s-integral), and integrate over
s. In this way we obtain that the contribution of the Maass spectrum to DT is bounded by

Lge P14sZS+20WE+1+B+2 (€1€Q)Ad971/2q1/276tw (Yv/)()(B+2)/21/1/2706«1+207

hence by (4.3) the global contribution of the Maass spectrum to X, (¢1, £2; ¢) is bounded by (remem-
ber that we have reused the letter d in place of ¢'d)

(514) g P24EZ13+39 (€1€Z)C1/2+9q1/2—9—6tw (Y/X)4Y1/2_901+29.

Similar arguments (using also (2.31) and (5.11) for ¢) show that the same bound holds for
the holomorphic and the Eisenstein spectrum (in fact in a stronger form). For the Eisenstein
portion, however, an additional term might occur, coming from the poles of L (Ea (z, % + it) R X, s)
at s = 1+ 4t. This additional term occurs only if ¢|(w, N/w) for some w|N (in particular ¢ <
N2 = (Dt1£5)"/?) and (by (5.5), (5.6), (5.9), and (5.7) with j = 146 for § > 0 small) contributes
to Dig(m,n) at most

Y
Lge PEWE(m,n)(d, €102) (R 41£9)Y2 =

and the contribution of these residues to X, (¢1, £2; ¢) is bounded by
(5.15) Lge PEWZ3 (e, 12)'2q'PY C < P2 (e, 012)' P (1112) PV C.

Collecting all the previous estimates, we obtain that X, (¢1,¢2;c) is bounded by the sum of the
terms in (4.7), (5.1), (5.14), plus the additional term (5.15) if ¢|(w, N/w) for some w|N. To conclude,
we discuss now the choice of the parameter C.

A comparison of (5.14) with (4.7) suggests the choice

Copt — 2_721(111399) (5152)_4(119) c 2(119) q 1_5(9112(;§m (X/Y)%X‘l(li@) Y1/2 —. Doptyl/z7
say. Clearly, Copy <Y and the condition Cypy > Y/ is fulfilled if and only if

22+69 0 1—20—268¢y

(5.16) X>Xope =2 5 (lly)sc¥q 5 Y,
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Under this condition it follows from Y > X, ¢ > ¢ and 0ty < % that

3/16)(3/4}/3/4 X1/2Y3/2
q 01/2 N Copt 9

opt

so that (5.1) is bounded by (4.7) (when P2 is replaced by P°¢). Therefore, we obtain Theorem 4
when (5.16) is satisfied (cf. (5.14)):
EX (61 , 62; C) <<g,s P245213+39 (6162)01/2+9q1/27076”" (Y/X)ALYD(l);rEG’
plus the additional term (5.15), if g|(w, N/w) for some w|N, which equals
P Z% (e, 0102) "2 (£102)2Y Copy = P* 2% (c, £1£2) /2 (€142)"/2Y3/? Doy

If (5.16) is not satisfied (i.e., X < Xopt, hence Dopy < 1), we choose C' = Y1/2 = Y1/2max(1, Dopy).
We see that (4.7) is bounded by (5.14) whose value is given by

<<g,s P245Z13+30 (6162)C1/2+0q1/2_9_6"w (Y/X)4Y
The diagonal contribution (5.1) is bounded by

(c,102)'/?
[1, 5]t

Translating X < Xop¢ into

<<g,€ P5€Z Cl/2q3/16X3/4Y1/2 < PSS2(6162)9(:1/2(13/16)(1/4(X/Y)I/ZY

X(X/Y)S < 222+69 (£1£2)C29q1—29—25tw’
and using also ¢ > ¢ and gy < %7 we can see that
q3/16X1/4(X/Y)2 < Z(11+39)/2(£1£2)1/4C0q1/27076tw.
It follows that (5.1) is bounded by
<ge P5£Z(13+39)/2 (5182)1/4+001/2+9q1/27076tw (Y/X)3/2Y
In particular, if (5.16) is not satisfied, then (4.7), (5.1) and (5.14) are all bounded by
P24€Z13+30 (6162)C1/2+9q1/2—9—6tw (Y/X)4Y
Finally, if ¢|(w, N/w) for some w|N, the additional term (5.15) equals
P4EZ4(C, €1€2)1/2(£1€2)1/2y3/2.
This concludes the proof of Theorem 4.

6. HEEGNER POINTS ON SHIMURA CURVES

In this section, we establish equidistribution results for incomplete orbits of Heegner points on
Shimura curves associated with indefinite quaternion algebras over Q. We consider only the case of
compact Shimura curves (corresponding to non-split quaternion algebras) and give afterwards the
necessary modification needed to deal with the case of modular curves X,(q).

6.1. Indefinite quaternion algebras. For more background on Shimura curves and Heegner
points, we refer to [BD96, Da04, 702, Z04].

Let ¢ > 1 be a square-free integer with an even number of prime factors, and let B be the
(indefinite) quaternion algebra over Q ramified exactly at the primes dividing ¢~ ; for each place v
of Q, B, := B(Q,) is either the unique quaternion algebra over Q, if v divides ¢—, or is isomorphic
to M2(Qy); for such v (in particular, for v = c0), we fix an isomorphism ¢, : B(Q,) — M2(Q,).
We set

0:=Bn ][] 0.,
VF#£00
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where O, is the unique maximal order of B, if v|g~ or O, = ¢, }(Mz(Z,)); this is a maximal order
of B. More generally, for ¢t coprime with ¢~ and for v finite, we consider the set of matrices

Mao(q") = {g € My(Zy): g = (3 I) (mod q*)} »
and we denote by O,+ C O the sub-order of conductor ¢:

Oyt ={z €0 ¢u() € Mau(q"), vlg™}.

In the sequel, we put q :=q7q~.

The group (g, q") = ¢OO(O;<+) is a discrete cofinite (in fact, cocompact, since ¢— > 1)
subgroup of GLa(R), and one associates to it the complex algebraic (Shimura) curve® Xo(q~,q")
with complex uniformization”

Xo(q~,¢")(C):= [HY UHT]/Tolq™,q"),

where HT U H ™ denotes the union of the upper and lower half-planes equipped with the standard
GL2(R) action; there is a natural identification of this space with Hom(C, B, ), GL2(R) acting by
conjugation, and under this identification one has

(6.1) Xo(g™.¢")(C) = Hom(C, Bs.) /6 (025,

We denote by £(q~,q") the L%-space of functions on X(¢~,¢")(C) equipped with the standard
zdy

(Petersson) inner product induced by the Poincaré measure d? on H1). As for the case of the
modular curve (¢— = 1), this space is generated by eigenfunctions of the automorphic Laplacian
(Maass forms): it has a purely discrete spectrum. As in the case of modular curves, Xo(¢™,q™") is
also endowed with an algebra of Hecke correspondences T4 defined over Q and generated by Hecke

operators Tj, ((n,q) = 1); there is a basis of £(q™, q") consisting of Hecke-Maass eigenforms.

6.2. Atkin—Lehner theory. We need to describe more precisely the structure of such a Hecke—
Maass eigenbasis. For ¢’|¢*, we have 7(¢"/¢') degeneracy morphisms, defined over Q, (vg.d)ajq+ /g
say,

Vq/,d . Xo(q77q+) — Xo(qivq,)

(g (1)) Ms,(q") (d; ?) C Ma,(q').

Atkin—Lehner theory can be extended to the general case of quaternion algebras: as usual, one says
that an L?-normalized Hecke eigenform on Xo(g~, ¢") is new (of level ¢*) if it is orthogonal to all
the functions of the form v}, 4, where ¢’ ranges over all the divisors of ¢ distinct from ¢, ¥ ranges
over the Hecke-Maass eigenforms on Xo(q™,¢'), and d ranges over the divisors of g7 /¢. If ¢~ # 1,
one has the orthogonal decomposition

(6.2) Lqq") = P P CWwy gy dla*/d),

q'lgt 94

induced by the inclusions

where g, ranges over the set of L?-normalized new forms on Xo(q~,¢’). Moreover, multiplicity one
remains valid: by a result of Zhang [Z01a], the Hecke eigenspace of £L(q~, ¢") containing a new form
(of level ¢™) is one-dimensional, and, more generally, the dimension of Cy 494 dlqt/q') equals

(" /q).

61n fact, by Shimura theory, Xo(q¢~,q™T) is defined over Q.
"When g~ =1, the quotient below needs to be compactified and yields the standard modular curve Xo(q).
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6.3. Heegner points. Fix an embedding of Q into C. Let K C Q be an imaginary quadratic
number field of discriminant —D coprime with ¢, and denote by Ok its ring of integers. The
Heegner points (of conductor 1) in Xo(¢~,¢q")(C) are by definition the images under (6.1) of the
conjugacy classes of optimal embeddings of O into O, + (i.e., the ¢ € Hom(K, B) such that
()N Oy = H(O)).

We denote by H,- ,+(K) the set of Heegner points. This set is non-empty if and only if

(Heegner) Every prime factor of ¢~ is inert in K and every prime factor of ¢ splits in K,

a condition which we always assume in the sequel. When non-empty, H,- ,+(K) is endowed with
a natural free action of Pic(Ok), the Picard group of Ok; the orbits under this action are called
orientations. There are 2¢(9) orbits each of size

|Pic(O)| >. Dz7¢

by Siegel’s theorem. In fact, the Heegner points are defined over Hg, the Hilbert class field of K,
and the Galois action of Gx := Gal(Hg /K) corresponds to that of Pic(Ox) ~ Gi via the Artin
map.

The following theorem gives the equidistribution of orbits of Heegner points under subgroups of
Gk of large index.

Theorem 6. For any continuous function g : Xo(q~,q7)(C) — C, there exists a bounded function
gqg : RT = RY, depending only on q~,q", g, which satisfies

il_r% gg(®) =0

such that: for any imaginary quadratic field K with discriminant —D satisfying the Heegner condi-
tion, for any subgroup G C Gg . and for any Heegner point zo € H,- .+ (K), one has

1 o 1
G 0 = [ gy ()] < (G GO,
Py Xo(g=,q1)
where dji,- 4+(z) denotes the normalized hyperbolic measure on Xo(q~,q")(C):
1 dxdy . _ dxdy
dpg- o+(2) == with Vol(Xo(q ,q* ::/ .
o=+ (?) Vol(Xo(q—,q%)) y? (Kol ) Xo(g—a+)(©) Y

In particular, for any imaginary quadratic field K C C satisfying the Heegner condition and for any
subgroup G C G of index satisfying |Gk : G] < |GK|ﬁ, the orbit G.zg becomes equidistributed
on Xo(q—,q") relatively to pg— 4+(2) as D — +oc.

Proof. By Weyl’s equidistribution criterion and the spectral decomposition (6.2), it is sufficient to
prove that for any ¢'|¢™, any d|¢™/¢’, and any primitive Maass form g on Xq(q~,¢’), one has

% Z Vi a9(28) = 04([Gk : G]D‘ﬁ) as D — +oo.
oeG
Here
Vg a9(26) = 9(vg.a(25)) = 9((vg.a20)7);
Indeed, one can check (e.g., by using the adelic formulation of vy 4 and of the Heegner points given
in [BD96]) that vy 420 is a Heegner point on X(¢—,¢’) and then, since vy 4 is defined over Q, it
commutes with the Galois action. This reduces us to the case where g is an L?-normalized Maass
newform of level ¢*.
By Fourier analysis, one has

ﬁ S 0(:g) = @ S Go)ee).
A oc€eGk

ceG welx
’I,D|GEl
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We invoke now a deep formula of Zhang [Z01a, Z01b, Z04] which expresses the (square of) the inner-
most sum in terms of central values of Rankin—Selberg L-functions. More precisely, we denote by g
the (unique) arithmetically normalized primitive Maass form for I'y(q), having the same eigenvalues
as g for the Laplace and the Hecke operators T, (n,q) = 1 (which exists by the Jacquet—Langlands
correspondence), and by fy(2) the theta series associated to the class group character v; the latter
is a weight one holomorphic form of level D with nebentypus the Kronecker symbol x . One has the
following formula of Zhang (which generalizes formulae of Hecke, Maass, Gross—Zagier and others):
2

o \/5 ~ 1
Z 7/1(0')9(20) _4<_§~] §>L(fw ®ga2)~

c€GK ’

If 4y factors through the norm Nk ,q (i.e., ¢ is of order 2), f,, is an Eisenstein series; in this case,

where x1, x2 are Dirichlet characters such that xix2 = xx. Otherwise, fy is a cusp form. Hence,

either by Theorem 5 (in the former case) or by Theorem 1 (in the latter), we infer that for any € > 0,
[GK : G]

1 11 1 1
@l ZG 9(28) <4 WDZ 2% < . DF % Gy 1 G) = o, (D %7 Gk : G)),
oc

since |G| >. D27¢ for any & > 0. O

Remark 6.1. As in Remark 1.4, the polynomial control in the remaining parameters for the sub-
convexity bound can be used to bound the discrepancy and obtain

1 Vol(B) 1
D, (G) := sup — l-—— K _ [Gg : G D 5297 "
@ BcXo(a~ah)| |Gl UZ Vol(Xo(q— g7y | St 166

for some absolute constant > 0 (independent of gT¢™).

6.4. Heegner points on modular curves. When ¢~ = 1, X((1,¢") is the usual modular curve
Xo(q). We suppose for simplicity that ¢ is square-free. In that case, Theorem 6 continues to hold
with the exponent - replaced by 5zt the reason for this weaker exponent coming from the
existence of the continuous spectrum and a weaker subconvexity bound for the corresponding L-
function. As the proof is similar, we merely sketch it. The only difference with the cocompact case
is that one has to deal with the extra contribution coming from the Eisenstein spectrum. Indeed,
the treatment of the discrete spectrum is identical to the one given above (except that the Jacquet—
Langlands correspondence is the identity). For the Eisenstein spectrum, the same reasoning reduces
the problem to the verification that, for any class group character v, the twisted Weyl sum satisfies

(6.3) Z P(0)g(25) <4 D2 w50a as D — 400,

oceGg

where g ranges over the Eisenstein series Fq (z,% + it) associated to the various cusps a of Xy(q),
and t ranges over R. Elementary computations (similar to the ones in Section 5.4.2) show that
Eq(z, % + it) is a linear combination of Eisenstein series of the form

Vi aBXX (2,5 +it) = EXX (vg a2, 3 + it),

where s

X — Y
EXX(z,s) = m)x(n) ————=
(,5) > X)X () e
(m,n)eZ>—{(0,0)}
d'Ilm

is the Eisenstein series associated to the pair of characters (x,%), x ranging over the primitive
characters of modulus ¢’ such that (¢’)?|q, and d ranging over the divisors of ¢/(¢’)?. Since we have

assumed ¢ square-free, ¢’ = 1, x is trivial, and EX'X(z, s) is the full level Eisenstein series F(z, s).



THE SUBCONVEXITY PROBLEM FOR RANKIN-SELBERG L-FUNCTIONS. II 47

Since v1,q(2§) = (v1,a20)7 and since vy gzo is a Heegner point on X(1), it is sufficient to show
(6.3) for E(z, 1 +it). In that case the twisted Weyl sums have a well-known expression (see [GZ86,
p.248] for example)

2 OX \/5
> wo)E(. 3 +in)| = DR, i,

oGk

hence (6.3) follows from (1.3).

7. APPENDIX: BOUNDS FOR BESSEL FUNCTIONS

In this appendix we recall some basic facts concerning Bessel functions and prove uniform bounds
for Bessel functions of the first kind (Proposition 7.1) and of the second and third kinds (Proposi-
tion 7.2).

For s € C, the Bessel functions satisfy the recurrence relations

!

(mSJS(x))/ =z’ Js_1(x), (xSYS(x))/ =2°Y,_1(x), (2°Ks(z)) = —2°K,_1(x).

In particular, if » > 0 and H, denotes either Jg, Y, or K, then

(7.1) (/) (/) = £02/2)(r/E) Ha (),
and for any j > 0,

72 i (2) - 00 (5) 4 0 () s () - (5 1 2

dix T

where each @); is a polynomial of degree i whose coefficients depend on ¢ and j.

Proposition 7.1. For any integer k > 1, the following uniform estimate holds:

d?k_l

=z O0<z<l1;
Je_1(z) < {2’“F(k—;)

ka=1/2, 1<z
The implied constant is absolute.

Proof. For x > k2, the asymptotic expansion of J,_; (see Section 7.13.1 of [074]) provides the
stronger estimate Ji_1(x) < 2~'/2 with an absolute implied constant.
For 1 < 2 < k2, we use Bessel’s original integral representation (see Section 2.2 of [W44]),

T om

1 27
Jr—1(x) = / cos((k: —1)0 — xsin 9) do,
0
to deduce that in this range
| Jp_1(x)] <1< ka™ V2,

For the remaining range 0 < x < 1, the required estimate follows from the Poisson-Lommel
integral representation (see Section 3.3 of [W44])

i cos(z cosB)sin®* "2 0dp. O
)T (3) /o
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Proposition 7.2. For any o > 0 and any € > 0, the following uniform estimates hold in the strip
|Rs| < o

(1+[8s)7 2772, 0 <o <14 3]
677T|§s|/2}/8(z) < (1+|%S|)7€Z6, 1+|%S| <z < 1+‘3‘2a
212, 1+ s]? <.

(1+ \%s\)o+€x_”_5, 0<z<1+7Ss]/2;

|s|/2
e Ky(zr) < {e_gg_|.7r|gs|/2x—1/27 1+ 7Ss|/2 < 2.
The implied constants depend at most on o and €.

Proof. The last estimate for Y; follows from its asymptotic expansion (see Section 7.13.1 of [O74]).
The last estimate for K, follows from Schlifli’s integral representation (see Section 6.22 of [W44]),

Ky(z) = /0 e~ =M ch(st) dt,

by noting that
ch(t) > 1+1t%/2 and |ch(st)| < e”".

We shall deduce the remaining uniform bounds from the integral representations

o= [ (55)r(552) () o
oot =g [ () (55 G —) () e

where the contour C is a broken line of 2 infinite and 3 finite segments joining the points

—€ — 100, —e—i(2+2[Ss|), o+e—i(2+2[Ss]),
oc+e+i(2+2Ss]), —e+i(2+2[3s]), —& + io0.

These formulae follow by analytic continuation from the well-known but more restrictive inverse
Mellin transform representations of the K- and Y-Bessel functions, cf. formulae 6.8.17 and 6.8.26
in [E54].

If we write in the second formula

cos (g(w - s)) = cos (gw> cos (gs> + sin (gw) sin (gs) ,

then it becomes apparent that the remaining inequalities of the lemma can be deduced from the

uniform bound
w— s w+ s T\ W T ToTE T ©
r r ) dw| <, [ —2 ).
() (50) G) <o () ()

/ewmaxuss\,\%wn/z
c
By introducing the notation
G(s) = e™S81/21(s),

M, (z) :/C G(“’;‘S)GC";”) (g)_w duw

the previous inequality can be rewritten as

T —0—& T g
7.3 M oe | —— — ] .
") <o (575)  + (57)

)
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Case 1. |Ss] < 1.

If w lies on either horizontal segments of C or on the finite vertical segment joining o 4 € + i(2 +
2\%8\), then w £ s varies in a fixed compact set (depending at most on ¢ and ¢) disjoint from the
negative axis (—oo,0]. It follows that for these values w we have

w— S w+ s
G( 2 )G< 2 ><<U’€1’
w—3S w—+ s T\ ~w Co—e
G( . )G( ) )(2) Lo w77,

and the same bound holds for the contribution of these values to M (x).
If w lies on either infinite vertical segments of C, then

ie.,

|S(w £ 8)| < |Sw| > 1,

whence Stirling’s approximation yields

w—3s WH+S\ _n et
G( 5 )G( 5 >A5|\yw| .

It follows that the contribution of the infinite segments to M (z) is <y 2°.
Altogether we infer that

M(z) ge 2777 + 25,
which is equivalent to (7.3).

Case 2. |Ss| > 1.
If w lies on either horizontal segments of C, then

|S(w £ 5)| < [Ss],

whence Stirling’s approximation yields

o(£52)o(e) e

w—8 w+s\ [T\ 1 [Ss] R
o(55)e () 0 e m (5)

It follows that the contribution of the horizontal segments to M (z) is

ie.,

Lo |Ss| 7oL 4 |Qs| o rf,
If w lies on the finite vertical segment of C joining o + & & i(2 + 2(Ss|), then
Rwts)>e and max |S(w + s)| < |Ss],
whence Stirling’s approximation implies

a8\ a(wts) o |Ss|7He/2=1/2 if min [S(w £ )| < 1;
2 2 7 Ss|otet if min |S(w £ s)| > 1.

It follows that the contribution of the finite vertical segment to My (x) is
Lge |Ss|7tex77E,
If w lies on either infinite vertical segments of C, then
|S(w £ 5)| < |Sw| > |Fs],

whence Stirling’s approximation yields

w— 8 w+ s o —e—1
6(52) 6 (M) = fowr e
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It follows that the contribution of the infinite vertical segments to M(z) is

Lo [Ss] 752"

Altogether we infer that

M,(z) <o |Ss|7Ter™7 7 + Q8| 2F,

which is equivalent to (7.3).

The proof of Proposition 7.2 is complete. O
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