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Bajava, pemenne KOTOPOil ABIAETCA LEJbI0 HACTOAUIEH DAGOTHI, Gbiia
nocragaena Frohenius’on («Uber Beziehungen u. s. w.», Sitzungsber. der

Berl. Akad., 1896, S. 689). Onna cocront & eaeayiouest. Jano enpusoLaNoe
nopwabRoe ypasierie n-oft crenenn

1) f@=o.

0G03HAYMI 0618CTh, OAFICHAYIO OT NPACOCAMIENTA K 0GIACTH PALAOHAIE-
WHIX Sfcex ero KOps, “epes Q(z), a depes p npoctoil uzean wuyTpH Q (2),
B3ANNAO MPOCTOii ¢ AHCKpmMEDanTOM ypabmenns (1), Torja myetoT MecTo cpa-
BueRNA:

@) 0F = 2y, 0 = Gy, .. G® = T, (mod ),

©CAH UePE3 Ty, Ty, . .7, O6O3FATATH CONPAKEREBIE KODHH ypasuems (1), a

S:(l 2 3---n)

g oy Ayl

ABIfeTCH MojcTanoBkofi mag 1, 2, 8,...n, KOTOPAA, KAK HIBCCTHO, BXOTAT
© rpyany G ypaswemnn (1) (cv. Dedekind, Zur Theorie der Ideale, Gott.
Nachr., 1894; makme Frobenius, loc. ¢it). Toraa Gyiew rosopats, wro
npoeroff naeas p K S, a npocroe
WNC10 p, KpATHO® B, npunadaedcum ¥ Kiacey moicramosox TST™, vze T'
mpoGeraer Bce MOACTAHOBKA Ipymibl G.

vioAH 193, — 205 —

The original papers of Chebotarev (1923 & 1925)

Die Bestimmung der Dichtigkeit einer Menge von
Primzahlen, welche zu einer gegebenen
Substitutionsklasse gehiren.

Von
N. Tschebotareff in Odessa.

Das Problem, dessen Lisung der Zweck der vorliegenden Abhandlung
ist, riihrt von Frobenius her?). Es besteht im folgenden. Es sei eine
irreduzible normale Gleichung n-ten Grades
(1) f(z)=0
gegeben. Ist dann & (z) der durch Adjunktion ihrer Wurzeln zum Kérper
der rationalen Zahlen entstandene Korper, und § ein in seine Diskrimi-
nante nicht aufgehendes Primideal in §(z), so gelten die Kongruenzen:

(2) 2=z, 27 =%, ..., 23 = %o, (modP),

wenn man mit z,, ,, ..., , das System aller Warzeln der Gleichung (1)
bezeichnet, und
12 3.
.

LA
eine gewisse Substitution ist, welche, wie bekannt (siehe unten, § 1,
Satz 2), in die Galoissche Grappe der Gleichung (1) eingeht. Dann sagen
wir, daB das Primideal B zur Substitution S, und die rationale Primzahl p,
deren Faktor § ist, zur S\lhsumnonaklmu von S gehort. '\Iehmen wir
nun die Menge aller zur von § gehd »,
50 nennt man den Limes

)

%) Frobenius, Uber Beziehungen zwischen den Primidealen eines algebraischen
Kérpers und den Substitutionen seiner Gruppe (Sitzber. Borl. Akad. 1896, S. 689-705).



The density of split primes (1 of 2)

={seC:R(s) >0}

Dedekind (1894 ) associated a zeta function to any number field L:
1

1 -1
)= Cagr (- agy) « ce

B

As proved by Hecke (1918), this function is meromorphic on C with
a simple pole at s =1 and no other pole. Moreover, it satisfies a
functional equation, generalizing the work of Riemann (1859).

By taking the Iogarithmic derivative of both sides, we obtain

log N(¥) _ -~ log N(¥)
%ZI NER)E 4 NCR)

where f(s) ~ g(s) means that f(s) — g(s) is a Dirichlet series
converging absolutely in Hy /5.




The density of split primes (2 of 2)

Let L/Q be a Galois extension. Then with a bit of algebraic
number theory we see that

¢ log N(°B) log p
—*(5)% 75% [L@] PR
L 2{]3: N(‘B) p splits co%;letely in L P

In particular, the right-hand side is meromorphic on H; /, with
simple poles, and s = 1 is a pole:

I 1 1
) P s sl
p splits completely in L P [ ’ Q] ST
Compare with the special case L = Q. The other poles are the
zeros of (;(s) in Hy/p. According to the generalized Riemann

hypothesis, there is no such zero. This is equivalent to:

Z logp = L XQ] + OL’E(X1/2+€), e>0.

psX
p splits completely in L



Dirichlet's theorem on primes (1 of 2)

Now let L = Q(e*//9). Then the previous findings become a
special case of Dirichlet’s theorem on primes:

Z logp 1 ¢ )~ 1 1

N —— = (5)~ ———, s — 1.
ps el G e(q) s—1

How about the density of p = a (mod q) for (a,q) = 17

Culs) _ ! ,
45 11t
X#X0

The factors on the right-hand side are entire functions, hence so is
the left-hand side. They do not vanish at the point s = 1.




Dirichlet's theorem on primes (2 of 2)

Dirichlet (1837) realized that the non-vanishing at s = 1 of the
Dirichlet L-functions L(s, x) is the key to the equidistribution of
primes in reduced residue classes modulo g:

Z Iogp:ZIogp( Z (P X(a)

p=a(mod q) P P p X mod g
1 x(p Iogp
2, (52 )
P\q x mod g
Ly o)
N —7 S X Y a
P(@)  moaa L
1 L
N — _*(57Xprim)Y(a)
P(@)  rmoaq L
1 1
— , s — 1.
elq) s—1

The left-hand side is meromorphic on H; /, with simple poles.



A supplement to Dirichlet’s theorem on primes (1 of 2)

Assume that sp € H;» is not a zero of the entire function

Culs) _ I
4 1L e
XFX0

Then the point sp is not a zero of any of the factors on the
right-hand side. We can reformulate this observation as follows.

Proposition

Assume that sy € Hy o is not a pole of

5 logp 1 Zlogp 1)<CQ()—CL(5)>

p=1(mod q) p? SO(Q) p p* (P(q

Then, for (a,q) = 1, the point sy is not a pole of

I 1 I 1 L
Z ogsp_ ) Z %EP 2 Z _I(sa Xprim)y(a)'
p

pmaed ) P° #Ld €)=
XFX0




A supplement to Dirichlet’s theorem on primes (2 of 2)

In particular, by standard Mellin transform techniques, we obtain:

Suppose o > 1/2 is such that for any € > 0 we have

> logp= ﬁ > logp + O(x7T%).

P<X PSX
p=1(mod q)
Then for (a,q) =1 and any ¢ > 0 we have

> logp= ( ] > logp+ O(x7F9).

P<X pP<X
p=a (mod q)




Chebotarev's density theorem

Chebotarev (1923) proved a far-reaching generalization of
Dirichlet’s theorem, originally conjectured by Frobenius (1896).

To fix ideas, let L/K be a Galois extension of number fields with

Galois group G := Gal(L/K). To an unramified prime ideal p in K,

we associate a conjugacy class Frob(p) C G as follows. For any

prime divisor B | p in L, there is a unique Frob(*B) € G satisfying
xFrobF) = XN (mod )

for all integers x in L. The class Frob(p) is the set of Frob(*B)’s.

For each conjugacy class C C G, consider the Dirichlet series

log N
De(s,C) = 3 °I%I(p§f), s €.
Frob(p)=C

This function is meromorphic on H; j» with simple poles, and it
has a simple pole at s = 1 with residue |C|/|G]|.




Artin L-functions

In order to prove Chebotarev's density theorem (and more), we
shall use the L-functions introduced by Artin (1923). These Artin
L-functions are associated to (characters of ) Galois representations.

Basic properties

@ For the trivial character xo of G, we have L(s, xo) = Ck(s).

@ L(s,x1+x2) = L(s, x1)L(s, x2)-
© For a subgroup H < G and a character 1) of H, we have
L(s, Ind§ ) = L(s, ). |

Culs) ! (1)
- (57 X)X .
Ck(s) X€|1,_,[(G)
X7X0

.

Artin (1923) conjectured that the L-functions L(s, x) on the
right-hand side are entire. It follows from the celebrated reciprocity
law of Artin (1927) that the conjecture is true when G is abelian.



Chebotarev's density theorem via Artin reciprocity (1 of 2)

The definition of L(s, x) yields readily that

_LL’(S7 Z X (Frob(p ))Iog N(p)'

Hence if gc € Cis any eIement, then we get by Schur orthogonality

DG(%C)‘ZIOAg/(I:? (lq 2. X(Frobty X(gC))

p x€Elrr(G)
_ 1< x(Frob(p)) log N(p) \ _
=1 Xe%:(c) (%: N(p)s )X(gc)
€] Lo

‘G’ XGIZ"%G) _T(SaX)X(gC)'

We claim that the last sum is meromorphic on C with simple
poles, and it has a simple pole at s = 1 with residue 1. By Artin
reciprocity, the claim holds when G is abelian. Hence it suffices to
show that the last sum doesn't change when G is replaced by (g¢).



Chebotarev's density theorem via Artin reciprocity (2 of 2)

/

L
Us(s,8) = Y. —(s;x)x(g). s€HMi, g€G.
XElrr(G)

Master relation

For any subgroup H < G, we have Res% Ug(s, %) = Uy(s, *).

Let us fix s € Hi. For any character x of G, we have

/

<UG(5’ *)’Y>G = T(Sa X)'

Hence for any character v of H, Frobenius reciprocity gives that
(Resf; Us(s, ), P)n = (Us(s, +), Ind $)6 =

= LI(s, Ind§ ) = LT(s,¢) = (Ug(s, %), P)H. O

.




The meromorphicity of L'(s, x)/L(s, x)

The previous proof used a fundamental idea of Heilbronn (1973).

For any character x € Irr(G), the function L'(s, x)/L(s, x) is
meromorphic on C with simple poles. Moreover, for x # xo, the
point s = 1 is not a pole.

We have seen that

L/
Us(s;g) = > (s:0x(8)
xelrr(G)

is meromorphic on C with simple poles, and it has a simple pole at
s = 1 with residue —1. Hence we are done upon noting that

T = (Us(s,9). Do 0

o




A supplement to Chebotarev's density theorem

For each conjugacy class C C G, consider the Dirichlet series

log N(p) [C|
FG(S, C) = Z .
Frob(p)=C N(p) |G’

log N(p)
Z N(ps 5 s € Hi.

This function is meromorphic on Hy o with simple poles. For any
point so € Hy o, the following statements are equivalent:

Q@ o is a zero of (1(s)/Ck(s);

Q s is a pole of Fg(s,{1});

Q s is a pole of Fg(s, C) for some conjugacy class C C G;

@ s is a pole of L'(s, x)/L(s, x) for some nontrivial x € Irr(G).

Moreover,

< (o90) - (k) - @

V,




The Foote-Murty inequality (1 of 2)

First we prove the key bound (*). Proceeding as in the proof of
Chebotarev’s density theorem, we see that

C
FG(57 C) ~ _{Gl\/@(sﬂgC):

where

L/
Ve(s.e) = > T(s:x)x(g), se€Hi, g€
XElrr(G)

X7X0

Hence it suffices to prove the following inequality that is essentially
due to Foote-Murty (1989):

!G! Z

2

< <Sor§i0 CL(5)>2 - (sor(sjo CK(S)>2'

res Vi(s, g)



The Foote-Murty inequality (2 of 2)

Let us work with an arbitrary sp € C. Since
Ck
- 7(5)7

VG(sag) = UG(Sag)
Ck
the bound is clear when sy = 1 (cf. Chebotarev's density theorem):

res Vi(s,g) = res Ug(s,g) +1 = 0.
s=1 s=1

For sy # 1, we combine the Master relation with Artin reciprocity:

res Uc.;(s,g)‘ = | res U(g)(svg)‘ <
s=s0 S=S5

< Jtes Ugy(s,1) = Jres Uy (s, 1) = OIQO C(s).
We square this bound and average over G. We get that

1 2 2
ql ZG | < (g:rgOCL(S)) :
ge

res Vi(s,g)+ ord (k(s)
=50 5=50
This is what we need, since the average of V(s, g) over G is zero.




The final equivalences

The Foote—Murty inequality yields in particular that
ord(k(s) <ord(i(s), s €C,
%0 %0

hence (;(s)/Ck(s) is an entire function. This is originally due to
Aramata (1931), and re-discovered by Brauer (1947).

Now we can prove that the statements (a), (b), (c) are equivalent.
If (a) holds, then sp is a pole of the logarithmic derivative

Sh(5)— S (5) = Uy 5. 2)~ (5) = Ul 1)~ () = Vil 1),
which then implies (b). Now (b) trivially implies (c), while (c)

implies (a) by (x). Finally, (c) is equivalent to (d), because the
functions V(s, g) for g € G span the same C-vector space as the

functions L'(s, x)/L(s, x) for x # Xxo-



A supplement to Chebotarev's density theorem (cont.)

In particular, by standard Mellin transform techniques, we obtain:

Suppose o > 1/2 is such that for any € > 0 we have

1
Y. logN(p) = [l > log N(p) + O(x"**).
N(p)<x N(p)<x
Frob(p)—{1}

Then for any conjugacy class C C G and any € > 0 we have

C g
> logNG) =g 3 logN(p) + (<)
N(p)<x N(p)<x
Frob(p)=C




Enter Brauer's theorem

For each conjugacy class C C G, consider the Dirichlet series

._ log N(p)  |C| <~ log N(p)
Fo(s, C) := Fm%zc Ney 162 N

s e Hi.

This function is meromorphic on Hj 5 with simple poles. For any
point so € Hy o, the following statements are equivalent:

Q o is a zero of (1 (s)/Ck(s);

Q o is a pole of Fg(s,{1});

so is a pole of Fg(s, C) for some conjugacy class C C G;

is a pole of L'(s,x)/L(s, x) for some nontrivial x € lrr(G);

so is a zero or pole of L(s, x) for some non-trivial x € Irr(G);

€ 0C 0o
8

so is a zero of L(s, x) for some non-trivial x € lrr(G).




