F: number field of degree d
7. irreducible cuspidal automorphic represen-
tation of GL,, over F with unitary central char-
acter and contragradient representation w
™ = QuTy
/\(577‘-) — HL(Saﬂ-U)
v

S 1—s
N2A(s,m) = kN 2 AN(1 —s,7)

N: conductor (a positive integer)

k. root number (of modulus 1)
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Theorem (Luo—Rudnick—Sarnak).
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Theorem (Molteni).
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Convexity Bound. For any 0 <o < 1,
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L(o +it,7) <gem,a C (5 +it, w)( 7)/2Fe

Lindelof Hypothesis. For any 0 <o < 1,
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L(o+it, ) <g.em,d C (% + it, 7T> ( 7)/2+e :
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Established cases of subconvexity over

s: point on critical line (Rs = 1/2)

x. primitive Dirichlet character modulo q
f: holomorphic cusp form of full level

g. Maass cusp form of full level

C(s) <e |s|/41/12Fe eyl 1921
L(s,x) Ke,s gl/4~1/16+¢  Burgess 1963
L(s,x) < (|s|g)Y/4~1/16+c HB 1980
L(s, ) < s |s|}/?71/0F¢  Good 1982
L(s,g) <eg |s|t/?71/0Fc  Me 1990

L(s, f®X) L¢s,f ql/2-1/224+¢ py—Fr-Iw 1993



or

holomorphic cusp form of weight k, level N

1
L (E’f) L, N k1/2-1/6+t¢  peng 2001

Maass cusp form of eigenvalue %+ 12 and full level

L(s, f) <es |p|/2~1/0F€  Jutila 2002

. holomorphic or Maass newform of weight k, level N and trivial

primitive nebentypus

L(s, f) Kesp N1/471/23040+¢  py—Fr-Iw 1994-2002



f: holomorphic newform
g. holomorphic or Maass newform of level N and weight k

L(s, [ ®g) <espn k177/105T¢  sarnak 2001

L(s, f ® ¢) e N/271/1057F¢  Ko—Mi-Va 2001, Mi 2002

f: Maass newform
g. holomorphic or Maass newform of level N and weight k

L(s, [ ® g) e p.n K1728/193TC |iu—Ye 2002

L(s, f ®¢) e N/2TTE Ha—Mi (in progress)



Theorem 1. Suppose that ¢ is a primitive holomorphic or Maass
cusp form of Archimedean size |ii|, level N and arbitrary neben-
typus character mod N. Let s = 1/2 and q be an integer prime
to N. If x is a primitive Dirichlet character modulo q, then

L(s,qb@x) < |S|1—|—€N9/8+6|ﬁ|27/20+6q1/2—1/54+6’

where the implied constant depends only on e.



Theorem 2. Let A\y(m) (resp. Ay(n)) be the normalized Fourier
coefficients of a holomorphic or Maass cusp form ¢ (resp. )
of level N and arbitrary nebentypus character modulo N. Let
x| (resp. |P|) denote the Archimedean size of ¢ (resp. ). Let
f(x,y) be a smooth weight function supported in [A,2A] x [B, 2B]
such that for some P > 1

FED < ARBTIPEL >0,

Then for h > 0 and coprime a >0 and b > 0 we have

S Ap(m)Ay(n) flam, bn) <

am—bn=h

where the implied constant depends only on e.
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__ Jk/2 if ¢ is holomorphic
o= 1/2 +ip if ¢ is real-analytic

oz +iy) = ) pp(n)W(ny)e(nz)
n#0

e~ 2TY if ¢ is holomorphic

W —
(v) {|y1/2Kw(27Ty|) if ¢ is real-analytic
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A+ B
AB

F(z,y) = f(z,y)w(zr —y —h)

|x—y—h|>5_1 = F(x,y) =0

0 =P

FRD < 6" k1>0

ST Ag(m)Ay(n) flam, bn) = /O ' Gla) da

am—bn=h

Gla) = ) Ap(m) Ay (n) F(am, bn)e((am — bn — h)a>



Proposition 1 (Jutila). Let Q be a nonempty set of integers @ <
g<20Q, where Q>1. Let Q= 2< 6§ <Q1, and for each fraction
d/q (in its lowest terms) denote by I, /q(a) the characteristic
function of the interval [d/q — §,d/q + 6]. Write L for the number
of such intervals, that is,

L=> (g,
qeQ

and put
2(5L > 2 Ty

q€Q d (mod q)

If I(«) is the characteristic function of the unit interval [0,1],
then

[ (1)~ 1) da < 57 17207+,

where the implied constant depends on € only.



Q = {q€[Q,2Q] : Nab| g and (h,q) = (h, Nab) }

> Ap(m)Ay(n) flam,bn) = 25L > Z Ja/q T error
am—bn=nh qeQ d (mod q)

5
Jajg = /_5 G(d/q+ ) dp

= eq(—dh) ¥ A¢(m)A¢(n)eq(d(am - bn))E(m, n)

B(a,y) = Flaz,by) [ e((ax — by~ h)5) 3



Lemma 1. For any € > 0 there is a uniform bound

Hyk/QCﬁ(ZB + zy)Hoo < (o, ¢>1/2|ﬁ|3/2+6.

The implied constant depends only on e.

Proposition 2. For any € > 0 there is a uniform bound

> Ap(m)e(am) K N2\ g2 tept/2te, o eR, M >o0.
1<m<M

The implied constant depends only on e.



Proposition 3 (Meurman). Let d and g be coprime integers
such that N | q, and let ¢ be a smooth, compactly supported
function on (0,00). If ¢ is a real-analytic Maass cusp form of level
N, nebentypus x and nonnegative Laplacian eigenvalue 1/4—|—/1,2
then

(D) 3 Ag(meg(dm)g(n) =Y 3 Ag(Fn)eq(£dn)g*(n),
n=1

+ n=1
where

_ s o0 4. /x
g (y) =— /o g(x){Yoi, + Y_2i,} ( \q/_y> de,

q CoOsSh mu

4 coshmu [© 4r./TY
g+(y) — q /O Q(CU)KQW (T) dx.

Here d is a multiplicative inverse of d mod g, eq(z) = e(xz/q) =
e2mz/4 and Yi0iu, K24y, are Bessel functions.



> Ap(m)Ay(n) f(am,bn) = Y7 > Z Jasq T error
am—bn=~h qeQ d (mod q)

ST Tag =2 2 A(FmIA(Fn)Sxm(—h, £amTbn; ) BT (m, n)

B ) = % [ [T B, (4””_) 5 (4””“@) do dy

q q

MQz'r — (4 cosh WT)KQZ’?“? Mz_i»,« — {YQW + Y_ 2zr}

cosh



We integrate by parts k£ times with respect to x, where £k = 0O
when m is small, and k£ = [200/¢| when m is large. We integrate
by parts [ times with respect to y, where [ = 0 when n is small,
and k = [200/e] when n is large. Then we can achieve

++
B lmn) <kl 50204 + B) bn

am

kg1 141
ip|5(AB)1/2 <A|ﬁ|4(5Q)2>2+4 <Bﬁ|4<5@>2>2+4
T his shows that only small m and n contribute, and we conclude

that

S Jajg =2 D Ag(Fm)\y(Fn)Sxm(—h, tam=Fbn; ¢) E¥E(m,n)
d (mod q) ++ m,n>1

is small.



Proposition 4. For any o > 0 and ¢ > 0 the following uniform
estimates hold in the strip |Rs| < o:

(14+19s)" 2™, 0<az<14(9s|

_1ls| /2 _
e 1912y (z) < (1+[9s]) ", 1+ |Ss| <x <14 |s]?%

= 1/2, 14 s|? < =z

\

R (14 19s)7 2, 0<z<147|Ss]/2;
67T|\S:s|/2[{8(x) <

e~ THTISs|/2,-1/2 14 7Ss|/2 < .

The implied constants depend only on o and e.



Altogether we get

1

> Ap(m)Ay(n) f(am,bn) = 55T

am—bn=h

* ~
> > 34/ + error
qe@ d (mod q)

N3/2|[’”7|3/2—|—652Q3/2 N2|ﬁ17|2+6(ab)1/251/2 (AB>3/2—|—6
<<{ ab + Q } A+ B

Optimal balance is achieved when §3Q° =< N|iv|(ab)3, and this
yields

< Pl1/1ON9/5|ﬁ5|9/5+€(ab)_1/10(14—|—B)l/lo(AB)2/5+€.



