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1 Introduction

Combinatorial properties of incidence and intersection structures of geometric objects have
been central problems of combinatorial geometry since the beginning of this field. The Sylvester-
Gallai theorem states that for a finite set of n points in the Euclidean plane, not all of which
lie on a line, there exists a line that passes through exactly two of the points. By induction this
implies the de Bruijn–Erdős theorem, which states that if not all points are on a line then they
determine at least n lines; see the book chapter [107] for the history of these problems. Solving
the problem of Erdős, the influential Szemerédi–Trotter theorem [136] shows that the maximal

number of incidences among n points and m lines is O(n
2
3m

2
3 +n+m). There are many variants

of this result, in higher dimensions, with more general curves instead of lines, etc. The topics of
these results are still central areas of research.

There is a lot of research on graphs that can be realized in some way by geometric objects
where by a geometric object we mean a subset of some underlying space, usually Rd. First, one
can try to characterize graphs that are realizable in a certain way. Second, one can try to prove
results about the class of graphs realizable in a certain way.

The most natural way is to realize a graph in the plane such that its vertices are represented
by points and its edges by connecting curves, and then we put additional requirements on the
possible intersection structures of these curves. Planar graphs are the most notable example,
where no intersections among the curves are allowed. Other examples are k-quasi-planar graphs,
k-planar graphs. The branch of mathematics that deals with such classes is called graph drawing.

If vertices and edges are represented in other ways, we get further interesting classes. Such
graph classes include intersection graphs, tangency graphs and visibility graphs, among others.

Intersection graphs are perhaps the most studied of these. Given a set of n geometric objects
in Rd, its intersection graph is the graph with n vertices corresponding to the geometric objects
and we connect two vertices by an edge if the corresponding objects intersect. Many well-known
classes are defined as or are equivalent to some class of intersection graphs: interval graphs (in-
tersection graphs of intervals), intersection graphs of subtrees of a tree (which are exactly the
chordal graphs [54]), circle graphs (intersection graphs of chords of a circle), intersection graphs
of interior-disjoint disks (which are exactly the planar graphs by the Koebe–Andreev–Thurston
theorem), string graphs (intersection graphs of curves in the plane), segment intersection graphs,
L-shape intersection graphs, T-shape intersection graphs, intersection graphs of unit disks, inter-
section graphs of axis-parallel boxes.1 Besides the characterization of such a family, its extremal
properties (maximum number of edges under certain additional conditions) and its colorings are
the most studied topics. In particular, the chromatic number of a graph, denoted by χ, is the
least number of colors in a proper coloring of its vertices, i.e., in which no edge is monochromatic.

For example Scheinerman’s conjecture, proved by Chalopin and Gonçalves [28] states that
every planar graph is an intersection graph of segments in the plane. However, the latter family
is significantly broader, as it contains the complete graph of arbitrary size (while the complete
graph on 5 vertices is already not planar).

Concentrating on the chromatic number of intersection graphs, it is usually not possible
to give a universal bound on the chromatic number of intersection graphs of a given family,
instead, the central question became the χ-boundedness of these families. A family of graphs is
χ-bounded if there exists a function such that the chromatic number of any graph in the family is

1In particular the boxicity of a graph is defined as the minimum dimension in which a given graph can be
represented as an intersection graph of axis-parallel boxes.
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upper bounded by this function of the size of the maximal clique of the graph. It turns out that
intersection graphs of a family of geometric objects are often χ-bounded, most notably of axis-
parallel rectangles (Asplund and Grünbaum [16], Chalermsook and Walczak [27]), of chords of a
circle (Gyárfás [61], Davies [39]), of homothets of a convex shape in the plane (Kim, Kostochka
and Nakprasit [126]), of curves lying in a common halfplane and having an endpoint on the
boundary of that halfplane (Rok and Walczak [123]). In many cases, although it is much harder
to prove, it is also true that the bounding function may even be a polynomial, these are called
polynomially χ-bounded families. Esperet [67] therefore asked whether every hereditary class
of graphs (intersection graph classes are usually such) that is χ-bounded is also polynomially
χ-bounded, but this was recently refuted by Briański, Davies and Walczak [20]. On the other
hand, there are natural families whose intersection graphs are not χ-bounded, most notably of
boxes in R3 (Burling [21]), of boundaries of axis-parallel rectangles and of line segments in the
plane (Pawlik et al. [113]). For more on this topic see the survey of Scott and Seymour [125].

1.1 Geometric hypergraphs

We can look at intersections in a slightly different way. If we have two sets of objects, we
can concentrate on the bipartite intersection graph defined by pairs of objects, one from each
set. This can be regarded as the incidence graph of a hypergraph, whose vertices correspond to
the first set of objects, the hyperedges to the other set of objects, such that incidences in the
hypergraph are the same as for the corresponding objects. Looking at it this way, it is natural
to extend our study to settings where the two sets of objects are different. We call hypergraphs
defined this way intersection hypergraphs. By geometric hypergraphs we usually refer to such
intersection hypergraphs, unless stated otherwise. Given two sets of geometric objects, A and B,
let the geometric (intersection) hypergraph I(A,B) be the hypergraph whose vertices correspond
to objects of A, and a subset of the vertices is a hyperedge if and only if there is an object of
B that intersects exactly the objects of A corresponding to this subset of vertices. We omit
hyperedges of size smaller than 2. We refer to I(A,B) as the hypergraph defined by A with
respect to B (by A wrt. B, in short):

Definition 1.1. Given a family A of objects and a family B of objects, the intersection hyper-
graph of A with respect to (wrt. in short) B is the hypergraph I(A,B) which has a vertex vA
corresponding to every A ∈ A and a subset H of the vertices is a hyperedge if and only if there
exists a B ∈ B such that H = {vA : A ∩ B ̸= ∅} (if this set has size at least two), and we say
that H corresponds to B.

The Delaunay graph of a hypergraph H is the graph on the same vertex set containing only
the hyperedges of H of size 2. In particular, we refer to the Delaunay graph of I(A,B) as the
Delaunay graph of A wrt. B.

Note that I(A,B) has no repeated hyperedges by definition. Thus, if A is finite, then even if
B is infinite, I(A,B) has finitely many hyperedges. In particular, a hyperedge H can correspond
to multiple members of B.

The most natural case is when vertices correspond to points (we refer to such a setting as a
primal problem) or when the hyperedges correspond to points (we refer to such a setting as a
dual problem). Note that in these two cases the intersection relation is in fact the same as the
containment relation. This is the reason why the notation geometric hypergraphs is preferred to
intersection hypergraphs, especially in these two settings, as referring to a point intersecting an
object sounds unnatural, even if formally correct. See Figure 1.
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Figure 1: Given a family P of points and D of disks, I(P,D) is the hypergraph in which
vertices correspond to points and hyperedges to disks, in I(D,P) vertices correspond to disks
and hyperedges to points. Given two families of disks D′ and D′′, in I(D′,D′′) vertices correspond
to disks of D′ and hyperedges correspond to disks of D′′.

The primal problem (when vertices correspond to points) is especially natural as in practice
hypergraphs are usually represented such that points correspond to vertices and the hyperedges
correspond to objects that contain exactly the points corresponding to vertices the hyperedges
contain. Given such a representation, the original hypergraph is exactly the primal hypergraph
defined by these points and objects. Thus it is very natural to regard hypergraphs that can
be represented this way using only simple objects like disks, axis-parallel rectangles, or regions
whose boundaries interest only few times, like pseudo-disks, etc. (definitions of these families
are postponed).

Yet again, besides extremal questions, most interesting are coloring problems of such hyper-
graphs. For example, the well-known Delaunay graph of a point set is just the Delaunay graph
of these points wrt. all disks in the plane. This is known to be a planar graph, therefore proper
4-colorable. We will see that the Delaunay-graph of a hypergraph in general is in itself an impor-
tant notion for us, as if the Delaunay graph has only a linear number of edges hereditarily (in
particular when it is a planar graph) then this gives a bound on the size and chromatic number
of the hypergraph itself.

Given a geometric hypergraph (think about the example where the set of vertices corresponds
to a finite set of points and the set of hyperedges to a finite set of disks in the plane), we are
mainly interested about its proper and polychromatic colorings.

Definition 1.2. Given a hypergraph H, a proper k-coloring of its vertices is a coloring with
k colors such that every hyperedge of H contains two differently colored vertices. χ(H) is the
smallest possible k for which a proper k-coloring exists. A polychromatic k-coloring of the vertices
of H is a coloring in which every hyperedge contains k differently colored vertices.

Note that for k = 2 the notion of a proper 2-coloring and a polychromatic 2-coloring coincides.
Further, a proper k-coloring is also a proper (k + 1)-coloring while merging two colors in a
polychromatic (k + 1)-coloring we get a polychromatic k-coloring. Summarizing, if we increase
k, then having a proper k-coloring becomes gradually easier, while having a polychromatic k-
coloring becomes harder, so this gives a linear hierarchy of the families that admit such colorings,
meeting in the middle at proper and polychromatic 2-colorings:

. . . ⊆ polychrom. 3-colorable ⊆ polychrom./proper 2-colorable ⊆ proper 3-colorable ⊆ . . .
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It is important to note that due to how we defined geometric hypergraphs, it could easily
happen that a hyperedge has size one (in our example, a disk may contain a single point), which
is always monochromatic, that is why we needed to disregard hyperedges of size smaller than 2.
Moreover, for polychromatic colorings there is no hope to polychromatic k-color a hyperedge of
size smaller than k, thus we need to disregard hyperedges of size smaller than k when considering
polychromatic k-colorings.

It turns out that we get more natural problems if we allow ourselves to disregard hyperedges
of size smaller than m for some fixed value m chosen according to the type of geometric objects. In
a (primal) geometric hypergraph polychromatic coloring problem, we are given a natural number
k, a set of points and a collection of objects in Rd, and our goal is to k-color the points such
that every object that contains at least m(k) points contains a point of every color, where m is
some function that we try to minimize. We call such a coloring a polychromatic k-coloring. In
a dual geometric hypergraph polychromatic coloring problem, our goal is to k-color the objects
such that every point which is contained in at least m(k) objects is contained in an object of
every color.

Motivated by this, we are ready to define one of the central notions of this dissertation.
Given a hypergraph H, let Hm be the hypergraph on the same set of vertices that contains
the hyperedges of H with size at least m. Similarly, for a hypergraph family F let Fm be the
hypergraph family that contains Hm for every H ∈ F . Finally, we define χm(F) to be the smallest
number of colors k with the property that there exists a value m such that every hypergraph in
Fm admits a proper k-coloring2. If χm(F) = 2 then the smallest possible such m is denoted by
m2. In this case it makes sense to ask for polychromatic k-colorings for k > 2 as well, let mk be
the smallest possible m such that every hypergraph in Fm admits a polychromatic k-coloring
(if no such m exists, we define mk = ∞). Note that mk is monotone increasing in k.

For infinite families we define the following shorthand notation, used many times during this
dissertation. When we talk about infinite sets of geometric objects then (unless stated otherwise)
we always mean that for large enough m every finite subfamily has the required property. That
is, for A and B infinite families of objects we say that A is proper 2-colorable wrt. B if there
exists a value m such that for any finite subfamily A′ of A we have that Im(A′,B) is proper
2-colorable. We say that for A wrt. B we have mk ≤ f(k) if for any finite subfamily A′ of
A we have that If(k)(A′,B) admits a polychromatic k-coloring. The smallest possible f(k) is
denoted by mk. For example ‘points are 2-colorable wrt. halfplanes’ means that there exists an
m such that for every finite set of points, the point set is 2-colorable such that every halfplane
that contains at least m points is 2-colored. Let us give also a dual example: ‘halfplanes are
polychromatic k-colorable wrt. points’ means that for every k there exists an f(k) such that
for every finite set of halfplanes, the halfplanes are k-colorable such that every point that is
contained in at least f(k) halfplanes is contained in halfplanes of each of the k colors.

Investigating χm(F) for geometric intersection hypergraph families and the existence of mk

were originally motivated by cover-decomposability problems [99], and the focus was on whether
χm(F) = 2, and later also by their connection to so called conflict-free coloring problems [129].
These two problems have real-life motivations, cover-decomposability problems have applica-
tions in sensor networks, while conflict-free colorings are used in frequency-assignment problems,
among others.

The cover-decomposability problem is the following: given an m-fold covering of (some subset
of) the plane (or of Rd) with some geometric objects (e.g., disks), can we split it into 2, or more

2Note that the m in χm is a letter and not a variable, in particular it is not the same m as in the definition.
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generally, into k, 1-fold coverings? This is equivalent to k-coloring the objects such that every
point of (some subset of) the plane is covered by objects of each color. This is exactly the dual
polychromatic k-coloring problem (i.e., when we color objects wrt. points). Moreover, if the
objects are translates of some given shape, then it turns out to be also equivalent to the primal
polychromatic k-coloring problem (i.e., when we color points wrt. objects).

A conflict-free coloring of a hypergraph is a coloring in which for each hyperedge there is
a color which appears exactly once on its vertices. For example if we take n points on a line
and the hyperedges are defined by those intervals of the line that contain at least two points,
then alternatingly coloring with 2 colors gives a proper 2-coloring of this hypergraph, while a
conflict-free coloring needs ⌈log n⌉ colors and this is enough (give the middle point a unique color
and recurse with the same color set on the two sides). There is a general connection between the
two notions, and the difference is at most a log n factor if we have some natural assumptions.

We illustrate the connection between colorings, cover-decomposability problems, conflict-free
colorings and real-life applications with an example. We are given a finite set of receivers and a
finite set of antennas. The reception range of each antenna is a region. Assume that we want to
assign a frequency to each antenna such that every receiver has to be in the range of antennas
with at least 3 different frequencies. This is equivalent to polychromatic 3-coloring the ranges
wrt. the points where the receivers are. This is also equivalent to splitting the regions into 3
1-fold coverings of this point set. On the other hand, if we require that for every receiver among
the antennas whose ranges contain this receiver, there has to be an antenna whose frequency is
unique among these, then we get a problem equivalent to conflict-free coloring the ranges wrt.
the points.

The main results of the dissertation on this topic are as follows (see later the missing defini-
tions). Theorem 2.12 states that the hypergraph defined by one pseudo-disk family wrt. another
pseudo-disk family always admits a proper 4-coloring. This is a common generalization of multi-
ple earlier results. Then Theorem 2.22 extends this result to coloring with constant many colors
the hypergraph defined by a family of regions with linear union complexity wrt. a pseudo-disk
family. Theorem 2.25 upper bounds the number of hyperedges of size k in the hypergraph de-
fined by a family of lines wrt. a pseudo-disk family. We then define several abstract families
of hypergraphs, such as ABA-free, pseudo-halfplane, ABAB-free and prove results about poly-
chromatic coloring pseudo-halfplane hypergraphs (Theorem 2.29 and Theorem 2.30) and proper
coloring ABAB-free hypergraphs (Theorem 2.32 and Theorem 2.33), among others. We also
show how these abstract families correspond to intersection hypergraphs defined points wrt.
pseudo-halfplanes and stabbed pseudo-disks, respectively.

Results in this area will be discussed in Sections 2.1,2.2 and 2.3.

1.2 Tangency graphs

Besides the intersection relation, there are other natural ways to define a graph or hypergraph
on geometric objects, based on other relations of the objects, such as visibility graphs. Our
main interest is about tangency graphs, whose vertices correspond to geometric objects and we
connect two vertices by an edge if and only if the corresponding objects are tangent (i.e., touch
each other, for an example see Figure 2). Tangency graphs arise in various seemingly unrelated
areas, we mention two highlights. First, the famous Koebe–Andreev–Thurston theorem [86]
states that every planar graph is the tangency graph of internally disjoint disks. This result
has various surprising applications, for example the author and his coauthors used it to prove
bounds on the so called slope number of planar graphs [76]. Another notable example is the unit-
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Figure 2: A family of 3 circles and their tangency graph.

distance problem. Erdős asked [42] what is the maximum number of unit distances determined
by n points in the plane. Placing a disk of radius 1/2 centered at each point we get that
this problem is equivalent to the maximum number of tangencies among congruent (but not
necessarily disjoint) disks. While the best known lower bound is only slightly above linear, the
best known upper bound is O(n4/3). This problem is also related to the famous Hadwiger–Nelson
problem concerning the chromatic number of the plane.

We have mentioned earlier that the Delaunay graph of a hypergraph is useful to investigate.
Here we give another motivation for this, which in turn connects the area of geometric hyper-
graphs and tangency graphs in a nice way, which we will indeed apply later in the dissertation.
Given a set of curves, whenever two of them are tangent, we can perturb the two curves so
that they become locally disjoint and replace the touching point with a small curve (or even a
segment) such that this small curve crosses only the two objects that were touching. This way
the hypergraph defined by the original curves wrt. these new small curves has hyperedges of
size 2 only and the number of hyperedges is equal to the number of tangencies in the original
setting. Thus, this hypergraph is equal to its Delaunay graph and bounding the number of edges
of this graph bounds the tangencies in the original setting.

The main results of the dissertation on this topic are as follows (see later the missing defi-
nitions). Solving a special case of a conjecture of Pach, Theorem 2.39 states that n curves that
pairwise intersect exactly once define O(n) tangencies. Theorem 2.40 shows that n curves that

pairwise intersect at most t times define O(n2− 1
t+3 ) tangencies. Next we consider the case when

we are given two families of pairwise disjoint curves and count the number of tangencies among
these two families. Theorem 2.43 shows that there may be as much as Ω(n4/3) tangencies in this
setting. We prove an optimal upper bound in two special cases. On one hand, if every pair of
curves intersect at most once, then there are only O(n) tangencies by Theorem 2.42. On the
other hand, if every curve is x-monotone, then there are O(n log n) tangencies by Theorem 2.41.

Results in this area will be discussed in Section 2.4.

2 Survey of results

In this chapter we give an overview of the most important geometric hypergraphs and the
known results about them, concentrating on their colorings. We will also give results about the
sizes (maximal number of hyperedges) in most cases. There are other parameters that are usually
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investigated for hypergraphs, like the size of containment-free hypergraphs, size of ε-nets, V C-
dimension, existence of shallow hitting sets, discrepancy results, enumeration results. In this
dissertation we concentrate on colorings and the size of (uniform) hypergraphs. The webpage
[77] maintained by the author and Pálvölgyi collects these results in an interactive database,
where the other above mentioned parameters are also included.

Concentrating on colorings and sizes, there is a nice general connection saying that if the
Delaunay graph of every induced subhypergraph has linear many edges then the hypergraph’s
chromatic number, size and other parameters can be bounded. While this was known for specific
hypergraph families, the author and his coauthors has stated this explicitly first, we state it later
as Theorem 3.1 (Ackerman-Keszegh-Pálvölgyi [7]).

Still talking about results that apply to a broad set of hypergraphs, there is an intriguing
general conjecture, claiming that if m2 is bounded for a hypergraph and all its induced subhy-
pergraphs, then mk is bounded as well, in fact it is possible that it is always linear in k (for any
fix bound on m2) [118]. The boundedness of mk was separately proved in all cases of geometric
hypergraphs, as we will see. Yet in general not much is known about it. First, if m2 = 2 for some
hypergraph family, then a nice result of Berge [18] shows that mk = k as well. However, already
for m2 = 3 we do not know if an upper bound on m3 exists. The best general lower bound is
given by a construction where mk ≥ (m2−1)(k−1)+1. Note that for m2 = 3 this gives m3 ≥ 5.
Improving on this slightly, recently Pálvölgyi [118] gave a construction such that m2 = 3 and
m3 = 6. It is interesting to compare this problem with the question of Esperet mentioned in
the Introduction whether χ-boundedness implies polynomial χ-boundedness, which turned out
to have a ‘no’ answer.

The result mentioned earlier about the connection between the edges of the Delaunay-graph
of a hypergraph and its other properties is detailed and proved in Chapter 3, based on [7].

In the remainder of this chapter we first list the geometric hypergraph results. Several of
these results are by the author (with different coauthors). In this dissertation only the results
about pseudo-disks and about ABA-free hypergraphs and their generalizations will be proved,
in Chapters 4-9, based on [74, 69, 81, 4, 75].

After that we turn our attention to results about tangencies of curves. Here some results will
be also phrased as a geometric hypergraph result, illuminating the connection between the two
areas that was mentioned already in the Introduction. The results of the author from this area
will be proved in Chapters 10-12, based on [7, 83, 6].

The figures showing the inclusion hierarchy of geometric hypergraph families are created
using the interactive database of the author and Pálvölgyi [77].

The dissertation is based on the following papers of the author, in all of which every coauthor
(in case of multiple authors) contributed an equal share: [74, 69, 81, 4, 75, 7, 83, 6].

2.1 A short history: disks, translates, homothets, axis-parallel regions

Usually in a family either the objects are meant to be all open or all closed, and given that we
consider finite problems and assuming certain general position assumptions it does not matter
which. Thus, in the survey part of the dissertation usually we won’t specify this detail.

The area of coloring geometric hypergraphs was first motivated by cover-decomposability
problems of translates of a given convex shape in the plane. We first give an overview of the
results about translates, for more on these see the survey paper about cover-decomposability
problems [99]. Then we will move on to overview the results about homothets, axis-parallel
regions and disks. We note that in the context of cover-decomposability, infinite coverings are
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Figure 3: The inclusion hierarchy of hypergraph families defined by translates of geometric
objects and the best known results about their respective coloring parameters. ‘Tr csym conv
poly’ refers to the family ’translates of a fixed centrally symmetric convex polygon’. Note that
these families defined by points wrt. translates of a given region are self-dual, e.g., the family of
hypergraphs defined by points wrt. translates of a disk are the same as the hypergraphs defined
by translates of a disk wrt. points, etc.
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usually considered too, where compactness arguments and other technicalities arise. Here we
only concentrate on the finite versions of the problems.

Pach initiated the area by conjecturing the following (here we use the hypergraph nota-
tion, the conjecture and in fact most papers about translates use the cover-decomposability
terminology):

Conjecture 2.1 (Pach [96]). Given a convex shape C, points are 2-colorable wrt. the translates
of C. In other words, there exists a constant m(C) such that for any finite point set P, we can
2-color the points in P such that any translate of C that contains at least m points contains
points of both colors.

Note that for a given finite point set a finite number of translates defines the same hypergraph
as all translates (this holds in general for any geometric hypergraph).

Further, denoting a fixed point in C as its centerpoint and replacing each translate with
its centerpoint, while replacing each point of P with a reflected copy of C whose centerpoint
is this point, the containments get exactly reversed. Thus we get an equivalent dual problem
of coloring geometric objects with respect to points. Therefore, for translates, the primal and
dual problems are equivalent and so it is enough to concentrate on the primal one, even though
formally the dual problem is the one which is equivalent to the cover-decomposability problem
that Pach’s conjecture was originally about.

Motivated by this conjecture, there came multiple positive results about translates of convex
polygons. Pach [97] proved that the conjecture holds for centrally symmetric convex polygons.
Tardos and Tóth [137] proved for triangles and then Pálvölgyi and Tóth for every convex polygon
[112]. Knowing that m2 exists for points wrt. translates of a given convex polygon, the interest
shifted to the existence and bounds on mk. Initially the above 3 papers proved exponential
bounds depending on k. Then Pach and Tóth [110] and then Aloupis et al. [12] improved this
for quadratic and then linear for centrally symmetric convex polygons, respectively. Finally,
Gibson and Varadarajan [56] showed that mk = O(k) for points wrt. translates of a given
convex polygon.

On the negative side, for concave quadrilaterals we cannot 2-color points wrt. its translates
[105, 111]. Such counterexamples also exist for balls in R3 [90] and convex polytopes in R3 [111].

Figure 3 summarizes the known results related to translates.

Points wrt. translates of a halfspace in R3 are trivial to 2-color. However, there exists a more
interesting object in R3 such that points wrt. its translates are 2-colorable. Namely, the octant
at the origin defined by the set of points {(x, y, z) : x, y, z > 0} (we call its translates octants).
For these the author and Pálvölgyi proved [78] that one can 2-color any point set in R3 such that
any octant that contains at least 12 points contains points of both colors. This has important
consequences in the plane. Namely, the same holds for coloring points wrt. homothets of any
triangle (a homothet of a shape is a copy that we get by a translation and scaling by a positive
factor), generalizing the result of Tardos and Tóth about translates of a triangle. It also implies
the same for the dual problem, coloring homothets of a triangle wrt. points. Later the author
and Pálvölgyi showed that polychromatic k-coloring is also possible for points wrt. octants [85],
that is, mk exists, then showed that mk = O(k4.53) for points wrt. homothets of a triangle
[79]. This was proved by showing a more general result saying that the existence of m2 implies
a polynomial bound on mk for points wrt. the homothets of any given convex polygon. Then
Cardinal et al. showed mk = O(k5.53) for octants (and therefore also for the dual problem about
coloring the homothets of a triangle wrt. points). Then the author and Pálvölgyi, by improving
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Figure 4: The inclusion hierarchy of hypergraph families defined by homothets of geometric
objects and the best known results about their respective coloring parameters.

for octants the bound on m2 from 12 to 9 [80], improved both of the above bounds to O(k4.09)
and O(k5.09), respectively. It is still not known if an O(k) bound is true or not.

These implications about homothets of a triangle opened the way of regarding homothets
of a given convex shape. Note that for these the primal and dual problems are not equivalent
anymore. In this area our understanding is still more limited. The author with Ackerman and
Vizer proved [5] that m2 exists for points wrt. the homothets of any fixed parallelogram (in
particular, a square). Thus, by our general result also mk = O(k8.75) for these. In general, 2-
colorability of points wrt. homothets of a convex polygon may always be true but is not known,
already for pentagons. On the positive side, recall that whenever m2 exists for points wrt. the
homothets of some convex polygon, then by our result [79] mk is bounded by some polynomial of
k as well. Further, with Pálvölgyi we showed that proper 3-colorability does always hold in this
case [82]. We have noted that the octant result implies the existence of m2 for the dual problem
of coloring homothets of a triangle with respect to points. However, somewhat surprisingly,
Kovács proved that this becomes false already for the homothets of any given convex polygon
with at least four vertices [88].

Figure 4 summarizes the known results related to homothets.

Further consequence of the results about octants is that it implies the same for 2-coloring
points wrt. bottomless rectangles (these are defined as {(x, y) : a < x < b, y < c} for any a, b, c)
and for the dual problem of coloring bottomless rectangles wrt. points. These were first studied
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systematically by the author in [73]. In the primal case Asinowski et al. showed directly that
mk ≤ 3k− 2 [15] (the best lower bound for the optimal value is approx. 1.67k). However, in the
dual case the best known result about bottomless rectangles, mk = O(k5.09), is indeed implied
by the results about octants. There are some special cases of bottomless rectangle families for
which mk = O(k) is known [25], yet in general this is the best known bound.

The motivation to study coloring points wrt. bottomless rectangles was motivated by its
equivalence to a certain dynamic coloring problem of points on the line. Moreover, the dual
problem can be used in divide and conquer algorithms when dealing with axis-parallel rectangles
in general. Hypergraphs defined by axis-parallel rectangles are the basis of some of the central
problems of the area. The flavor of these problems is slightly different from the above mentioned
ones, as here the number of colors does depend on the number of points. About the dual problem,
Θ(log n) colors are needed and enough for proper coloring axis-parallel rectangles wrt. points
(for any fixed m) [62, 109]. For the primal problem, if m ≥ 3 then again O(log n) colors are
enough [8], yet when we color the points such that axis-parallel rectangles containing two points
are already properly colored (in other words, we color the respective Delaunay graph), then it
is only known that Ω(log n/ log log n) colors are needed [33] and O(n0.368) are sufficient [10, 29].
Closing the gap between these bounds is an important open problem of the area.

We have seen that Conjecture 2.1 is verified for convex polygons. What do we know about
other shapes? The most natural shape which is not a polygon is certainly the (unit) disk. In an
unpublished manuscript Mani-Levitska and Pach [90] already presented a proof of the conjecture
for translates of a unit disk. However, this was never verified and later, surprisingly, Pálvölgyi
found a counterexample (published together with some of the results from [90] in [106]), thus
showing that Pach’s conjecture fails for a disk. In the same paper they show that it fails also
for convex sets with a smooth boundary with everywhere positive curvature but it holds for
unbounded convex sets. Later Pálvölgyi and Tóth [112] gave a complete characterization of the
convex shapes for which the conjecture holds.

It was proved even earlier by Pach, Tardos and Tóth [105] that there is no 2-coloring for
points wrt. homothets of a disk (that is, all disks).

These raised the question about the exact value of χm for the family of translates/homothets
of a disk. First, the well-known Delaunay graph which coincides with the Delaunay graph of the
hypergraph of points wrt. disks is known to be planar and thus 4-colorable, and 4 colors might
be needed already for points wrt. unit disks hypergraphs (for example K4 can be easily realized).
Therefore χ is at most 4 even for the homothets of a disk, and so (using that χm ≤ χ) χm is also
at most 4 for both families. Smorodinsky [128], using a dualization argument (by mapping points
to halfspaces in R3 and disks to points in R3) showed that χ is also at most 4 for homothets of
a disk wrt. points.

The problem of deciding if for these families χm is 3 or 4 was posed multiple times, e.g., by
the author in [73], by now except for one case the problem is solved. Damásdi and Pálvölgyi [37]
showed that χm is 3 for points wrt. unit disks (and therefore also for the dual setting). On the
other hand, the same authors showed [36] that χm is 4 for points wrt. disks. As here the dual
problem is not equivalent anymore, the case of coloring disks wrt. points is left open.

Figure 5 summarizes the known results about hypergraph families related to disks and
pseudo-disks (see the forthcoming sections about their definitions).
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Figure 5: The inclusion hierarchy of hypergraph families defined by disks and related objects
and the best known results about their respective coloring parameters.

2.2 Pseudo-disks

The results of the author presented in this section are based on [74, 69] and are proved in
Chapters 4,5 and 6.

2.2.1 Pseudo-disks wrt. pseudo-disks

The problem about disks can be extended in two natural ways. First, we can regard families
of pseudo-disks. Second, we can consider intersection hypergraphs of some objects wrt. disks or
pseudo-disks where the objects are not points anymore. We will show that we can prove coloring
results even about the common generalization of these two possible extensions. As we have seen
that χm = χ = 4 already for points wrt. disks, in these generalizations it is more interesting
to concentrate on χ instead of χm, therefore in this section we always talk about χ, that is, we
color all hyperedges, not just the large enough hyperedges.

We first define families of pseudo-disks, which extends families of disks.

Definition 2.2. A Jordan region is a (simply connected) closed bounded region whose boundary
is a closed simple Jordan curve. A family of Jordan regions is called a family of pseudo-disks if
the boundaries of every pair of the regions intersect in at most two points.

Families of pseudo-disks have been regarded in many settings for a long time due to being
the natural way of generalizing disks while retaining many of their topological and combinatorial
properties, just like pseudoline arrangements generalize line arrangements (see Section 2.3 for
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more about them). Problems regarded range from classic algorithmic questions like finding max-
imum size independent (disjoint) subfamilies [31] to classical combinatorial geometric questions
like the Erdős-Szekeres problem [64]. Probably the most important pseudo-disk family is the
family of homothets of a convex region. Because of this, results about pseudo-disks generalize
to results about homothets of any fixed convex region.

There are only a few earlier results regarding this general setting. In [80] intersection (and
also inclusion and reverse-inclusion) hypergraphs of intervals of the line were considered by the
author and Pálvölgyi. In [71] and [48] intersection hypergraphs (and graphs) of (unit) disks,
pseudo-disks, squares and axis-parallel rectangles were considered.

It is well known that the Delaunay graph of points wrt. disks is planar and thus proper
4-colorable. From the following trivial yet useful observation it then follows that the respective
hypergraph is also proper 4-colorable.

Observation 2.3 (Smorodinsky [128]). If A and B are families for which every hyperedge of
I(A,B) contains a hyperedge of size 2, then a proper coloring of the Delaunay graph is also a
proper coloring of I(A,B).

In the literature hypergraphs that have the property assumed in Observation 2.3 are some-
times called rank two hypergraphs (e.g., in [128]).

Definition 2.4. Given a hypergraph H, a conflict-free k-coloring of its vertices is a coloring
with k colors such that every hyperedge H of H contains a vertex whose color differs from the
color of all the other vertices of H.

In [128] Smorodinsky developed a general framework (based on the framework presented in
[46]): using proper colorings of the subhypergraphs of the hypergraph with constantly many
colors it can build a conflict-free coloring with O(log n) colors (where n is the number of vertices
of the hypergraph). The results mentioned from now on use this framework to get a conflict-free
coloring once there is a proper coloring. First, using the precursor of this framework, it was
proved by Even et al. [46] that points wrt. disks admit a conflict-free coloring with O(log n)
colors:

Theorem 2.5 (Even et al.[46]). Let D be the family of disks in the plane and P a finite set of
points, I(P,D) admits a conflict-free coloring with O(log n) colors, where n = |P |.

It is well known that if instead of a family of disks we take a family of pseudo-disks, the
bound of Theorem 2.5 still holds:

Theorem 2.6 (folklore). Let F be a family of pseudo-disks and P a finite set of points, I(P,F)
admits a proper coloring with 4 colors and a conflict-free coloring with O(log n) colors, where
n = |P |.

The proof is that the Delaunay graph of points with respect to pseudo-disks is also a planar
graph (implied by, e.g., Lemma 4.9, see later) and thus proper 4-colorable and then we can apply
Observation 2.3 to conclude that the respective hypergraph is also 4-colorable. Then the general
framework of Smorodinsky mentioned above implies an O(log n) upper bound for a conflict-free
coloring.

The dual of Theorem 2.5 was also proved by Even et al. and was generalized to pseudo-disks
by Smorodinsky:

13



Theorem 2.7 (Even et al. [46]). Let P be the set of all points of the plane and B a finite family
of disks, I(B, P ) admits a proper coloring with 4 colors and a conflict-free coloring with O(log n)
colors, where n = |B|.

Theorem 2.8 (Smorodinsky [128]). Let P be the set of all points of the plane and B be a finite
family of pseudo-disks, I(B, P ) admits a proper coloring with a constant number of colors and
a conflict-free coloring with O(log n) colors, where n = |B|.

While for coloring pseudo-disks wrt. points there was no explicit upper bound, for the special
case of homothets of a convex region, Cardinal and Korman showed that 4 colors are enough,
just like for disks:

Theorem 2.9 (Cardinal-Korman [26]). Let P be the set of all points of the plane and B be
a finite family of homothets of a given convex region, I(B, P ) admits a proper coloring with 4
colors.

Recently it was proved by Keller and Smorodinsky that disks wrt. disks can also be colored
in such a way, a common generalization of Theorems 2.5 and 2.7:

Theorem 2.10 (Keller-Smorodinsky [71]). Let D be the family of all disks in the plane and B a
finite family of disks, I(B,D) admits a proper coloring with 6 colors and a conflict-free coloring
with O(log n) colors, where n = |B|.

While they did not prove the same for pseudo-disks, they solved two special cases (they
stated these only as part of the proof of their main result):

Claim 2.11 (Keller-Smorodinsky [71]). Given a finite family F of pseudo-disks and a subfamily
B of F , If either B or F \ B contains only pairwise disjoint pseudo-disks, then I(B,F) admits
a proper coloring with a constant number of colors and a conflict-free coloring with O(log n)
colors, where n = |B|.

We generalize Theorem 2.10 to the case of coloring a pseudo-disk family wrt. another pseudo-
disk family, which is a common generalization of all the above results (Theorems 2.5,2.7,2.8,2.9,2.10
and Claim 2.11). Moreover we prove the optimal upper bound of 4 colors, which improves the
bound of Theorem 2.8 for coloring pseudo-disks wrt. points from some constant number of colors
to 4 colors and improves the bound of Theorem 2.10 for coloring disks wrt. disks from 6 colors
to 4 colors. Along the way we prove that the Delaunay graph of the hypergraph defined by
one family of pseudo-disks wrt. another family of pseudo-disks is planar. Furthermore, it pro-
vides an alternative proof for Theorems 2.7 and 2.9 (both of these were originally proved using
dualization and solving equivalent problems about coloring points in the 3 dimensional space):

Theorem 2.12 (Keszegh [74]). Given a family F of pseudo-disks and a finite family B of
pseudo-disks, I(B,F) admits a proper coloring with 4 colors.

Using the usual framework it easily follows from Theorem 2.12 that:

Corollary 2.13 (Keszegh [74]). Given a family F of pseudo-disks and a finite family B of
pseudo-disks, I(B,F) admits a conflict-free coloring with O(log n) colors, where n = |B|.

We note that Claim 2.11 implies in a straightforward way the main result of [71] about
conflict-free coloring the (open/closed) neighborhood hypergraphs of intersection graphs of
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pseudo-disks (for definitions and details see [71]). Thus, Theorem 2.12 also implies their main
result.

Note that in Theorem 2.12 B and F are not related in any way, thus among others, even
though two convex regions can intersect infinitely many times, it implies somewhat surprisingly
the following:

Corollary 2.14 (Keszegh [74]). We can proper color with 4 colors the family of homothets of
a convex region A wrt. the family of homothets of another convex region B.

Buzaglo et al. [24] have shown that the VC-dimension of the hypergraph I(P,F), defined
by a finite point set P with respect to a family F of pseudo-disks, is at most 3 (and this bound
is tight) and used this to prove that the number of hyperedges of size at most t in such a
hypergraph is O(t2n) (and this can be attained already by F being a specific family of disks).
More recently, Aronov et al. [13] proved independently from us with an almost identical proof the
case of Lemma 4.10 when B ⊂ F (for details see later, it is a very special case of Theorem 4.3)
and showed that this implies that for a pseudo-disk family F and a finite subfamily B of F , the
intersection hypergraph I(B,F) has VC-dimension at most 4 (and this bound is tight). Using
methods similar to the ones in [24] they show that this implies that the number of hyperedges of
size at most t in I(B,F) in this case is O(t3n) (they do not give a construction with a matching
lower bound, however). Alternatively, it follows from Theorem 3.1 as well. We show that using
Lemma 4.10 instead of their weaker variant we get the following more general statements (where
B is not necessarily a subfamily of F):

Theorem 2.15 (Keszegh [74]). Given a family F of pseudo-disks and a finite family B of
pseudo-disks, the intersection hypergraph I(B,F) has VC-dimension at most 4 (and this bound
is tight).

Theorem 2.16 (Keszegh [74]). Given a family F of pseudo-disks and a family B of n pseudo-
disks, the number of hyperedges of size at most t in the intersection hypergraph I(B,F) is O(t3n).

We note that in case of Theorem 2.16 we are again not aware of a matching lower bound
(and in fact this upper bound might easily not be tight).

A family B of Jordan regions is called non-piercing if A \ B is connected for every pair of
sets A,B ∈ B. Notice that a family of pseudo-disks is always non-piercing. Raman and Ray [120]
investigated respective problems about non-piercing families regions. Instead of the Delaunay
graph, they were interested in finding planar support graphs, due to their applications for finding
PTAS’s for packing and covering problems. A support graph of a hypergraph H = (V, E) is a
graph G with vertex set V such that for every E ∈ E the subgraph of G induced by E is connected.
Notice that a support graph necessarily contains the Delaunay graph of H as a subgraph. It is
further called a planar support graph if G is planar. Their main result is the following:

Theorem 2.17 (Raman-Ray [120]). Given two families F and B of non-piercing regions,
I(B,F) admits a planar support graph.

Notice that while a proper coloring of the Delaunay graph of a hypergraph is not always
a proper coloring of the hypergraph itself, proper coloring a support graph is always a proper
coloring of the hypergraph as well. Recalling that a pseudo-disk family is also non-piercing,
4-coloring the planar support graph guaranteed by Theorem 2.17 implies Theorem 2.12.
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2.2.2 Family with linear union complexity wrt. pseudo-disks

In [128] Theorem 2.8 was shown by proving a more general statement about coloring a family
of regions that has linear union complexity wrt. points.

Definition 2.18. Let B be a family of finitely many Jordan regions in the plane such that
the boundaries of its members intersect in finite many points. The vertices of the arrangement
of B are the intersection points of the boundaries of regions in B, the edges are the maximal
connected parts of the boundaries of regions in B that do not contain a vertex and the faces are
the maximal connected parts of the plane which are disjoint from the edges and the vertices of
the arrangement.

Definition 2.19. The union complexity U(B) of a family of Jordan regions B is the number of
edges of the arrangement B that lie on the boundary of ∪B∈BB.

We say that a family of regions B has (c)-linear union complexity if there exists a constant
c such that for any subfamily B′ of B the union complexity of B′ is at most c|B′|.3

Theorem 2.20 (Kedem et al. [68]). Any finite family of pseudo-disks in the plane has a linear
union complexity.

Theorem 2.20 shows that the following result of Smorodinsky is indeed more general than
Theorem 2.8.

Theorem 2.21 (Smorodinsky [128]). Let P be the set of all points of the plane and B be a finite
family of Jordan regions with linear union complexity. Then I(B, P ) admits a proper coloring
with a constant number of colors and a conflict-free coloring with O(log n) colors, where n = |B|.4

We generalize this in the following way:

Theorem 2.22 (Keszegh [74]). Given a family F of pseudo-disks and a finite family B of Jordan
regions with linear union complexity, I(B,F) admits a proper coloring with a constant number
of colors.

Note that using Theorem 2.20 we get that Theorem 2.22 implies Theorem 2.12 with a (non-
explicit and worse) upper bound.

Corollary 2.23 (Keszegh [74]). Given a family F of pseudo-disks and a finite family B of Jordan
regions with linear union complexity, I(B,F) admits a conflict-free coloring with O(log n) colors,
where n = |B|.
Corollary 2.24 (Keszegh). Given a family F of pseudo-disks and a finite family B of Jordan
regions with linear union complexity, the VC-dimension d of I(B,F) is bounded and the number
of hyperedges of I(B,F) of size at most t is O(td−1n).

So far we have considered the hypergraphs defined by pseudo-disks wrt. pseudo-disks and
the hypergraphs defined by families with linear union complexity wrt. pseudo-disks. Next we
consider hypergraphs defined by lines wrt. pseudo-disks. Note that a family of lines does not
have linear union complexity.

3Sometimes in the literature, in the definition of union complexity they count vertices rather than edges, yet
it is easy to see (see Lemma 5.1 later) that this does not affect the property of having linear union complexity
when B is a family of Jordan regions. Also note that linear union complexity is not always defined hereditarily,
we defined it this way in order to simplify our statements.

4When a statement is about a family with (c-)linear union complexity, by a constant we mean a constant that
depends on c and the O notation similarly hides a dependence on c.
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2.2.3 Lines wrt. pseudo-disks

In this section we consider hypergraphs defined by lines wrt. pseudo-disks, that is, intersection
hypergraphs I(L,F) where L is a family of lines in the plane, and F a family of pseudo-disks.
We assume that the geometric objects are in general position, in the sense that no 3 lines pass
through a common point, no line passes through an intersection point of two boundaries of
pseudo-disks.

For geometric hypergraphs defined by lines wrt. pseudo-disks we concentrate only on their
size. The reason we don’t consider their colorings is that even χm is infinite for this family [105].
Indeed, it is a more general family then the family of hypergraphs defined by lines wrt. points
which by a standard dualization argument is the same as its dual, the family of hypergraphs
defined by points wrt. lines. For this latter family for arbitrary c,m we can take the appropriate
construction from the Hales–Jewett theorem and project it onto the plane in a general direction
to get a construction in which in any c-coloring of the points there will be a monochromatic line
with m points.

Unlike for the hypergraphs of points wrt. pseudo-disks, the number of hyperedges in a hy-
pergraph I(L,F), of lines wrt. pseudo-disks, of any fixed size, may be quadratic in the number
of vertices. This holds already when the lines form an n/2× n/2 grid and we take the lines wrt.
disks hypergraph. A better example was shown in a beautiful paper of Aronov et al. [14]. They
showed that for any family L of lines, if F consists of the inscribed circles of the triangles formed
by any triple of lines, then for any t ≥ 3, the number of t-hyperedges (i.e., hyperedges of size t)
in I(L,F) is exactly

(
n−t+2

2

)
.

For any fixed t, there exist hypergraphs I(L,F) in which the number of t-hyperedges is
larger than in the construction of Aronov et al. [14], even when F is allowed to contain only
disks (as some of those disks might not be inscribed in a triangle formed by the lines). We prove
that the number of t-hyperedges cannot be significantly larger for any hypergraph I(L,F) of
lines with respect to pseudo-disks.5 Specifically, we prove (E(H) denotes the set of hyperedges
of H):

Theorem 2.25 (Keller-Keszegh-Pálvölgyi [69]). Let L be a family of n lines in the plane, let
F be a family of pseudo-disks, and assume both families are in general position. Then

|{e ∈ E(I(L,F)) : |e| = t}| = Ot(n
2).

Our techniques combine probabilistic and planarity arguments, together with exploiting
properties of arrangements of lines, in particular the zone theorem.

We note that in Theorem 2.25 the dependence on t is not proved to be optimal. In particular
O(tn2) or even O(n2) (i.e., a bound independent of t) might be true.

In addition, we show that for any choice of L and F , the total number of hyperedges in
I(L,F) does not exceed O(n3). This upper bound is tight, since the total number of hyperedges
in the hypergraph presented by Aronov et al. [14] is

(
n
3

)
.

Proposition 2.26 (Keller-Keszegh-Pálvölgyi [69]). Let L be a family of n lines in the plane,
let F be a family of pseudo-disks, and assume both families are in general position. Then
|E(I(L,F))| = O(n3).

5For the difference between hypergraphs induced by pseudo-disks and hypergraphs induced by disks, see [51]
and the references therein.
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Figure 6: The inclusion hierarchy of hypergraph families defined by halfplanes and related objects
and the best known results about their respective coloring parameters.

2.3 ABA-free hypergraphs and their generalizations

The results of the author presented in this section are based on [81, 4, 75] and are proved in
Chapters 7 and 8.

2.3.1 ABA-free hypergraphs and pseudo-halfplane hypergraphs

After investigating translates and homothets of convex polygons, disks and then pseudo-
disks, the perhaps most natural remaining planar family of shapes is the family of halfplanes.
Coloring points wrt. halfplanes and its dual were first investigated by the author [72, 73] followed
by Fulek [53], and then polychromatic k-colorings were studied by Smorodinsky and Yuditsky
[130]. They proved that for points wrt. halfplanes mk = 2k − 1 while for halfplanes wrt. points
mk ≤ 3k − 2, this latter bound is not known to be sharp.

Figure 6 summarizes the known results about hypergraph families related to halfplanes (see
the forthcoming sections about their definitions).

Similar to how pseudo-disks generalize disks, one can generalize halfplanes to pseudo-half-
planes. Informally, a pseudo-line family is a family of bi-infinite curves that pairwise intersect
at most once and then a pseudo-halfplane family is a family of regions in the plane whose
boundaries form a family of pseudo-lines. For the precise definition see Section 7.6.

We have mentioned earlier that it was proved that points wrt. the translates of any un-
bounded convex set are 2-colorable. In fact m2 = 3 is sufficient [106]. As translates of an
unbounded convex set form a set of pseudo-halfplanes (as their boundaries intersect at most
once, and thus form a family of pseudo-lines), our result about pseudo-halfplanes will imply the
generalization mk = 2k − 1, which is an optimal function for unbounded convex sets.

We generalize all the (primal and dual) results about halfplanes to pseudo-halfplanes, an-
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swering a question left open by the authors of [130].6 To do this we define families of hypergraphs
in a combinatorial way, with no geometry used. We show in Section 7.6 that these are equivalent
to points wrt. pseudo-halfplane hypergraphs. Then we are left to deal with these combinatorially
defined hypergraphs.

Definition 2.27. A hypergraph H with an ordered vertex set is called ABA-free if H does not
contain two hyperedges A and B for which there are three vertices x < y < z such that x, z ∈ A\B
and y ∈ B \A.

A hypergraph with an unordered vertex set is ABA-free if its vertices have an ordering with
which the hypergraph is ABA-free.7

A hypergraph H on an ordered set of points S is called a pseudo-halfplane hypergraph if
there exists an ABA-free hypergraph F on S such that H ⊂ F ∪ F̄ , where F̄ is the family of the
complements of the hyperedges of F .

The following are examples of ABA-free hypergraphs: points wrt. intervals in R, points wrt.
translates of an upwards unbounded convex set, points wrt. upwards halfplanes. Additionally,
points wrt. all halfplanes is an example of pseudo-halfplane hypergraphs. These examples show
how geometric problems follow from abstract problems about ABA-free hypergraphs. More-
over, ABA-free hypergraphs have an equivalent geometric representation with upwards pseudo-
halfplanes, which naturally generalize these geometric examples. For more on these geometric
connections see Section 7.6. We note that colorings of ABA-free hypergraphs were first defined
in [106] under the name special shift-chains as a subfamily of so called shift-chains.

Our main result about ABA-free hypergraphs is the following.

Theorem 2.28 (Keszegh-Pálvölgyi [81]). Given an ABA-free H we can color its vertices with
k colors such that every A ∈ H whose size is at least 2k − 1 contains all k colors.

This is proved in Section 7.1 (following closely the ideas of Smorodinsky and Yuditsky [130]).
We then observe that the dual of this problem is equivalent to the primal, which implies that
the hyperedges of every (2k − 1)-uniform ABA-free hypergraph can be colored with k colors,
such that if a vertex v is in a subfamily Hv of at least mk = 2k− 1 of the hyperedges of H, then
Hv contains a hyperedge from each of the k color classes.

About the more general family of pseudo-halfplane hypergraphs we are able to show the
same bound, proved in Section 7.2:

Theorem 2.29 (Keszegh-Pálvölgyi [81]). Given a pseudo-halfplane hypergraph H we can color
its vertices with k colors such that every A ∈ H whose size is at least 2k−1 contains all k colors.

Both results are sharp. Note that, as mentioned before, these results imply the same for
hypergraphs defined by points wrt. translates of unbounded convex sets.

About the dual hypergraph we can show the following.

Theorem 2.30 (Keszegh-Pálvölgyi [81]). Given a pseudo-halfplane hypergraph H we can color
its hyperedges with k colors such that every vertex which is contained by at least 3k−2 hyperedges
is contained by hyperedges of all k colors.

6Personal communication, Shakhar Smorodinsky.
7While it might seem that using the same notion for ordered and unordered hypergraphs leads to confusion as

by forgetting the ordering of an ordered hypergraph it might become ABA-free, from the context it will always
be perfectly clear what we mean.
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This is proved in Section 7.3. This result might not be sharp, the best known lower bound for
m(k) is 2k − 1 [130]. We additionally consider so called pseudo-hemisphere hypergraphs, which
are common generalizations of primal and dual pseudo-halfplane hypergraphs.

2.3.2 ABAB-free hypergraphs

Definition 2.27 can be generalized in a straightforward way, similarly to Davenport-Schinzel
sequences [38], to more alternations. We show that already one more alternation gives non-two-
colorable hypergraphs.

Let ℓ ≥ 1 be a number such that 2ℓ is an integer. We denote by (AB)ℓ the alternating
sequence of letters A and B of length 2ℓ. For example, (AB)1.5 = ABA and (AB)2 = ABAB.

Definition 2.31 ((AB)ℓ-free hypergraphs). Two subsets A,B of an ordered set of elements
form an (AB)ℓ-sequence if there are 2ℓ elements a1 < b1 < a2 < b2 < . . . < aℓ < bℓ such that
{a1, a2, . . . , aℓ} ⊂ A \B and {b1, b2, . . . , bℓ} ⊂ B \A.

A hypergraph with an ordered vertex set is (AB)ℓ-free if it does not contain two hyperedges
A and B that form an (AB)ℓ-sequence.

A hypergraph with an unordered vertex set is (AB)ℓ-free if there is an order of its vertices
such that the hypergraph with this ordered vertex set is (AB)ℓ-free.

Our results about ABAB-free hypergraphs are the following:

Theorem 2.32 (Keszegh-Pálvölgyi [81]). For every m ≥ 2 there exists an ABAB-free m-
uniform hypergraph which is not 2-colorable.

Theorem 2.33 (Ackerman-Keszegh-Pálvölgyi [4]). Every ABAB-free hypergraph is proper 3-
colorable.

Similar to how ABA-free hypergraphs can be realized by points wrt. upwards pseudo-
halfplanes, ABAB-free hypergraphs can be realized by points wrt. upwards pseudo-parabolas
and more generally (AB)ℓ-free hypergraphs by points wrt. the upper sides of curves in an ar-
rangement of bi-infinite x-monotone curves that intersect at most 2ℓ − 2 times. While this is
easy to prove, we also show a non-trivial realization of ABAB-free hypergraphs, by points wrt.
a family of stabbed pseudo-disks (stabbed means that their intersection is non-empty):

Theorem 2.34 (Ackerman-Keszegh-Pálvölgyi [4]). A hypergraph is ABAB-free if and only if it
can be realized by points wrt. a family of stabbed pseudo-disks.

This theorem implies the following:

Theorem 2.35 (Ackerman-Keszegh-Pálvölgyi [4]). Let F be a family of pseudo-disks whose
intersection is non-empty and let S be a finite set of points. Then it is possible to color the
points in S with 3 colors such that any pseudo-disk in F that contains at least two points from
S contains two points of different colors. Moreover, for every integer m there is a set of points
S and a family of pseudo-disks F with a non-empty intersection, such that for every 2-coloring
of the points there is a pseudo-disk containing at least m points, all of the same color.

From Theorem 2.35 it is easy to conclude the following.

Corollary 2.36 (Ackerman-Keszegh-Pálvölgyi [4]). Given a finite set of points S it is possible
to color the points of S with three colors such that any disk that contains the origin and at least
two points from S contains two points with different colors.
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Recently Damásdi and Pálvölgyi proved that already for points wrt. stabbed disks 2 colors
are not enough [36] (for any fixed m) and so this bound of 3 is best possible. They also show
that for points wrt. stabbed unit disks 2 colors are enough. Same goes for points wrt. stabbed
translates and homothets of a convex region (2 and 3 colors, respectively, are enough and needed).
However, for points wrt. stabbed homothets of a convex polygon they prove that 2 colors are
enough. Note that this is yet another special case solved of the open problem of 2-coloring points
wrt. homothets of a convex polygon.

While we omit the proof of Theorem 2.34 from this dissertation (the details can be found
in [4]), we provide a direct proof of Theorem 2.35 (in Section 8.5) which is shorter, yet less
self-contained, as it uses some previous results about the so-called “shrinkability” of a family of
pseudo-disks [24, 115] that rely on a highly nontrivial sweeping machinery from [131].

2.3.3 Further results

We have dealt with ABA-free hypergraphs, their duals and their other generalizations. We
also dealt with ABAB-free hypergraphs. We also presented several consequences about hyper-
graphs realizable by geometric objects.

Similar questions can be studied about dual-ABAB-free hypergraphs as well, which is equiv-
alent to the so-called cover-decomposition problem for stabbed pseudo-disks. In this respect
with Pálvölgyi we have proved (work in progress) that they are proper 4-colorable, while for
every m ≥ 2 there exists a dual-ABAB-free m-uniform hypergraph which is not 2-colorable.
This leaves open the problem to decide if 3 or 4 colors are needed for proper coloring m-uniform
dual-ABAB-free hypergraphs.

Another version is to forbid ABABA-sequences cyclically (instead of linearly); such 3-
uniform hypergraphs have a nice geometric representation, as convex geometric 3-hypergraphs
without strongly crossing edges, see Suk [134]. It is also a natural question to ask whether
strongly crossing convex geometric (non-uniform) hypergraphs can be always 3-colored.

Going further, we consider (AB)ℓ-free hypergraphs for ℓ > 2 and show that χm = ∞ already
for ABABA-free hypergraphs, using a construction similar to the one in the proof of Theorem
2.32, which in turn uses the hypergraph from [105].

Theorem 2.37 (Ackerman-Keszegh-Pálvölgyi [4]). For every c ≥ 2 and m ≥ 2 there exists an
ABABA-free m-uniform hypergraph which is not c-colorable.

This is proved in Section 8.4.

What can we say about the size of (AB)ℓ-free hypergraphs on n vertices? First, trivially an
(AB)ℓ-free hypergraph has V C-dimension at most 2ℓ − 1, and therefore by the Sauer-Shelah
lemma has at most O(n2ℓ−1) hyperedges. On the other hand take an ordered set of n vertices
and split it into 2ℓ− 1 intervals of almost the same size. Take all hyperedges that are the unions
of prefixes of these intervals. We get a hypergraph with Θ(n2ℓ−1) hyperedges and it is easy to
see that it is (AB)ℓ-free. Thus this is the maximum size of an (AB)ℓ-free hypergraph for fixed ℓ.

We remark that having VC-dimension at most 2ℓ − 1 is a weaker assumption than being
(AB)ℓ-free. For any c and m there are m-uniform hypergraphs of VC-dimension 2 that are not
c-colorable; the main construction from both [105] and [111] can be generalized from 2-colors to
c-colors as m-uniform hypergraphs of VC-dimension 2.

In [23], working in the geometric setting, they consider the problem of bounding the size-
k hyperedges. They determine that the size of k-uniform (k ≤ n/2) (AB)ℓ hypergraphs on n
vertices is O(kℓ−1nℓ−1) and show that this bound is best possible.
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Finally, let us mention another interesting direction. In our proofs of pseudo-halfplane hyper-
graph results, we will need the following Helly-type result (Lemma 7.36): If any three hyperedges
of a pseudo-halfplane hypergraph intersect, then we can extend the hypergraph with a vertex
contained in every hyperedge so that it is still a pseudo-halfplane hypergraph. Recently a dis-
crete Helly-type result was shown for halfplanes by Jensen et al. [66]. It turns out that this
also generalizes to pseudo-halfplanes: among others, in [75] we have proved that given a pseudo-
halfplane hypergraph, if every triple of hyperedges has a common vertex then there exists a set
of at most two vertices that hits every hyperedge. Summarizing, we can hit every hyperedge
either with one vertex ‘outside’ the original vertex set, or with two vertices from the original
vertex set. Similar results about dual pseudo-halfplane hypergraphs are shown as well in [75].
This thread of research is continued in [84] by the author of the dissertation in the following way.
One way to define convex sets in the plane is that they are intersections of halfplanes. Analo-
gously, we can consider so called pseudoconvex sets defined by intersections of hyperedges in a
pseudo-halfplane hypergraph. In [84] several classical results of convexity are generalized to this
notion by the author, including Helly theorem, Carathéodory theorem, Kirchberger theorem,
Separation theorem, Radon theorem and the Cup-Cap theorem. The details of these results are
out of scope of this dissertation, for more on them and their connections to several other areas
of convexity theory, see [84].

2.4 Tangencies

The results of the author presented in this section are based on [7, 83, 6] and are proved in
Sections 11,10 and 9.

In this section, we study the maximum number of tangencies between curves, where two
curves are called tangent if they intersect exactly once, and in that intersection point they do
not cross, but touch each other.

A planar curve is a Jordan arc, that is, the image of an injective continuous function from a
closed interval into R2. If no two points on a curve have the same x-coordinate, then the curve
is x-monotone. We consider families of curves such that every pair of curves intersect at a finite
number of points. Such a family is called t-intersecting (sometimes we refer to these as at most
t-intersecting) if every pair of curves intersects at at most t points. An intersection point p of
two curves is a crossing point if there is a small disk D centered at p which contains no other
intersection point of these curves, each curve intersects the boundary of D at exactly two points
and in the cyclic order of these four points no two consecutive points belong to the same curve.
If two curves intersect at exactly one point which is not a crossing point, then we say that they
are touching or tangent at that point.

The number of tangencies is the number of tangent pairs of curves. If more than two curves
are allowed to intersect at a common point, then every pair of curves might be tangent, e.g., for
the graphs of the functions x2i, i = 1, 2, . . . , n, in the interval [−1, 1]. Therefore, we restrict our
attention to families of curves in which no three curves intersect at a common point.

In many cases one can locally perturb curves such that tangencies become digons (faces of
size two in the arrangement of the curves) and vice versa, although one has to be careful since
this might lead to more intersection points or a different notion of tangency (e.g., two curves
may form many digons but can they touch in more than one point?). There are quite a few
problems in combinatorial geometry that can be phrased in terms of bounding the number of
tangencies (or digons) among certain curves, see, e.g., [9]. The most famous of which is the unit
distance problem of Erdős [42] mentioned already at the very beginning of the Introduction.
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Figure 7: n convex polygons can have Ω(n2) tangencies.

Figure 8: n circles can have 2n− 2 tangencies.

Given a family of shapes, their tangency graph has vertices corresponding to the shapes
and edges corresponding to tangent pairs. With this notation, our primary aim is to bound the
number of edges of the tangency graphs of certain families of shapes by a function of the number
of shapes.

If the curves in the family are not allowed to cross, i.e., they are disjoint apart from tangencies,
then their tangency graph is a planar graph, and it follows from Euler’s formula that the number
of tangencies is at most 3n− 6 among n ≥ 3 curves [44].

On the other hand, if there is no restriction on the number of intersections, we can have
⌊n2/4⌋ tangencies, as we can easily draw two families of n/2 curves such that every pair of
curves, with one from each family, is tangent. We can even do this easily such that the curves
are boundaries of convex shapes [47], see Figure 7 . However, in such a drawing we necessarily
have a lot of intersections between pairs of curves from the same family.

Therefore, we are interested in bounds assuming various restrictions on the possible inter-
sections.

First we concentrate on the case when we have one family of curves, either required to be
pairwise intersecting or not, and then we consider the case when we have two families, each of
which consists of pairwise disjoint curves.

2.4.1 Tangencies among a single family of pairwise intersecting curves

A natural condition which gives rise to many interesting problems is if we require that the
curves are pairwise intersecting.
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We first consider circles and pseudo-circles. Alon et al. [11] proved that every arrangement
of n pairwise intersecting circles contains O(n) digons (see also [9]). A lower bound for this case
is a simple construction of circles with 2n − 2 tangencies, see Figure 8. A famous conjecture
of Grünbaum [59] states that any arrangement of n pairwise intersecting pseudo-circles in the
plane can in fact have at most 2n−2 digons (for n ≥ 4). Agarwal et al. [9] proved this conjecture
for arrangements in which there is a common point surrounded by all pseudo-circles. Recently,
Felsner, Roch and Scheucher [50] showed that Grünbaum’s conjecture is true also for arrange-
ments of pseudo-circles in which there are three pseudo-circles, every pair of which creates a
digon. Most recently the author with several coauthors showed this 50 year old conjecture first
for circles [2] and then also the full conjecture for pseudo-circles [3]. Note that for pseudo-circles
counting digons is equivalent to counting tangencies.

Pairwise intersecting pseudo-circles are closed curves that need to intersect pairwise at least
once and at most twice. If instead we have not-necessarily closed curves, then with the same
assumption of having to intersect pairwise at least once and at most twice, we can already
have Ω(n4/3) tangencies,8 while the best upper bound is O(n9/5) that uses only the at most
2-intersecting property (follows from Theorem 2.40). However, Pach [95] conjectured that for
not necessarily closed curves, requiring every pair of curves to intersect exactly once (either at a
crossing or a tangency point) leads again to a linear upper bound on the number of tangencies:

Conjecture 2.38 (Pach [95]). Let C be a set of n curves such that no three curves in C intersect
at a single point and every pair of curves in C intersect at exactly one point which is either a
crossing or a tangency point. Then the number of tangencies among the curves in C is O(n).

Györgyi, Hujter and Kisfaludi-Bak [60] proved Conjecture 2.38 for the special case where
there are constantly many faces in the arrangement of C that together contain all the endpoints
of the curves. We show that Conjecture 2.38 also holds for x-monotone curves.

Theorem 2.39 (Ackerman-Keszegh [6]). Let C be a set of n x-monotone curves such that no
three curves in C intersect at a single point and every pair of curves in C intersect at exactly
one point which is either a crossing or a tangency point. Then the number of tangencies among
the curves in C is at most 1160n.

2.4.2 Tangencies among a single family of curves

Next we consider the case when the curves are not necessarily pairwise intersecting. The
number of tangencies within an at most 1-intersecting family of n curves can be Ω(n4/3), even if
all curves are required to be x-monotone; this again follows from the construction of Erdős and
Purdy [43] of n points and n lines that determine Ω(n4/3) point-line incidences by replacing each
point with a small curve, and slightly perturbing the lines; see [98] (for an illustration consider
Figure 42 and trim every curve beyond its rightmost touching point). For x-monotone at most
1-intersecting curves, an almost matching upper bound of O(n4/3 log2/3 n) follows from a result
of Pach and Sharir [102] which can be improved with a more careful analysis to O(n4/3 log1/3 n).9

See also [41, 44]. It also follows from [102] that for bi-infinite x-monotone 1-intersecting curves
the maximum number of tangencies is Θ(n log n).

8This can be seen by modifying the famous construction of Erdős and Purdy [43] of n points and n lines that
determine Ω(n4/3) point-line incidences by replacing each point with an appropriate curve, and slightly perturbing
the lines. See later Figure 42, which can be easily perturbed to be 2-intersecting. Variations of this construction
will appear repeatedly.

9Personal communication with Eyal Ackerman, who observed this with Rom Pinchasi.
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Concerning arrangements of (pseudo-)circles that are not necessarily pairwise intersecting,
one can construct such arrangements of n circles with Ω(n4/3) digons based yet again on the
construction of Erdős and Purdy of n lines and n points admitting that many point-line inci-
dences (see [98]). The best known upper bound for pseudo-circles is O(n3/2 log n) by Marcus and
Tardos [91]. A slightly better upper bound of O(n3/2) for the number of touching points among
n circles follows from a result of Ellenberg, Solymosi and Zahl [41]. For unit circles counting
the number of tangencies is equivalent to the famous unit distance problem of Erdős for which
the best known lower and upper bounds are Ω(n1+c/ log logn) [42] and O(n4/3) [108, 132, 135],
respectively.

Pach, Rubin and Tardos [100, 101] settled a long-standing conjecture of Richter and Thomassen
[121], showing that the number of crossing points (i.e., intersections that are not tangencies)
determined by pairwise intersecting curves is Ω(1 − o(1)n2. In particular, they showed that in
any set of (not necessarily pairwise crossing) curves having at least linearly many tangencies, the
number of crossing points is superlinear with respect to the number of tangencies. This implies
that for any fixed t every set of n t-intersecting curves admits o(n2) tangencies.

Also motivated by the conjecture of Richter and Thomassen, Salazar [124] already pointed
this out for families which are also pairwise intersecting. More specifically, Salazar showed that
if the curves are pairwise intersecting, then for some large enough c = c(t) the tangency graph
of any family of at most t-intersecting curves avoids K2t,c as a subgraph. Then one can apply
the Kővári–Sós–Turán theorem to conclude that the number of edges in the tangency graph is
o(n2). More recently, Bechler-Speicher [17] adapted this idea to the case when the curves are
not necessarily pairwise intersecting, showing that any family of n at most t-intersecting curves

determines at most O(n2− 1
3t+15 ) tangencies. She proved that if there are many edges, then there

is a doubly-grounded subfamily (we postpone its definition) of the curves which induces a big
enough proportion of the tangencies, and that the tangency graph of such a family avoids Kt+5,c

as a subgraph for some large enough c = c(t). Then again the Kővári–Sós–Turán theorem can
be applied. We improve further this bound by showing that the tangency graph avoids a Kt+3,c

for some large enough c = c(t). Note that we do not need to assume pairwise intersection or
doubly-groundedness, also our proof seems to be simpler. As before, the next theorem then
directly follows using the Kővári–Sós–Turán theorem.

Theorem 2.40 (Keszegh-Pálvölgyi [83]). Any family of n at most t-intersecting curves deter-

mines at most O(n2− 1
t+3 ) tangencies.

Specifically, it follows that n 1-intersecting curves determine O(n7/4) tangencies while n 2-
intersecting curves determine O(n9/5) tangencies. We are not aware of any better lower bound
(even for arbitrary t) than the aforementioned construction of a family of at most 1-intersecting
curves with Ω(n4/3) tangencies.

Recently in [140] the author and its coauthors proved a generalization of Theorem 2.40 from
curves to topological trees, using the same methods.

2.4.3 Tangencies among red and blue curves

Let us now turn our attention to the maximum number of tangencies between the members
of two families (together having n curves), each of which consists of pairwise disjoint curves,
where two curves are called tangent if they intersect exactly once, and in that intersection point
they do not cross, but touch each other. Note that in this case the tangency graph is bipartite.
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Pach, Suk, and Treml [104] attribute to Pinchasi and Ben-Dan (personal communication) the
first result about this problem. They proved that the maximum number of tangencies among such
a family of n curves is O(n3/2 log n). Their proof is based on a theorem of Marcus and Tardos
[91], and of Pinchasi and Radoičić [116]; see also the discussion after Claim 11.3. Moreover,
Pinchasi and Ben-Dan suggested that the correct order of magnitude may be linear in n.

Pach, Suk, and Treml [104] proved this conjecture in the special case where both families
consist of closed convex regions instead of arbitrary curves. Ackerman [1] have improved the
multiplicative constant from 8 to 6 for this case, which is asymptotically optimal.

On the other hand, Pach, Suk, and Treml [104] refuted the conjecture in general by show-
ing an example that the number of tangencies may be more than linear. More precisely, they
constructed two families of n pairwise disjoint x-monotone curves with Ω(n log n) tangencies
between the two families. They have also shown an upper bound of O(n log2 n) for x-monotone
curves. We determine the exact order of magnitude for x-monotone curves, by giving the follow-
ing improved upper bound, matching the previous lower bound.

Theorem 2.41 (Keszegh-Pálvölgyi [83]). Given a family of n red and blue x-monotone curves
such that no two curves of the same color intersect, the number of tangencies among the curves
is O(n log n).

Having a closer look at the lower bound construction of Pach et al. [104] with Ω(n log n)
curves, one can notice that the two families together form an at most 2-intersecting family, i.e.,
any pair of red and blue curves intersects at most twice. This raises the question if assuming
that the family is at most 1-intersecting leads to a better upper bound. We prove that this is
indeed the case, i.e., given an at most 1-intersecting family of n red and blue curves such that
no two curves of the same color intersect, the number of tangencies between the curves is O(n):

Theorem 2.42 (Ackerman-Keszegh-Pálvölgyi [7]). Given a 1-intersecting family of n red and
blue curves such that no two curves of the same color intersect, the number of tangencies among
the curves is O(n).

Note that it is trivial to construct an example with Ω(n) tangencies and we have seen that
Theorem 2.42 does not hold if a pair of curves in S may intersect twice.

For general (not necessarily x-monotone) curves our main result is a construction which
improves the previous Ω(n log n) lower bound considerably. Our lower bound construction has
the special property that it contains a red curve and a blue curve that each touch all curves of
the other color. Alternately, the construction can be realized such that all curves lie within a
vertical strip, every red curve touches the left boundary of the strip and every blue curve touches
the right boundary of the strip. We call such a family of curves a doubly-grounded family.10

Theorem 2.43 (Keszegh-Pálvölgyi [83]). There exists a family of n red and blue curves such
that no two curves of the same color intersect and the number of tangencies between the curves
is Ω(n4/3). Moreover, the family can be doubly-grounded.

There still remains a polynomial gap between this lower bound and the best known up-
per bound of O(n3/2 log n). Even getting rid of the log n from the upper bound would be an
interesting improvement.

To complement this lower bound, we show that for doubly-grounded families this is best
possible, provided a conjecture about forbidden 0-1 matrices of Pach and Tardos [108] holds:

10Note that a slightly different, but combinatorially equivalent definition was used in [52].
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Theorem 2.44 (Keszegh-Pálvölgyi [83]). Assume that the following holds: If a 0-1 matrix avoids
all positive orthogonal cycles, then it has O(n4/3) 1-entries.

Then the following is also true: The number of tangencies is O(n4/3) between n red and blue
curves that form a doubly-grounded family, i.e., that lie within a vertical strip such that no two
curves of the same color intersect, every red curve touches the left boundary of the strip and
every blue curve touches the right boundary of the strip.

The missing definitions related to 0-1 matrices are postponed to Section 11.3. As an easy
first step of the proof we get a slight improvement over the best known general upper bound
O(n3/2 log n) for doubly-grounded families (which we think was folklore already):

Claim 2.45 (Keszegh-Pálvölgyi [83]). Given a doubly-grounded family of n red and blue curves,
the number of tangencies between the curves is O(n3/2).

The known results about the number of tangencies among two families of pairwise disjoint
curves are summarized in Table 1.

Curve type # of tangencies Lower bd. ref Upper bd. ref

general Ω(n4/3), Õ(n3/2) Thm. 2.43 Pinchasi & Ben-Dan [104]

doubly-grounded Ω(n4/3), O(n3/2), Thm. 2.43 Claim 2.45

Conj. 11.5 ⇒Θ(n4/3) Thm. 2.44

x-monotone Θ(n log n) Pach et al. [104] Thm. 2.41

1-intersecting Θ(n) trivial Thm.2.42

convex regions Θ(n) trivial Pach et al. [104]

Table 1: Summary of results for two families of disjoint curves.

Connecting curves. Instead of considering touching points among curves in a family of curves
S, we may consider pairs of disjoint curves that are intersected by a curve c from a different family
of curves C, such that c does not intersect any other curve. Indeed, each touching point of two
curves from S can be replaced by a new, short curve that connects the two previously touching
curves that become disjoint by redrawing one of them near the touching point. Conversely, if C
consists of curves that connect disjoint curves from S, then each connecting curve in C can be
replaced by a touching point between the corresponding curves by redrawing one of these two
curves. Therefore, studying touching points of such connecting curves are equivalent problems.
This gives the following reformulation of Theorem 2.42.

Theorem 2.46 (Ackerman-Keszegh-Pálvölgyi [7]). Let S be a set of 1-intersecting n red and
blue curves such that no two curves of the same color intersect. Suppose that C is a set of pairwise
disjoint curves such that each of them intersects exactly a distinct pair of disjoint curves from
S. Then |C| = O(n).

If S and C are two families of curves, then we say that C is grounded with respect to S if
there is a connected region of R2 \ S that contains at least one point of every curve in C. If C is
grounded with respect to S, then we can drop the assumption that S is 1-intersecting and prove
the following variant.
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Theorem 2.47 (Ackerman-Keszegh-Pálvölgyi [7]). Let S be a set of n red and blue curves such
that no two curves of the same color intersect. Suppose that C is a set of pairwise disjoint curves
grounded with respect to S, such that each of them intersects exactly a distinct pair of curves
from S. Then |C| = O(n).

Note that we have also dropped the assumption that a red curve and a blue curve which are
connected by a curve in C are disjoint. Therefore it is essential that C is grounded with respect
to S, for otherwise we might have |C| = Ω(n2). Indeed, let S be a (1-intersecting) set of n/2
horizontal segments and n/2 vertical segments such that every horizontal segment and every
vertical segment intersect. Then each such pair can be connected by a curve in C very close to
their intersection point. Hence |C| = n2/4.

Clearly, instead of curves, Theorem 2.47 could also be stated with a red and a blue family
of disjoint shapes, with no requirement at all about the shapes, except that each of them is
connected.

We can use Theorem 2.47 to improve a result of Keller, Rok and Smorodinsky [70] about
conflict-free colorings of L-shapes. We prove in particular that given a family L of n L-shapes, all
touching the x-axis from below, it is possible to color every L-shape in L with one of O(log2 n)
colors such that for each ℓ ∈ L there is an L-shape with a unique color among the L-shapes
whose intersection with ℓ is non-empty. The exact definitions, proofs and consequences can be
found in Section 10.4.

3 On hypergraphs whose Delaunay graphs have linear size

The results of this chapter appeared in [7], a joint work with Ackerman and Pálvölgyi.
The upper bound on the number of edges in the Delaunay graph implies upper bounds

for the number of hyperedges of size at most k, the chromatic number of the hypergraph and
its VC-dimension.11 This was already shown, e.g., for pseudo-disks [13, 24], however, the same
arguments apply in general. We summarize these facts in the following statement.

Theorem 3.1. Let H = (V, E) be an n-vertex hypergraph. Suppose that there exist absolute
constants c, c′ ≥ 0 such that for every V ′ ⊆ V the Delaunay graph of the sub-hypergraph12

induced by V ′ has at most c|V ′| − c′ edges, then:

(i) The chromatic number of H is at most 2c + 1 (at most 2c if c′ > 0);

(ii) The VC-dimension of H is at most 2c + 1 (at most 2c if c′ > 0); and

(iii) H has O(kd−1n) hyperedges of size at most k where d is the VC-dimension of H.

Note that the well-known Sauer-Shelah lemma implies in addition that the hypergraph has
O(nd−1) hyperedges altogether, where d is the VC-dimension of H.

Using a result of Chan et al. [30] this has another consequence about finding hitting sets.
We follow the statement and the usage of this theorem as in [13] (see therein the definition of
the minimum weight hitting set problem).

11Recall that the VC-dimension of a hypergraph H = (V, E) is the size of its largest subset of vertices V ′ ⊆ V
that can be shattered, that is, for every subset V ′′ ⊆ V ′ there exists a hyperedge h ∈ E such that h ∩ V ′ = V ′′.

12The hyperedges of this sub-hypergraph are the non-empty subsets in {h∩V ′ | h ∈ E}; this is sometimes called
the trace, or the restriction to V ′.
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Theorem 3.2. [30] Let H = (V, E) be a hypergraph, where the number of edges of cardinality
k for any restriction of H to a subset V ′ ⊂ V is at most O(|V ′|kc), where c > 0 is an absolute
constant and k ≤ |V ′| is an integer parameter. Then there exists a randomized polynomial-time
O(1)-approximation algorithm for the minimum weight hitting set problem for H.

Theorem 3.1 and Theorem 3.2 together imply:

Theorem 3.3. Let H = (V, E) be an n-vertex hypergraph. Suppose that there exist absolute con-
stants c, c′ ≥ 0 such that for every V ′ ⊆ V the Delaunay graph of the sub-hypergraph induced by V ′

has at most c|V ′|− c′ edges, then there exists a randomized polynomial-time O(1)-approximation
algorithm for the minimum weight hitting set problem for H.

Proof of Theorem 3.1 (i). Let H be a hypergraph as assumed. Then the average degree of the
Delaunay graph of every induced sub-hypergraph of H is at most 2c1 (and strictly less than 2c1
if c2 > 0) and thus it has a vertex of that degree or smaller. Now we can easily get a proper
(2c1 + 1)-coloring (even a 2c1-coloring if c2 > 0) by induction. Remove a vertex v with the
smallest degree in the Delaunay graph of H and let H′ be the hypergraph which is induced by
the remaining vertices. As H′ still has the above property, by induction it has a proper (2c1 +1)-
coloring (even a 2c1-coloring if c2 > 0). Now color v with a color that is different from the colors
of all of its neighbors in the Delaunay graph of H. We claim that this is a proper coloring of H.
Indeed, if a hyperedge contains at least two vertices other than v, then it is non-monochromatic
by induction, otherwise it contains exactly two vertices, one of them being v and then it is
non-monochromatic by the choice of color for v.

Proof of Theorem 3.1 (ii). Suppose that that the VC-dimension of H = (V, E) is d. Then there
exists a subset V ′ ⊆ V of size d such that it induces a hypergraph containing all the subsets
of V ′. In particular, it contains the

(
d
2

)
hyperedges of size two, and thus

(
d
2

)
≤ c1d − c2, by the

properties of H. Thus d ≤ (2c1+1)+
√

(2c1+1)2−8c2
2 . Since d is an integer, we have d ≤ 2c1 + 1 and

d ≤ 2c1 if c2 > 0.

The proof of part (iii) is more involved, but it does not require new ideas; we follow standard
techniques and the proofs in [13] and [24] (almost verbatim).

For a hypergraph H = (V, E) and an integer k ≥ 2 we denote by Ek (resp., E≤k) the set of
hyperedges whose size is exactly (resp., at most) k. We say that H is c-linear for some constant
c, if |E ′

2| ≤ c|V ′| for every induced sub-hypergraph (V ′, E ′). We first consider an upper bound for
|E≤k|, following the methods in [13, 24].

For k ≥ 2, a pair of vertices of a hypergraph H is k-good if there exists a hyperedge of size
at most k in H which contains both vertices.

Lemma 3.4. Let H be an n-vertex c-linear hypergraph for some constant c. Then for every
k ≥ 2 there are at most neck k-good pairs in H.13

Proof. Set q = 1/k and remove every vertex of H independently with probability 1 − q to get
a vertex set V ′ which induces a sub-hypergraph H′ = (V ′, E ′). A k-good pair of H becomes a
size-two hyperedge of H′ with probability at least q2(1 − q)k−2. On the other hand |E ′

2| ≤ c|V ′|
since H is c-linear. Let g denote the number of k-good pairs of H. Then gq2(1−q)k−2 ≤ E[|E ′

2|] ≤
cE[|V ′|] = cqn. Thus, we get g ≤ cn

1
k
(1− 1

k
)k−2 ≤ neck, as required.

13The e in neck stands for Euler’s number.
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Lemma 3.5 ([24]). Let G be an n-vertex c-linear graph for some constant c. Then, for every
h ≥ 2, the number of copies of Kh (the complete graph on h vertices) in G is at most tc,h n,

where tc,h = (2c)h−1

h! .

Corollary 3.6. If H = (V, E) is a c-linear hypergraph, then |E≤k| ≤ bc,k n, where bc,k depends
only on c and k.

Proof. Define a graph G whose vertex set is V such that there is an edge between each pair
of k-good vertices. It follows from Lemma 3.4 that G is (eck)-linear. By Lemma 3.5 for every

2 ≤ h ≤ k the number of copies of Kh in G is at most (2eck)h−1

h! n. Therefore |E≤k| ≤ bc,k n where

bc,k = 1 +
∑k

h=2
(2eck)h−1

h! .

Note that the constant bc,k in Corollary 3.6 is huge. Next, we will use this bound to obtain
an upper bound of the form |E≤k| ≤ Oc,d(kd−1n), where d is the VC-dimension of H (often quite
small).

The following is a well-known property of hypergraphs of bounded VC-dimensions, a stronger
form of the Sauer-Shelah-lemma, used also in Buzaglo et al. [24].

Theorem 3.7. Let H be a hypergraph with VC-dimension d. Then it is possible to assign to
each hyperedge a subset of at most d of its vertices, such that distinct hyperedges are assigned
distinct subsets.

Proof of Theorem 3.1 (iii). Let H = (V, E) be an n-vertex c-linear hypergraph with VC-dimen-
sion at most d and let k ≥ 2 be an integer. We wish to show that |E≤k| ≤ Oc(k

d−1n) using an
argument similar to the proof of Lemma 3.4.

By Theorem 3.7 we can assign to every hyperedge h of H a signature h′ ⊆ h of size at most
d. Set q = 1/k and remove every vertex of H independently with probability 1−q to get a vertex
set V ′ that induces a sub-hypergraph H′ = (V ′, E ′). We say that a hyperedge h ∈ E≤k survives
if h ∩ V ′ = h′, where h′ is the signature of h. Observe that a hyperedge h (of size at most k)
survives with probability

q|h
′|(1 − q)|h|−|h′| ≥ q|h

′|(1 − q)k−|h′| ≥ qd(1 − q)k−d,

where the first inequality holds since |h| ≤ k and the second inequality holds since q ≤ 1 − q
and |h′| ≤ d.

By Corollary 3.6 we have |E ′
≤d| ≤ bc,d|V ′|, where bc,d is the constant from the corollary.

Therefore,
qd(1 − q)k−d|E≤k| ≤ E[|E ′

≤d|] ≤ bc,d E[|V ′|] = bc,dqn.

This implies that |E≤k| ≤ bc,d(1− q)d−kq1−dn ≤ bc,d k
d−1 n. Since d ≤ 2c+ 1 by Theorem 3.1 (ii)

we have that the number of hyperedges of size at most k is O(kd−1n) where the constant hiding
in the big-O notation depends only on c.

4 Pseudo-disks wrt. pseudo-disks

The results of this chapter appeared in [74], written by the author.
The primary aim of this chapter is to prove Theorem 2.12. We start with some definitions:
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Definition 4.1. The restricted Delaunay graph of B wrt. F is the subgraph of the Delaunay
graph containing only those (hyper)edges HF = {vB1 , vB2} for which the corresponding F ∈ F
intersects B1 and B2 in disjoint regions, that is, F ∩B1 ̸= ∅, F ∩B2 ̸= ∅, F ∩B1 ∩B2 = ∅ and
F ∩B = ∅ for every B ∈ B \ {B1, B2}.
Definition 4.2. Given a hypergraph H, a conflict-free coloring of its vertices is a coloring in
which every hyperedge H contains a vertex whose color differs from the color of every other
vertex of H.

Along the way we prove that the respective Delaunay graph is planar:

Theorem 4.3. Given a family F of pseudo-disks and a finite family B of pseudo-disks, the
Delaunay graph of B wrt. F is a planar graph.

This was not known even for the Delaunay graph of pseudo-disks wrt. points. With standard
methods (present also in the proof of Theorem 2.22) this already implies Theorem 2.12 with 6
colors instead of 4. To achieve the optimal bound we will need some additional ideas.

We mention that if B and F are both families of pairwise disjoint simply connected regions,
then I(B,F) is a planar hypergraph14 and all planar hypergraphs can be generated this way.
From this perspective Theorem 2.12 says that even with a much more relaxed definition of
planarity of a hypergraph it remains 4-colorable.

The forthcoming sections are structured as follows. In Section 4.1 we prove Theorem 4.3. In
Section 4.2 we prove Theorem 2.12. Implications about conflict-free colorings and VC-dimensions
and the number of bounded size hyperedges in intersection hypergraphs is detailed in Section
4.3.

4.1 The Delaunay graph of pseudo-disks wrt. pseudo-disks

In this section we prove Theorem 4.3. First we list some tools we need from the papers of
Pinchasi [115] and Buzaglo et al. [24] about pseudo-disks:

Lemma 4.4 ([115]). Let F be a family of pseudo-disks. Let D ∈ F and let x ∈ D be any point.
Then D can continuously be shrunk to the point x so that at each moment F is a family of
pseudo-disks.

Note that when shrinking this way, we can keep all shrunk copies of D in the family, it
remains a pseudo-disk family as their boundaries are pairwise disjoint.

Definition 4.5. We say that a pseudo-disk family F is shrinking-closed (for some family of
regions B) if we cannot add a new pseudo-disk F to F which is contained in a pseudo-disk F ′

already in F (i.e., F ⊂ F ′) in a way that strictly increases the number of hyperedges in I(B,F).

We can enlarge F greedily until it becomes shrinking-closed (we need to add at most 2|B|

pseudo-disks - in fact at most polynomial many in |B| according to Theorem 2.16):

Corollary 4.6. Given a family F of pseudo-disks and a finite family B of regions, there exists a
shrinking-closed (for B) family of pseudo-disks F ′ with F ′ ⊇ F and consequently with I(B,F ′) ⊇
I(B,F). In particular, for every point p which is in some F ∈ F , Hp = {vB : p ∈ B ∈ B} is a
hyperedge of I(B,F ′) (which we call the hyperedge that corresponds to p) if it is of size at least
two.

14The most common definition of a planar hypergraph is that its bipartite incidence graph is planar.
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The second part of Corollary 4.6 holds as for a point p contained in some F ∈ F we can
apply Lemma 4.4.

By Corollary 4.6 when proving our results, it will be enough to consider the case when F is
shrinking-closed as adding hyperedges to a hypergraph cannot remove edges from its Delaunay
graph and cannot decrease the number of colors needed for a proper (or conflict-free) coloring.
The following corollary of Lemma 4.4 will be useful when we deal with a shrinking-closed pseudo-
disk family:

Corollary 4.7 ([115]). Let B be a family of pairwise disjoint regions in the plane and let F
be a family of pseudo-disks. Let D be a member of F and suppose that D intersects exactly k
members of B one of which is the set B ∈ B. Then for every 2 ≤ ℓ ≤ k there exists a set D′ ⊂ D
such that D′ intersects B and exactly ℓ−1 other regions from B, and F ∪{D′} is again a family
of pseudo-disks.

Lemma 4.8 ([24]). Let D1 and D2 be two pseudo-disks in the plane. Let x and y be two points
in D1 \D2. Let a and b be two points in D2 \D1. Let e be any Jordan arc connecting x and y
that is fully contained in D1. Let f be any Jordan arc connecting a and b that is fully contained
in D2. Then e and f cross an even number of times.

Lemma 4.9 ([115]). Given a family F of pseudo-disks and a finite family B of pairwise disjoint
connected sets in the plane, the Delaunay graph of B wrt. F is a planar graph.

Note that for a family B of pairwise disjoint connected sets, the Delaunay graph and the
restricted Delaunay graph are the same. Assuming also that B is a family of Jordan regions,
Lemma 4.9 becomes a special case of Theorem 4.3. Before proving Theorem 4.3 we prove another
special case which for Jordan regions strengthens Lemma 4.9, while its proof remains relatively
simple:

Lemma 4.10. Given a family F of pseudo-disks and a finite family B of pseudo-disks such that
each member B ∈ B contains a point which is in no other C ∈ B, the Delaunay graph of B wrt.
F is a planar graph.

Proof. We will draw G in the plane in such a way that every pair of edges in G that do not
share a common vertex cross an even number of times. The Hanani-Tutte Theorem [34, 138] then
implies the planarity of G. In our case the edges may have self-crossings too but the Hanani-
Tutte theorem holds in this case as well as we can easily redraw the edges to avoid self-crossings
(for further details see, e.g., [119]).

For every vB, B ∈ B choose a point pB ∈ B which is in no other C ∈ B. For an illustration
of the rest of the proof see Figure 9.

If vB and vC are connected by an edge f in G, then ef , the drawing of the edge f , connecting
pB and pC , is as follows. Let F ∈ F be a pseudo-disk corresponding to f . Draw an arc aB inside
B from pB to a point pBF ∈ B ∩ F (pBF ∈ C is allowed, also pBF may coincide with pB).
Similarly draw an arc aC inside C from pC to a point pCF ∈ C ∩F (pCF ∈ B is allowed and pCF

may coincide with pC). Finally, draw an arc aBC inside F from pBF to pCF (pBF and pCF may
also coincide in which case aBC is of length zero). The concatenation of these three arcs is the
drawing ef of the edge f between the points pB and pC . Note that ef may have self-crossings.

We are left to prove that in this drawing of G every pair of edges that do not share a vertex
cross an even number of times.

Let B,C,B′, C ′ ∈ B with edges f defined by F between vB and vC and f ′ defined by F ′

between vB′ and vC′ Suppose ef = aB ∪ aBC ∪ aC and ef ′ = aB′ ∪ aB′C′ ∪ aC′ are the drawings

32



B

C

B′

C ′

pB

pC

F

F ′

pBF

pCF

pC′F ′
pB′F ′

aB

aBC

aC

aC′

aB′

aB′C′

pB′

pC′

Figure 9: The edges ef and ef ′ intersect an even number of times.

of the two edges. Notice that the two endpoints of aB are in B \ B′ and the two endpoints of
aB′ are in B′ \B. Thus using Lemma 4.8 we get that aB with aB′ intersects an even number of
times. The same way we get that aB with aC′ , aC with aB′ and aC with aC′ intersect an even
number of times. As aBC (resp. aB′C′) is disjoint from B′ and C ′ (resp. B and C), there is no
intersection between aBC and aB′ , aC′ nor between aB′C′ and aB, aC . Finally, the two endpoints
of aBC are in F \ F ′ and the two endpoints of aB′C′ are in F ′ \ F thus again using Lemma 4.8
we get that aBC and aB′C′ intersect an even number of times. These together imply that indeed
ef and ef ′ intersect an even number of times, as required.

We note that Pach and Sharir [103] proved that (among others) pseudo-disks have linear
union complexity using a similar approach as the proof of Lemma 4.10, connecting own-points
of intersecting regions along their boundaries.

Corollary 4.11. Given a family F of pseudo-disks and a finite family B of pseudo-disks, the
restricted Delaunay graph of B wrt. F is a planar graph.

Proof. We can delete a member of B from B which corresponds to a degree-0 vertex in the
restricted Delaunay graph and then the restricted Delaunay graph of the new family contains
the original restricted Delaunay graph as a subgraph apart from the degree-0 vertex (which
does not alter planarity). We can keep doing this until possible, thus we can assume that there
are no degree-0 vertices. In this case for every B ∈ B we have a point pB ∈ B which is in no
other C ∈ B. Indeed, taking an edge f of G incident to vB and the corresponding F ∈ F , by
definition of the restricted Delaunay graph every point of B ∩ F is a point which is in B but in
no other C ∈ B. Thus we can apply Lemma 4.10 to conclude that the Delaunay graph (and so
the restricted Delaunay graph as well) is planar.

Observation 4.12. If F is shrinking-closed (for B), then for every F ∈ F the corresponding
hyperedge H = {vB : B ∩ F ̸= ∅} of I(B,F) either contains an edge of the restricted Delaunay
graph or F contains a point contained in at least 2 members of B.

Corollary 4.11 shows that Lemma 4.10 takes care of the planarity of the restricted Delaunay
graph. From Observation 4.12 we may think that we are left to take care of hyperedges that
contain a point that is contained in at least 2 members of B. This intuition turns out to be

33



good, in all of our main results Lemma 4.10 will essentially reduce the problem to regarding the
intersection hypergraph of B wrt. all points of the plane (instead of B wrt. F).

Before starting the proof of Theorem 4.3 we make some more preparations:

Definition 4.13. Given a family of regions B, a point is k-deep if it is contained in exactly k
members of B. We denote by ∂B the boundary of some region B of B. We call a point which is
in B but no other C ∈ B, an own-point of B.

Definition 4.14. A hypergraph H′ supports another hypergraph H if they are on the same
vertex set and for every hyperedge H ∈ H there exists a hyperedge H ′ ∈ H′ such that H ′ ⊆ H.

Observation 4.15. If H′′ supports H′ and H′ supports H, then H′′ supports H.

Observation 4.16. If a hypergraph H′ supports another hypergraph H, then the Delaunay graph
of H is a subgraph of the Delaunay graph of H′.

Our last tool is the following theorem of Snoeyink and Hershberger (we write here a special
case of what they called the Sweeping theorem):

Theorem 4.17 ([131]). Let Γ be a finite set of bi-infinite curves in the plane such that any pair
of them intersects at most twice. Let d be a closed curve which intersects at most twice every
curve in Γ. We can sweep d such that every member of the sweeping of d intersects at most twice
every other curve of Γ.

A sweeping of d in Theorem 4.17 is defined as a family d(t), t ∈ (−1, 1], of pairwise disjoint
curves such that d(0) = d, their union contains all points of the plane and d(α) contains d(β)
for every 1 ≤ β < α < 1 (d(−1) is a degenerate curve consisting of a singular point). We note
that Theorem 4.17 is stated in [131] for smooth curves but considering instead Jordan curves is
not a significant difference.

Proof of Theorem 4.3. Using Corollary 4.6 we can assume that F is shrinking-closed (for B) and
in particular, for every point p which is in some F ∈ F , Hp = {vB : p ∈ B ∈ B} is a hyperedge
of I(B,F) if it is of size at least two.

We can keep deleting members of B from B which correspond to a vertex with degree 0
or 1 in the Delaunay graph, during this process the Delaunay graph of the new family keeps
containing the graph induced by the original Delaunay graph on the new (reduced) vertex set.
If we can prove that the new Delaunay graph is planar, then adding back the degree 0 and 1
vertices in reverse order we see that the original Delaunay graph is also planar. Thus we can
assume that every vertex of the Delaunay graph has degree at least two. In this case for every
B ∈ B we have a point in B which is in at most one other C ∈ B (as there are no degree-0
vertices) and there are no two regions B,C ∈ B such that B ⊂ C (as there are no degree-0 or
degree-1 vertices).

Given B and F we will modify B such that for the new family B̂ of pseudo-disks every B ∈ B̂
contains an own-point and furthermore we do this in a way that I(B̂,F) supports I(B,F). Using
Lemma 4.10 we get that the Delaunay graph of B̂ wrt. F is planar and then by Observation
4.16 we get that the Delaunay graph of B wrt. F is also planar.

We do this modification by repeating the below defined operation finitely many times, at
each time decreasing by at least one the number of members of B without an own-point. We
now define the three steps of this operation.
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Figure 10: Major steps of the operation used in the proof of Theorem 4.3: (a) pulling apart
B ∩ C, (b) drawing ap.

• Step 1 - Preparation.

Take an arbitrary B ∈ B that does not contain an own-point. We take a C ∈ B for which
vB is connected to vC in the Delaunay graph. Thus, there is a point p which is in B ∩ C
but no other member of B. We morph the plane such that B ∩ C becomes a square R
such that the two intersection points of the boundary of B and C are on the horizontal
halving line of the square (the upper part of ∂R belongs to ∂B and the lower part of ∂R
belongs to ∂C) and no member of B (and F) intersects the vertical sides of the square.
This morphing is easily doable and it leaves intact the intersection structure of B and F .
Denote by pℓ and pr the intersection points of ∂B and ∂C, that is, the midpoints of the
left and right side of R. This finishes the Preparation Step of our operation. See the left
side of Figure 10a for what we get after this step.

• Step 2 - Pulling apart B ∩ C.

Now we define the Pulling apart B ∩C Step of the operation which keeps the intersection
structure of B and F outside B∩C intact. First we morph the plane such that the square’s
height is doubled to get the rectangle R′ while its horizontal halving line does not change
(the part of ∂R′ above the halving line is part of ∂B and the part below is part of ∂C)
and the drawing inside R remains untouched. We do this such that the intersections of
members of B (and of F) with the horizontal sides of the square are stretched to become
vertical lines in R′\R. Next, for every D ∈ B\{B} which intersects exactly one (horizontal)
side of R′, we redraw the part of ∂D inside B to be a half-circle inside B that has the same
endpoints. See the right side of Figure 10a, where these redrawn boundary parts are drawn
with thin red strokes. We get a modified family B′, while the topology of F is unmodified.
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It is easy to see that we modified B in a way that B′ remains a pseudo-disk family. Next
we show that I(B′,F) supports I(B,F), that is for every H ∈ I(B,F) there exists a
H ′ ∈ I(B′,F) such that H ′ ⊆ H. If F ∈ F contains only depth-1 points, then it is disjoint
from B ∩C and so the hyperedge HF remains in the intersection hypergraph after pulling
apart B∩C. Otherwise, F contains a depth-2 point q and then HF contains the hyperedge
Hq. So it is enough to prove that for every Hq there is a hyperedge H ′ (also corresponding
to some point) in I(B′,F) such that H ′ ⊆ Hq. For q /∈ B∩C, Hq remains in the intersection
hypergraph after pulling apart B∩C. Finally, for q ∈ B∩C the hyperedge Hq contains the
hyperedge {vB, vC} which is exactly the hyperedge corresponding to p in B′ (recall that
this is the point that was only in B and C and no other member of B, and this property
remains true for B′ after the operation).

• Step 3 - Shrinking of C.

Now we do the final step, the Shrinking of C Step of the operation. Let arc aB (resp. aC)
be the part of ∂R′ above (resp. below) the halving line, which arc is also part of ∂B (resp.
∂C) after the first two steps of the operation. Let arc a∗ (resp. arc a∗) be the part of ∂R
which is above (resp. below) the halving line. We perturb the vertical parts of a∗ and a∗
slightly so that they do not overlap (nor intersect) with aB and aC . See right side of Figure
10a for an illustration.

If either a∗ or a∗ contains a point p which is 2-deep (thus contained by B and C and no
other member of B′), then we redraw ∂C such that we change aC to a∗ or a∗ (whichever
contains the 2-deep point p) and then what we get remains a pseudo-disk family B′′. This
way the hyperedge {vB, vC} is still in I(B′′,F) as it is corresponding to a point close to
p. Thus I(B′′,F) supports I(B′,F), and so I(B,F) as well. Furthermore, in B′′ there is a
point close to p which is an own-point of B.

Unfortunately it can happen that none of a∗ and a∗ contains a 2-deep point and so they
are not suitable for redrawing aC . Nevertheless, we assumed that there exists a 2-deep
point p in B before the operation, which remains 2-deep after the first two steps of the
operation. In the following we find an arc ap connecting pℓ and pr that goes inside R, goes
through p and intersects exactly once every maximal part inside R of the boundary of a
member of B′, see Figure 10b. Assuming we have this arc ap we can redraw ∂C such that
we change aC to ap and what we get remains a pseudo-disk family B′′. Also, the same way
as in the previous case, we have that I(B′′,F) supports I(B,F) and in B′′ there is a point
close to p which is an own-point of B.

• Step 3b - Drawing ap.

While the existence of such an ap is intuitively not surprising, proving its existence is a
somewhat technical application of Theorem 4.17. Take the maximal parts inside R of the
boundaries of members of B′\{B,C}. Extending the top and bottom of these with vertical
half-lines we get a family Γ of bi-infinite curves that pairwise intersect at most twice. Let
d = aB ∪ a∗, it intersects every curve of Γ exactly twice. Now we can apply Theorem 4.17
to this family of curves Γ to sweep d. In particular, we get a closed curve dp through p
which intersects every member of Γ at most twice, see Figure 10b. Notice that it must
intersect once every member of Γ above the top side of R, thus it can intersect at most
once (and easy to see that actually exactly once) every member of Γ below the top side of
R. Furthermore, dp must intersect a∗ at least twice. Take the maximal connected part d′p
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of dp \ a∗ which contains p. Take the curve ap which goes from pℓ along a∗ to the closest
endpoint of d′p on a∗, continues with d′p and then goes again along a∗ to pr. It is easy to
see that ap also intersects every member of Γ exactly once, as required.15

Thus, with the above 3-step operation we changed B such that one more member, B, contains
an own-point. Also it is easy to see that no other member could have lost its own-point, as we
have redrawn members of B only inside B∩C, where there were no 1-deep points. So after finitely
many times repeating this operation we get a family B̂ in which every member has an own-point
and whose intersection hypergraph I(B̂,F) supports the intersection hypergraph I(B,F) we
started with, concluding the proof.

4.2 Proper coloring pseudo-disks wrt. pseudo-disks

Note that Observation 2.3 can be rephrased equivalently such that if the Delaunay graph of
H supports H, then a proper coloring of the Delaunay graph is a proper coloring of H. More
generally, it is true that:

Observation 4.18. If a hypergraph H′ supports another hypergraph H, then a proper coloring
of H′ is a proper coloring of H.

Proof of Theorem 2.12. Given the pseudo-disk family F and the finite pseudo-disk family B,
we want to color the vertices of I(B,F) corresponding to the members of B such that for
every F ∈ F the hyperedge HF in B containing exactly those vB for which B ∩ F ̸= ∅ is not
monochromatic (assuming that |HF | ≥ 2). Using Corollary 4.6 and Observation 4.18 we can
assume that F is shrinking-closed (for B).

Taking the direct product of a constant coloring provided by Theorem 2.8 and a 4-coloring
of the restricted Delaunay graph which is planar by Corollary 4.11, it is not hard to see that we
get a required coloring with a constant number of colors. Furthermore, even the existence of a
proper 6 coloring follows immediately from Theorem 4.3 using known frameworks (e.g., [71] or
Theorem 3.1).However, with the operation introduced in the proof of Theorem 4.3 in hand we
can show even the existence of a proper 4 coloring, which is the optimal number of colors (see
the end of this section).

We prove the existence of a 4-coloring by induction first on the size of B, second on the size
of the largest containment-minimal hyperedges and third on the number of largest containment-
minimal hyperedges. We say that a hypergraph H′ is better than a hypergraph H (on the same
vertex set) and that H is worse than H′ if either the size of the largest containment-minimal
hyperedges is smaller in H′ than in H or they are of the same size but there are more of them
in H.

If B contains two pseudo-disks B,C such that B ⊂ C, then we can proper color I(B\{B},F)
by induction and then color vB with a color different from the color of vC to get a proper coloring
of I(B,F) as every hyperedge which contains vB must contain vC as well. Thus, we can assume
that no two pseudo-disks in B contain one another.

We can assume that F is shrinking-closed (for B) as adding non-maximal hyperedges cannot
make a hypergraph worse (and also cannot decrease its chromatic number). In particular, we

15The existence of such an ap can be proved in various ways. Instead of making the curves bi-infinite we can
close them up so that they become boundaries of pseudo-disks all containing pℓ. Then by a result of Agarwal et
al. [9] these pseudo-disks are star-shaped (we omit the definition) which implies that there is a half-infinite curve
(a ‘ray’) starting at pℓ and going through p intersecting all pseudo-disk boundaries once, which in turn implies
the existence of the required ap as before.
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can assume that for every point p which is in some F ∈ F , I(B,F) contains a hyperedge
Hp = {vB : p ∈ B ∈ B} (if it is of size at least two).

Take one of the largest containment-minimal hyperedges, H ∈ I(B,F).
If H is of size 2 that means that the Delaunay graph supports I(B,F) and then by Theorem

4.3 we can color it with 4 colors, which by Observation 4.18 is a proper coloring of I(B,F), as
required. This starts the induction.

Otherwise, H has ℓ ≥ 3 vertices. Assume by induction that every intersection hypergraph of
pseudo-disks wrt. pseudo-disks better than I(B,F) admits a proper 4-coloring.

If H corresponds to some F that contains only 1-deep points, then using Corollary 4.7 and
that F is shrinking-closed we get that H is not containment-minimal, a contradiction. Thus, F
contains a point which is at least 2-deep and then using that H is containment-minimal and
F is shrinking-closed there must be a point p (any point inside a pseudo-disk corresponding to
H is such) for which actually H = Hp. Take two members B,C ∈ B for which vB, vC ∈ Hp.
On B ∩ C we do the first two steps of the operation used in the proof of Theorem 4.3 to get
a new pseudo-disk family B′. As we have seen, the intersection hypergraph I(B′,F) supports
I(B,F) and thus I(B′,F) is not worse than I(B,F). If B∩C in B′ contains a 2-deep point, then
{vB, vC} is a hyperedge of I(B′,F) and the number of size-ℓ hyperedges did actually decrease
(as H is not containment minimal anymore) and so I(B′,F) is better than I(B,F). Then by
induction I(B′,F) can be colored with 4 colors, which by Observation 4.18 is a proper coloring
of I(B,F) as well.

The only case left is when B ∩C still does not contain a 2-deep point. In this case similarly
to Step 3 of the operation in the proof of Theorem 4.3, we redraw ∂C such that we change aC
to a∗ (see again the right side of Figure 10a). In the new family B′′ every point in R is still
covered at least twice, and nothing changed outside R, thus I(B′′,F) supports I(B′, F ) (and
then in turn it supports I(B,F)). Moreover, the hyperedge corresponding to p is a subset of
Hp but it does not contain vC anymore, so it is a proper subset of H and is of size at least 2.
This implies that the number of size-ℓ hyperedges did decrease. Then again I(B′′,F) is better
than I(B,F) and then by induction can be colored with 4 colors, which by Observation 4.18 is
a proper coloring of I(B,F) as well.

Observe that already for coloring points wrt. disks we may need 4 colors (as there are points
whose intersection hypergraph wrt. disks is a complete graph on four vertices), so 4 is also a
lower bound for coloring pseudo-disks wrt. pseudo-disks.

Without going into details, we note that from the proofs we can create (low-degree) poly-
nomial time coloring algorithms, supposing that initially we are given reasonable amount of
information (e.g., the whole structure of the arrangement (all the vertices, edges and faces) of
the pseudo-disks of B and also for every hyperedge H in I(B,F) we are given an F corresponding
to H).

4.3 Further consequences

First we prove Corollary 2.13 about conflict-free coloring the intersection hypergraph of
pseudo-disks wrt. pseudo-disks.

Proof of Corollary 2.13. As mentioned already, the proof uses the by now standard framework
of [128]. Given the family B containing n regions, the first step is to color it properly wrt. F
using c dummy colors using Theorem 2.12 (c = 4). Take the biggest color class C1 and give it
color 1. We continue with B1 = B \ C1. In the s-th step we start with the subfamily Bs−1 and
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we color it properly wrt. F using c dummy colors and take the biggest color class Cs and give
it color s and we continue the process with Bs = Bs−1 \ Cs. We repeat this until we color all
members of B. In each step the remaining family is reduced by a ratio at least (c − 1)/c and
so we finish in O(log n) steps. It is easy to check that this coloring is indeed conflict-free, as in
every hyperedge HF defined by a region F ∈ F take the highest color s appearing on its vertices
(corresponding to members of B). This color must appear only on one vertex otherwise at step
s the hyperedge defined by F would have been a monochromatic hyperedge with at least two
vertices in the dummy coloring, contradicting the fact that this dummy coloring was proper.

Now we continue with the results related to the VC-dimension of the intersection hypergraph
of pseudo-disks wrt. pseudo-disks. In order to do this, we assume that the reader is familiar with
the definitions of VC-dimension and shattering. As we mentioned, Aronov et al. [13] proved that
given a pseudo-disk family F and a finite subfamily B of F , the intersection hypergraph I(B,F)
has VC-dimension at most 4 and this bound is tight. We now show that the same way Lemma
4.10 implies that I(B,F) has VC-dimension at most 4 when B is any finite pseudo-disk family,
not necessarily a subfamily of F :

Proof of Theorem 2.15. The proof is essentially the same as in [13], except that we use Lemma
4.10. In a shattered subset Vs of vertices in I(B,F) by definition every subset of Vs is a hyperedge.
Thus, for every vertex vB ∈ Vs, {vB} is a singleton hyperedge defined by some FB ∈ F and so
the points in B ∩ FB must be own-points of B. Also, all pairs of vertices in Vs must define a
Delaunay-edge by definition of shattering, while the Delaunay graph is planar by Lemma 4.10.
In fact, Theorem 4.3 also implies that this Delaunay graph is planar, without using the fact that
the singleton hyperedges guarantee the existence of own-points.

As a planar complete graph has at most 4 points, |Vs| ≤ 4, as required.
Finally, the construction of [24] showing that the bound was tight already when B is a

subfamily of F shows that it is still tight in our more general setting.

Theorem 2.16 follows from Theorem 2.15 and Theorem 3.1.

5 Family with linear union complexity wrt. pseudo-disks

The results of this chapter appeared in [74], written by the author.
Now we turn our attention to results about families with bounded linear union complexity.
As in the literature in the definition of union complexity sometimes vertices and other times

edges of the arrangement are counted, we first show that this does not affect the property of
having linear union complexity (apart from slightly changing the constant c in having c-linear
union complexity):

Lemma 5.1. Given a family B of n Jordan regions, whose boundary contains e(∂B) edges and
v(∂B) vertices of the arrangement, v(∂B) ≤ e(∂B) ≤ v(∂B) + n.

Proof. Going clockwise around the closed Jordan curves forming ∂B, the boundary of B, we see
that every vertex of the arrangement is followed by a (different) edge of the arrangement, hence
v(∂B) ≤ e(∂B). On the other hand every edge is preceded by a (different) vertex except the ones
that alone form a closed Jordan curve, that is, that form the boundary of a single region in B.
There are at most n such edges, thus e(∂B) ≤ v(∂B) + n.
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Before proving Theorem 2.22 we make some preparations. First we prove an easy lemma
using random sampling, that is, using the Clarkson-Shor method [35]. We say that a face is
k-deep if its interior points are k-deep, that is, the face is contained in exactly k members of the
family.

Lemma 5.2. In a family B of n Jordan regions with linear union complexity, the number of
k-deep faces is Ok(n).

Proof. In the arrangement of B, associate with each k-deep face T one of the edges eT on its
boundary. No edge is associated with two faces this way.

We count the number s of associated edges eT . Take a random subfamily B′ of B by taking
each B ∈ B with probability 1/2. With probability at least 1/2k+3 an edge eT counted in s
ends up on ∂B′, the boundary of B′. Indeed, this happens whenever the at most k regions that
contain this edge in their interior are not in B′ but the region whose boundary contains eT
and two other regions whose boundaries go through the two endvertices of eT are in B′. Thus
1/2k+3s ≤ E(e(∂B′)) ≤ E(c|B′|) ≤ cn implying that s = Ok(n). The second inequality followed
from our assumption that B has c-linear union complexity.

The number of k-deep faces equals the number s of associated edges, which is Ok(n), con-
cluding the proof.

Next we prove Theorem 2.22.We note that the proof we present here is much simplified
compared to our original proof in [74].

Proof of Theorem 2.22. Given the family B of n regions with bounded union complexity and the
family F of pseudo-disks, we want to color the vertices of I(B,F) corresponding to the members
of B such that for every F ∈ F the hyperedge HF in B containing those vB for which B ∩F ̸= ∅
is not monochromatic whenever it is of size at least 2.

We will prove that the Delaunay-graph of B with respect to F is c′-linear for some constant
c′, which then implies this also for every subhypergraph (as linear union complexity was defined
hereditarily), and then from Theorem 3.1 it follows that there is a coloring with constant many
colors, as required.

First, consider the edges of the Delaunay-graph that are already defined by B with respect
to points. This has at most as many edges as the number of 2-deep faces in the arrangement of
B, which is linear by Lemma 5.2.

Second, consider the edges of the Delaunay-graph that are defined by a pseudo-disk from F
that intersects exactly two 1-deep faces in the arrangement of B (that lie in different members of
B). The number of such edges is at most as much as the number of edges in the Delaunay of B′

with respect to F , where B′ is the family of 1-deep faces in the arrangement of B. By Lemma 5.2
B′ has O(n) members, and by definition these are pairwise disjoint regions. Now we can apply
for example Lemma 4.9 to conclude that the number of such edges is also O(n).

Note that every edge of the Delaunay graph is covered by one of these two cases, and therefore
the total number of its edges is also O(n), as needed.

Proof of Corollary 2.23. The proof is exactly the same as of Corollary 2.23 just instead of The-
orem 2.12 we need to use Theorem 2.22.

Proof of Corollary 2.24. Note that in the proof of Theorem 2.22 we showed that the Delaunay-
graph has O(n) edges (for every subhypergraph). Thus we can apply Theorem 3.1 not just to
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Figure 11: Construction with n = 4 points, 3 of the
(
4
2

)
regions are shown, their union complexity

is 4.

bound the chromatic number but also to bound the VC-dimension and the number of hyperedges
of size t, and we indeed get the required bounds.

We note that the above proof of Theorem 2.22 works without modification also when instead
of Jordan-regions (i.e., bounded regions whose boundary is a single closed Jordan curve), B is
a family of bounded regions whose boundary is a union of a finite number of disjoint Jordan
curves (in particular the regions are not necessarily simple or connected).

Without going into details, we also note that from the proofs we can create efficient coloring
algorithms.

Now we show that we cannot always color properly points wrt. a family of linear union
complexity with constantly many colors and so in particular in Theorem 2.22 F cannot be
changed to be a family of linear union complexity.

Claim 5.3. For every n there exists a set S of n points and a family F of
(
n
2

)
simply connected

regions with linear union complexity such that I(S,F) is the complete graph on n vertices. More
precisely, for every pair of points in S there is a region in F that contains exactly these two
points, every pair of regions intersects at most four times and for every m the union complexity
of any subfamily of size m is at most 4m− 4.

Proof. The construction is the following: distribute evenly n points S = {p0, . . . pn−1} on a circle
of radius 2 around the origin o. Choose an ϵ small enough. Let F{i,j} be the region we get by
taking the union of the following three regions: a disk of radius 1 + (in + j)ϵ, the Minkowski
sum of the segment opi and a disk of radius (in + j)ϵ and the Minkowski sum of the segment
opj and a disk of radius (in + j)ϵ. See Figure 11.

Notice that F{i,j} contains pi and pj but no other points of S if ϵ is small enough, thus
I(S,F) is the complete graph, as required.

It is easy to see that two regions can intersect at most 4 times. For an arbitrary subfamily
F ′ of m regions take the region F 0 = F{i,j} ∈ F ′ for which in + j is largest possible. By the
construction every intersection point of boundaries that are on the boundary of ∪F ′ is on the
boundary of F 0. As F 0 intersects all other regions in at most 4 points, we get the upper bound
4m− 4 on the union complexity of F ′.
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We remark that it is not much harder to show that min(2n − 4, 4m − 4) is also an upper
bound on the complexity of F ′.

6 Lines wrt. pseudo-disks

The results of this chapter appeared in [69], a joint work with Keller and Pálvölgyi.
Our primary aim is to prove Theorem 2.25. First we present earlier results and simple

lemmata that will be used in our proofs. We will also make use of Theorem 3.1.
The two following lemmata are standard useful tools when handling families of pseudo-disks:

Lemma 6.1 (Lemma 1 in [115], based on [131]). Let F be a family of pseudo-disks, D ∈ F , x ∈
D. Then D can be continuously shrunk to the point x, such that at each moment during the
shrinking process, the family obtained from F remains a family of pseudo-disks.

Lemma 6.2 (Lemma 2 in [115]). Let B be a family of pairwise disjoint closed connected sets in
ℜ2. Let F be a family of pseudo-disks. Define a graph G whose vertices correspond to the sets
in B and connect two sets B,B′ ∈ B if there is a set D ∈ F such that D intersects B and B′

but not any other set from B. Then G is planar, hence |E(G)| < 3|V (G)|.

A finite set L of lines in ℜ2 determines an arrangement A. The 0-dimensional faces of A
(namely, the intersections of two distinct lines from L), are called the vertices of A, the 1-
dimensional faces are called the edges of A, and the 2-dimensional faces are the cells of A.
Clearly, all cells are convex. The cell complexity of a cell f in A, denoted by comp(f), is the
number of lines incident with the cell. The zone of an additional line ℓ, is the set of faces of A
intersected by ℓ. The complexity of a zone is the sum of the cell complexities of the faces in the
zone of ℓ, i.e., total number of edges of these faces, counted with multiplicities.

Theorem 6.3 (Zone Theorem [32]). In an arrangement of n lines, the complexity of the zone
of a line is O(n).

The best possible upper bound in the theorem is ⌊9.5(n−1)⌋−3, obtained by Pinchasi [114].

We shall use a generalization of the theorem, for which an extra definition is needed. Given
an arrangement A and a line ℓ, the 1-zone of ℓ is defined as the zone of ℓ, and for t > 1 the
t-zone of ℓ is defined as the set of all faces adjacent to the (t − 1)-zone, that do not belong to
any i-zone for i < t. The (≤ t)-zone of ℓ is the union of the i-zones of ℓ for all 1 ≤ i ≤ t.

The following generalization of the zone theorem was given as Exercise 6.4.2 in [92]. Its proof
can be found in [133, Prop. 1].

Lemma 6.4 ([133]). Let A be an arrangement of n lines. Then for any t, the ≤ t-zone of any
additional line ℓ contains at most O(tn) vertices.

By planarity, this implies:

Corollary 6.5. Let A be an arrangement of n lines. Then for any t, the ≤ t-zone of any
additional line ℓ has complexity C≤t(ℓ) = O(tn).
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6.1 The number of t-hyperedges

In this section we prove Theorem 2.25. We prove the following stronger statement:

Proposition 6.6. Let L be a family of n lines in the plane, let F be a family of pseudo-disks,
and assume both families are in general position. Then for each ℓ ∈ L,

|{e ∈ E(I(L,F)) : |e| = t, ℓ ∈ e}| = Ot(n).

Consequently, |{e ∈ E(I(L,F)) : |e| = t}| = Ot(n
2).

Proof of Proposition 6.6. First we prove the statement for hyperedges of size 3, and then we
leverage the result to general hyperedges.

3-hyperedges. Fix a line ℓ. We observe that for a pseudo-disk c that defines a 3-hyperedge
{ℓ, ℓ′, ℓ′′} there exists a cell of A(L \ {ℓ}) which is in the ≤ 2-zone of ℓ in A(L \ {ℓ}) such that c
intersects two edges of this cell where one of these edges is on ℓ′ and the second is on ℓ′′. With
every such pseudo-disk c we associate one such cell fc and one such pair of edges of this cell,
and denote this pair by ec.

Define a graph G = (V,E) whose vertices are all edges in the (≤ 2)-zone of ℓ in A(L \ {ℓ}),
and whose edges are the pairs ec associated with the pseudo-disks that define a 3-hyperedge.
Note that for any hyperedge e = {ℓ, ℓ′, ℓ′′} we choose exactly one pair of edges of A(L \ {ℓ}) -
one is on ℓ′ and one is on ℓ′′ - that form a corresponding edge of G. Thus by construction, |E|
is equal to the number of 3-hyperedges containing ℓ, and so, we want to prove that |E| = O(n).

Consider a single cell f of A(L \ {ℓ}). For each pseudo-disk c that defines a 3-hyperedge
containing ℓ and has fc = f , c does not intersect any other edge of f besides the two edges in
ec (as otherwise, c would intersect at least 4 lines of L). Hence, the restriction of G to the edges
of the cell f (after removing their endpoints), satisfies the assumptions of Lemma 6.2. Thus, by
Lemma 6.2, the subgraph of G induced by the edges of f is planar, and hence, its number of
edges is at most 3 times the complexity of f . Summing over all cells in the (≤ 2)-zone of ℓ, we
obtain |E| ≤ 3

∑
f comp(f) = O(n) by Corollary 6.5, and therefore, |E| = O(n), as asserted.

t-hyperedges. Fix a line ℓ, and consider the hypergraph H ′ whose vertex set is L \ {ℓ} and
whose edge set is {e\{ℓ} : e ∈ E(H), ℓ ∈ e}. The 2-hyperedges of H ′ correspond to 3-hyperedges
of H containing ℓ, and thus, by the first step, their number is O(n). Furthermore, for any
L′ ⊂ L \ {ℓ}, the number of 2-hyperedges in the restriction of H ′ to L′ is O(|L′|), by the
same argument. Therefore, H ′ satisfies the assumptions of Theorem 3.1, which implies that the
VC-dimension d of H ′ is constant, and that the number Ct−1 of (t − 1)-hyperedges of H ′ is
O(td−1n).

Finally, the number of t-hyperedges of H that contain ℓ is equal to Ct−1. This completes the
proof.

6.2 The total number of hyperedges

In this section we prove Proposition 2.26.

Proof of Proposition 2.26. By Lemma 6.1 we can shrink the pseudo-disks one by one, such that
the shrinking of each pseudo-disk c ∈ F is stopped when it becomes tangent to two lines.
(Formally, first c is shrunk until the first time it is tangent to some line in L, and then it is
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shrunk towards the tangency point until the next time it is tangent to some line in L.) By
the general position assumption, we can perform the shrinking process in such a way that the
obtained geometric objects (i.e., lines and shrinked pseudo-disks) are also in general position. We
replace each c ∈ F by its shrunk copy. Let F ′ be the obtained family. Then I(L,F) = I(L,F ′),
and by a tiny perturbation we can assume that all tangencies are in a point.

For any two lines ℓ1, ℓ2 ∈ L, denote by F ′(ℓ1, ℓ2) the set of all pseudo-disks in F ′ that are
tangent to both ℓ1 and ℓ2. We claim that for any ℓ1, ℓ2 ∈ L, |E(H(L,F ′(ℓ1, ℓ2)))| = O(n), and
this implies |E(H)| = O(n3), the assertion of Proposition 2.26.

To show this, for any c ∈ F ′(ℓ1, ℓ2), we define xℓ1,ℓ2(c) = c∩ℓ1 ∈ ℜ2 and yℓ1,ℓ2(c) = c∩ℓ2 ∈ ℜ2

(see Figure 12). In each of the four wedges that ℓ1, ℓ2 form, we define a linear order relation
on the elements of F ′(ℓ1, ℓ2): c ≺ c′ if the segment [xℓ1,ℓ2(c), yℓ1,ℓ2(c)] is completely above the
segment [xℓ1,ℓ2(c′), yℓ1,ℓ2(c′)] (that is, if the points xℓ1,ℓ2(c), yℓ1,ℓ2(c) are closer to the intersection
point within the wedge than the points xℓ1,ℓ2(c′), yℓ1,ℓ2(c′), respectively).

First, we claim that this relation is well defined, since for c ̸= c′ two such segments never
intersect. Indeed, assume to the contrary they intersect, so that yℓ1,ℓ2(c′) is above yℓ1,ℓ2(c),
while xℓ1,ℓ2(c′) is below xℓ1,ℓ2(c). The pseudo-disk c divides the remainder of the wedge into two
connected components – the part ‘above’ it and the part ‘below’ it. Now, consider the points
xℓ1,ℓ2(c′), yℓ1,ℓ2(c′). In the boundary of c′, these points are connected by two curves. As these
points are in different connected components wrt. c, each of these curves intersects c at least
twice, which means that c, c′ intersect at least 4 times, a contradiction.

Second, we claim that in each wedge, every line in L intersects a subset of consecutive
elements of F ′(ℓ1, ℓ2) under the order ≺. Indeed, assume that some line ℓ intersects two pseudo-
disks c1, c3, as depicted in Figure 12. We want to show it must intersect c2 as well. Like above,
c2 divides the wedge (without it) into two connected components. By the same argument as
above, c1 cannot intersect the component below c2 (as otherwise, it would cross c2 four times).
Similarly, c3 cannot intersect the component above c2. Thus, either ℓ intersects at least one
of c1, c3 inside c2, or ℓ contains a point above c2 and a point below c2. In both cases, ℓ must
intersect c2.

Finally, by passing over all elements of F ′(ℓ1, ℓ2) in each wedge, from the smallest to the
largest, according to the order ≺, the number of times that the hyperedge defined by the current
pseudo-disk is changed is linear in |L|. Indeed, any such change is caused by appearance or
disappearance of some line, and each line in L appears at most once and disappears at most
once, along the process. Therefore, in each wedge, |E(H(L,F ′(ℓ1, ℓ2)))| = O(n), and summing
over all pairs {ℓ1, ℓ2} ∈ L, we get |E(H)| = O(n3).

6.3 Open problems

Here we present a few open problems related to lines wrt. pseudo-disks.

Hypergraph of lines and inscribed pseudo-disks. A natural question is whether the
arguments of Aronov et al. [14] can be extended from disks to pseudo-disks. We have found that
all their arguments would go through if we knew that every triangle has an inscribed pseudo-
disk. More precisely, we would need that for any triangle formed by three sides a, b, c, there is
a pseudo-disk d ∈ F , contained in the closed triangle, that intersects every side in exactly one
point, or if there is no such d ∈ F , then we can add such a new pseudo-disk d to F such that
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Figure 12: Illustration for the proof of Proposition 2.26 - c1, c2, c3 are tangent to the lines ℓ1, ℓ2,
and c1 ≺ c2 ≺ c3.

F ∪{d} still forms a pseudo-disk family. Unfortunately, it seems that such a theory has not been
developed yet, not even for F all whose elements are convex.

We note that for the related problem regarding circumscribed pseudo-disks, even a stronger
result is known. Specifically, it was shown in [131, Thm. 5.1] that for any three points a, b, c,
there is a pseudo-disk d ∈ F such that a, b, c ∈ ∂d, or if there is no such d ∈ F , then we can add
such a new pseudo-disk d to F such that F ∪ {d} still forms a pseudo-disk family.

Dependence on t in Theorem 2.25. While we showed the quadratic dependence on n in
Theorem 2.25 to be tight, the dependence on t is not clear. It seems plausible that

|{e ∈ E(I(L,F)) : |e| = t}| = O(tn2),

but we have not been able to prove this. On the other hand, even the stronger upper bound
O(n2) for any fixed t, that would immediately imply Proposition 2.26 might hold.

Analogue of Theorem 3.1 for 3-sized hyperedges. It seems plausible that one can prove
the following analogue of Theorem 3.1 for 3-sized hyperedges: If in some hypergraph on n vertices,
for any induced hypergraph, the number of 3-sized hyperedges is quadratic in the number of
vertices, then for any fixed t, the number of t-sized hyperedges is Ot(n

2). Such a strong leveraging
lemma would allow an easier proof of Theorem 2.25.

7 ABA-free hypergraphs and pseudo-halfplane hypergraphs

The results of this chapter appeared mostly in [81], a joint work Pálvölgyi, with the exception
of some results (Section 7.4 and Theorem 7.50 from Section 7.6) that appeared in [75], written
by the author.
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In this chapter we prove our results related to ABA-free hypergraphs. We consider ABA-free
hypergraphs in Section 7.1, pseudo-halfplane hypergraphs in Section 7.2, dual pseudo-halfplane
hypergraphs in 7.3. As these sections consider mostly only polychromatic colorings, we consider
the chromatic number of these hypergraphs in Section 7.4. Some consequences about ε-nets are
mentioned in Section 7.5 and finally in Section 7.6 we detail the geometric consequences of these
combinatorial results.

7.1 ABA-free hypergraphs and the general coloring algorithm

Suppose we are given an ABA-free hypergraph H on n vertices. As the hypergraph is ABA-
free, for any pair of sets A,B ∈ H either there are a < b such that a ∈ A \B and b ∈ B \A, or
there are b < a such that a ∈ A \B and b ∈ B \A, or none of them, but not both as that would
contradict ABA-freeness.

Define A < B if and only if there are a < b such that a ∈ A \ B and b ∈ B \ A, and A ≤ B
if and only if either A = B (as sets) or A < B. By the above, this is well-defined, and below we
show that it gives a partial ordering of the sets.

Observation 7.1. If A < B and a ∈ A \B, then there is a b ∈ B \A such that b > a.

Proposition 7.2. If A < B and B < C, then A < C.

Proof. Take an a ∈ A \ B. If a /∈ C, then take a b ∈ B \ A. If b ∈ C, then A < C and we are
done. Otherwise, there has to be a c > b such that c ∈ C \ B. If c ∈ A, then a < b < c forms a
forbidden sequence for A and B, thus c /∈ A. Then by definition a and c show that A < C.

If a ∈ C, then also a ∈ C \ B, thus there has to be a b1 < a such that b1 ∈ B \ C. As
a ∈ A \ B and A < B, we also have b1 ∈ A and so b1 ∈ A \ C. There also has to be a b2 > a
such that b2 ∈ B \A. If b2 /∈ C, then b1 < a < b2 forms a forbidden sequence for B and C. Thus
b2 ∈ C \A, and by definition b1 and b2 show that A < C.

We proceed with another definition. Denote the smallest (resp. largest) element of an ordered
set H by min(H) (resp. max(H)).

Definition 7.3. A vertex a is skippable if there exists an A ∈ H such that min(A) < a < max(A)
and a /∈ A. In this case we say that A skips a. A vertex a is unskippable if there is no such A.

Observation 7.4. If a vertex a is unskippable in some ABA-free hypergraph H, then after
adding the one-element hyperedge {a} to H, it remains ABA-free.

Note that the following two lemmas show that the unskippable vertices of an ABA-free
hypergraph behave with respect to hyperedges similarly to how the vertices on the convex hull
of a point set behave with respect to halfplanes. These two lemmas make it possible to use the
framework of [130] on ABA-free hypergraphs.

Lemma 7.5. If H is ABA-free, then every A ∈ H contains an unskippable vertex.

Remark 7.6. Note that finiteness (recall that we have supposed that all our hypergraphs are
finite) is needed, as the hypergraph whose vertex set is Z and hyperedge set is {Z \ {n} | n ∈ Z}
is ABA-free without unskippable vertices.
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Proof of Lemma 7.5. Take an arbitrary set A ∈ H, suppose that it does not contain an un-
skippable vertex, we will reach a contradiction. Call a ∈ A rightskippable if there is a B ∈ H
rightskipping a, that is for which a ∈ A\B and there are b1, b2 ∈ B such that b1 < a < b2 where
b2 ∈ B \A.

If A contains no unskippable vertex, max(A) must be rightskippable (any set skipping
max(A) must also rightskip max(A)). Also, min(A) cannot be rightskippable, as otherwise A and
the set B rightskipping min(A) would violate ABA-freeness (we would get b1 < min(A) < b2
where b1, b2 ∈ B \ A,min(A) ∈ A \ B). Therefore we can take the largest a ∈ A that is not
rightskippable. By the assumption, it is skipped by a set, call it B, i.e., b1 < a < b2 where
b1, b2 ∈ B ̸∋ a. Moreover, suppose without loss of generality that b2 is the smallest element
of B which is bigger than a. Since a is not rightskippable, b2 ∈ A must also hold. As b2 ∈ A
is rightskippable, there is a C such that c1 < b2 < c2 where c1, c2 ∈ C and b2 /∈ C, c2 /∈ A.
Without loss of generality, suppose that c1 is the largest element of C which is smaller than b2.
If c1 < a, then C would rightskip a, a contradiction. Thus, b1 < a ≤ c1, and from the choice of
b2 we conclude that c1 /∈ B. As c2 /∈ A, also c2 /∈ B, otherwise B would rightskip a. Putting all
together, we get c1 < b2 < c2, thus B and C contradict ABA-freeness.

Lemma 7.7. If F is an ABA-free hypergraph on vertex set V and v ∈ V is skippable, then every
hyperedge H which contains v must contain at least one of the two unskippable vertices before
and after v that are closest to v.

Proof. Assume on the contrary. Let ℓ (resp. r) be the closest unskippable vertex to v left to v
(resp. right to v). By Lemma 7.5 H contains some unskippable vertex w different from ℓ and r.
If w is left to ℓ (resp. right to r) then H skips ℓ, contradicting that ℓ (resp. r) is unskippable.
Thus ℓ < w < r in the vertex order, contradicting that ℓ and r were the closest unskippable
vertices to v.

Definition 7.8. A hypergraph is called containment-free if none of its hyperedges contains an-
other hyperedge.16 A hypergraph H′ is a subhypergraph of a hypergraph H on vertex set S if we
can get H′ by taking a subset S′ ⊂ S as its vertex set and the family of the hyperedges of H′ is
a subfamily of the hyperedges of H restricted to S′. We call a hypergraph property P hereditary
if for every hypergraph H that has property P, all of its subhypergraphs also have property P.

Observation 7.9. ABA-freeness is a hereditary property.

We further assume in the rest that our hypergraphs are nonempty in the sense that they con-
tain at least one hyperedge which is not the empty set. Notice that for an ABA-free containment-
free hypergraph the ordering < of its sets is a total order, i.e., any two hyperedges are comparable.

To study polychromatic coloring problems, we also introduce the following definition, which
is implicitly used in [130], but deserves to be defined explicitly as it seems to be important in the
study of polychromatic colorings. Actually, almost all our results about ABA-free hypergraphs
are based on shallow hitting sets.

Definition 7.10. A set R is a c-shallow hitting set of the hypergraph H if for every H ∈ H we
have 1 ≤ |R ∩H| ≤ c.

Lemma 7.11. If H is ABA-free and containment-free, then any minimal hitting set of H that
contains only unskippable vertices is 2-shallow.

16Equivalently, the hyperedges form an antichain. This property is also called Sperner.
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Proof. Let R be a minimal (for containment) hitting set of unskippable vertices. Assume to the
contrary that there exists a set A such that |A∩R| ≥ 3. Let ℓ = min(A∩R) and r = max(A∩R).
There exists a third vertex ℓ < a < r in A ∩ R. We claim that R′ = R \ {a} hits all sets of
H, contradicting the minimality of R. Assume on the contrary that R′ is disjoint from some
B ∈ H. As R must hit B, we have R∩B = {a}. If there is a b ∈ B \A such that ℓ < b < r, that
would contradict the ABA-free property. If there is a b ∈ B such that b < ℓ < a or a < r < b,
that would contradict that ℓ and r are unskippable. Thus B ⊂ A, contradicting that H is
containment-free.

Lemma 7.12. Every containment-free ABA-free hypergraph has a 2-shallow hitting set.

Proof. Given a containment-free ABA-free hypergraph, take the set of all unskippable vertices,
it is a hitting set by Lemma 7.5. Then we can delete vertices from this set until it becomes a
minimal hitting set, which is 2-shallow by Lemma 7.11.

Now we present an abstract and generalized version of the framework of [130] to give poly-
chromatic k-colorings of hypergraphs.

Theorem 7.13. Assume that P is a hereditary hypergraph property such that every contain-
ment-free hypergraph with property P has a c-shallow hitting set. Then every hypergraph H with
hyperedges of size at least ck − (c − 1) that has property P admits a polychromatic k-coloring,
i.e., a coloring of its vertices with k colors such that every hyperedge of H contains vertices of
all k colors.

Proof. We present an algorithm that gives a polychromatic k-coloring. First, we repeat k − 1
times (i = 1, . . . , k − 1) the general step of the algorithm:

At the beginning of step i we have a hypergraph H with hyperedges of size at least ck−ci+1
that has property P. If any hyperedge contains another, then delete the bigger hyperedge. Repeat
this until no hyperedge contains another, thus making our hypergraph containment-free. Next,
take a c-shallow hitting set (using our assumptions), and color its vertices with the i-th color.
Delete these vertices from H (the hyperedges of the new hypergraph are the ones induced by
the remaining vertices). As P is hereditary, the new hypergraph also has property P and we can
proceed to the next step.

After k − 1 iterations of the above, we are left with a 1-uniform hypergraph whose vertices
we can color with the k-th color.

First, we use this algorithm to give a polychromatic k-coloring of the vertices of an ABA-free
hypergraph with hyperedges of size at least 2k − 1.

Theorem 7.14. Given an ABA-free H we can color its vertices with k colors such that every
A ∈ H whose size is at least 2k − 1 contains all k colors.

Proof. By Observation 7.9 ABA-freeness is a hereditary property. Together with Lemma 7.12
we get that all the assumptions of Theorem 7.13 with c = 2 hold for ABA-free hypergraphs with
hyperedges of size at least 2k − 1 and thus we get a required k-coloring.

Notice that the above theorem is sharp, as taking H to be all subsets of size 2k − 2 from
2k − 1 vertices, in any coloring of the vertices, one color must occur at most once and is thus
missed by some hyperedge.

We state another corollary of Lemma 7.5 that we need later. Before that, we need another
simple claim.
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Proposition 7.15. If we insert a new vertex, v, somewhere into the (ordered) vertex set of an
ABA-free hypergraph, H, and add v to every hyperedge that contains a vertex before and another
vertex after v, then we get an ABA-free hypergraph.

Proof. We show that if in the new hypergraph, H′, two hyperedges A′ and B′ violate ABA-
freeness, then we can find two hyperedges A and B in the original hypergraph, H, that also
violate ABA-freeness, which would be a contradiction. We define A = A′ \{v} and B = B′ \{v}.
If both A′ and B′ contain or do not contain v, then by definition A and B also violate the
condition. If, say, v ∈ A′ and v /∈ B′, then without loss of generality we can suppose that all the
vertices of B = B′ are before v. This means that if there are x < y < z such that x, z ∈ A′ \B′

and y ∈ B′ \ A′, then necessarily v = z. But as A′ has an element z′ that is bigger than v, we
have x, z′ ∈ A \B and y ∈ B \A, a contradiction.

Lemma 7.16. If H is ABA-free, A ∈ H, then there is a vertex a ∈ A such that H ∪ {A \ {a}}
is also ABA-free.

Proof. If |A| = 1, then trivially H can be extended with ∅. If |A| > 1, then we proceed by
induction on the size of A. Using Lemma 7.5, there is an unskippable vertex v ∈ A. Delete
this vertex from H to obtain some ABA-free Hv and let Av = A \ {v}. Using induction on
Av, there is an A′

v = Av \ {a} such that Hv ∪ {A′
v} is also ABA-free. We claim that with

A′ = A′
v ∪ {v} = A \ {a}, the family H ∪ {A′} is also ABA-free.

Notice that adding back v to Hv is very similar to the operation of Proposition 7.15, as v
is unskippable in H. The only difference is that we might also have to add it to some further
hyperedges, ending in or starting at v. But a hyperedge that contains v cannot violate the ABA-
free condition with A′, since it also contains v, so the corresponding hyperedges in Hv would
also violate the ABA-free condition.

Notice that with the repeated application of Lemma 7.16 we can extend any ABA-free
hypergraph, such that in any set A there is a vertex a for which {a} is a singleton hyperedge,
implying that a is unskippable in A. Thus in fact Lemma 7.16 is equivalent to Lemma 7.5.
Moreover, in Section 7.2, in the more general context of pseudo-halfplanes, it will be the abstract
equivalent of a known and important property of pseudo-halfplanes.

We prove another interesting property of ABA-free hypergraphs before which we need the
following definition.

Definition 7.17. The dual of a hypergraph H, denoted by H∗, is such that its vertices are the
hyperedges of H and its hyperedges are the vertices of H with the same incidences as in H.

Proposition 7.18. If H is ABA-free, then its dual H∗ is also ABA-free (with respect to some
ordering of its vertices).

Proof. Take the partial order “<” of the hyperedges of H and extend this arbitrarily to a total
order <∗. We claim that H∗ is ABA-free if its vertices are ordered with respect to <∗. To check
the condition, suppose for a contradiction that Hx <∗ Hy <∗ Hz and a ∈ (Hx ∩Hz) \Hy and
b ∈ Hy \ (Hx ∪Hz). Without loss of generality, suppose that a < b. But in this case Hz < Hy

holds, contradicting Hy <∗ Hz.

Corollary 7.19. The hyperedges of every ABA-free hypergraph can be colored with k colors,
such that if a vertex v is in a subfamily Hv of at least m(k) = 2k − 1 of the hyperedges of H,
then Hv contains a hyperedge from each of the k color classes.
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Corollary 7.20. Any (2k − 1)-fold covering of a finite point set with the translates of an un-
bounded convex planar set is decomposable into k coverings.

In fact, there is a slightly different proof for Proposition 7.18. For that we give an equivalent
definition of ABA-free hypergraphs in relation to their incidence matrices, which will be useful
also for other purposes later. In an incidence matrix of a hypergraph H, rows correspond to
the vertices of H, columns correspond to the hyperedges of H. An entry is 1 if the hyperedge
corresponding to the column contains the vertex corresponding to the row, and 0 otherwise.
Note that this is not unique as we can order the rows and columns arbitrarily. We say that a
matrix M contains another matrix P if P is a submatrix of M . If M does not contain P , then
it is called P -free.

Theorem 7.21. Given a hypergraph H, the following are equivalent:

(a) H is an ABA-free hypergraph,

(b) there is a permutation of the rows of the incidence matrix of H such that the matrix becomes0 1
1 0
0 1

-free and

1 0
0 1
1 0

-free,
(c) there is a permutation of the rows and columns of the incidence matrix of H such that the

matrix becomes

[
0 1
1 0

]
-free.

Proof. First, ordering the vertices of the hypergraph corresponds to permuting the rows of its
incidence matrix. Thus, the equivalence of (a) and (b) follows from the definition of ABA-free
hypergraphs.

To prove (c) → (b), suppose (b) is false, i.e., that in any permutation of the rows of the
incidence matrix of H there is an occurrence of one of the two matrices forbidden in (b). In any
permutation of the two columns of these two matrices forbidden in (b), we get back one of these

two matrices, both of which contains a copy of

[
0 1
1 0

]
. Thus by any permutation of the rows

and columns of the incidence matrix of H, we get a matrix that contains

[
0 1
1 0

]
. Thus we can

conclude that ¬(b) → ¬(c), which is the contrapositive of (c) → (b).
Finally, extending to a complete order the partial ordering “<” defined on the hyperedges at

the beginning of this section, Proposition 7.2 implies that by permuting the columns according

to any extension of this order “<” of the hyperedges we get a

[
0 1
1 0

]
-free matrix, and thus

(b) → (c).

Now observe that in Theorem 7.21 the property in (c) holds for an incidence matrix if and
only if it holds for its transpose (as the forbidden matrix in (c) is its own transpose). Taking
the transpose of an incidence matrix in terms of the hypergraph means taking the dual of the
hypergraph, thus Proposition 7.18 follows.

7.2 Pseudo-halfplane hypergraphs

Definition 7.22. A hypergraph H on an ordered set of points S is called a pseudo-halfplane
hypergraph if there exists an ABA-free hypergraph F on S such that H ⊂ F ∪ F̄ .
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Note that F̄ is also ABA-free with the same ordering of the points. We refer to the hyperedges
of a pseudo-halfplane hypergraph also as pseudo-halfplanes.

Using Lemma 7.16 on a hyperedge of a pseudo-halfplane hypergraph, we get the following.

Proposition 7.23. Given a pseudo-halfplane hypergraph H, and a hyperedge A of H, we can
add a new hyperedge A′ contained completely in A that contains all but one of the points of A,
such that H remains a pseudo-halfplane hypergraph.

In the geometric setting this corresponds to the known and useful fact that given a pseudo-
halfplane arrangement and a finite set of points A contained in the pseudo-halfplane H, we can
add a new pseudo-halfplane H ′ contained completely in H that contains all but one of the points
of A.

Now we show how to extend Theorem 7.14 to pseudo-halfplane arrangements, i.e., to the
case when the points of S below a line also define a hyperedge.

Theorem 7.24. Given a finite set of points S and a pseudo-halfplane arrangement H, we can
color S with k colors such that any pseudo-halfplane in H that contains at least 2k − 1 points
of S contains all k colors. Equivalently, the vertices S of a pseudo-halfplane hypergraph can be
colored with k colors such that any hyperedge containing at least 2k − 1 vertices contains all k
colors.

Remark 7.25. The similar statement is not true for the union of two arbitrary ABA-free hyper-
graphs (instead of an ABA-free hypergraph and its complement), as the union of two arbitrary
ABA-free hypergraphs might not be 2-colorable, see [106] for such a construction.

Proof of Theorem 7.24. Our proof is completely about the abstract setting, yet it translates
naturally to the geometric setting, also the figures illustrate the geometric interpretations.

By definition there exists an ABA-free F such that H ⊂ F ∪ F̄ . Call U = H ∩F the upsets
and D = H ∩ F̄ the downsets, observe that both U and D are ABA-free.

Further, the unskippable vertices of U (resp. D) are called top (resp. bottom) vertices. The top
and bottom vertices are called the extremal vertices of H. Recall that by adding these extremal
vertices as one-element hyperedges to H, H remains to be a pseudo-halfplane hypergraph, as
we can extend F and F̄ with the appropriate hyperedge (this is a convenient way of thinking
about top/bottom vertices in the geometric setting, as seen later in the figures).

Observation 7.26. If x is top and X is a downset and x ∈ X, then X contains all vertices
that are bigger or all vertices that are smaller than x. The same holds if x is bottom, X is an
upset and x ∈ X.

Lemma 7.27. If H is a containment-free pseudo-halfplane hypergraph, then any minimal hitting
set of H that contains only extremal vertices is 2-shallow.

Proof. Let R be a minimal hitting set of extremal vertices. Suppose for a contradiction that
{a, b, c} ⊂ R ∩X and a < b < c for some X ∈ H. Without loss of generality, suppose that b is
top. As R is minimal, let B be a set for which B ∩ R = {b}. From Observation 7.26 it follows
that B is an upset.

First suppose that X is an upset. As B ̸⊂ X, take a b2 ∈ B \X. As B and X are both upsets
and thus have the ABA-free property, we have b2 < a or c < b2. Without loss of generality, we
can suppose c < b2. If c is top, {c} and B violate ABA-freeness. See Figure 13a. If c is bottom,
then using Observation 7.26, X contains all the vertices that are smaller than c. Take a set
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Figure 13: Proof of Lemma 7.27

A ̸⊂ X for which A∩R = {a}. This set must contain an a2 ∈ A\X and so we must have c < a2.
If A is an upset, as it does not contain b and recall a < b < a2, A and {b} violate ABA-freeness.
See Figure 13b. If A is a downset, as it does not contain c and recall a < c < a2, A and {c}
violate ABA-freeness, both cases lead to a contradiction.

The case when X is a downset is similar. Using Observation 7.26 for X and {b} we can
suppose without loss of generality that X contains all vertices that are smaller than b. Take
a set A ̸⊂ X for which A ∩ R = {a} and an a2 ∈ A \ X. As X contains all vertices smaller
than b, we have b < a2. A cannot be an upset, as then it would contain b, so it is a downset. If
b < a2 < c, then A and X would violate ABA-freeness, thus we must have c < a2. This means
c cannot be bottom, so it is top. Using Observation 7.26, X contains all the vertices that are
smaller than c. But then B \X must have an element that is bigger than c, contradicting the
ABA-freeness of B and {c}.

It is easy to see that being a pseudo-halfplane hypergraph is a hereditary property. Thus,
Lemma 7.27 implies that all the assumptions of Theorem 7.13 hold with c = 2 to get a poly-
chromatic k-coloring as required. This finishes the proof of Theorem 7.24.

7.3 Dual problem and pseudo-hemisphere hypergraphs

We are also interested in coloring pseudo-halfplanes with k colors such that all points that
are covered many times will be contained in a pseudo-halfplane of each k colors. For example,
we can also generalize the dual result about coloring halfplanes of [130] to pseudo-halfplanes.

Theorem 7.28. Given a pseudo-halfplane arrangement H, we can color H with k colors such
that if a point p belongs to a subset Hp of at least 3k− 2 of the pseudo-halfplanes of H, then Hp

contains a pseudo-halfplane of every color.

Theorem 7.28 follows from Theorem 7.33, that we will state and prove later.
However, instead of coloring pseudo-halfplanes, we stick to coloring points with respect to

pseudo-halfplanes and work with dual hypergraphs, where the vertex-hyperedge incidences are
preserved, but vertices become hyperedges and hyperedges become vertices.

We denote the symmetric difference of two sets, A and B, by A∆B, the complement of a
hyperedge F by F̄ and for a family F we use F̄ = {F̄ | F ∈ F}.

Proposition 7.29. A hypergraph H on an ordered set of vertices S is a dual pseudo-halfplane
hypergraph if and only if there exists a set X ⊂ S and an ABA-free hypergraph F on S such that
the hyperedges of H are the hyperedges F∆X for every F ∈ F (where ∆ denotes the symmetric
difference of two sets).
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Proof. Recall that pseudo-halfplane hypergraphs are hypergraphs that we can get by taking the
complement of some hyperedges in an ABA-free hypergraph.17 In relation to their incidence
matrix, using Theorem 7.21, this means that a hypergraph is a pseudo-halfplane hypergraph if
and only if there is a permutation of the rows and columns of its incidence matrix such that
inverting some of the columns (i.e., exchanging 0’s and 1’s in these columns) we get a matrix

which is

[
0 1
1 0

]
-free. Taking the dual of such a hypergraph means taking the transpose of such

an incidence matrix.
Thus a hypergraph H is a dual pseudo-halfplane hypergraph if and only if there is a permu-

tation of the rows and columns of its incidence matrix such that inverting some of the rows we

get a matrix which is

[
0 1
1 0

]
-free. Using again Theorem 7.21 we get that this is equivalent to

the fact that the incidence matrix of H is the incidence matrix of an ABA-free hypergraph with
some of the rows inverted. Finally, this is equivalent to the statement of the proposition with X
being the subset of vertices corresponding to the inverted rows.

Now we define a common generalization of the primal and dual definitions.

Definition 7.30. A pseudo-hemisphere hypergraph is a hypergraph H on an ordered set of
vertices S such that there exists a set X ⊂ S and an ABA-free hypergraph F on S such that the
hyperedges of H are some subset of {F∆X, F̄∆X | F ∈ F}.

Proposition 7.31. The dual of a pseudo-hemisphere hypergraph is also a pseudo-hemisphere.

Proof. Notice that by definition a hypergraph H is a pseudo-hemisphere hypergraph if and only
if some rows and columns of its incidence matrix can be inverted such that it becomes the
incidence matrix of an ABA-free hypergraph. Using Theorem 7.21 we get that this is equivalent
to the fact that we can permute the rows and columns of the incidence matrix of H and invert

some of the rows and columns to get a

[
0 1
1 0

]
-free matrix. This property obviously holds for a

matrix if and only if it holds for its transpose and thus, similarly to Proposition 7.29, we can
conclude that the dual of H is also a pseudo-hemisphere hypergraph.

Furthermore, there is a nice geometric representation of such hypergraphs using pseudo-
hemisphere arrangements, a generalization of hemisphere arrangements on a sphere.

In a pseudo-hemisphere arrangement the pseudo-hemispheres are regions whose boundaries
are centrally symmetric simple curves such that any two intersect exactly twice. (For more on
pseudo-hemisphere arrangements, see, e.g., [19].) Without changing the combinatorial properties
of the arrangement, we can suppose that the boundary of one of the pseudo-hemispheres is the
equator. Using a stereographic projection from the center of the sphere such that this pseudo-
hemisphere is mapped to a whole plane, the other pseudo-hemispheres are mapped to pseudo-
halfplanes. Thus, we can conclude that H is a pseudo-hemisphere hypergraph if and only if there
is a set of points, S, on the surface of a sphere and a pseudo-hemisphere arrangement F on the
sphere such that the incidences among S and F give H. (Here X corresponds to the points on
the southern hemisphere and S \X to the points on the northern hemisphere.)

Another popular geometric representation on the plane, adding signs to lines and points, is
the following. The vertices correspond to a set of points in the plane together with a direction

17According to the definition we may need to duplicate some of the hyperedges so that we have both the original
and its complement, but by duplicating some hyperedges the hypergraph remains ABA-free.
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(up or down), and the hyperedges correspond to a set of (x-monotone) pseudo-lines with a sign
(+ or −). The hyperedge corresponding to a positive pseudo-line is the set of points that point
towards the pseudo-line, while the hyperedge corresponding to a negative pseudo-line is the set
of points that point away from the pseudo-line. Positive pseudo-lines correspond to F , negative
pseudo-lines to F̄ , up points correspond to X and down points correspond to X̄. With this
interpretation, ABA-free hypergraphs have only + and up signs, pseudo-halfplane hypergraphs
have ± and up signs, dual pseudo-halfplane hypergraphs have + and up/down signs.

In the next table we summarize the best known results about these hypergraphs, with respect
to how many points each hyperedge has to contain to have a polychromatic k-coloring and the
values of the smallest c for which there exists a c-shallow hitting set for containment-free families.

Polychromatic k-coloring Shallow hitting set
ABA-free hypergraphs 2k − 1 (Theorem 7.14) 2 (Lemma 7.11)
pseudo-halfplane hypergraphs 2k − 1 (Theorem 7.24) 2 (Lemma 7.27)
Dual pseudo-halfplane hypergraphs ≤ 3k − 2 (Theorem 7.28) ≤ 3 (Theorem 7.33)
pseudo-hemisphere hypergraphs ≤ 4k − 3 (Corollary 7.32) ≤ 4 (Theorem 7.33)

We conjecture that even containment-free pseudo-hemisphere arrangements have a 2-shallow
hitting set, which would also imply, using Theorem 7.13, that any family whose sets have size
at least 2k − 1 admits a polychromatic k-coloring. Towards this conjecture, the only result not
in the table is about the special case of dual (ordinary) halfplanes, for which Fulek [53] showed
that in the k = 2 case 2k−1 = 3 is the right answer. That is, he showed that we can 2-color any
family of halfplanes such that every point of the plane which belongs to at least 3 halfplanes is
covered by halfplanes of both colors.

As we can find a polychromatic k-coloring of the points of X and X̄ independently with
respect to the sets of F and F̄ , respectively, of size at least 2k − 1 using Theorem 7.24, the
following is true.

Corollary 7.32. Given a finite set of points S on the sphere and a pseudo-hemisphere arrange-
ment H, we can color S with k colors such that any pseudo-hemisphere in H that contains at
least 4k−3 points of S contains all k colors. Equivalently, the vertices S of a pseudo-hemisphere
hypergraph can be colored with k colors such that any hyperedge containing at least 4k−3 vertices
contains all k colors.

To finish, we first prove the following theorem, which, using Theorem 7.13, will imply The-
orem 7.28, and also provides another proof for Corollary 7.32.

Theorem 7.33. Every containment-free dual pseudo-halfplane hypergraph has a 3-shallow hit-
ting set and every containment-free pseudo-hemisphere hypergraph has a 4-shallow hitting set.

The proof of this result follows again closely the argument of [130]. We note that the next
few statements can also be proved using the geometric representation, but here we develop
further our completely abstract approach. The reason for this is to demonstrate the power of
our method, hoping that in the future it enables attacking completely different problems as well.
For an ordered set of vertices S = Y ∪∗ Z, write S = (Y,Z) if the vertices in Y precede the ones
in Z.

Lemma 7.34. Suppose F is an ABA-free hypergraph on an ordered vertex set S = (Y,Z). Then
F ′ = F∆Y = {F∆Y | F ∈ F} is an ABA-free hypergraph on the vertices ordered as S′ = (Z, Y ),
i.e., Z precedes Y but otherwise the order inside Y and Z is unchanged.

54



Moreover, if F and X ⊂ S define a pseudo-hemisphere hypergraph H, i.e., the hyperedges of
H are {F∆X | F ∈ F} and {F̄∆X | F ∈ F}, then F ′ and X ′ = X∆Y ⊂ S′ also define the
same (if unordered) pseudo-hemisphere hypergraph H′.

Proof. It is enough to show the statement if |Y | = 1, as then by induction we can proceed with the
vertices of |Y | > 1 one by one. Let us denote the original order by < and the new one by ≺. It is
enough to show that for any A,B ∈ F we have no ABA-sequence in A′ = A∆Y,B′ = B∆Y ∈ F ′

according to the order ≺. We will only use that there is no ABA-sequence in A,B according to <.
Denote the only element of Y by y. If y /∈ A∆B, then A∆B is unchanged by the transformation,
thus an ABA-sequence in A′, B′ according to ≺ would also be an ABA-sequence in A,B according
to <, a contradiction. Thus, without loss of generality, y ∈ B \A and so y ∈ A′ \B′. An ABA-
sequence in A′, B′ according to ≺ not containing y would be an ABA-sequence also in A,B
according to <. Otherwise, if three vertices a ≺ b ≺ y form an ABA-sequence in A′, B′, then the
three vertices y < a < b form an ABA-sequence in B,A, a contradiction.

For the moreover part, notice that as F∆Y ∆X ′ = F∆Y ∆X∆Y = F∆X, the hyperedges of
H and H′ are indeed the same.

Remark 7.35. Lemma 7.34 suggests that instead of our linear ordering of the vertices, we could
consider them in circular order. Indeed, let the vertices be points in a circle, where for every
vertex the point opposite to it on the circle is also a vertex, called its negated pair. Now take
a hypergraph on such a circular point set which contains exactly one point from each opposite
pair and is circular ABAB-free, that is, it does not contain two sets, A and B, and four points,
a, b, c, d, that are in this order around the circle for which a, c ∈ A \ B and b, d ∈ B \ A. It
is easy to see that such a hypergraph is also circular ABABAB-free, and restricting it to any
consecutive subset of half of the vertices is an ABA-free hypergraph with the same (non-circular)
order. For example if the original base set is S = (a, b, c) in this order and a set in the family
is F = {a, c}, then in the circular order the base set is (a, b, c, ā, b̄, c̄) and {a, c, b̄} is F . After
we apply Lemma 7.34 with Y = {a}, we essentially rotate the non-circular base set by one in
the circular order and the “new” base set becomes S′ = {b, c, ā}. In the circular order F is still
{a, c, b̄} = {b̄, c, ¯̄a} which is {c} over S′ (as only c is non-negated compared to S′).

Our earlier results could be translated to this abstraction as well, which models the above
rotational symmetry of pseudo-hemispheres in a more natural way. However, further statements
we prove are still non-trivial even in this model, so we will stick with our original linear ordering
of the vertices.

Lemma 7.36. [Helly’s theorem for pseudo-halfplanes] If any three hyperedges of a pseudo-half-
plane hypergraph intersect, then we can add a vertex contained in all pseudo-halfplanes of the
hypergraph.

Proof. We prove the dual statement, as it will be more convenient. That is, suppose that we are
given a pseudo-hemisphere hypergraph H, such that all its hyperedges are derived from F , i.e.,
H has a representing ABA-free F and vertex set X ⊂ S such that for every H ∈ H there is
an F ∈ F such that H = F∆X. We need to show that if for any three vertices there exists a
hyperedge that contains all three of them, then we can add the hyperedge X̄ to F such that it
stays ABA-free. This is indeed the dual equivalent of the statement, as X̄∆X ∈ H contains all
the vertices.

For a contradiction, suppose that X̄ and some F ∈ F violate ABA-freeness because of some
vertices x, y, z. By our assumption, there exists another hyperedge G∆X which contains all of
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x, y, z, thus G and X̄ contain the same subset of x, y, z. Thus F,G ∈ F contain an ABA-sequence
on the vertices x, y, z as F, X̄ contain an ABA-sequence on x, y, z, a contradiction.

Applying this to the complements of the pseudo-halfplanes we get the following.

Corollary 7.37. Given a pseudo-halfplane hypergraph, either there are already three hyperedges
that cover all the vertices, or we can add a vertex which is in none of the hyperedges.

Now we show that reordering the vertices in an appropriate way keeps the ordered hypergraph
ABA-free.

Lemma 7.38. Suppose F is an ordered ABA-free hypergraph on vertex set S. Let F ∈ F be a
smallest hyperedge in the partial ordering of the hyperedges of F . If we reorder S as (F, F̄ ), i.e.,
the vertices of F go to the front but otherwise the order inside F and F̄ is unchanged, then the
ordered hypergraph remains ABA-free.

Proof. Let us denote the original order by < and the new one by ≺. Suppose on the contrary,
that for some A,B ∈ F we have some a, c ∈ A \ B and b ∈ B \ A that satisfy a ≺ b ≺ c. The
proof is a simple case analysis of how this could happen. Notice that c ∈ F implies b ∈ F and
b ∈ F implies a ∈ F , so there are four cases. If a, b, c ∈ F or a, b, c /∈ F , then a < b < c. In this
case A and B contradict that F is ABA-free. If a ∈ F and b, c /∈ F , then we must have b < a.
In this case B < F , contradicting that F is smallest. If a, b ∈ F and c /∈ F , then we must have
c < b. In this case A < F , contradicting that F is smallest.

Remark 7.39. If S = {a < b < c} and F = {{a}, {c}, {a, b}, {a, c}, {b, c}}, then in any reordering
of S where the elements of the hyperedge {a, c} go to front (i.e., in {a < c < b} and {c <
a < b}) ABA-freeness is violated. This shows that in the above Lemma 7.38 the assumption
that F is a smallest hyperedge cannot be removed. We might hope that the lemma can be
modified to remain true for all hyperedges by first applying Lemma 7.34 for an appropriate
prefix set of the points, however this is also not possible. Consider the ABA-free hypergraph
F = {∅, {a}, {c}, {a, b}, {a, c}, {b, c}, {a, b, c}} and define FX = {F∆X | F ∈ F} for any X ⊂
S = {a, b, c}. In this case there is no X for which there is a reordering of S that starts with the
elements of {a, c}∆X and for which FX is ABA-free with this new order.

Lemma 7.40. If all the hyperedges of a pseudo-hemisphere hypergraph H avoid some vertex p
in S, then Ĥ, the dual hypergraph of H, is a pseudo-halfplane hypergraph.

Proof. Start with a representation of H: an ABA-free hypergraph F and a point set X such
that H ⊂ {F∆X, F̄∆X | F ∈ F}. Apply Lemma 7.34 with Y being the vertices before p, this
way we get a representation of H in which p is the first point. Take Ĥ, the dual of H, with
representation F̂ and X̂. In Ĥ, the set corresponding to p is Hp = Fp∆X̂ for some Fp ∈ F̂ ,
where we can choose the representation such that Fp is the smallest set of F̂ (because of the
ordering used in Proposition 7.18, as p was the smallest point of F). Now apply Lemma 7.38
to get another representation of Ĥ in which the points of Fp are at the beginning in the order.
As p was a point that was in none of the hyperedges of H, in the dual Hp contains no points
and so Fp = Hp∆X̂ = ∅∆X̂ = X̂. Now apply again Lemma 7.34 to F̂ with Y = X̂. We get

a representation (F̂ ′, X̂ ′) of Ĥ in which X̂ ′ = X̂∆X̂ = ∅, that is, Ĥ is a pseudo-halfplane
hypergraph.

Applying Lemma 7.40 to the dual of a pseudo-hemisphere hypergraph we get the following
dual statement:
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Corollary 7.41. If the empty set is (or can be added as) a hyperedge of a pseudo-hemisphere
hypergraph H, then H is a pseudo-halfplane hypergraph.

Lemma 7.42. [Helly’s theorem for pseudo-hemispheres] If any four hyperedges of a pseudo-
hemisphere hypergraph intersect, then we can add a vertex contained in all pseudo-hemispheres
of the hypergraph.

Proof. Let H be defined by F and X ⊂ S. We prove the following stronger statement. If there
is a pseudo-hemisphere F0∆X = H0 ∈ H that has a non-empty intersection with any three
other pseudo-hemispheres, then we can add a vertex contained in all the pseudo-hemispheres of
the hypergraph. Let X ′ = F̄0 = S \ F0 and denote by H′ the pseudo-hemisphere hypergraph
defined on S by F and X ′. As H ′

0 = F0∆X ′ = F0∆(S \ F0) = S contains all the points, we can
apply Corollary 7.41 to H′ and the complement of H ′

0 to conclude that H′ is a pseudo-halfplane
hypergraph. It follows from our definitions that the hyperedges in H and H′ are in bijection
such that for every H ∈ H there is an G ∈ H′ (and vice versa) such that H = G∆X ′∆X.

Next, we prove that in H′ any three pseudo-hemispheres intersect. Suppose that the original
intersection point of these pseudo-hemispheres with H0 in H was some p ∈ H0 ∩H1 ∩H2 ∩H3,
where Hi = Fi∆X for 1 ≤ i ≤ 3. This implies p ∈ (F0 \X) ⊂ (S \X ′) or p ∈ (X \ F0) ⊂ X ′. In
the first case, p ∈ Fi and p ∈ Fi∆X ′ = H ′

i. In the second case, p /∈ Fi and p ∈ Fi∆X ′ = H ′
i.

Therefore, any three pseudo-halfplanes of H′ intersect. Using Lemma 7.36 for the pseudo-
halfplane hypergraph representation of H′, we can add a new point q to all the hyperedges of H′.
Denote this new pseudo-halfplane hypergraph by H+, and let S+ = S ∪ {q} and X+ = X ′∆X
(note that q /∈ X+). The hypergraph H′+ = {G+∆X+ | G+ ∈ H+} on the base set S+ is also a
pseudo-hemisphere hypergraph. Moreover, we claim that it is the same as {H ∪ {q} | H ∈ H},
which proves the lemma. Indeed, recall that each hyperedge H ∈ H is in bijection with a
hyperedge G ∈ H′ with H = G∆X ′∆X = G∆X+. Thus, each hyperedge H+ = G∪{q} ∈ H+ is
in bijection with the corresponding H ∪{q} = G∆X+. This implies that H′+ = {G∪{q}∆X+ :
G ∈ H′}={H ∪ {q} : H ∈ H}.

Applying this to the complements of the pseudo-hemispheres we get the following.

Corollary 7.43. Given a pseudo-hemisphere hypergraph, either there are four hyperedges that
cover all the vertices, or we can add a vertex which is in none of the hyperedges.

Now we are ready to prove Theorem 7.33.

Proof of Theorem 7.33. First we prove that every containment-free dual pseudo-halfplane hy-
pergraph H has a 3-shallow hitting set. Consider the dual of H, the pseudo-halfplane hypergraph
Ĥ.

If in Ĥ there is a set of at most 3 hyperedges covering every point, then in H the corresponding
3 vertices form a 3-shallow hitting set. Otherwise, by Corollary 7.37 we could add a point to
Ĥ that is in none of the pseudo-halfplanes. In this case, by Lemma 7.40 the dual of Ĥ, which
is actually H itself, is a pseudo-halfplane hypergraph (note that we do not include the empty
hyperedge that would be the dual of the newly added point). By Lemma 7.27 it has a 2-shallow
hitting set, which is also a 3-shallow hitting set. This finishes the proof of the first statement of
Theorem 7.33.

Now we can similarly prove that every containment-free pseudo-hemisphere-hypergraph has
a 4-shallow hitting set. Let H be this hypergraph and take again its dual, Ĥ. If there is a set of
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at most 4 hyperedges covering every point in Ĥ, then in H the corresponding 4 vertices form a 4-
shallow hitting set. Otherwise, by Corollary 7.43 we could again add a point to Ĥ that is in none
of the pseudo-halfplanes. As before this and Lemma 7.40 imply that H is a pseudo-halfplane
hypergraph and thus by Lemma 7.27 it has a 2-shallow hitting set.

Proof of Theorem 7.28 and of Corollary 7.32. Being a dual pseudo-halfplane hypergraph and
being a pseudo-hemisphere hypergraph are hereditary properties. Thus, Theorem 7.33 implies
that all the assumptions of Theorem 7.13 hold with c = 3 and c = 4, respectively, to get the
polychromatic colorings required.

7.4 Chromatic number of pseudo-halfplane hypergraphs

One may notice that our lower bounds for polychromatic colorings primal and dual pseudo-
halfplane hypergraphs look the same. A reason for this could be that the duals of pseudo-
halfplane hypergraphs are the same as pseudo-halfplane hypergraphs. However, this is not the
case, as shown already by a small example.

Claim 7.44. The family of pseudo-halfplane hypergraphs and dual pseudo-halfplane hypergraphs
is not equal nor does contain one another.

Proof. It is easy to see that K4 (the hypergraph on 4 vertices containing all 6 pairs as hyperedges)
can be realized as a pseudo-halfplane hypergraph yet one can check (e.g., by a computer program)
that it cannot be realized as a dual pseudo-halfplane hypergraph. Thus the dual of K4 can
be realized as a dual pseudo-halfplane hypergraph but not as a pseudo-halfplane hypergraph,
proving both containments.

Before we can determine the chromatic number for most of the hypergraphs studied in the
previous sections, we need some preparations. Recall that given a pseudo-halfplane hypergraph
H, by definition there exists an ABA-free F such that H ⊂ F ∪ F̄ . We called U = H ∩ F the
upsets and D = H∩ F̄ the downsets, both ABA-free families. Further, the unskippable vertices
of U (resp. D) are called top (resp. bottom) vertices. The top and bottom vertices are called the
extremal vertices of H. The next statements are easy consequences of the definition of extremal
vertices:

Observation 7.45 (Top vertices in an upset). Given a pseudo-halfplane hypergraph, if X is an
upset and x, y ∈ X, then X contains all top vertices that are between x and y. The same holds
with bottom vertices if X is a downset.

Observation 7.46 (Bottom vertex in an upset). Given a pseudo-halfplane hypergraph, if X is
an upset and x ∈ X is a bottom vertex, then X contains all vertices that are bigger or all vertices
that are smaller than x. The same holds if X is a downset and x ∈ X is a top vertex.

Let T = (t1 = v1, t2, . . . tk = vn) and B = (b1 = v1, b2, . . . bℓ = vn) be the sets of top and
bottom vertices ordered according to the ordering on P . Call T to be the upper hull and B the
lower hull. Note that a vertex may appear in both sets. Let us give the following circular order
on C, the set of unskippable vertices: C = (v1, t2, . . . , tk−1, vn, bℓ−1, . . . , b2)

Lemma 7.47. Every pseudo-halfplane intersects the set of its extremal vertices in an interval
of the circular order defined on them.
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Proof. By symmetry it is enough to prove the statement when the pseudo-halfplane H is a
topset.

If the pseudo-halfplane hyperedge is empty then the claim trivially holds. Otherwise, by
Observation 7.46 H intersects B in an interval that has v1, vn or both as an endvertex. By
Observation 7.45 H intersects T in an interval. As v1 and vn are also endvertices of T , v1, vn
or both (whichever was in H ∩ B) must be an endpoint of H ∩ T . Together the two intervals
H ∩B and H ∩ T form H ∩ C which is thus an interval.

We are ready to state our results about proper colorings. Note that it also gives us another
proof of why K4 (a 4-chromatic hypergraph) cannot be realized as a dual pseudo-halfplane
hypergraph, which was used in Claim 7.44.

Theorem 7.48. The chromatic number of every ABA-free hypergraph is at most 3, the chro-
matic number of every pseudo-halfplane hypergraph is at most 4, the chromatic number of every
dual pseudo-halfplane hypergraph is at most 3 and these bounds are best possible.

Proof of Theorem 7.48. The lower bounds are trivial as K3 can be realized easily as an ABA-
free hypergraph which is also a dual pseudo-halfplane hypergraph by definition, also K4 can be
realized easily as a pseudo-halfplane hypergraph as we can realize it already in the plane with 4
points whose convex hull is a triangle and with appropriate 6 halfplanes.

We proceed with the upper bounds. For ABA-free hypergraphs we can alternately color the
unskippable vertices with 2 colors and use a third color for the skippable vertices. As every
hyperedge intersects the unskippable vertices in an interval, it must be properly colored. In fact
Theorem 2.33 states that ABAB-free hypergraphs have chromatic number at most 3, which also
implies proper 3-colorability of ABA-free hypergraphs as every ABA-free hypergraph is also
ABAB-free.

For pseudo-halfplane hypergraphs the upper bound follows from the more general Theorem
2.12 about the 4-colorability of pseudo-disk wrt. pseudo-disk intersection hypergraphs. However,
in our case there is a much simpler proof. Just take the extremal vertices in the order of the
vertices, and for each of them if it is a top vertex (resp. bottom vertex) then we give a color
different from the previous top vertex (resp. bottom vertex). With 3 colors this can be done even
when a vertex is both a top and a bottom vertex. Skippable vertices get the fourth color. Then
by Lemma 7.47 every hyperedge with at least two vertices either contains both an unskippable
and a skippable vertex or at least two vertices that are consecutive among the top vertices or
bottom vertices, in every case the hypergraph is non-monochromatic.

It remains to properly 3-color dual pseudo-halfplane hypergraphs. This is the most com-
plicated part, the proof follows the idea of the respective result of 3-coloring dual halfplane
hypergraphs of the author from [73]. Recall that by Proposition 7.29 a hypergraph H on an
ordered set of vertices S is a dual pseudo-halfplane hypergraph (that is, there exists a pseudo-
halfplane hypergraph whose dual is H) if and only if there exists a set X ⊂ S and an ABA-free
hypergraph F on S such that the hyperedges of H are the hyperedges F∆X for every F ∈ F
(where ∆ denotes the symmetric difference of two sets). In the rest we assume this setup. First
let F1 (resp. F2) be the subhypergraph of F induced by S \X (resp. X), note that the vertex
set of F1 (resp. F2 is S \ X (resp. X). Every hyperedge H = F∆X with at least 2 vertices
intersects S \X or X in at least 2 vertices or both of them in exactly one vertex.

We define a graph G on S. The vertex set of G is the set U of the unskippable vertices of F1

and F2. First we connect to vertices v ∈ S \X and w ∈ X by an edge if there exists a hyperedge
H = {v, w} in H. We connect to vertices v, w ∈ S \X if they are consecutive (in the order of
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unskippable vertices) unskippable vertices of F1. Finally, we connect to vertices v, w ∈ X if they
are consecutive unskippable vertices of F2. We claim that this graph is outerplanar and thus 3-
colorable. The second and third set of edges form two paths that follow the order of the vertices.
It is enough prove that in the first set of edges the connected vertices are in reversed order along
the paths, i.e., there are no two edges v1w1 and v2w2 with v1, v2 ∈ S \X and w1, w2 ∈ X such
that v1 < v2 and w1 < w2. Showing this it follows that if we reverse one of the paths, the first
set of edges forms a caterpillar between the two paths, thus the three parts together obviously
form an outerplanar graph. Thus assume on the contrary that there are such two edges. This
implies that there is a hyperedge F1 = {v1}∪X \{w1} and F2 = {v2}∪X \{w2} in F (these are
the hyperedges of F with {v1, w1} = F1∆X and {v2, w2} = F2∆X). If w1 < v1 then these two
hyperedges form an ABA-sequence on w1, v1, w2, a contradiction. Otherwise, if v1 < w1 then
these two hyperedges form an ABA-sequence on v1, w1, w2, again a contradiction.

Finally, we color the remaining vertices S \ U . By Lemma 7.7 for each skippable vertex v of
F1 there are 2 unskippable vertices of F1 such that every hyperedge that contains v contains at
least one of these. Thus color v with a color different from the colors of these two unskippable
vertices. We color similarly the skippable vertices of F2.

We claim that the color we get is a proper 3-coloring of H. First, if H ∈ H contains a vertex
from S \ U then it is good by the last step of our coloring process. Otherwise, if H contains at
least two unskippable vertices of F1 or of F2 then we are done as then it contains two consecutive
unskippable vertices in one of them, which get different colors as they are consecutive on one of
the two paths we added to G. Finally, if H contains exactly one unskippable vertex of F1 and
one of F2 then these get different color as they were connected in G in the first set of edges we
added to G.

Determining the maximal chromatic number of pseudo-hemisphere hypergraphs is an inter-
esting open problem we leave open.

7.5 Small epsilon-nets for pseudo-halfplane hypergraphs

Here we briefly mention the consequences of our results to ϵ-nets of hypergraphs defined
by pseudo-halfplanes. We omit proofs as they are not hard and can be obtained exactly as the
corresponding results in [130].

Let H = (V,E) be a hypergraph where V is a finite set. Let ϵ ∈ (0, 1] be a real number.
A subset N ⊆ V is called an ϵ-net if for every hyperedge S ∈ E such that |S| ≥ ϵ|V |, we also
have S ∩N ̸= ∅, i.e., N is a hitting set for all “large” hyperedges. It is known that hypergraphs
with VC-dimension d have small ϵ-nets (of size O(d/ϵ log(1/ϵ)) [63] and in general this is best
possible [87]. However, for geometric hypergraphs this is usually not optimal, in particular for
halfplanes the following is true. Consider a hypergraph H = (P,E) where P is a finite set of
points in the plane and E = {P ∩H | H is a halfplane}. For this hypergraph there is an ϵ-net
of size 2/ϵ − 1 for every ϵ [139, 130]. Theorem 7.24 implies that the same bound holds if the
hypergraph is defined by pseudo-halfplanes instead of halfplanes. Also, for the dual hypergraph
H̄, Theorem 7.28 implies that there exists an ϵ-net of size 3/ϵ. Note that our results are in fact
stronger as in the appropriate polychromatic coloring each color class intersects all large enough
hyperedges, thus we get a partition of the vertices into ϵ-nets (and at least one of them is a
small ϵ-net by the pigeonhole principle).
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Figure 14: Redrawing a lens to decrease the number of intersections

7.6 Pseudo-halfplanes

First we list some well-known facts about pseudo-line arrangements.
A pseudo-line arrangement is a finite collection of simple curves in the plane such that each

curve cuts the plane into two components (i.e., both endpoints of each curve are at infinity) and
any two of the curves are either disjoint or intersect once, and in the intersection point they
cross, meaning that any finite perturbation of the curves contains an intersection point. We also
suppose that the curves are in general position, i.e., no three curves have a common point. A
curve is graphic if it is the graph of a function, i.e., an x-monotone infinite curve that intersects
every vertical line of the plane. A graphic pseudo-line arrangement is such that every curve is
graphic. We say that two pseudo-line arrangements are equivalent if there is a bijection between
their pseudo-lines such that the order in which a pseudo-line intersects the other pseudo-lines
remains the same. A pseudo-halfplane arrangement is a pseudo-line arrangement, with a side of
each pseudo-line selected.

Facts about pseudo-line arrangements [19]

I. (Levi Enlargement Lemma) Given a pseudo-line arrangement, any two points of the plane
can be connected by a new pseudo-line (if they are not connected already).

II. Given a pseudo-line arrangement, we can find a pseudo-line arrangement in which every
pair of pseudo-lines intersects exactly once, and the order in which a pseudo-line intersects
the other pseudo-lines remains the same (ignoring the new intersections).

III. Given a pseudo-line arrangement, we can find an equivalent graphic pseudo-line arrange-
ment.

We also recommend [40] where generalizations of classical theorems are proved for topological
affine planes.

From these facts it follows that in the definition of a pseudo-halfplane we can (and will)
suppose that the underlying pseudo-line arrangement is a graphic pseudo-line arrangement.

Notice that ABA-free hypergraphs are in a natural bijection with (graphic) pseudo-line
arrangements and sets of points, such that each hyperedge corresponds to the subset of points
above a pseudo-line.

Proposition 7.49. Given in the plane a set of points S (with all different x-coordinates) and a
graphic pseudo-line arrangement L, define the hypergraph HS,L with vertex set S such that for
each pseudo-line ℓ ∈ L the set of points above ℓ is a hyperedge of HS,L. Then HS,L is ABA-free
with the order on the vertices defined by the x-coordinates.

Conversely, given an ABA-free hypergraph H, there exists a set of points S and a graphic
pseudo-line arrangement L such that H = HS,L.
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Proof. The first part is almost trivial, suppose that there are two hyperedges A,B in HS,L

having an ABA-sequence on the vertices corresponding to the points a, b, c ∈ S. The pseudo-
lines corresponding to the hyperedges A and B are denoted by ℓA and ℓB. The pseudo-line ℓA
intersects the vertical line through a below a, the vertical line through b above b and the vertical
line through c above c, while ℓA intersects these in the opposite way (above/below/above). Thus
these lines must intersect in the vertical strip between a and b and also in the strip between b
and c, thus having two intersections, a contradiction.

The second part of the proof is also quite natural. Given an ABA-free hypergraph H = (V, E)
with an ordering on V, we want to realize it with a planar point set S and a graphic pseudo-line
arrangement L. Let S be |V| points on the x axis corresponding to the vertices in V such that the
order on V is the same as the order given by the x-coordinates on S. From now on we identify
the vertices of V with the corresponding points of V.

For a given A ∈ H it is easy to draw an ℓA graphic curve for which the points of S above
ℓA are exactly in A. Draw a pseudo-line ℓA for every A ∈ H, such that there are finitely many
intersections among these pseudo-lines, all of them crossings. What we get is an arrangement of
graphic curves, but it can happen that they intersect more than twice. Now among such drawings
take one which has the minimal number of intersections, we claim that this is a pseudo-line
arrangement.

Assume on the contrary, that there are two curves ℓA and ℓB intersecting (at least) twice. Let
two consecutive (in the x-order) intersection points be p and q, where p has smaller x-coordinate
than q. Without loss of generality, ℓA is above ℓB close to the left of p and close to the right of q,
while ℓA is below ℓB in the open vertical strip between p and q. This structure is usually called a
lens, and we want to eliminate it in a standard way, decreasing the number of intersections. We
can change the part of ℓA and ℓB to the left of p (and to the right from the intersection p′ next
to and left of p if there is any) and change their drawing locally around p (and p′ if it exists)
such that we get rid of the intersection at p, see Figure 14. If there are no points of S between
ℓA and ℓB and to the left of p (and to the right of p′), then this redrawing does not change
the hyperedges defined by ℓA and ℓB, so we get a representation of H with less intersections,
a contradiction. Thus there is a point (p′ <)a < p below ℓA and above ℓB. Similarly, there
must be a point p < b < q above ℓA and below ℓB and finally a point q < c below ℓA and
above ℓB, otherwise we could redraw the pseudo-lines with less intersections. These three points
a < b < c contradict the ABA-freeness of H as by the definition of the pseudo-lines, b ∈ A \ B
and a, c ∈ B \A.

From these, it follows that the hypergraphs defined by points contained in pseudo-halfplanes
are exactly the pseudo-halfplane hypergraphs.

Having spent this much effort to prove results about pseudo-halfplane hypergraphs that are
mostly already known for halfplane hypergraphs, it is worthwhile to investigate by what extent
is the former a larger family compared to the latter. It is known that there are (simple) pseudo-
line arrangements that are non-stretchable already with 9 pseudo-lines (based on the Pappus
configuration), that is, which cannot be realized with line arrangements, moreover, almost all of
them are such (see, e.g., Chapter 5 of [58] by Felsner and Goodman). This suggests that pseudo-
halfplane hypergraphs are a much richer family than halfplane hypergraphs, but it might not be
immediately obvious if there is a direct connection as arrangements encode geometric realizations
while hypergraphs are strictly combinatorial structures. The aim of this section is to prove that
the implication does hold.
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One can regard a pseudo-line arrangement as a plane graph: the vertices of an arrangement of
pseudo-lines are the intersection points of the pseudo-lines, the edges are the maximal connected
parts of the pseudo-lines that do not contain a vertex and the faces are the maximal connected
parts of the plane which are disjoint from the edges and the vertices of the arrangement.18 We
say that two pseudo-line arrangements are (combinatorially) equivalent if there is a one-to-one
adjacency-preserving correspondence between their pseudo-lines, vertices, edges and faces. We
need the following:

Theorem 7.50. Given a simple pseudo-line arrangement A such that every pair of pseudo-
lines intersect, let P be a set of points which has exactly one point in each face of A. Let H
be a pseudo-halfplane hypergraph whose vertex set is P and for each pseudo-line of A it has a
hyperedge which contains the points on one side of this pseudo-line.19 Then in every realization
of H with pseudo-halfplanes the arrangement of the boundary pseudo-lines is equivalent to A.

Proof. We claim that in any realization of H by pseudo-halfplanes, the arrangement of the
boundary pseudo-lines is equivalent to A. To see this, take the arrangement A′ of the boundary
pseudo-lines of any realization. In it we take the pseudo-lines in an arbitrary order: ℓ′1, ℓ

′
2, . . . , ℓ

′
m.

The pseudo-lines in A that are the boundaries of the hyperedges in the same order is denoted by
ℓ1, ℓ2, . . . , ℓm. Denote Ai (resp. A′

i) the arrangement defined by the first i boundary pseudo-lines
of A (resp. A′).

The sub-arrangement A′
1 of A′ defined by ℓ′1 is unique (has two infinite faces with a bi-infinite

curve separating them), and trivially equivalent to A1. Assume now that for some i we already
know that A′

i−1 is equivalent to Ai−1 (and so we can identify their faces). We shall show that
this holds also for i instead of i− 1.

To see this we add ℓ′i, the ith pseudo-line to A′
i−1. The faces of the arrangement A′

i−1 partition
the vertex set. Clearly, ℓ′i must cross those faces of A′

i−1 for which the corresponding part of the
partition is non-trivially intersected by the respective ith hyperedge (that is, the intersection
of that part with the ith hyperedge is neither empty nor equal to that part), call these faces
active. Note that ℓi crosses in Ai−1 the active faces and no other face. Further, ℓ′i must also cross
the active faces in A′

i−1, although ℓ′i may intersect further faces (we will see that this cannot
happen).

Let F be an active face of the arrangement A′
i−1. We claim that topologically it is unique

how ℓ′i can cross F , and it is the same way as ℓi crosses F in Ai. Notice that no two edges on
the boundary of F can be on the same pseudo-line. Let F ′ be an active face neighboring F , i.e.,
it shares a common edge e with F . We claim that ℓ′i must cross e. Indeed, the (at most) two
pseudo-lines which contain the edges that are consecutive with e on the boundary of F (see the
bold pseudo-lines on Figure 15) separate the plane into at most 4 parts. F and F ′ lie in the same
part, thus a curve going from F to F ′ must cross both of these pseudo-lines an even number
of times. As ℓ′i crosses these pseudo-lines at most once, the only possibility is that a part of ℓ′i
connecting F and F ′ intersects both of these pseudo-lines zero times. The only way for this is
if ℓ′i crosses the edge e, as we claimed. After crossing e, ℓ′i cannot cross again the pseudo-line
supporting e and thus it cannot return to F . The same argument holds for ℓi.

We call the ℓi-order of the active faces the order in which ℓi crosses them. If F is not the
first nor the last active face in the ℓi-order then our arguments so far show that both ℓi and ℓ′i
cross F once and the same way.

18The vertices of an arrangement should not be confused with the vertices of a hypergraph.
19For each pseudo-line we can choose the side arbitrarily. If for every pseudo-line we choose the side above the

pseudo-line then H is also ABA-free.
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Figure 15: Proof of Theorem 7.50.

About the first and last face we only know that ℓ′i leaves them once the same way as ℓi. We
are left to prove that these must be the two faces where ℓ′i goes into infinity, the same way as ℓi.
Indeed, having determined the crossings on the boundaries of all the other active faces, we have
found a crossing point for every pair of pseudo-lines (as in these faces ℓ′i and ℓi have the same
crossings and ℓi has no other crossings) and thus it cannot cross any other pseudo-line anymore.
That is, the first and last face in the ℓi-order is also the first and last one in the order in which
ℓ′i crosses the faces, as claimed.

Thus A′
i is equivalent to Ai. Repeatedly applying this for i = 2, 3, . . .m we get that the final

arrangement A′ must be equivalent to A, finishing the proof.

Note that in Theorem 7.50 we need that the arrangement of the pseudo-lines is not loose,
i.e., every pair of pseudo-lines intersects exactly once.

Now we can take an arbitrary non-stretchable simple pseudo-line arrangement A. By Theo-
rem 7.50 we have an ABA-free hypergraph H such that in every realization of H with pseudo-
halfplanes the boundary pseudo-lines form an arrangement equivalent to A. Thus, H cannot be
realized with halfplanes as such a realization with halfplanes would also give the arrangement
A, contradicting that A was non-stretchable.

8 ABAB-free hypergraphs

The results of this chapter appeared mostly in [4], a joint work Ackerman and Pálvölgyi, with
the exception of the result in Section 8.1, which appeared in [81], a joint work with Pálvölgyi.

In this chapter we deal with results about ABAB-free hypergraphs. In Section 8.2 we prove
Theorem 2.32 by showing a family of m-uniform ABAB-free hypergraphs for each m which is
not proper 2-colorable and we prove Theorem 2.33, which claims that on the other hand every
ABAB-free hypergraph is proper 3-colorable. In Section 8.3 we consider some variants of ABAB-
free hypergraphs and the notion of balanced colorings. Then, in Section 8.4, among others we
consider ABABA-free hypergraphs and prove that for every c ≥ 2 there are such hypergraphs
which are non-c-colorable. The equivalence between ABAB-free hypergraphs and hypergraphs
defined by stabbed pseudo-disks is discussed in Section 8.5, while we omit the proofs for this,
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Figure 17: H′
2 and its realization with pseudo-parabolas (for k = 3)

we provide an alternative proof of the upper bound in Theorem 2.35 that does not use this
equivalence.

8.1 ABAB-free hypergraphs that are not two-colorable

Proof of Theorem 2.32. We show that there are ABAB-free hypergraphs that do not have a
proper 2-coloring. We prove this by ordering the vertices of a non-2-colorable hypergraph Hk in
a tricky way to give an ABAB-free hypergraph. First we define this hypergraph Hk often used
in counterexamples, e.g., [105].

Definition 8.1. Let Gk be the complete k-ary tree of depth k, i.e., the rooted tree such that its
root r has k children, each vertex of Gk in distance at most k− 2 from r has k children and the
vertices in distance k − 1 from r are the leafs (without children).

Hk is the k-uniform hypergraph which has two types of hyperedges. First, for every non-leaf
vertex the set of its children form an hyperedge. Second, the vertices of every descending path
starting in r and ending in a leaf form an hyperedge.

It is easy to see that Hk is not two-colorable. Now we show how to realize Hk such that
its vertices correspond to points in the plane and its hyperedges correspond to the points above
pseudo-parabolas (simple curves such that any two intersect at most twice). This implies that
the x-coordinates define an ordering of the vertices of Hk showing that Hk is ABAB-free. We
fix k and define H′

ℓ (resp. G′
ℓ) to be the hypergraph (resp. graph) induced by Hk (resp. Gk) and

the subset of the vertices that are in distance at most ℓ−1 from the root r in Gk (H′
ℓ is a simple

hypergraph, i.e., if multiple hyperedges induce the same hyperedge, we take it only once). Thus
in particular G′

1 has one vertex and no hyperedges while H′
1 has one vertex and one hyperedge

containing it, while H′
k = Hk and G′

k = Gk. Note that in G′
ℓ every non-leaf vertex has k children,

and H′
ℓ has hyperedges of size ℓ corresponding to descending paths (which we usually denote
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Figure 18: Recursive realization of H′
ℓ: adding k children to a leaf

by Hi for some i) and hyperedges of size k corresponding to the set of children of some vertex
(which we usually denote by Ji for some i). See Figure 16.

In our realization, to simplify the presentation, points corresponding to vertices will be
denoted with the same label, and similarly hyperedges and the corresponding pseudo-parabolas
will have the same label.

We will recursively realize H′
ℓ, for an illustration see Figure 18. We additionally maintain that

each hyperedge (pseudo-parabola) Hi corresponding to a descending path has a vertical strip Si

associated to it, such that inside Si there are no points and Hi has the lowest boundary (thus no
other hyperedge intersects Hi inside Si). For ℓ = 1, this is trivial to do as H′

1 has one vertex and
one hyperedge containing this vertex. For ℓ = 2, Figure 17 shows a way to achieve this (for k = 3).
Now suppose that for some ℓ we have H′

ℓ and we want to construct H′
ℓ+1. Take the construction

of H′
ℓ, and for each hyperedge Hi corresponding to a descending path Pi with endvertex pi, do

the following. First make k vertically translated copies of Hi very close to each other. Denote
these by K1,K2, . . .Kk. Next, using these k copies of Hi, realize H′

2 (except the root r) in an
appropriately small area inside Si, by adding k more points k1, k2, . . . kk such that for every i,
ki is above Ki and below every other pseudo-parabola. These points correspond to the children
of pi. Finally, define the pseudo-parabola Ji, which corresponds to the hyperedge containing all
the ki’s but no other vertex, as a parabola very close to the vertical strip containing the ki’s. For
each i, the vertical strip that belongs to Ki in the inner copy of H′

2 is the strip corresponding
to the descending hyperedge that ends at ki. Therefore all properties are maintained, and by
repeating the above procedure for each of the leafs pi of H′

ℓ we get a realization of H′
ℓ+1.

We are not aware of any nice characterization for the dual of ABAB-free hypergraphs, like
we had for ABA-free hypergraphs in Proposition 7.18.
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Figure 19: E is an only left-sided pair with witness hyperedge BE .

8.2 Coloring ABAB-free hypergraphs

In this section we prove Theorem 2.33 which says that every ABAB-free hypergraph is 3-
colorable, that is, its vertices can be 3-colored such that every hyperedge that contains at least
two vertices, contains at least two different colors. Therefore, for the rest of this section we may
suppose that each hyperedge contains at least two vertices.

Let H be an ABAB-free hypergraph on an ordered vertex set. A pair of vertices of H is
called unsplittable if by adding this pair as a hyperedge of size two to H we get an ABAB-free
hypergraph. For a pair of vertices E = {p, q} we say that a hyperedge B splits this pair if E and
B form an EBEB- or BEBE-sequence.

Lemma 8.2. Let H be an ABAB-free hypergraph on an ordered vertex set. Then every hyperedge
of H contains a pair of vertices that is unsplittable.

Proof. Let A be a hyperedge of H. If A is of size two, then its vertices form an unsplittable pair,
for otherwise there would be a hyperedge B that splits A and this would contradict that H is
ABAB-free.

Thus we may assume that A is of size at least 3. For two distinct vertices a and b we
write a < b if a precedes b according to the given order of the vertices and say that a is to
the left of b and b is to the right of a. Denote the vertices of A according to their order by
A = {a1, a2, . . . , ak}. Two such vertices are called consecutive if one follows the other in this
order. We will prove that one of the consecutive pairs of vertices of A is an unsplittable pair.

Assume on the contrary that none of the consecutive pairs is unsplittable. A consecutive
pair E = {ai, ai+1} is left-sided (resp., right-sided) if there exists a hyperedge B ∈ H such
that they together form a BEBE-sequence (resp., EBEB-sequence). By our assumption every
consecutive pair is either left-sided or right-sided or both. A consecutive pair is called one-sided
if it is not both left-sided and right-sided. Notice that the leftmost consecutive pair C = {a1, a2}
cannot be left-sided. Indeed, a hyperedge B left-splitting it would also form a BABA-sequence,
which is a contradiction. Similarly, the rightmost consecutive pair cannot be right-sided and is
therefore only left-sided.

For each only left-sided pair E = {ai, ai+1} let BE be a hyperedge that together with E forms
a BEEBEE-sequence, see Figure 19. The existence of this sequence implies that ai, ai+1 ∈ E\BE

and that there is a vertex i(E) ∈ BE \ A among the vertices of H between ai and ai+1 (in the
left-to-right order of the vertices of H). The leftmost vertex of BE is denoted by o(E). As E is
left-sided and BE is a witness for that, it follows that o(E) < ai. Also, o(E) ∈ A ∩ BE since if
o(E) /∈ A then o(E), ai, i(E), ai+1 would form a BEABEA-sequence, a contradiction. Note that
there is no vertex in BE to the left of o(E) by definition and there is no vertex in BE to the
right of ai+1, for otherwise E would also be a right-sided pair.

Similarly, for each only right-sided pair E = {ai, ai+1} take a witness hyperedge BE with
which it forms an EBEEBE-sequence. Thus ai, ai+1 ∈ A\BE and there is a vertex i(E) ∈ BE \A
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Figure 20: If F is right-sided then i(E), c1, o(E), c2 form a BECBEC-sequence.
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Figure 21: The vertices o(F ), i(E), i(F ), o(E) form a BFBEBFBE-sequence.

among the vertices of H between ai and ai+1. In this case denote by o(E) the rightmost vertex
of BE . Therefore, ai+1 < o(E) and, as before, we have that o(E) ∈ A ∩BE .

Among all one-sided pairs of A let E = {ai, ai+1} be the pair with the least number of
vertices of A between i(E) and o(E). Without loss of generality we may assume that E is only
right-sided.

As o(E) ∈ A and ai+1 < o(E), o(E) = aj+1 for some j > i. Consider the pair F = {aj , aj+1}
(note that aj may coincide with ai+1). We claim that F cannot be a right-sided pair. Indeed,
assume to the contrary that there exists a hyperedge C and two vertices c1, c2 ∈ C \F such that
aj < c1 < aj+1 < c2 (and therefore aj , c1, aj+1, c2 form an FCFC-sequence), see Figure 20. Since
o(E) = aj+1 < c2 and o(E) is the rightmost vertex of BE , we also have c2 /∈ BE . Also, i(E) /∈ C,
otherwise i(E), aj , c1, aj+1 would form a CACA-sequence, a contradiction. Similarly, c1 /∈ BE ,
otherwise ai, i(E), ai+1, c1 would form an ABEABE-sequence. However, then i(E), c1, aj+1, c2
form a BECBEC-sequence, which is again a contradiction.

Therefore, F is an only left-sided pair and thus o(F ) ≤ aj . See Figure 21. Furthermore,
o(F ) ≤ ai for otherwise there would be less vertices of A between o(F ) and i(F ) than there are
between o(E) and i(E), contradicting our choice of E. We have that o(F ) ∈ BF ∩A for otherwise
o(F ), aj , i(F ), aj+1 would be a BFABFA-sequence. Furthermore, o(F ) /∈ BE since o(F ) ≤ ai
and no vertex of BE is left of ai. Similarly, i(E) /∈ BF as otherwise i(E), aj , i(F ), o(E) would
form a BFABFA-sequence. Finally, i(F ) /∈ BE for otherwise ai, i(E), ai+1, i(F ) would form an
ABEABE-sequence.

Thus, the vertices o(F ), i(E), i(F ), o(E) form a BFBEBFBE-sequence, leading to the final
contradiction.

Proof of Theorem 2.33. Let H be an ABAB-free hypergraph on an ordered vertex set. We call a
hyperedge of size at least 3 unhit if it does not contain as a subset a hyperedge of size 2. Starting
from H we create a series of hypergraphs as follows. If the current hypergraph contains an unhit
hyperedge, then by Lemma 8.2 this hyperedge contains an unsplittable pair which we add as a
new hyperedge and obtain the next hypergraph in our series. Since H has a finite number of
hyperedges and every hypergraph has one less unhit hyperedge than its preceding hypergraph,
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Figure 22: A containment-free bottomless rectangle family without a shallow hitting set

we get a finite series of hypergraphs. Let H ′ be the last hypergraph in this series.
Let G be the graph that is induced by the hyperedges of H ′ of size two. Note that every

hyperedge of H ′ contains at least one edge of G. Therefore, a proper coloring of G is a proper
coloring of H. The graph G also has the ABAB-free property. Consider the following drawing of
G. Its vertices are represented by distinct points on a horizontal line according to their ABAB-
free order and its edges are drawn as circular arcs above the line. Since G is ABAB-free its
drawing does not contain crossing edges. Furthermore, this drawing of G is outerplanar. Since
every outerplanar graph is 3-colorable, this completes the proof.

As mentioned in the introduction, using Theorem 2.34 this also proves the upper bound of
Theorem 2.35.

8.3 Bottomless rectangles and balanced polychromatic colorings

Every hypergraph given by a set of points and a collection of bottomless rectangles is ABAB-
free, but not necessarily ABA-free. In fact, it is not hard to see that such hypergraphs would
correspond exactly to “aBAb”-free hypergraphs, which can be defined similarly to Definition 2.27
as follows.

Definition 8.3. A hypergraph whose vertices are real numbers is aBAb-free if for any two of its
hyperedges, A and B, and vertices x1 < x2 < x3 < x4 it does not hold that x1 ∈ A, x2 ∈ B \A,
x3 ∈ A \B, x4 ∈ B.

It was shown in [15] that any finite set of points can be colored with k colors such that any
bottomless rectangle that contains at least 3k−2 points contains a point of every color. Unfortu-
nately, we were not able to prove this using our methods, because containment-free bottomless
rectangle families do not have a shallow hitting set, as shown by the following example.

Example 8.4. Consider the set of points X = {(i, i) | i = 1..k} and Y = {(k + i, k + 1 − i) |
i = 1..k} and the bottomless rectangle family that consists of the following.

I. A rectangle HX containing X.

II. A rectangle HY containing Y .

III. Rectangles Hi containing (i, i) and (2k + 1 − i, i) for i = 1..k.

Any hitting set for the Hi rectangles contains k/2 points from X or Y , thus it is not (k/2 − 1)-
shallow for HX or HY (for an illustration for k = 4 see Figure 22).
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Example 8.4 generalizes easily to other families, such as the translates or homothets of a
convex polygon. However, to make the proof method work, we do not need shallow hitting sets
for all containment-free families, it is enough to have them for uniform families (that is, in which
every bottomless rectangle contains the same number of points). Even in this case, we do not
always have a 3-shallow hitting set, as proved by Bursics et al. [22]. However, recently Planken
and Ueckerdt [117] managed to prove that 10-shallow hitting sets exist for uniform families. They
also show further results about the existence of shallow hitting sets for other uniform families.

Instead of shallow hitting sets, we can ask whether a k-coloring exists for any containment-
free bottomless rectangle family that satisfies a certain nice property, that can be achieved by
repeatedly finding c-shallow hitting sets and making each of them a separate color class. In the
proofs in earlier sections, after k shallow hitting sets were found and colored to different colors,
we did not care about the remaining points, they were colored arbitrarily. Instead, we could
find a (k + 1)-st shallow hitting set for the remaining points and use the first color for them,
then the second color for the (k + 2)-nd shallow hitting set, and so on, until there are no more
points left. In general in the i-th step the shallow hitting set is colored with color i (mod k),
where color 0 and color k denote the same color. This way we achieve a coloring that is not just
polychromatic, but also has the following balanced property.

Definition 8.5. We say that a k-coloring is c-balanced if for any given set (hyperedge) of our
family denoting the sizes of any two color classes in it by n1 and n2, then we have n1 ≤ c(n2+1).

As we have seen above, if a family has a c-shallow hitting set, then it also has a c-balanced
k-coloring for any k. For uniform families, a converse also holds; if every set has size n, then any
color class of a c-balanced n/c-coloring is a c2-shallow hitting set.

8.4 ABABA-free hypergraphs

In this section we prove Theorem 2.37.
We have seen that there are ABAB-free hypergraphs that are not 2-colorable. By extending

the construction from Section 8.1, we prove Theorem 2.37 by showing that there are non-c-
colorable ABABA-free hypergraphs for every c ≥ 2.

We will use depth first search (DFS) to traverse the vertices (nodes) of a directed rooted
tree. The order in which a DFS search visits the vertices is called a DFS order. The root of the
tree is the first vertex that is visited in this search, and thus the first vertex in the DFS order.
In each subsequent step, we take the last (already visited) vertex in the DFS order that has a
yet unvisited child, and visit one such child.

Proof of Theorem 2.37. Let T (a, b) denote a full a-ary tree of depth b − 1. That is, a tree in
which every internal vertex has a children and every leaf is at distance b − 1 from the root of
the tree (i.e., the path connecting the root to the leaf contains b vertices).

Let the hypergraph H(a, b) be defined as follows (see also [105]). Its vertex set is the vertex
set of T (a, b), the set of children of each internal vertex is a horizontal hyperedge of size a and
the set of vertices of every path from the root to a leaf is a vertical hyperedge of size b.

It is easy to see that in every coloring of the vertices of H(a, b) with two colors there is either
a monochromatic horizontal hyperedge (of size a) or a monochromatic vertical hyperedge (of
size b). Therefore, H2 := H(m,m) is an m-uniform non-2-colorable hypergraph. Let n2 denote
the number of vertices of H2.

70



For c > 2 we define a non-c-colorable m-uniform hypergraph Hc recursively. The vertices
of Hc are the vertices of T (nc−1,m). The hyperedges of Hc are defined as follows. For each set
of m vertices that lie on a path from the root of the tree to one of its leaves define a vertical
hyperedge; for each set of nc−1 children of an internal vertex of T (nc−1,m) define a hypergraph
isomorphic to Hc−1 and add all of its hyperedges as horizontal hyperedges of Hc.

It follows from the definition that Hc is an m-uniform hypergraph for every c ≥ 2. It remains
to show that Hc is non-c-colorable and ABABA-free.

Proposition 8.6. Hc is non-c-colorable for every c ≥ 2.

Proof. We prove by induction on c. We observed above that H2 is non-2-colorable. Suppose
that c > 2 and Hc−1 is non-(c − 1)-colorable. Assume by contradiction that Hc is c-colorable
and consider a proper coloring of its vertices by c colors. Recall that the vertices of Hc are the
vertices of T (nc−1,m) and assume, without loss of generality, that the color of the root is red.
Then, the color of one of its children must also be red, for otherwise, there is a (c− 1)-coloring
of the copy of Hc−1 induced by these children. Similarly, one of the children of that red child
must also be colored red, etc., yielding a path of red vertices from the root to one of the leaves.
However, this implies a monochromatic red hyperedge of Hc which is a contradiction.

Proposition 8.7. Hc is ABABA-free.

Proof. We prove by induction on c. First, we show that H2 is ABABA-free,20 the general case
will follow similarly. Recall that the vertices of H2 are the vertices of T (m,m). We claim that
any DFS-order of these vertices is ABABA-free. Indeed, let A = {a1, a2, . . . , am} and B =
{b1, b2, . . . , bm} be two hyperedges of H2, such that the vertices of these hyperedges are listed
in DFS order. Now we distinguish some cases.

If both A and B are vertical, then their first few elements are equal, and after these the
remaining elements of one precedes the other, i.e., their vertices are ordered as, say, a1 =
b1, . . . , ai = bi, ai+1, . . . , am, bi+1, . . . , bm for some i. In this case they are even ABA-free.

If both A and B are horizontal, then either A = B or they are disjoint. In the latter case,
their vertices are ordered as, say, a1, . . . , ai, b1, . . . , bm, ai+1, . . . , am for some i. In this case they
are ABAB-free.

If A is vertical and B is horizontal, then they intersect in at most one element. Their vertices
can be ordered as a1, . . . , ai−1, b1, . . . , bj(=)ai, ai+1, . . . , am, bj+1, . . . , bm for some i, j, where bj
and ai might be equal. In this case they are BABA-free, thus also ABABA-free.

If A is horizontal and B is vertical, then the same argument gives that they are even ABAB-
free.

The proof of the induction step is quite similar. Suppose that c > 2 and Hc−1 is ABABA-
free. Recall that the vertices of Hc are the vertices of the tree T (nc−1,m). A vertical edge and
another (vertical or horizontal) edge behave exactly the same way as for H2, thus they will be
ABABA-free using the same arguments. The same holds for two horizontal edges if they are not
the descendants of the same vertex, i.e., they are not from the same copy of Hc−1. The only
interesting case to check is if A and B are horizontal and they are from the same copy of Hc−1.

20We note that H2 is in fact even ABAB-free, as shown in Theorem 2.32, but not when we take the vertices
in DFS order. Instead we would need to take what we could call siblings first order. Quite surprisingly, however,
if we use this “siblings first order” for c > 2, we can have an ‘ABABA’, i.e., this would only show that Hc is
ABABAB-free.
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But then they are ABABA-free using induction, if during the DFS search we order the children
in the order given by the induction.

This concludes the proof of Theorem 2.37.

Corollary 8.8. For every triple of integers 2ℓ ≥ 5, c ≥ 2 and m ≥ 2 there exists an (AB)ℓ-free
m-uniform hypergraph which is not c-colorable.

An interesting connection to Radon-partitions is the following. Given three points in R1,
they have a unique Radon-partition into two sets, A and B, whose convex hulls intersect; the
points must follow each other in the order A,B,A, so this cannot happen for ABA-free families.
Given four points in R2, there are two possible Radon-partitions; the first is when three points
of A contain the only point of B inside their convex hull, while the second is when there are two
points in each of A and B such that their connecting segments intersect. Note that none of these
configurations are possible for points from the symmetric difference of convex pseudo-disks, i.e.,
if A and B are convex pseudo-disks, then we cannot pick points from A \B and B \A that form
a Radon-partition. We wonder whether this has some higher dimensional generalizations, or is
just a coincidence.

8.5 Stabbed pseudo-disks

Theorem 2.34, that is, the equivalence between hypergraph families defined by stabbed
pseudo-disks and ABAB-free hypergraphs can be proved in several steps 21. First, we prove that
stabbed pseudo-disks and internally stabbed pseudo-disks define the same hypergraphs. Then we
prove that internally stabbed pseudo-disks and pseudo-parabolas define the same hypergraphs.
Recall that a family of x-monotone bi-infinite Jordan curves22 is a family of pseudo-parabolas if
every two curves in the family intersect at most twice. A set of points S and a (finite) family of
pseudo-parabolas C naturally define a hypergraph H(S, C) whose vertex set is S and whose hy-
peredge set consists of every subset S′ ⊂ S that is exactly the points from S that lie on or above
some pseudo-parabola in C. The equivalence between hypergraphs defined by internally stabbed
pseudo-disks and hypergraphs defined by pseudo-parabolas was already mentioned in [9] relying
on a result of Snoeyink and Hershberger [131] by which a family of stabbed pseudo-disks can be
swept by a ray. We can reprove this equivalence using more elementary tools. Finally, we can
prove that hypergraphs defined by pseudo-parabolas are exactly the ABAB-free hypergraphs.

The details of these series of equivalences is non-trivial yet mostly technical and therefore
omitted from this dissertation, and can be found in [4]. Instead, we restrict ourselves to provide
an alternative and direct proof for the upper bound in Theorem 2.35. Before that we need some
preparations.

We will need to use the fact that the intersection and union of stabbed pseudo-disks are
simply connected (see also [9] for such a statement), see Theorem 8.9.

Theorem 8.9. The union and the intersection of every finite family of stabbed pseudo-disks are
both simply connected.

21Two hypergraph families are equivalent if for every hypergraph in one family there is an isomorphic hypergraph
in the other family.

22Let us call an x-monotone bi-infinite curve an ‘x-monotone bi-infinite Jordan curve’ if for every x1 < x2 the
points of the curve which have x-coordinate between x1 and x2 form a Jordan arc.
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As in the literature there seems to be a bit of confusion (and even false claims) as for why
Theorem 8.9 holds, we provided a new and simple proof for it (in a more general form). As the
proof is rather technical, we omit it from this dissertation, the details can be found in [4].

Proof of the upper bound in Theorem 2.35. Let F be a family of pseudo-disks whose intersection
is non-empty and let S be a finite set of points. We wish to show that it is possible to color the
points in S with three colors such that any pseudo-disk in F that contains at least two points
from S contains two points of different colors.

Consider a finite subfamily F ′ ⊂ F that defines the same hypergraph on S as F . By applying
Corollary 4.7 for every pseudo-disk (with ℓ = 2 and an arbitrary point inside the pseudo-disk)
we extend F ′ such that every pseudo-disk with at least two points from S contains a pseudo-disk
with exactly two points from S. The pairs of points for which there is a pseudo-disk containing
exactly these two points form the edges of the Delaunay graph of S with respect to F . It
follows that by properly 3-coloring this Delaunay graph one obtains a proper 3-coloring of the
hypergraph H(S,F).

We draw each edge of the Delaunay graph G such that it lies in one pseudo-disk that
contains its two endpoints. This defines a drawing of G in which edges may intersect, however,
by Lemma 4.8 independent edges intersect an even number of times.

Consider the subdivision of the plane into faces that the drawing of G defines. We claim
that every point of S is incident to the unbounded face. Indeed, otherwise there is a cycle in G
whose drawing separates a point q ∈ S from infinity. However, then the union of the pseudo-
disks corresponding to these edges is not simply connected (as it separates q from infinity),
contradicting Theorem 8.9.

This implies that G is an outerplanar graph (note that the embedding of G that we consider
is not necessarily a plane embedding). Indeed, connect all the points in S to a new point p′ in
the unbounded face such that the new edges do not cross each other and the original edges.
Denote the resulting graph by G′ and note that we get a drawing of G′ such that independent
edges cross an even number of times. Therefore by the Hanani-Tutte Theorem G′ is a planar
graph. Consider a plane embedding of G′ and delete p′ from this embedding. We obtain a plane
embedding of G such that one face is incident to all the vertices. Therefore G is outerplanar.
Since outerplanar graphs are 3-colorable, this completes the proof.

9 Tangencies among a single family of curves

The results of this chapter appeared in [83] (Section 9.1, joint work with Pálvölgyi) and in
[6] (Section 9.2, joint work with Ackerman).

In Section 9.1 we prove Theorem 2.40 about t-intersecting curves and in Section 9.2 we prove
Theorem 2.39 about x-monotone curves that pairwise intersect exactly once.

9.1 A single family of t-intersecting curves

Lemma 9.1. For every positive integer t there exists a constant c = c(t) such that given a
family of at most t-intersecting curves, the tangency graph of the curves cannot contain Kt+3,c

as a subgraph.

Proof. Let c be a fixed number, yet explicitly chosen only later. Suppose for a contradiction that
there exists a family of curves such that its tangency graph contains Kt+3,c as a subgraph. Call
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the t + 3 curves that form one part of this bipartite graph red, and the c curves that form the
other part of the bipartite graph blue. Each red curve is cut by the other t+ 2 red curves into at
most 1 + (t+ 2)t parts, and by the pigeonhole principle there are at least c2 = c/(1 + (t+ 2)t)t+3

blue curves that intersect the same part from each red curve. Choosing these red parts, from
now on we assume that we have a family of red and blue curves whose tangency graph contains
a Kt+3,c2 and the red curves are pairwise disjoint. Moreover, at least c3 = c2/(t+ 3)! blue curves
touch these t + 3 red curves in the same order, where we consider each curve as a continuous
image of [0, 1].

Denote the red curves by γ1, . . . , γt+3 in the order in which they are touched by the blue
curves. At least c4 = c3/2t+1 blue curves turn in the same (clockwise or counterclockwise, as in
Figure 23) direction at each of their t + 1 tangency points with the red curves γ2, . . . , γt+2, i.e.,
all red curves that are not the first or last that they touch. We choose c such that c4 ≥ 2.

Consider two blue curves. Going from γ1 to γ2, and then from γ2 to γ3, at γ2 both blue curves
either turn clockwise, or counterclockwise. See Figure 23. Let the parts of the two blue curves
that go from the tangency with γ1 to the tangency with γ2 be δ1 and δ′1. Then either δ1 and
δ′1 intersect, or there is a simply connected region R1 whose boundary is formed by δ1, δ

′
1, and

the parts of γ1 and γ2 connecting the endpoints of these two subcurves. In the latter case, using
that the two blue curves turn in the same way when touching γ2, one of them continues inside
R1, while the other outside R1. Without loss of generality, we can assume that γ3 is outside
R1, as the inside case is analogous, in fact, even equivalent if considered on a sphere. Thus, the
blue curve that continues inside R1 needs to intersect the boundary of R1 to reach γ3. As it
cannot intersect itself or the two red curves, it has to intersect the other blue curve, i.e., δ1 or
δ′1, whichever is part of the other curve.

In either case there is an intersection of the two blue curves which is either on δ1, or δ′1,
or on both. Thus, we can delete γ1 and the parts of the two blue curves up to the point of
tangency with γ2, and proceed by induction to get t + 1 intersections between the two blue
curves, contradicting our assumption.

Proof of Theorem 2.40. The Kővári–Sós–Turán theorem [89] concerning the well-known Zaran-
kiewicz problem states that if a bipartite graph G on 2n vertices with parts of size n does not
contain Ka,b as a subgraph, then it has O(n2−1/a) edges. By Lemma 9.1, the tangency graph
does not contain Ka,b as a subgraph for a = t + 3 and b = c, thus this theorem implies that

tangency graph has O(n2− 1
t+3 ) edges.

9.2 A single family of x-monotone = 1-intersecting curves

In this section we prove Theorem 2.39. We do this by considering two types of tangencies
according to whether a tangency point is between two curves such that their projections on
the x-axis are nested (i.e., one of them is a subset of the other) or non-nested. In each case we
consider the tangencies graph whose vertices represent the curves and whose edges represent
tangent pairs of curves. In the latter case we show that it is possible to disregard some constant
proportion of the edges using the pigeonhole principle and the dual of Dilworth’s Theorem and
then order the remaining edges such that there is no long monotone increasing path with respect
to this order. In the first case, we show that after disregarding some constant proportion of the
edges the remaining edges induce a forest.
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Figure 23: Either δ1 and δ′1 intersect each other (top figure) or one of them intersects the
boundary of R1 (bottom figure), where they intersect the other blue curve. Note that it does
not matter in which order or from which side they touch the red segments as those could also
be replaced by red disks without changing the combinatorial layout of the tangencies.

Let C be a set of n x-monotone curves such that no three curves in C intersect at a single
point and every pair of curves in C intersect at exactly one point which is either a crossing
or a tangency point. By slightly extending the curves if needed, we may assume that every
intersection point of two curves is an interior point of both of them and that all the endpoints
of the curves are distinct.

Let p = (x1, y1) and q = (x2, y2) be two points. We write p <x q if x1 < x2 and we write
p <y q if y1 < y2. We mainly consider the order of points from left to right, so when we use
terms like ‘before’, ‘after’ and ‘between’ they should be understood in this sense. For a curve
c ∈ C we denote by L(c) and R(c) the left and right endpoints of c, respectively. If p, q ∈ c, then
c(p, q) denotes the part of c between these two points. We denote by c(−, p) (resp., c(p,+)) the
part of c between L(c) (resp., R(c)) and p. For another curve c′ ∈ C we denote by I(c, c′) the
intersection point of c and c′. We may also write, e.g., c(c′, q) instead of c(I(c, c′), q)

Suppose that an x-monotone curve c1 lies above another x-monotone curve c2, that is, the
two curves are non-crossing (but might be touching) and there is no vertical line ℓ such that
I(c1, ℓ) <y I(c2, ℓ). Assuming the endpoints of c1 and c2 are distinct there are four possible cases:
(1) L(c1) <x L(c2) <x R(c2) <x R(c1); (2) L(c2) <x L(c1) <x R(c1) <x R(c2); (3) L(c1) <x

L(c2) <x R(c1) <x R(c2); and (4) L(c2) <x L(c1) <x R(c2) <x R(c1). We denote by c2 ≺i c1
the relation that corresponds to case i, for i = 1, 2, 3, 4. It is not hard to see that each ≺i is a
partial order.

Proposition 9.2. For every i = 1, 2, 3, 4 there are no three curves c1, c2, c3 ∈ C such that
c1 ≺i c2 ≺i c3.

Proof. It is easy to see that if c1 ≺i c2 ≺i c3 then c1 and c3 do not intersect. See Figure 24 for
an illustration of the case i = 4.
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c2

c3

c1

Figure 24: If c1 ≺4 c2 ≺4 c3 then c1 and c3 do not intersect.

(a) Type 1 (b) Type 2 (c) Type 3 (d) Type 4

Figure 25: Types of tangency points.

We say that the tangency point of two touching curves c1, c2 ∈ C is of Type i if c1 ≺i c2 (see
Figure 25). We will count separately tangency points of Types 1 and 2 and tangency points of
Types 3 and 4.

9.2.1 Bounding touching pairs of Type 1 or 2

We first describe the main idea before going into details: By symmetry it is enough to consider
just tangency points of Type 2 which are to the right of a vertical line that intersects all the
curves in C. We will prove that there are linearly many such tangencies by showing that the
tangencies graph that corresponds to such tangencies is a forest, if one ignores the rightmost
touching point on every curve that touches another curve from above.

Lemma 9.3. There are at most 8n− 4 tangency points of Type 1 or 2.

Proof. Since all the curves in C are pairwise intersecting and x-monotone there is a vertical line
ℓ that intersects all of them. By slightly shifting ℓ if needed, we may assume that no two curves
intersect ℓ at the same point. We assume without loss of generality that at least half of all the
tangency points of Types 1 and 2 are to the right of ℓ, for otherwise we may reflect all the curves
about ℓ. We may further assume that at least half of the tangency points of Types 1 and 2 to the
right of ℓ are of Type 2, for otherwise we may reflect all the curves about the x-axis. Henceforth,
we consider only Type 2 tangency points to the right of ℓ.

By Proposition 9.2 a curve cannot touch one curve from above and another curve from below
at Type 2 tangency points. Thus, we may partition the curves into blue curves and red curves
such that at every tangency point a blue curve touches a red curve from below (we ignore curves
that contain no tangency points among the ones that we consider).

Proposition 9.4. Every pair of blue curves cross each other.

Proof. Suppose that a blue curve b1 touches another blue curve b2 from below (the tangency
point may be of any type). Since b2 is a blue curve there is a red curve r which it touches
from below. Since the tangency point of b2 and r is of Type 2 it follows that b1 and r do not
intersect.
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b1

ℓ

r

b2

Figure 26: An illustration for the proof of Proposition 9.5: If two blue curves touch the same red
curve, then they cross at a point between these two tangency points.

b1
b2b
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(a)

b1
b2

b

r

(b)

Figure 27: An illustration for the proof of Proposition 9.6. If I(b1, b2) is above b, then r and b
do not intersect.

Proposition 9.5. Let r be a red curve and let b1 and b2 be two blue curves that touch r, such
that I(r, b1) <x I(r, b2). Then I(r, b1) <x I(b1, b2) <x I(r, b2).

Proof. Since L(bi) <x L(r) <x R(r) <x R(bi), for i = 1, 2, it is easy to see that the blue curves
cross at a point between their tangency points with r, see Figure 26.

Proposition 9.6. Let b1 and b2 be two blue curves both touching a red curve r. Let b be another
blue curve such that I(b1, b2) is between I(b1, b) and I(b2, b). Then I(b1, b2) is below b.

Proof. Observe that r lies above the upper envelope of b1 and b2. Furthermore, since we consider
Type 2 tangencies L(bi) <x L(r) <x R(r) <x R(bi), for i = 1, 2. Therefore if I(b1, b2) is above b
then r and b do not intersect, see Figure 27.

We proceed by marking the rightmost Type 2 tangency point on every red curve. Clearly, at
most n tangency points are marked. Henceforth, we consider only unmarked tangency points.

Proposition 9.7. Let b be a blue curve and let r1 and r2 be two red curves that touch b, such
that I(b, r1) <x I(b, r2) (and both of these tangency points are unmarked). Then I(b, r1) <x

I(r1, r2) <x I(b, r2).
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b

ℓ

r1 r2

(a) If I(r1, r2) >x I(b, r2) then r2 must also inter-
sect r1(b, r2).

b

ℓ

b′

r1

r2

(b) If I(r1, r2) <x I(b, r1) then b′ and r1 do not
intersect.

Figure 28: Illustrations for the proof of Proposition 9.7: if r1 and r2 touch b then I(r1, r2) is
between these two tangency points.

Proof. If I(r1, r2) >x I(b, r2) then r2 must intersect r1(b, r2) since it intersects ℓ, see Figure 28a.
Suppose now that I(r1, r2) <x I(b, r1). This implies that R(r1) <x I(b, r2) for otherwise r1 and
r2 intersect also to the right of I(b, r1). Since I(b, r2) is not the rightmost tangency point on
r2, there is a blue curve b′ that touches r2 to the right of I(b,r2) at a Type 2 tangency point.
However, it follows from Proposition 9.5 that I(b, r2) <x I(b, b′) <x I(b′, r2) which implies that b′

lies below b to the left of I(b, b′). Therefore, b′ and r1 do not intersect (recall that L(b) <x L(r1)
and see Figure 28b).

Let G be the (bipartite) tangencies graph of the blue and red curves where edges correspond
to unmarked tangency points between a red and a blue curve of Type 2 to the right of ℓ. We
will show that G is a forest and hence has at most n− 1 edges.

Proposition 9.8. Let b0 − r0 − b1 − r1 − b2 be a path in G such that b0, b1 and b2 correspond
to distinct blue curves and r0 and r1 correspond to distinct red curves. If I(b1, ℓ) <y I(b0, ℓ) <y

I(b2, ℓ), then b0 and b2 intersect to the left of ℓ.

Proof. It follows from Proposition 9.5 that I(b0, b1) and I(b1, b2) are to the right of ℓ. Suppose
for contradiction that I(b0, b2) is to the right of ℓ. Recall that b2 intersects ℓ above b0 and b0
intersects ℓ above b1. If, going from left to right, b2 intersects first b1 (necessarily to the right of
I(b0, b1)) and then it intersects b0, then I(b1, b2) is above b0 which contradicts Proposition 9.6
(see Figure 29a).

Therefore, b2 intersects b0 and then b1 which implies that b1 intersects b2 and then b0. The
curve r1 lies above the upper envelope of b1 and b2, therefore it may touch b1 at a point which
is either in b1(b2, b0) or in b1(b0,+). Consider the first case. It follows from Proposition 9.7 that
I(r0, r1) is between I(b1, r1) and I(b1, r0) and therefore r1 must cross b0 after it touches b1, since
r0 is above the upper envelope of b0 and b1. However, in this case r1 must cross b0 once more to
the left of I(b1, r1), since it also touches b2 and therefore must lie above it (see Figure 29b).

Consider now the case that r1 touches b1 at a point in b1(b0,+). Then r1 must intersect
b0(b2, b1) since this is the only part of b0 which lies above the upper envelope of b1 and b2. Since

78
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ℓ
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(a) b2 intersects b1 and then b0.

b1
b0

ℓ

b2

r0

r1

(b) If I(b1, r1) ∈ b1(I(b1, b2), I(b1, b0)) then r1
must cross b0 twice.

b1
b0

ℓ

b2

r0
r1

(c) If I(b1, r1) ∈ b1(I(b1, b0),+), then r1 touches
b0. If I(b1, r0) <x I(b1, r1), then r0 must intersect
r1 twice or crosses b0 to be able to intersect ℓ.

b1
b0

ℓ

b2

r0
r1

(d) If I(b1, r1) <x I(b1, r0), then r0 does not in-
tersect b0 to the right of ℓ.

Figure 29: Illustrations for the proof of Proposition 9.8. I(b0, b2) is to the right of ℓ.

r1 may not cross b2 or intersect b0 twice, it follows that r1 must touch b0 (see Figure 29c).
Note that r0 also touches b1 at b1(b0,+). If I(b1, r0) precedes I(b1, r1) on b1, then r0(b1,+) must
intersect r1 by Proposition 9.7 (see Figure 29c). However, then r0 must intersect r1 once more
or cross b0 which is impossible. If, on the other hand, I(b1, r1) precedes I(b1, r0) on b1, then
r1(b1,+) must intersect r0 by Proposition 9.7. However, then r0 cannot touch b0 to the right of
ℓ, see Figure 29d.

Suppose that G contains a cycle and let C = b0−r0− b1−r1− . . .− bk−rk− b0 be a shortest
cycle in G, such that bi corresponds to a blue curve and ri corresponds to a red curve, for every
i = 0, 1, . . . , k. We may assume without loss of generality that b1 has the lowest intersection
point with ℓ among the blue curves in C and that I(b0, ℓ) <y I(b2, ℓ).

Proposition 9.9. For every i ≥ 1 the curve ri intersects ℓ above r0 and intersects b0(−, ℓ),
r0(b0,+) and b1(b0,+). See Figure 30 for an illustration.

Proof. We prove the claim by induction. Consider the case i = 1. Before showing that r1 sat-
isfies the claim, we first look at b2. It intersects ℓ above b0 and crosses b1 to the right of ℓ by
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Figure 30: Illustrations for the statement of Proposition 9.9: ri intersects ℓ above r0 and intersects
b0(−, ℓ), r0(b0,+) and b1(b0,+).

b1
b0

ℓ

b2

r0
r1

(a) If I(b1, r1) <x I(b1, r0) then r0 cannot touch
b0.

b1
b0

ℓ

b2

r0 r1

(b) I(b1, r0) <x I(b1, r1). r1 satisfies the proper-
ties of Proposition 9.9

Figure 31: Illustrations for the proof of Proposition 9.9: the induction base.

Propositions 9.4 and 9.5. It follows from Proposition 9.8 that b0 and b2 intersect to the left of ℓ
(refer to Figure 31a). On the other hand the intersection of b1 and b2 is between their touchings
with r1, hence to the right of ℓ. Therefore, b2 intersects b1(b0,+). Since r1 is above b2 it must
also intersect b0 to the left of ℓ and intersect b1(b0,+). It remains to show that r1 intersects ℓ
above r0 and intersects r0(b0,+).

Consider r0 and note that it must touch b0(ℓ, b1) and (further to the right) touch b1(b0,+). If
I(b1, r1) <x I(b1, r0) then I(r0, r1) is between these points by Proposition 9.7 and it follows that
r0(ℓ, r1) is above r1(ℓ, r0) and hence r0 cannot touch b0 (see Figure 31a). Therefore, I(b1, r0) <x

I(r0, r1) <x I(b1, r1) which implies that I(r0, ℓ) <y I(r1, ℓ). Since r0 touches b0 before touching
b1, this also implies that r1 intersects r0(b0,+). Therefore, r1 satisfies the properties above, see
Figure 31b (note that r1 cannot intersect b1 to the left of I(b1, r0) as in Figure 30(a)).

Suppose now that the claim holds for ri, i ≥ 1. Observe that bi+1 intersects ℓ above b1 (as
all the blue curves in C) and recall that ri and ri+1 touch bi+1 at Type 2 tangency points. We
consider two cases based on whether bi+1 intersects ℓ above or below b0.
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b1 b0

ℓ

ri

bi+1

Figure 32: Proposition 9.9 Case 1: I(b0, ℓ) <y I(bi+1, ℓ) <y I(ri, ℓ). Since L(bi+1) <x L(ri) <x

R(ri) <x R(bi+1) it follows that bi+1 must cross b0(ri, ℓ) and b1(b0, ri).

b1 b0

ℓ

r0

ri

bi+1

(a)

b1 b0

ℓ

r0

ri

bi+1

(b)

Figure 33: I(r0, ℓ) <y I(bi+1, ℓ). Since bi+1 has the desired properties so does ri+1

Case 1: bi+1 intersects ℓ above b0. Since L(bi+1) <x L(ri) <x R(ri) <x R(bi+1) it follows that
bi+1 must cross b0(ri, ℓ) and b1(b0, ri), see Figure 32. Since ri+1 lies above bi+1 it follows that, as
bi+1, it intersects b0 to the left of ℓ and b1(b0,+). It remains to show that I(r0, ℓ) <y I(ri+1, ℓ)
and that ri+1 intersects r0(b0,+). We proceed by considering two subcases.

Case 1a: I(r0, ℓ) <y I(bi+1, ℓ). Since I(bi+1, ℓ) <y I(ri+1, ℓ) it follows that I(r0, ℓ) <y I(ri+1, ℓ).
Furthermore, bi+1 must intersect r0(b0,+) since R(ri) <x R(bi+1) and by the induction hypoth-
esis r0(b0,+) intersects ri. Therefore ri+1 intersects r0(b0,+) as well (see Figure 33).

Case 1b: I(bi+1, ℓ) <y I(r0, ℓ). Observe that r0 touches b0 at b0(ℓ, b1). We have noted that bi+1

intersects b0(ri, ℓ), hence bi+1 must intersect r0(ℓ, b0), see Figure 34. Therefore bi+1(r0,+) does
not intersect r0(b0,+). Since ri lies above bi+1 it follows that ri does not intersect r0(b0,+) which
is a contradiction.

Case 2: bi+1 intersects ℓ below b0. Recall that I(b1, ℓ) is the lowest among the intersection
points of blue curves with ℓ. Since I(b0, b1) <x I(b1, ri) <x R(bi+1) the curve bi+1 must cross
either b0(ℓ, b1) or b1(ℓ, b0). In the latter case bi+1 cannot intersect b0(b1,+) by Proposition 9.6,
therefore it must intersect b0(−, ℓ). But then L(ri) <x L(bi+1) (see Figure 35a) Therefore, bi+1
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ℓ

r0

ri

bi+1

Figure 34: If I(bi+1, ℓ) <y I(r0, ℓ) then ri does not intersect r0(b0,+).
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ℓ

r0
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bi+1

(a) If bi+1 intersects b1(ℓ, b0) then L(ri) <x

L(bi+1).

b1 b0

ℓ

r0

ri

bi+1

(b) bi+1 intersects b0(ℓ, b1). If bi+1 crosses r0, then
it must cross it twice.

Figure 35: I(b1, ℓ) <y I(bi+1, ℓ) <y I(b0, ℓ).

intersects b0(ℓ, b1).
Consider the region bounded by ℓ(ri, b0), b0(ℓ, b1), b1(b0, ri) and ri(ℓ, b1), see Figure 35b.

Then bi+1 enters this region at b0(ℓ, b1) and leaves it at b1(b0, ri). Note that bi+1 must intersect
r0 at this region since only within this region bi+1 has a part above the upper envelope of b0
and b1 (where r0 lies). Furthermore, bi+1 must touch r0, for otherwise it must cross r0 twice (see
Figure 35b).

It follows that bi+1 crosses b0(r0, b1), then touches r0 and then crosses b1(b0, ri). One property
that we wish to show is that I(r0, ℓ) <y I(ri+1, ℓ). Suppose that I(ri+1, ℓ) <y I(r0, ℓ). Since ri+1

lies above bi+1 it may intersect b1 only at b1(bi+1,+). It follows that ri+1 crosses r0(ℓ, bi+1) and
intersects b1(r0,+), see Figure 36a. However, this implies that R(r0) <x R(ri+1) <x R(bi+1).
Furthermore, by induction ri intersects r0(b0,+) and so it cannot intersect r0(−, b0) and so
L(bi+1) <x L(ri) <x L(r0), thus I(bi+1, r0) is a Type 2 tangency point. Since I(bi+1, r0) <x

I(b1, r0), it also holds that I(bi+1, r0) is not the rightmost tangency point on r0 and therefore
(bi+1, r0) is an edge in G. But then r0 − b1 − r1 − . . .− bi+1 − r0 is a shorter cycle than C.

Thus I(r0, ℓ) <y I(ri+1, ℓ). If ri+1 intersects r0(−, bi+1) then it must touch it for otherwise
ri+1 cannot intersect b1(bi+1,+) (the only part of b1 that lies above bi+1 and may intersect
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(a) If I(ri+1, ℓ) <y I(r0, ℓ) then (bi+1, r0) is an
edge in G that creates a shorter cycle than C.

b1 b0

ℓ

r0

ri+1

bi+1

(b) If I(r0, ℓ) <y I(ri+1, ℓ) and ri+1 intersects
r0(−, bi+1) then (bi+1, r0) is an edge in G that
creates a shorter cycle than C.

b1 b0

ℓ

r0

ri+1

bi+1

(c) If I(r0, ℓ) <y I(ri+1, ℓ) then ri has the desired
properties.

Figure 36: Concluding cases in the proof of Proposition 9.9.

ri+1), see Figure 36b. However, then R(r0) <x R(ri+1) <x R(bi+1) which implies as before
that I(bi+1, r0) is an unmarked Type 2 tangency point and there is a shorter cycle than C.
Therefore ri+1 intersects r0(bi+1,+) (and hence, r0(b0,+)), b0(−, ℓ) and b1(b0,+), as desired
(see Figure 36c).

We now return to the proof of Lemma 9.3 and consider the cycle C. It follows from Proposi-
tion 9.9 that rk intersects b0 to the left of ℓ and therefore (b0, rk) cannot be an edge in G. Thus
G is a forest and has at most n − 1 edges. This implies that there are at most 2n − 1 Type 2
tangency points to the right of ℓ and at most 8n− 4 tangency points of Types 1 and 2.

9.2.2 Bounding touching pairs of Type 3 or 4

We first describe the main idea before going into details: By symmetry it is enough to consider
just tangency points of Type 4 which are to the right of a vertical line that intersects all the
curves in C. We will prove that there are linearly many such tangencies by showing that after
some additional pruning we can order the edges of the tangencies graph such that there is no
monotone increasing path of length 7. A linear bound on the size of this graph then follows by
the next result about edge-ordered graphs, attributed to Rödl [122] in [55]. For completeness
and since the latter reference is not easily accessible we reprove it.
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Lemma 9.10. [122] Let G = (V,E) be an n-vertex graph and let < be a total order of its
edges. Let k be an integer such that G has at least

(
k+1
2

)
n edges. Then G contains a monotone

increasing path of k edges, that is, a path e1 − e2 − . . .− ek such that e1 < e2 < . . . < ek.

Proof. We prove by double induction. For any n and k = 1 the claim trivially holds as well as
for every k and n = 1. For the induction step, we assume that the claim holds for n and k − 1
and also for k and n − 1 and consider an n-vertex graph with at least

(
k+1
2

)
n totally ordered

edges. If the graph contains a vertex of degree smaller than k, then we remove this vertex and
obtain a graph with n− 1 vertices and at least

(
k+1
2

)
n− (k− 1) ≥

(
k+1
2

)
(n− 1) edges. Thus, by

the induction hypothesis a monotone increasing path of length k exists. Otherwise, if the degree
of every vertex is at least k, then we remove for every vertex the k highest incident edges (with
respect to <). There are at least

(
k+1
2

)
n−nk ≥

(
k
2

)
n remaining edges, therefore by the induction

hypothesis the graph that we get has a monotone increasing path of k− 1 edges and k vertices.
Denote this path by p and let v be the last vertex on p. Then at least one of the k removed edges
at v has an endpoint which is not on p. By adding this edge to p we get a monotone increasing
path of k edges.

Lemma 9.11. There are at most 1152n tangency points of Type 3 or 4.

Proof. Since all the curves in C are pairwise intersecting and x-monotone there is a vertical line
ℓ that intersects all of them. By slightly shifting ℓ if needed we may assume that no two curves
intersect ℓ at the same point. We assume without loss of generality that at least half of all the
tangency points of Type 3 or 4 are to the right of ℓ, for otherwise we may reflect all the curves
about ℓ. We may further assume that at least half of the tangency points of Type 3 or 4 to the
right of ℓ are of Type 4, for otherwise we may reflect all the curves about the x-axis. Henceforth,
we consider only Type 4 tangency points to the right of ℓ.

By Proposition 9.2 a curve cannot touch one curve from above and another curve from below
at Type 4 tangency points. Thus, we may partition the curves into blue curves and red curves
such that at every tangency point a blue curve touches a red curve from below (we ignore curves
that contain no tangency points among the ones that we consider).

Clearly, there are no Type 4 tangencies among the blue curves, however, there might be
tangencies of other types among them. Next we wish to obtain a subset of the blue curves such
that every pair of them are crossing and they together contain a percentage of the tangency points
that we consider. It follows from Proposition 9.2 that the largest chain in the partially ordered
set of the blue curves with respect to ≺1 is of length two. Therefore, by Mirsky’s Theorem (the
dual of Dilworth’s Theorem) the blue curves can be partitioned into two antichains with respect
to ≺1. The blue curves of one of these antichains contain at least half of the tangency points that
we consider. By continuing with this set of blue curves and applying the same argument twice
more with respect to ≺2 and ≺3 we obtain a set of pairwise crossing blue curves that together
contain at least 1/8 of the tangency points of Type 4 to the right of ℓ. Henceforth we consider
these blue curves and the red curves that touch at least one of them at a Type 4 tangency point
to the right of ℓ.

Let G = (B∪R,E) be the (bipartite) tangencies graph of these blue and red curves. That is,
B corresponds to the blue curves, R corresponds to the red curves and E corresponds to pairs of
touching blue and red curves (at Type 4 tangency points to the right of ℓ). We order the edges
of G according to the order of their corresponding tangency points from left to right.

The lemma follows from Lemma 9.10 and the next claim.

Proposition 9.12. G does not contain a monotone increasing path of 7 edges starting at B.
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b1
b2 b3

r1 r2 r3

Figure 37: Since the curves intersect ℓ and R(bi) <x R(ri−1), it follows that I(b2, r1) <x

I(r1, r2) < I(b2, r2) and I(b3, r2) <x I(r2, r3) < I(b3, r3).

bi
bi+1

ri

ℓ

Figure 38: I(bi, bi+1) cannot be to the right of I(bi+1, ri).

Proof. Suppose that G contains a monotone increasing path b1 − r1 − . . . − b4 − r4, such that
bi ∈ B and ri ∈ R, for i = 1, 2, 3, 4. Since all the curves intersect ℓ and R(bi) <x R(ri−1), we
have:

Observation 9.13. For i = 1, 2, 3 we have that I(bi+1, ri) <x I(ri, ri+1) < I(bi+1, ri+1) and
ri+1(−, ri) lies above ri(−, ri+1) (see Figure 37).

Considering consecutive blue curves in the path, observe that I(bi, bi+1) cannot be to the
right of I(bi+1, ri), since in such a case bi+1 must intersect bi or ri twice to be able to intersect
ℓ, see Figure 38.

Observation 9.14. For i = 1, 2, 3 we have that I(bi, bi+1) <x I(bi+1, ri).

Thus, I(b1, b2) is to the left of I(b2, r1). We consider two cases based on its location with
respect to I(b1, r1).

Case 1: I(b1, b2) <x I(b1, r1). This implies that R(b1) <x I(b2, r1). Since I(b2, r1) <x I(r1, r2)
and r2(−, r1) lies above r1(−, r2) which lies above b1, it follows that r2 and b1 may intersect
only to the left of L(r1). We must also have I(b1, b2) <x I(b1, r2) since L(b2) < L(r2) and r2 lies
above b2 which must be above b1 to the left of I(b1, b2) (see Figure 39a).

Considering b3, we observe that it cannot intersect b2(r2,+) since then it does not intersect
r1. Indeed, suppose that b3 intersects b2(r2,+) and refer to Figure 39a. b3 lies below r2 and
R(b3) <x R(r2), therefore b3 may not intersect r1(r2,+) which lies above r2. Since I(r1, r2) <x

I(b2, r2) <x I(b2, b3) it follows that b3(b2,+) cannot intersect r1. The other part of b3, b3(−, b2),
lies below b2 which lies below r1 and has its left endpoint to the left of L(r1). Therefore b3(−, b2)
cannot intersect r1 as well.
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r2
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(a) If b3 intersects b2(r2,+) then it cannot
intersect r1.

b2

ℓ

b3

r1

r2

r3

b1

(b) If b3 intersects b2(−, r2) then b2 and r3 do not
intersect.

Figure 39: Case 1: If I(b1, b2) <x I(b1, r1) then I(b1, b2) <x I(b1, r2) <x L(r1).

b1

b2

r1

ℓ

r2

b3

Figure 40: Case 2: I(b1, r1) <x I(b1, b2) <x I(b2, r1). If I(b2, r2) <x I(b2, b3) then b3 and r1 do
not intersect.

Therefore, b3 crosses b2(−, r2). This implies that R(b2) <x I(b3, r2), see Figure 39b. We claim
that b3 and r2 ‘block’ r3 from intersecting b2. Indeed, since R(b2) <x I(b3, r2) <x I(r2, r3) and
r3(−, r2) lies above r2(−, r3) which lies above b2 it follows that r3 may intersect b2 only to the
left of L(r2). However, r2(r1,+) ‘blocks’ b3 from intersecting r1 to the right of I(r1, r2), therefore
b3 must intersect r1(−, r2), which implies that b3 must cross b2 to the right of L(r1) which is
to the right of L(r2), see Figure 39b. But then b3 is above b2 to the left of L(r2), and since
L(b3) <x L(r2) and L(b3) <x L(r3) it follows that b3 ‘blocks’ b2 from intersecting r3 to the left
of L(r2). Therefore, b2 and r3 do not intersect.

This concludes Case 1. Note that we have not used the existence of b4 and r4, that is, we
only considered the path b1 − r1 − b2 − r2 − b3 − r3 in G.

Case 2: I(b1, r1) <x I(b1, b2) <x I(b2, r1). We claim that I(b2, b3) <x I(b2, r2). Indeed, suppose
that I(b2, r2) <x I(b2, b3) and refer to Figure 40. Then b3(−, b2) must lie below b2(−, b3). Since
b2 lies below r1 and L(b2) <x L(r1) it follows that b3(−, b2) cannot intersect r1. Considering the
other part of b3, b3(b2,+), it lies below r2 and its right endpoint is to the left of R(r2). Since r2
is below r1 to the right of I(r1, r2) and I(r1, r2) <x I(b2, r2) <x I(b2, b3), it follows that b3(b2,+)
cannot intersect r1.

Therefore I(b2, b3) <x I(b2, r2). However, then we are in Case 1 for the path b2 − r2 − b3 −

86



Figure 41: n x-monotone pairwise intersecting 1-intersecting curves can determine ⌊3.5n⌋ −
8 tangencies (one can slightly elongate the curves in a way that there is no tangency at an
endpoint).

r3 − b4 − r4, which is impossible.

Returning to the proof of Lemma 9.11 by Proposition 9.12 G has no monotone increasing
path of length 8 (starting with an edge of any color) and then by Lemma 9.10 G has less than
36n edges. This in turn implies that there are at most 8 · 2 · 2 · 36n = 1152n tangency points of
Types 3 and 4 together (in fact at most 1152n− 32).

By Lemmata 9.3 and 9.11 there are at most 1160n− 4 tangency points among the curves in
C. This concludes the proof of Theorem 2.39.

9.3 Discussion

We have shown the best known upper bound on the number of tangencies among t-intersecting
curves, yet even already for t = 1 there remains a polynomial gap between the lower and upper
bounds.

Further, we have shown that n x-monotone pairwise intersecting 1-intersecting curves de-
termine O(n) tangencies. The constant hiding in the big-O notation is rather large, since, for
simplicity, we did not make much of an effort to get a smaller constant. In particular, our upper
bound can be improved by considering more cases. For example, in the proof of Lemma 9.11 we
may consider tangencies among blue curves and avoid using the dual of Dilworth’s Theorem.
It is also enough to forbid a monotone increasing path of 5 edges in Proposition 9.12, again
by considering more cases. It would be interesting to determine the exact maximum number of
tangencies among a set of n x-monotone curves each two of which intersect at exactly one point.
The best lower bound we have is ⌊3.5n⌋ − 8, see Figure 41.

Suppose that we allow more than two curves to intersect at a single point but count the
number of tangency points rather than the number of tangent pairs of curves. Is it still true that
there are linearly many tangency points? For n 1-intersecting curves which are not necessarily
x-monotone one can get as many as Ω(n4/3) tangency points via the construction of that many
point-line incidences, see Figure 42 for an illustration.
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Figure 42: n pairwise intersecting 1-intersecting curves might determine Ω(n4/3) tangency points.

10 Tangencies among 1-intersecting red and blue curves

The results of this chapter appeared in [7], a joint work with Ackerman and Pálvölgyi.
The organization of this chapter is as follows. In Section 10.1 we prove Theorem 2.42. In

Section 10.2 we prove a weaker version of Theorem 2.47 which is still stronger than Lemma 10.13
and suffices for proving Theorem 10.14. Theorem 2.47 is proved in Section 10.3. Then in Sec-
tion 10.4 we give an outline of the conflict-free coloring result from [70] (Theorem 10.12) and
explain how by plugging into it Theorem 2.47 or its weaker version we obtain an improved result
(Theorem 10.14).

10.1 Proof of Theorem 2.42

In order to avoid technicalities and pathological cases we assume henceforth that all the
curves that we consider are non-self-intersecting polygonal chains consisting of finitely many
segments and that every pair of curves intersect at finitely many points. Each intersection point
involves exactly two curves and is either a proper crossing of these curves or an endpoint of one
of them that belongs to the interior of the other curve.23

We begin with the following definitions which we will use throughout the chapter. Let C
23For L-shapes these properties are trivially satisfied after an appropriate small perturbation.
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be a set of curves in the plane. Then C induces a partition of the plane, which is called the
arrangement of C, AC , and consists of vertices, edges24 and faces. A vertex is either an endpoint
of a curve or an intersection point of (two) curves; an edge is a maximal sub-curve that does not
contain any vertices in its interior; and a face is the closure of a maximal connected region of
R2 \ C. The vertices and the edges of AC naturally induce a plane graph GC . The size of a face
F , denoted by |F |, is the number of edges that are adjacent to F , where the cut-edges (bridges)
in GC are counted with multiplicity two. We denote by EF the set of edges that bound F . Note
that if EF contains a cut-edge, then |EF | < |F |.

We will use the following simple lemma, which essentially follows from ‘contracting’ some
curves into points to get a plane graph.

Lemma 10.1 ([70, Lemma 2.6]). Let S and C be two sets of curves such that the curves within
each set are pairwise disjoint and every curve in C intersects exactly two curves from S. Then
D(S, C) is a planar graph.

Next we prove Theorem 2.46 which is equivalent to Theorem 2.42. Let S be a set of 1-
intersecting red and blue curves, such that no two curves of the same color intersect, and let C
be another set of curves such that each curve in C intersects a pair of disjoint curves from S
and no other curve from S ∪ C. We will show that |C| = O(n). Observe first that it follows from
Lemma 10.1 that there are at most 3n − 3 curves in C such that each of them intersects two
curves from S of the same color.25

It remains to bound the number of curves in C that intersect curves of different colors. Next
we consider only this set of curves C′. Observe that each curve c ∈ C′ contains a sub-curve c′

whose endpoints are on edges of different colors that bound the same face of AS and whose
interior is contained in that face. We replace every curve in C′ with one of its sub-curves with
these properties and, by a slight abuse of notation, keep using C′ to denote the new set of
(sub-)curves.

By slightly extending each curve in S, every intersection point of two curves becomes a
proper crossing of them. Denote by x the number of intersection points of two curves from S.
Thus AS has 2n+ x vertices and n+ 2x edges. Let F be the face set of AS and let e denote the
number of edges of AS . Then by Euler’s formula we have e = n + 2x ≤ (2n + x) + |F| − 2, and
therefore, x ≤ n + |F| − 2.

For each crossing point we now add 4 dummy curves that connect the four pairs of neighboring
edges of AS around this crossing point in its small neighborhood. These 4x curves are drawn such
that they do not intersect the other curves. For a face F ∈ F let C′

F be the curves in C′ whose
interiors are inside F . Then it follows from Lemma 10.1 that D(EF , C′

F ) is a bipartite planar
graph and therefore the number of its edges is at most 2|EF | − 4 (since a red curve and a blue
curve may intersect at most once, AS does not contain size-two faces). Since

∑
F∈F |EF | ≤ 2e we

have: |C′|+ 4x ≤ ∑
F∈F (2|EF |−4) ≤ 4e−4|F| = 4n+ 8x−4|F|. Hence, |C′| ≤ 4n−4|F|+ 4x ≤

4n − 4|F| + 4n + 4|F| − 8 = 8n − 8, and the number of edges in D(S, C) is at most 11n − 11.
This finishes the proof.

Remarks. (1) we have only used that curves from C do not connect neighboring edges of the
arrangement of red and blue curves, that is, edges that are consecutive along some face of the

24Not to be confused with vertices and edges of a graph.
25We sometimes use the weaker bound 3n − 3 (resp., 2n − 2) for the maximum size of an n-vertex (resp.,

bipartite) planar graph, since it holds for every n.

89



arrangement—this is weaker than requiring that each connected pair of red and blue curves
involves disjoint curves.

However, if S is the union of three sets of pairwise disjoint curves instead of two, then we can
no longer claim that D(S, C) has linearly many edges when the curves in C may connect only
non-neighboring edges (of possibly intersecting curves). Indeed, consider a triangular grid formed
by n segments (n/3 segments of each of three directions). By slightly shifting the segments of one
orientation parallel to themselves, each of the Ω(n2) intersection points is replaced by a triangle
which is adjacent to at least one hexagon. For each such hexagon it is possible to connect two
non-neighboring, non-parallel edges by a curve that intersects no other edges. Thus the number
of these curves is Ω(n2).

(2) The only place where we used that each pair of a red curve and a blue curve intersects
at most once is for claiming that AS does not contain size-two faces. Therefore Theorem 2.46
remains true even when each such pair intersects finitely many times, as long as there are no
size-two faces in AS .

10.2 Improving Lemma 10.13

In this section we improve the bound in Lemma 10.13 by proving the following weak version
of Theorem 2.47. This bound suffices for obtaining the upper bound in Theorem 10.14.

Lemma 10.2. Let S be a set of n axis-parallel line-segments and let C be a set of pairwise
disjoint curves grounded with respect to S. Then D(S, C) has at most 13n− 11 edges.

By a slight perturbation of the segments if needed, we may assume that parallel segments
do not fall on the same line—this does not decrease the number of edges of D(S, C), so from
now on we assume this is the case.

Recall that EF denotes the set of edges that bound a face F in the arrangement AS , where
cut-edges are counted once. Next we would like to bound |EF | where S is a set of axis-parallel
segments. The following fact is probably known, however, we provide a proof for completeness
and since we could not find any reference to it.

Lemma 10.3. Let S be a set of n axis-parallel line-segments, n > 1, and let F be a face of AS .
Then |EF | ≤ 4n− 4. This bound is tight.

Proof. By slightly extending every segment we may assume that if two segments intersect, then
they intersect in their interiors. This step cannot decrease |EF |.

The boundary of F consists of at most one outer closed walk W0 (which surrounds F ) and
possibly also some inner closed walks W1,W2, . . . ,Wk (which are surrounded by F ). Denote by
xi the number of appearances of intersection points of two segments that one encounters while
going along Wi, and by yi the number of segment-endpoints along Wi. Note that an intersection
point might be counted with multiplicity, whereas every endpoint is counted exactly once. Let
ei denote the number of edges along Wi, such that each edge is counted with multiplicity one,
so ei ≤ |Wi|. By definition |EF | =

∑k
i=0 ei.

Clearly, if |Wi| = 2, i.e., Wi consists of a single edge, then ei = 1 ≤ 4 = 2yi. Otherwise,
ei ≤ xi. Indeed, associate every edge along Wi with its preceding vertex (thus, a cut-edge is
associated with two vertices). If the preceding vertex of an edge e is a segment-endpoint, then
the vertex before that endpoint is an intersection point of two segments which is also associated
with e. Therefore, every edge is associated with an intersection point and every intersection

90



point is associated to as many edges as its number of appearances along the walk to which it
belongs.

Suppose that we traverse an inner walk Wi such that F is to our left. Then at each endpoint
we turn 180◦ in the positive direction and at each intersection point we turn 90◦ in the negative
direction. As the sum of positive and negative turns should be 360◦, we have that xi = 2yi − 4,
thus ei ≤ 2yi − 4. If W0 exists, then a similar calculation gives x0 = 2y0 + 4, thus e0 ≤ 2y0 + 4.

Let y =
∑k

i=0 yi be the number of segment-endpoints on the boundary of F . If there is no
outer walk, then either there are no intersection points, in which case |EF | ≤ n ≤ 4n− 4, since
n > 1. Otherwise, for at least one index j we have |Wj | > 2. In this case |EF | =

∑k
i=0 ei ≤

2yj − 4 +
∑

i ̸=j 2yi ≤ 2y − 4. As y ≤ 2n we get that |EF | ≤ 4n− 4.
If there is an outer walk, then we can only conclude that |EF | ≤ 2y + 4. However, in this

case the topmost and bottommost horizontal segments and the leftmost and rightmost vertical
segments do not contribute any endpoints to y, thus y ≤ 2n− 8 and therefore |EF | ≤ 4n− 12.

It is easy to see that this bound is tight by considering the outer face in an arrangement of h
(1 < h < n− 1) horizontal segments and n−h vertical segments in a grid-like arrangement.

The last ingredient needed for proving Lemma 10.2 is the following.

Lemma 10.4. Let S be a set of red and blue curves, such that any two curves of the same
color do not intersect. Suppose that C is a set of pairwise disjoint curves such that each curve
in C intersects exactly a distinct pair of curves from S (each of them possibly several times)
and there is a face F of the arrangement AS that is intersected by every curve in C. Then
|C| ≤ 5|S| + 2|F | − 3.

Proof. It follows from Lemma 10.1 that there are at most 3|S| − 3 curves in C such that each of
them intersects two curves of the same color.

Denote by Er the red edges of F and let Crb ⊆ C be the curves that intersect a red edge
of F and a blue curve. First we will bound |Crb|. Remove every red edge of AS which is not in
Er. Note that this might break a red curve into several pieces. Now we eliminate the possible
multiple crossings of Crb with members of S. Every curve in Crb has a sub-curve such that one
of its endpoints is on an edge from Er, its other endpoint is on a blue curve and its interior does
not intersect any other curve or edge. Pick such a sub-curve for every curve in Crb and denote
this set of (sub-)curves by C′

rb.
Clearly D(S, Crb) has as many edges as D(Er ∪Sb, C′

rb), where Sb ⊆ S denotes the set of blue
curves. Observe also that it follows from Lemma 10.1 that D(Er ∪ Sb, C′

rb) is a bipartite planar
graph. Thus, D(Er ∪ Sb, C′

rb) has at most 2(|Er| + |Sb|) edges.
By applying the same argument for the similarly defined curves Cbr ⊆ C that intersect a blue

edge of F and a red curve, we conclude that |C| ≤ 2(|Er| + |Sb|) + 2(|Eb| + |Sr|) + 3|S| − 3 =
5|S| + 2|F | − 3.

Lemma 10.2 now follows from Lemma 10.3 and Lemma 10.4. From these we get that the
number of edges in D(S, C) is upper bounded by 5|S| + 2|F | ≤ 5|S| + 2(4|S| − 4) = 13|S| − 11.

10.3 Proof of Theorem 2.47

In this section we prove Theorem 2.47. We will use the following bound on Davenport-Schinzel
sequences.
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Lemma 10.5 ([127]). Let S be a sequence that consists of n symbols, such that no two consecutive
symbols are the same and S does not contain a sub-sequence of the form a, b, a, b. Then the length
of S is at most 2n− 1.

We will also need the following fact.

Proposition 10.6. Let S1 = a1, . . . , an and S2 = b1, . . . , bn be two sequences, such that there
is no index j for which aj = aj+1 and bj = bj+1 (that is, if aj = aj+1, then bj ̸= bj+1 and vice
versa). Then there is i ∈ {1, 2} such that Si contains a sub-sequence of length at least ⌈(n+1)/2⌉
in which every element is different from its preceding element in the sub-sequence.

Proof. We construct two sub-sequences S′
1 and S′

2 in an incremental and greedy manner. First,
S′
1 contains only a1 and S′

2 contains only b1. Then, for every j > 1 we append aj (resp., bj)
to the sub-sequence S′

1 (resp., S′
2) if it is different from the last element that was added to the

sub-sequence. Clearly, for every j > 1 at least one sub-sequence is extended, otherwise there is j
such that aj = aj+1 and bj = bj+1. Therefore, the total length of S′

1 and S′
2 is at least 2+(n−1)

and thus one of them is of length at least ⌈(n + 1)/2⌉.

Let S be a set of n red and blue curves such that no two curves of the same color intersect.
Suppose that C is a set of pairwise disjoint curves grounded with respect to S, such that each
of them intersects exactly a distinct pair of curves from S. Recall that we wish to show that
|C| = O(n). Note that we cannot use Lemma 10.4 since the size of a face in AS can be arbitrarily
large.

Observe first that it follows from Lemma 10.1 that there are at most 3n− 3 curves in C such
that each of them intersects two curves in S of the same color. We thus discard such curves from
C and assume henceforth that every curve in C connects two curves from S of different colors.

Let F be a face of AS such that every curve in C intersects its boundary. By trimming every
curve in C if necessary, we may assume that each such curve has one of its endpoints on an edge
of the boundary of F that belongs to a red (resp., blue) curve s ∈ S, its other endpoint is on a
blue (resp., red) curve s′ ∈ S, and its interior does not intersect any curve in C ∪ S except for
possibly s and s′.

Let C1 ⊆ C be the curves with exactly one endpoint on the boundary of F and let C2 = C \C1
be the curves with two endpoints on the boundary of F . Note that we may assume that the
interior of every curve c1 ∈ C1 intersects at most one curve, namely the curve that contains that
edge of F that c1 intersects. Furthermore, we may assume that the interior of every curve c2 ∈ C2
does not intersect any curve (including s and s′, as defined above). Indeed, otherwise c2 contains
a sub-curve that qualifies for C1 and we may replace c2 with this sub-curve (see Figure 43 for
an illustration).

Lemma 10.7. |C1| ≤ 8n− 4.

Proof. We can assume that the interior of each curve in C1 is disjoint from the interior of
F , otherwise we could take one of its sub-curves. The boundary of F may consist of several
connected components. Let s be a curve in S. Clearly, it is impossible that s contributes to
edges on two different components. Furthermore, it is also impossible that there are curves
c, c′ ∈ C1 that connect s to two points on different connected components of F , since one of c
and c′ must then intersect the boundary of F at two points. Therefore, it is enough to consider
one connected component. That is, let C′

1 ⊆ C1 be the curves with an endpoint on a specific
connected component of the boundary of F and let S ′ ⊆ S be the curves that intersect at least

92



F

c1

c2

c3

Figure 43: The sub-curves c1 and c3 belong to C1 whereas c2 ∈ C2.

one curve from C′
1. Then it is enough to show that |C′

1| = O(|S ′|), since by summing for every
connected component of the boundary of F we get |C1| = O(|S|).

Let C′′
1 ⊆ C′

1 be the curves whose endpoints on F belong to red curves. We may assume
without loss of generality that |C′′

1 | ≥ |C′
1|/2. Let p1, p2, . . . , pk be the endpoints of the curves

in C′′
1 on F listed in their cyclic order along the boundary of F . For i = 1, 2, . . . , k, let ci ∈ C′′

i

be the curve whose endpoint is pi and let ri and bi be the red and blue curves, respectively,
that are connected by ci. Observe that it is possible that bi = bj or ri = rj for i ̸= j. However,
it is clearly impossible that for some i we have bi = bi+1 and ri = ri+1, otherwise ci and ci+1

would connect the same pair of curves. Therefore, it follows from Proposition 10.6 that one of
the sequences S1 = b1, b2, . . . , bk and S2 = r1, r2, . . . , rk contains a sub-sequence of length at
least ⌈(k + 1)/2⌉ ≥ k/2.

If neither S1 nor S2 does contain a sub-sequence bi, bj , bi′ , bj′ such that bi = bi′ ̸= bj = bj′

then it follows from Lemma 10.5 that k/2 ≤ 2|S ′|−1 and hence |C′′
1 | ≤ 4|S ′|−2 and |C1| ≤ 8n−4.

The following two propositions thus finish the proof of Lemma 10.7.

Proposition 10.8. S1 does not contain a sub-sequence bi, bj , bi′ , bj′ such that bi = bi′ ̸= bj = bj′.

Proof. Suppose for contradiction that such a sub-sequence exists. Let αi be the curve that
consists of ci, ci′ and the sub-curve of bi between the endpoints of ci and ci′ on bi. Define αj

analogously. Consider a closed curve c′ that consists of αi and a curve within F that connects
pi and pi′ . Due to the alternating sub-sequence of symbols, the points pj and pj′ lie on different
sides of c′. It follows that αj , which connects these two points, must cross c′, which is impossible
since bi and bj do not intersect and the interiors of the curves in C are intersection-free.

Proposition 10.9. S2 does not contain a sub-sequence ri, rj , ri′ , rj′ such that ri = ri′ ̸= rj = rj′.

Proof. Suppose for contradiction that such a sub-sequence exists. Consider a closed curve c′ that
consists of the subcurve of ri between pi and pi′ and a curve within F that connects pi and pi′ .
Due to the alternating sub-sequence of symbols, the points pj and pj′ lie on different sides of c′.
It follows that rj , which connects these two points, must cross c′, which is impossible.
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Lemma 10.10. |C2| ≤ 22n− 18.

Proof. Recall that the boundary of F may consist of several connected components. We consider
first the curves C′

2 ⊆ C2 which connect edges of AS that belong to different connected components
of the boundary of F .

For each connected component choose either ‘red’ or ‘blue’ uniformly at random. If ‘red’
(resp., ‘blue’) is chosen for a certain connected component, then we delete all the red (resp.,
blue) curves that contain edges of this connected component. Every curve in C′

2 survives (with
probability 1/4) if both curves that contain its endpoints survive. Since red and blue curves
from different components do not intersect, it follows from Lemma 10.1 that the surviving
curves define a bipartite plane graph whose vertices correspond to surviving red and blue curves
and its edges correspond to surviving curves in C′

2. The expected number of vertices of this
graph is at most n/2 and the expected number of edges of this graph is |C′

2|/4. Thus we have
|C′

2|/4 ≤ 2 · n/2 and hence |C′
2| ≤ 4n.

It remains to bound the number of curves in C2 that connect edges of AS that belong to
the same connected component of the boundary of F . Let C′′

2 ⊆ C2 be such curves for a certain
connected component and let S ′′ ⊆ S be the set of curves that contain edges of this component.
Note that it is enough to show that |C′′

2 | = O(|S ′′|), since then by summing for every connected
component of the boundary of F we get |C2| = O(|S|).

Denote the edges of the certain connected component of the boundary of F that we consider
by e1, e2, . . . , ek ordered as they follow each other on the boundary of F (cut edges appear
twice), and let s1, s2, . . . , sk be the corresponding curves (with possible repetitions). We partition
e1, e2, . . . , ek into alternating runs: The first alternating run is the maximal sequence of edges
e1, e2, . . . , ei that belong to exactly two curves (necessarily a blue curve and a red curve). The
next alternating run is the maximal sequence of edges ei+1, ei+2, . . . , ej that belong to exactly
two curves, and so on and so forth. Let m denote the number of alternating runs. The following
proposition will be needed to finish the proof of Lemma 10.10.

Proposition 10.11. m ≤ 2|S ′′| − 1.

Proof. Let S1 be the sequence we get by starting with s1 and adding s2i+1 if it is different from
s2i−1, for i = 1, 2, . . . , ⌊k/2⌋. Similarly, let S2 be the sequence we get by starting with s2 and
adding s2i if it is different from s2i−2, for i = 1, 2, . . . , ⌊k/2⌋. By definition, every element in
these sequences is different from its preceding element. Furthermore, after each alternating run
an element is added to one of S1 and S2, thus their total length is at least m. On the other
hand, as in the proof of Proposition 10.9 we may conclude that none of S1 and S2 contains a
sub-sequence of the form a, b, a, b. Therefore, by Lemma 10.5 the total length of S1 and S2 is at
most 2|S ′′| − 1. Thus, m ≤ 2|S ′′| − 1.

Clearly, C′′
2 contains at most m curves that connect two edges which belong to the same

alternating run. Next, we bound the number of remaining curves C′′′
2 , that is, those connecting

edges from different alternating runs. To this end, for each alternating run choose either ‘red’ or
‘blue’ uniformly at random. If ‘red’ (resp., ‘blue’) is chosen for a certain alternating run, then
we delete all red (resp., blue) edges of that run and the curves in C′′′

2 that have an endpoint on
one of them. Thus, every curve in C′′′

2 survives with probability 1/4.
Consider the graph such that each of its vertices is the union of the remaining edges of a

certain alternating run and whose edges correspond to surviving curves in C′′′
2 . By Lemma 10.1
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it is a planar (bipartite) graph. Since the expected number of surviving curves in C′′′
2 is |C′′′

2 |/4,
we conclude that |C′′

2 | ≤ 4 · 2m + m = 9m ≤ 18|S ′′| − 18.
By summing for every connected component of the boundary of F and recalling that |C′

2| ≤
4n, we have |C2| ≤ 22n− 18.

From Lemma 10.7 and Lemma 10.10 we have |C| ≤ 3n− 3 + 8n− 4 + 22n− 18 = 33n− 25.
This concludes the proof of Theorem 2.47.

10.4 An application for conflict-free coloring of L-shapes

An L-shape consists of a vertical line-segment and a horizontal line-segment such that the left
endpoint of the horizontal segment coincides with the bottom endpoint of the vertical segment
(as in the letter ’L’, hence the name). Whenever we consider a family L-shapes, we always assume
that no pair of them have overlapping segments, that is, they have at most one intersection point.

A family of L-shapes is grounded if there is a horizontal line that contains the top point of
each L-shape in the family. A (grounded) L-graph is a graph that can be represented as the
intersection graph of a family of (grounded) L-shapes. Gonçalves et al. [57] proved that every
planar graph is an L-graph. The line graph of every planar graph is also known to be an L-
graph [49]. As for grounded L-graphs, McGuinness [93] proved that they are χ-bounded. Jeĺınek
and Töpfer [65] characterized grounded L-graphs in terms of vertex ordering with forbidden
patterns.

Keller, Rok and Smorodinsky [70] studied conflict-free colorings of string graphs26 and in
particular of grounded L-graphs. Recall that a coloring of the vertices of a hypergraph is conflict-
free, if every hyperedge contains a vertex whose color is not assigned to any of the other vertices
of the hyperedge. The minimum number of colors in a conflict-free coloring of a hypergraph H
is denoted by χCF (H).

We have defined the intersection hypergraph of two families of geometric shapes. If the same
regions appear in both families, in particular, when the two families coincide, there is a slightly
different option. Given a family of shapes S, the intersection hypergraph I(S,S) is equal to the
so called closed neighborhood hypergraph of the intersection graph of S, the one we define next
will be equal to the punctured or open neighborhood hypergraph of the intersection graph of S.
Let the hypergraph I̊(S) be as follows: the vertex set is S and for every shape S ∈ S there is a
hyperedge that consists of all the members of S \ {S} whose intersection with S is non-empty.27

Similarly, for two families of shapes, S and F , the hypergraph I̊(S,F) has S as its vertex set and
has a hyperedge for every F ∈ F which consists of all the members of S \{F} whose intersection
with F is non-empty. Hence, I̊(S) = I̊(S,S).

Using Theorem 2.47 we can improve the following result.

Theorem 10.12 (Keller, Rok and Smorodinsky [70]). χCF (I̊(J )) = O(log3 n) for every set J
of n grounded L-shapes. Furthermore, for every n there exists a set J of n grounded L-shapes
such that χCF (I̊(J )) = Ω(log n).

In order to obtain this result and many other results considering (conflict-free) coloring of
hypergraphs it is often enough to consider the chromatic number of the Delaunay graph. Recall
that for two families of geometric shapes S and F , the Delaunay graph of S and F , denoted

26A string graph is the intersection graph of curves in the plane.
27If two shapes give rise to the same hyperedge, then this hyperedge appears only once in the hypergraph. And,

as always, we omit hyperedges of size smaller than 2.
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by D(S,F), is the graph whose vertex set is S and whose edge set consists of pairs of vertices
such that there is a member of F that intersects exactly the shapes that correspond to these
two vertices and no other shape. Note that if S is a set of planar points and F is the family of
all disks, then D(S,F) is the standard Delaunay graph of the point set S.

A key ingredient in the proof of Theorem 10.12 in [70] is the following lemma.

Lemma 10.13 ([70, Proposition 3.9]). Let J ∪I be a set of grounded L-shapes such that |J | = n
and the L-shapes in I are pairwise disjoint. Then D(J , I) has O(n log n) edges.

Theorem 2.47 clearly implies Lemma 10.13, since every family of n L-shapes consists of n
pairwise disjoint horizontal (red) segments and n pairwise disjoint vertical (blue) segments. Thus,
Theorem 2.47 is a twofold improvement of Lemma 10.13: we consider a more general setting and
prove a better upper bound. Furthermore, our proof is simpler than the proof of Lemma 10.13
in [70] (especially the weak version of Theorem 2.47 that we prove in Section 10.2).

By replacing Lemma 10.13 with Theorem 2.47 (or its weaker version) in the proof of Theo-
rem 10.12 we obtain a better upper bound for the number of colors that suffice to conflict-free
color n grounded L-shapes.

Theorem 10.14. Let J be a set of n grounded L-shapes. Then it is possible to color every
L-shape in J with one of O(log2 n) colors such that for each ℓ ∈ J there is an L-shape with a
unique color among the L-shapes whose intersection with ℓ is non-empty.

Theorem 3.3 implies also that:

Corollary 10.15. Let S be a set of n red and blue curves, such that no two curves of the same
color intersect and let C be another set of pairwise disjoint curves which is grounded with respect
to S. Then the chromatic number of the intersection hypergraph H(S, C) and its VC-dimension
are bounded by a constant, and for every k the number of hyperedges of size at most k in H(S, C)
is kO(1)n. Also there exists a randomized polynomial-time O(1)-approximation algorithm for the
minimum weight hitting set problem for H.

Note that the upper bounds on the chromatic number and VC-dimension can be deduced
easily in this case without using Theorem 3.1 (see the remarks at the end of this section).

In this section we outline the proof of the upper bound of Theorem 10.12 from [70], and
indicate how using Theorem 2.47 (or just Lemma 10.2) improves on this by a log n factor,
proving Theorem 10.14.

The proof in [70] uses a divide-and-conquer approach. The family of n grounded L-shapes
is partitioned with respect to some vertical line into three sets, J1, J2 and J3, such that:
|J1|, |J3| ≤ n/2; no L-shape from J1 intersects an L-shape from J3; each L-shape in Ji intersects
some L-shape in Ji, for i = 1, 2, 3; and χCF (I̊(J2)) = O(log2 n). By using the same set of colors
for J1 and J3, and applying induction the O(log3 n) upper bound on χCF (I̊(J )) follows.

In order to show that χCF (I̊(J2)) = O(log2 n), Keller et al. [70] show that χ(I̊(J ′
2)) =

O(log |J ′
2|) for any J ′

2 ⊆ J2 and rely on the following known result.

Lemma 10.16. [62, 70] If an n-vertex hypergraph H as well as any induced sub-hypergraph of
H can be properly colored with t colors, then χCF (H) = O(t log n).

The proper coloring of I̊(J2) (and its induced sub-hypergraphs) is obtained by representing
J2 as the union of four subsets, with their notation J2 = I ∪ FM ∪ V ′

R ∪ V ′
L, where I is a set of
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pairwise disjoint L-shapes such that each of them intersects exactly two other L-shapes. Then it
is basically shown that χ(I̊(J2,FM ∪ V ′

R ∪ V ′
L)) = O(1) and that χ(I̊(J2, I)) = χ(D(J2, I)) =

O(log n), thus concluding that χ(I̊(J2)) = O(log n). The bound χ(D(J2, I)) = O(log n) follows
from the O(n log n) bound on the number of edges in D(J2, I) as stated in Lemma 10.13.
By substituting this bound with our linear upper bound that follows from Lemma 10.2 or
Theorem 2.47, we get that χ(D(J2, I)) is upper bounded by a constant and therefore so is
χ(I̊(J2)). Then by Lemma 10.16 we have χCF (I̊(J2)) = O(log n) and the bound χCF (I̊(J )) =
O(log2 n) follows by induction as before.

Remarks. Theorem 2.47 and Theorem 3.1 together imply Corollary 10.15. Observe also that
Lemma 10.2 and Theorem 3.1 imply that there exists a proper 26-coloring of H(S, C), for every
family S of n axis-parallel segments and a family C of pairwise disjoint curves. Furthermore, this
hypergraph has VC-dimension at most 26 and has O(k25n) hyperedges of size at most k.

However, it is easy to get better upper bounds on the chromatic number and the VC-
dimension of these hypergraphs, even when S consists of red and blue curves instead of segments.
Indeed, the VC-dimension is at most 8, since a shattered set of 9 vertices would imply 5 = ⌈92⌉
shattered curves of the same color, which would give a plane drawing of K5. Furthermore, recall
that the Delaunay graph of the red (resp., blue) curves with respect to the curves in C is planar,
and therefore 8 colors suffice for coloring the red and blue curves such that the corresponding
hypergraph is properly colored (four different colors are used for each of the two).

11 Tangencies among red and blue curves

The results of this chapter appeared in [83], a joint work with Pálvölgyi.
This chapter is organized as follows. In Section 11.1, we consider the case when the curves

are x-monotone. In Section 11.2, we present our lower bound construction. In Section 11.3, we
present our upper bounds for the doubly-grounded case.

11.1 Upper bound for the x-monotone case

For the proof, we will use the following result from [55].

Theorem 11.1 (Gerbner et al. [55]). An n-vertex graph with a total ordering < on its edges
such that it does not contain as a subgraph a path on 5 vertices, {a, b, c, d, e}, whose edges are
ordered as ab < cd < bc < de, can have at most O(n log n) edges.

Proof of Theorem 2.41. Let S be the family of n red and blue x-monotone curves. After a slight
perturbation we can assume that no two tangencies (as points in the plane) have the same
x-coordinate. Let G be the graph whose vertices correspond to the curves and whose edges
correspond to the tangent pairs. Let G1 (resp. G2) be the subgraph where we take an edge only
if in a small neighborhood of the corresponding tangency the red curve is above (resp. below)
the blue curve. Note that G is the edge-disjoint union of G1 and G2. We will show that the
edges of G1 can be ordered in such a way that it will satisfy the conditions of Theorem 11.1,
thus G1 has O(n log n) edges. Since the same holds for G2 due to symmetry, in turn this implies
the same for G itself, proving the theorem.

Order the edges of G1 according to the x-coordinate of the corresponding tangencies. This
gives a complete ordering of the edges. We need to show that G1 cannot contain a path on 5
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Figure 44: It is impossible to realize a certain path on 5 vertices in G1.

vertices, {a, b, c, d, e}, such that ab < cd < bc < de is the order of the edges (see Figure 44).
Indeed, assume the contrary. Without loss of generality, we can assume that a corresponds to a
red curve. Note that as ab (i.e., the corresponding tangency) is left to cd and cd is left to bc, the
curve b must intersect the vertical line passing through cd in a point q. Moreover, as b touches
c from below (in bc), q must be also below cd. This means that the part of the curve d that lies
to the right of cd must be in the closed region determined by the part of c between cd and bc,
the part of b between q and bc, and the vertical segment between cd and q. This implies that d
has no point to the right of bc, contradicting that bc < de.

11.2 Lower bound for the general case

Theorem 2.43 is a consequence of the following theorem which is also interesting in its own:

Theorem 11.2. Given a family of (red) lines and (blue) points in the plane, there exist a
corresponding doubly-grounded family of red and blue curves such that curves of the same color
are disjoint and a red curve touches a blue curve if and only if the corresponding line and point
are incident.

We first show how it implies Theorem 2.43.

Proof of Theorem 2.43 from Theorem 11.2. Take a construction with n lines, ℓ1, . . . , ℓn, and n
points, p1, . . . , pn, that has Ω(n4/3) incidences, using the famous construction of Erdős and
Purdy [43] (whose order of magnitude is in fact best possible, as shown by the Szemerédi–
Trotter theorem [136]). Then apply Theorem 11.2 to get the required doubly-grounded family
of curves.

Proof of Theorem 11.2. We can suppose that none of the n lines is vertical or horizontal, and
no two points form a vertical line. We can also suppose (after a possible affine transformation)
that all lines have positive slopes.

Take a large axis-parallel box B such that all crossings lie within B and all lines intersect
the left and right sides of B. We will convert the lines into red curves, and the points into blue
curves, such that each incidence will become a tangency. Each point pj is replaced by a small
blue circle Dj whose bottommost point is pj and a segment going upwards from the top of the
circle to the top side of B (we can delete a small arc of the circle adjacent to its top so that
together with the segment they form a simple curve, as required).

We will place the red curves, γ1, . . . , γn, one-by-one in the order given by the slopes of the
corresponding lines, i.e., the order in which they intersect the left side of B, starting with the
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Figure 45: The lower bound construction; ‘red’ curves are drawn with various colors and γ4 is
drawn with two shades of green to ease readability.

topmost one (see Figure 45). The two ends of γi will be the intersection points of the sides of B
with ℓi.

The curves never cross the left, top or bottom side of B but they may go slightly out at the
right side. For every line ℓi we will also maintain the following for the corresponding red curve
γi.

• The curve γi is disjoint from γj for every j < i.

• The curve γi lies in the closed halfplane whose boundary is ℓi and whose interior lies below
ℓi.

• The curve γi has parts that lie on ℓi. Whenever γi leaves ℓi (when going from left to right)
at some point x ∈ ℓi, it later returns to ℓi at a point x′ very close to and a bit to the right
of x. Between x and x′, all points of γi lie below ℓi and have an x-coordinate at least as
large as the x-coordinate of x. The distance between x and x′ can be chosen to be at most
the diameter of the small blue circles.

In general, when we draw the next curve γi, it starts at the intersection point of ℓi and the
left side of B, and starts to follow ℓi to the right.

Whenever ℓi is incident to some point pj , it intersects the disk Dj in two points, one of which
is pj ; denote the other intersection point by pij . Since the lines were ordered by their slopes, the

points pij (which exist) follow each other in a counterclockwise order as i increases; see Figure
46. Recall also that all lines have positive slopes.

We draw the curve γi so that it touches Dj at pij . If there is no already drawn curve touching
Dj , then the curve γi leaves ℓi slightly before pj and goes slightly outside of the disk along the
pjp

i
j arc, then returns to ℓi at pij , and continues along ℓi.
However, if there is some h < i for which ℓh is incident to pj (and thus the corresponding

curve touches Dj), then instead of going alongside the arc, γi might be forced to make a much
larger detour; the description of this detour will be detailed in the next paragraph. The only
important part for us here is that whenever the first time γi returns from the detour so that it is
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not locally separated from Dj anymore, it touches Dj at pij , and continues along ℓi; see Figure
46.

pj

Dj

pij

γi
li

γi′

pi
′
j

pi
′′
jγi′′

Figure 46: The way γi is drawn in the vicinity of pj .

Whenever γi would intersect another red curve γh, h < i, at some point x, instead of creating
an intersection, using that we ordered the lines by their slopes, we follow γh, going very close to
it, until we reach the endpoint of γh on the right side of B. Then we go back on the other side
of γh, again very close to it, until we arrive back at some point x′ ∈ γi ∩ ℓi in a close vicinity of
x.

Notice that if a line ℓi goes through some pj , then γi will go in the above defined way one-
by-one around every curve drawn earlier that touches Dj , and only then will it touch Dj at
pij .

In case of going around some γh, the part of γh which γi went around lies below ℓh and to
the right of ℓi ∩ ℓh, thus also below ℓi. This maintains the condition for γi as well, and it also
implies that while going around some γh, γi can never intersect any disk Dj that it is supposed
to touch.

To see that this construction can be made doubly-grounded, we can easily deform it to lie in
a vertical strip. We can transform the left side of B into a segment on the left side of the strip,
and the top side of B into a segment on the right side of the strip.

11.3 Conditional upper bound for the doubly-grounded case

Our primary aim in this section is to prove Theorem 2.44.
We first define a certain redrawing of the curves to make some arguments easier (see Figure

47). For each curve γ we choose an arbitrary point on it, pγ . Then, we draw a star-shape γ∗

such that pγ ∈ γ∗ will be a special point in γ∗, called the center, and for each tangency x of γ
and some other curve of the family, we draw a simple arc from pγ to x that goes very close to
the original curve, such that the curves starting at pγ are pairwise disjoint. Moreover, whenever
γ touched another curve, the arc from pγ to x should avoid that intersection (except of course
for x), and whenever γ crossed another curve, the arc from pγ to x should also cross it (with
one intersection point). We repeat this for every curve transforming each into such a star, while
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preserving disjointnesses and tangencies.

Figure 47: Drawing of a graph based on a set of curves.

This drawing can be regarded as a drawing D of a bipartite graph G in the plane, whose
vertices correspond to the original curves, represented by the centers of the stars, and whose
edges correspond to the tangencies. Note that each edge consists of one red and one blue part; we
refer to these as edge-parts. Thus, the number of edges of G is exactly the number of tangencies
in the original setting. Also, if two vertices are adjacent in G, then none of their neighboring
edge-parts are allowed to intersect. Indeed, if uv is an edge, then the star-shapes that correspond
to u and v can only meet at their point of tangency. Nor are two edge-parts of the same color
allowed to intersect. These observations immediately imply the following.

Claim 11.3. The drawing D of G obtained by the above redrawing process cannot contain a
self-crossing path on five edge-parts. Therefore, it can contain neither a self-crossing C4, nor a
self-crossing path on two edges.

Proof. Consider a path with 5 edge-parts and assume, without loss of generality, that the five
edge-parts of a path are red, red, blue, blue, red. Denote the vertex between the first two red
parts by u, the vertex between the two blue parts by v, and the vertex incident to the last red
part by w. Recall that edge-parts of the same color do not intersect. Both blue edge-parts are
incident to v, so they cannot intersect the edge-parts incident to a vertex adjacent to v. But
each red edge-part is incident to either u or w, which are both adjacent to v. Therefore, the path
cannot be self-crossing.

In [91] it was proved that a graph G which can be drawn without a self-crossing C4 has at
most O(n3/2 log n) edges. As the number of edges of G equals the number of tangencies between
curves, this implies the upper bound of O(n3/2 log n) on the number of tangencies between the
curves that was mentioned in the introduction. Now we use this representation to prove our
better upper bound in case the curves are doubly-grounded.

Our main result of this section shows an upper bound matching the lower bound for doubly-
grounded curves, assuming a conjecture about forbidden 0-1 matrices holds. For more details
about the following definitions see, e.g., [108]. Briefly, a 0-1 matrix M is said to contain another
0-1 matrix P if there exists a submatrix M ′ of M such that we can get P from M ′ by possibly
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replacing some 1-entries by 0-entries.28 A 0-1 matrix is a cycle if it is the adjacency matrix of
a cycle graph. We omit the definition of positive orthogonal cycles in general, we just say that
positive orthogonal 6-cycles are those 3 × 3 matrices that are 6-cycles and their middle entry
(i.e., the one in the second row and second column) is a 1-entry.

Pach and Tardos [108] proved the following.

Theorem 11.4 (Pach and Tardos [108], Theorem 3). If a 0-1 matrix avoids all positive orthog-
onal cycles, then it has O(n4/3) 1-entries.

In fact, it may be enough to forbid only positive orthogonal 6-cycles to achieve the same
bound, as mentioned in [108].

Conjecture 11.5. If a 0-1 matrix avoids all positive orthogonal 6-cycles, then it has O(n4/3)
1-entries.

Actually, it may be enough to forbid only one 6-cycle and it may not even be necessary that
it is a positive orthogonal cycle, as conjectured in [45] and [94].29

Conjecture 11.6. If a 0-1 matrix avoids a given 6-cycle, then it has O(n4/3) 1-entries.

Theorem 2.44 states that Conjecture 11.5, the weaker one of these two conjectures, would
already imply that our lower bound is optimal for doubly-grounded curves.

Proof of Theorem 2.44 and Claim 2.45. Given a doubly-grounded family of curves, for each
curve γ choose the point where it touches the appropriate boundary of the vertical strip to
be pγ , and do the redrawing defined at the beginning of Section 11.3. We get a bipartite graph
G on n vertices whose vertices lie on the two boundaries of the strip and whose edges are drawn
inside the strip.

We have seen that this graph G has no self-crossing C4.
30 As in a doubly-grounded represen-

tation any C4 is self-crossing, this already implies that G is C4-free, thus has at most O(n3/2)
edges. This proves Claim 2.45.

Now we prove that additionally it does not contain a certain type of C6 that we call positive,
following [108]. A C6 on vertices u1, u2, u3, v1, v2, v3 is positive if u1, u2, u3 are on the left side of
the strip in this order from top to bottom, v1, v2, v3 are on the right side in this order from top
to bottom, and u2v2 is an edge of the C6.

31

Assume on the contrary that such a positive C6 exists. Recall that each edge uivj has a red
part incident to ui and a blue part incident to vj , and that no parts of the same color can cross.

Without loss of generality, we can assume that u3v1 is an edge of the C6. The edges u2v2 and
u3v1 must cross, denote (one of) their crossing point(s) by x. Without loss of generality, we can
assume that the red part of u2v2 crosses the blue part of u3v1. This implies that u2v1 cannot be
an edge, as otherwise xv1u2x would be a self-crossing path on 4 edge-parts contradicting Claim
11.3. So u2v3 and u1v1 need to be edges.

28Note that the order of the rows and columns is fixed in both M and P .
29In [45] they show for various subsets of the 6-cycles that forbidding them implies the O(n4/3) upper bound

on the edges, but unfortunately all of these subsets contain non-positive cycles as well, so they do not imply
Conjecture 11.5.

30In case of a doubly-grounded family, this is trivial.
31In fact, it would be sufficient to assume that u2v2 is an edge of G, as since there is no self-crossing C4, this

can only happen if u2v2 is an edge of the C6.
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Then u2x (contained in the red part of u2v2) and xv1 (contained in the blue part of u3v1)
separate u1 from v2 and from v3 (within the strip). However, at least one of u1v2 and u1v3 must
be an edge of G.
If u1v2 is an edge, then as it cannot intersect u2v2, it must intersect xv1, so v2u1v1x is a self-
crossing path on 5 edge-parts, see Figure 48(a).
If u1v3 is an edge, then either u1v3 intersects u2x and then u1v3u2x is a self-crossing path on 5
edge-parts, see Figure 48(b); or u1v3 intersects xv1 and then v3u1v1x is a self-crossing path on
5 edge-parts, see Figure 48(c).
All cases contradict Claim 11.3.

Thus, we have shown that positive C6’s are not in G. Take the adjacency 0-1 matrix of the
bipartite graph G such that the rows and columns are ordered according to the order of the
corresponding points along the boundaries of the strip. Recall that the positive 6-cycles are the
ones in whose 3 × 3 matrix representation the middle entry is a 1-entry. Thus, Conjecture 11.5
implies that G has at most these many edges, which in turn implies the required upper bound
on the number of tangencies in the original setting of curves, finishing the proof of Theorem
2.44.
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x x x
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Figure 48: In every case there exists a crossing path on 5 edge-parts.

Theorem 2.44 implies the following slight extension in a standard way.

Theorem 11.7. Given a family of n red and blue curves that lie inside a circle such that no
two curves of the same color intersect and every curve touches the circle once, then the number
of tangencies between the curves is O(n4/3) if Conjecture 11.5 holds.

Proof. We prove by induction that the number of tangencies is at most dn4/3 for a suitable d.
This certainly holds for small n. For a general n, by a continuity argument we can split the
boundary circle into two arcs such that each arc touches at most ⌈n/2⌉ curves of each color.
Then the number of tangencies between the red curves (resp. blue curves) touching the first arc
and the blue curves (resp. red curves) touching the second arc is at most cn4/3 by Theorem 2.44,
where the c is hidden in the O notation. The tangencies between the red and blue curves touching
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the same arc is at most d⌈n/2⌉4/3 by induction (after deforming the drawing such that the arc
becomes a circle). Thus, the total number of tangencies is at most 2d⌈n/2⌉4/3 + 2cn4/3 ≤ dn4/3

for d large enough (depending on c), finishing the proof.

We have seen that both in the general case (see the paragraph after the proof of Claim
11.3) and in the doubly-grounded case (see Theorem 2.44) the best known upper bounds use
only Claim 11.3. Besides improving the lower and upper bounds in the general case, it would
be interesting to decide if it is possible to improve the general upper bound using only Claim
11.3. Also, this connection makes it even more interesting to solve Conjectures 11.5 and 11.6.
Note that any upper bound for the respective problems that is better than Õ(n3/2) would also
improve our bound on the doubly-grounded case.
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