Polynomial equations for additive functions I.

Eszter Gselmann* and Gergely Kiss®

December 15, 2022

Abstract

The aim of this sequence of work is to investigate polynomial equations satisfied by additive functions.
As a result of this, new characterization theorems for homomorphisms and derivations can be given. More
exactly, in this paper the following type of equation is considered

n

DA gi(xT) =0 (xeF),

i=1
where 7 is a positive integer, F < C is a field, f;,g;: F — C are additive functions and p;, g; are positive
integers foralli = 1,...,n.

1 Introduction and preliminaries

Equations satisfied by additive functions play an important role not only in the theory of commutative algebra,
but also in the theory of theory of functional equations. It is an important and challenging question how
special morphisms (such as homomorphisms and derivations) can be characterized among additive mappings
in general. In this paper classes of multivariable algebraic equations introduced with appropriate solutions as
field homomorphisms and derivations.

Concerning all the cases we consider here, the involved additive functions are defined on a field F < C and
have values in the complex field, therefore we introduce the preliminaries in this setting.

We adopt the standard notations, that is, N and C denote the set of positive integers and the set of complex
numbers, respectively.

Henceforth assume F < C to be a field.

Definition 1. We say that a function f: F — Cis additive if it fulfills the so-called Cauchy functional equation,
that is,

fa+y)=fx)+fly)  (nyeF).
An additive function d: F — C is termed to be a derivation (of order 1) if it also fulfills the Leibniz equation,
ie.,
d(xy) = d(x)y + xd(y)  (x,y€F).
An additive function ¢: F — C is said to be a homomorphism if it is multiplicative as well, in other words,
besides additivity we also have
o(xy) = o(x)ely)  (xyekF).

If F = C and ¢ is an isomorphism, then ¢ is called a complex automorphism.
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Certain well-known equations are specially important. For instance, the additive solutions of following
equation on a ring R with charR # 2

f(?) =2xf(x)  (x€)

are derivations, under some assumptions, where the additive mapping f acts. As an extension of such type of
results in [1} 2} S]] the additive solutions of the equations

Y h () <0 (xR
i=0

and

DfE)at =0 (xeF)
i=0
were described on ring R of char(R) > n and F < C. By polynomial equation of additive functions we mean

P(fiM(x™), s S (x™) = 0,

where P: C" — C is a n-variable polynomial, r;, s; positive integers and f; are unknown additive functions.
As a matter of fact that general solution of the above equation is not suitable to describe solutions as special
functions. We illustrate these fact by considering the following three equations that are studied in the following
sequence of studies.

> fagl) = o
Y AMax" = 0 (xeF)

Zﬁ(x)pigi(x)qi — 0,
i=1

In this paper the most impressive equation will be be studied from this list with fruitful theoretical descrip-
tion. This equation is of the form

D H()gi(x) =0, (xeF) (1)
i=1

Under some natural conditions equation (I]) can be satisfied by the composition of (higher order) derivations
and homomorphisms. The purpose of this paper is about the converse by finding proper characterization of
the solutions of (I)) in the class of additive functions.

Structure of the paper

In section |2 the most important notations, terminology and theoretical background. Concerning the notions of
polynomials, generalized polynomials, exponentials and exponential polynomials, here we follow the mono-
graph of L. Székelyhidi [10]. Besides these notions, decomposable functions, introduced by E. Shulman
[9], will play a key role in the second section. We show that all solutions of equation (I]) are decomposable
functions. M. Laczkovich proved [7] that on unital commutative topological semigroups, these mappings are
generalized exponential polynomials. On fields these are closely related of higher order derivations that were
introduced by [8]] and [11]. By some computational aspects we will restrict to finitely generated subfields of
F since on them higher order derivations are exact differential operators that can be calculated. Apart from



showing that the involved functions are higher order derivations this makes it possible to determine the exact
upper bound for their degrees.

The main results of the paper can be found in the third section. At first some elementary yet important
lemmata serves to settle reasonable conditions for the parameters p;, g; such as the Homogenization Principle
(Lemma E]), which ensures that the parameters satisfies

pi+qi=N (i=1,...,n).

Based on the remarks and examples of subsection we will provide characterization theorems for equa-
tions (I]) under the following conditions

C(i) the positive integers p1, ..., p, satisfies p; < --- < p,;
C(i) foralli=1,...,n we have p; + ¢; = N;
C(iii) foralli, je {1,...,n},i# jwehave p; # q;.

Further, according to Lemma [5] the solutions of the above functional equations are sufficient to deter-
mine ‘up to equivalence’. This is because the functions f; and g; fulfill equation (1)), if and only if for any
automorphism ¢: C — C, the functions ¢ o f; and ¢ o g; also fulfill (I), i = 1,...,n.

The problem considering the solutions is that there is only one independent variable in the equation. At
the same time, the involved functions are assumed to be additive. The polarization formula for multi-additive
functions can be used in the symmetrization method, that allows us to enlarge the number of independent
variables from one to N.

In Lemma (8| it is shown that the functions f; and g; satisfies the system of equations given by this method
are decomposable functions thus generalized exponential polynomials on the group F*. Theorem (5| says that
forany i € {1,...,n}, in the variety of the functions f; and g, there is exactly one exponential m;. Focusing on
the irreducible solutions, this means that all f; (resp. g;) are of the form P; - m (resp. Q, - m), where P; (and Q;)
are (generalized) polynomials and m is a unique exponential function.

Translating the problem to higher order derivations there can be found a natural basis of compositions of
derivations of order 1 by using moment generating functions. Applying the arithmetic of derivations we get
tight upper bound n — 1 for the degree of derivation solutions under some conditions, see Theorem[7] We close
this section with the study of some important special cases. In Conjecture [T and Open Problem [I] we pose the
problem on the order of the derivation solutions in different levels.

2 Notation, terminology and theoretical background

2.1 Polynomials and generalized polynomials

Definition 2. Let G,S be commutative semigroups (written additively), n € N and let A: G" — S be a
function. We say that A is n-additive if it is a homomorphism of G into S in each variable. If n = 1 orn = 2
then the function A is simply termed to be additive or biadditive, respectively.

The diagonalization or trace of an n-additive function A: G" — § 1is defined as
A*(x) =A(x,...,x) (xeG).
As a direct consequence of the definition each n-additive function A: G" — § satisfies

A(Xl, .o .,xi_l,kxi,xi+1, . .,xn) = kA(xl,. e X1 Xy Xjt 1y e e ,xn) (Xl, Lo Xy € G)



foralli = 1,...,n, where k € N is arbitrary. The same identity holds for any k € Z provided that G and S are
groups, and for k € Q, provided that G and S are linear spaces over the rationals. For the diagonalization of A
we have

A*(kx) = K"A*(x) (xe@G).

The above notion can also be extended for the case n = 0 by letting G° = G and by calling 0-additive any
constant function from G to S'.

One of the most important theoretical results concerning multiadditive functions is the so-called Polar-
ization formula, that briefly expresses that every n-additive symmetric function is uniquely determined by its
diagonalization under some conditions on the domain as well as on the range. Suppose that G is a commutative
semigroup and S is a commutative group. The action of the difference operator A on a function f: G — § is
defined by the formula

Af(x) = flx+y)— fx)  (xyeq).
Note that the addition in the argument of the function is the operation of the semigroup G and the subtraction
means the inverse of the operation of the group S'.

Theorem 1 (Polarization formula). Suppose that G is a commutative semigroup, S is a commutative group,

neN. IfA: G" — S is a symmetric, n-additive function, then for all x,y,...,y, € G we have
0 if m>n
* —
By (X) = { nAyr,....yn) If m=n.

Corollary 1. Suppose that G is a commutative semigroup, S is a commutative group, n € N. If A: G" — § is
a symmetric, n-additive function, then for all x,y € G

AJA* (x) = nlA*(y).

Lemma 1. Let n € N and suppose that the multiplication by n! is surjective in the commutative semigroup G
or injective in the commutative group S. Then for any symmetric, n-additive function A: G" — §, A* =0
implies that A is identically zero, as well.

Definition 3. Let G and S be commutative semigroups, a function p: G — § is called a generalized poly-
nomial from G to §, if it has a representation as the sum of diagonalizations of symmetric multi-additive
functions from G to S. In other words, a function p: G — S is a generalized polynomial if and only if, it has

a representation
n
*
p= A5
k=0

where 7 is a nonnegative integer and A;: G¥ — S is a symmetric, k-additive function for each k = 0, 1,...,n.
In this case we also say that p is a generalized polynomial of degree at most n.
Let n be a nonnegative integer, functions p,,: G — S of the form

pn = A;lk’
where A,,: G" — § are the so-called generalized monomials of degree n.
In this subsection (G, -) is assumed to be a commutative group (written multiplicatively).

Definition 4. Polynomials are elements of the algebra generated by additive functions over G. Namely, if n is
a positive integer, P: C" — Cis a (classical) complex polynomial in n variables and a;: G — C (k = 1,...,n)
are additive functions, then the function

x — P(a;(x),...,a,(x))

is a polynomial and, also conversely, every polynomial can be represented in such a form.
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Remark 1. We recall that the elements of N” for any positive integer n are called (n-dimensional) multi-indices.
Addition, multiplication and inequalities between multi-indices of the same dimension are defined component-
wise. Further, we define x* for any n-dimensional multi-index « and for any x = (xi,...,x,) in C" by

n
x¥ = H X
i=1

where we always adopt the convention 0° = 0. We also use the notation || = a@; + - -+ + a,. With these
notations any polynomial of degree at most N on the commutative semigroup G has the form

p(x) = Z cqa(x)® (xeG),
la|<N
where ¢, € Cand a = (ay,...,a,): G — C" is an additive function. Furthermore, the homogeneous term of
degree k of p is
Z cqa(x)”.
| =k

Lemma 2 (Lemma 2.7 of [[10]). Let G be a commutative group, n be a positive integer and let

a=(ay,...,a,),

where ay, . .., a, are linearly independent complex valued additive functions defined on G. Then the monomials
{a®} for different multi-indices are linearly independent.

Definition 5. A function m: G — C is called an exponential function if it satisfies

m(xy) = m(x)m(y)  (xyeG).

Furthermore, on a(n) (generalized) exponential polynomial we mean a linear combination of functions of the
form p - m, where p is a (generalized) polynomial and m is an exponential function.

The following lemma shows that generalized exponential polynomial functions are linearly independent.
Although it can be stated in more generally (see [10]), we adopt it to our situation, when the functions are
complex valued.

Lemma 3 (Lemma 4.3 of [10]). Let G be a commutative group, n a positive integer, my, ...,m,: G — C (i =
1,...,n) be distinct nonzero exponentials and py,...,p,: G — K (i = 1,...,n) be generalized polynomials.

If Z pi - m; is identically zero, then for alli = 1,...,n the generalized polynomial p; is identically zero.
i=1

However we will need the analogue statement for polynomial expressions of generalized exponential poly-
nomials which was proved in [3]].

Theorem 2. Let K be a field of characteristic 0 and k,l, N be positive integers such that k,I < N. Let
my,...,myg: K* — C be distinct exponential functions that are additive on K, let ay,...,a;: K* — C be
additive functions that are linearly independent over C and for all |s| < N let P;: C' — C be classical
complex polynomials of | variables. If

Z Ps(al,-..,ag)m‘;‘ mzk —0

IsI<N

then for all |s| < N, the polynomials P vanish identically.
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Definition 6. Let G be an commutative group and V = C¢ a set of functions. We say that V is translation
invariant if for every f € V the function 7,f € V also holds for all g € G, where

tof(h) = f(hg)  (heG).

In view of Theorem 10.1 of Székelyhidi [10], any finite dimensional translation invariant linear space of
complex valued functions on a commutative group consists of exponential polynomials. This implies that if G
is a commutative group, then any function f: G — C, satisfying the functional equation

flxy) = Z gi(Mhi(y)  (xyeG)

for some positive integer n and functions g;, h;: G — C (i = 1,...,n), is an exponential polynomial of degree
at most n.

This enlightens the connection between generalized polynomials and polynomials. It is easy to see that
each polynomial, that is, any function of the form

x —> P(a;(x),...,a,(x)),

where n is a positive integer, P: C* — C is a (classical) complex polynomial in n variables and a;: G —
C (k = 1,...,n) are additive functions, is a generalized polynomial. The converse however is in general not
true. A complex-valued generalized polynomial p defined on a commutative group G is a polynomial if and
only if its variety (the linear space spanned by its translates) is of finite dimension.

Henceforth, not only the notion of (exponential) polynomials, but also that of decomposable functions
will be used. The basics of this concept are due to Shulman [9]], besides this we heavily rely on the work of
Laczkovich [7]].

Definition 7. Let G be a group and n € N,n > 2. A function F: G" — C is said to be decomposable if it can
be written as a finite sum of products F - - - Fy, where all F; depend on disjoint sets of variables.

Remark 2. Without loss of generality we can suppose that k = 2 in the above definition, that is, decomposable
functions are those mappings that can be written in the form

F(xi,...,x,) = ZZAfo
E

where E runs through all non-void proper subsets of {1,...,n} and for each E and j the function Af depends
only on variables x; with i € E, while Bf depends only on the variables x; with i ¢ E.

Theorem 3. Let G be a commutative topological semigroup with unit. A continuous function f: G — Cisa
generalized exponential polynomial if and only if there is a positive integer n = 2 such that the mapping

G" 3 (x1,...,x0) — fxg + -+ x,)
is decomposable.

The notion of derivations can be extended in several ways. We will employ the concept of higher order
derivations according to Reich [8]] and Unger—Reich [11]]. For further results on characterization theorems on
higher order derivations consult e.g. [1} 23] and [5].



Definition 8. Let F < C be a field. The identically zero map is the only derivation of order zero. For each
n € N, an additive mapping f: F — C is termed to be a derivation of order n, if there exists B: F x F — C
such that B is a bi-derivation of order n — 1 (that is, B is a derivation of order n — 1 in each variable) and

fxy) —xfly) = f(x)y = B(x,y)  (xyeF).
The set of derivations of order n of the ring R will be denoted by Z,(F).

Remark 3. Since Z,(F) = {0}, the only bi-derivation of order zero is the identically zero function, thus
f € 2,(F) if and only if

flxy) = xf(y) + f(x)y  (xyeF),
that is, the notions of first order derivations and derivations coincide. On the other hand for any n € N the set
2,(F)\Z,_1(F) is nonempty because d;o- - -od, € Z,(F),butd,o---od, ¢ Z,_1(R), where d,, ...,d, € 2;(F)
are non-identically zero derivations.

For our future purposes the notion of differential operators will also be important, see [6]].

Definition 9. Let F = C be a field. We say that the map D: F — C is a differential operator of degree at most
n if D is the linear combination, with coefficients from F, of finitely many maps of the form d; o - - - o d, where
di,...,d; are derivations on F and k < n. If k = O then we interpret d; o - - - o d; as the identity function. We
denote by 0, (F) the set of differential operators of degree at most n defined on F. We say that the degree of a
differential operator D is n if D € 0,(F)\0,_,(F) (where &_,(F) = (&, by definition).

Remark 4. The term differential operator is justified by the following fact. Let K = Q(zy,...,#), where
ti,...,t; are algebraically independent over Q. Then K is the field of all rational functions of #, ..., # with
rational coeflicients. It is clear that 5
i
is a derivation on K for every i = 1, ..., k. Therefore, every differential operator
Dit ik
D = Z C,'l e
""" i i
i1+ +ig<n atll e atkk

where the coeflicients ¢;, __; belong to K, is a differential operator of degree at most n, and also conversely, if
D is a differential operator of degree at most n on the field K = Q(¢y, ..., #), then D is of the above form.

The main result of [6] is Theorem 1.1 that reads in our settings as follows.

Theorem 4. Let F < C be a field and let n be a positive integer. Then, for every function D: F — C, the
following are equivalent.

(i) D€ 9,(F)
(ii) D e cl(0,(F))

(iii) D is additive on F, D(1) = 0, and D/ j, as a map from the group F* to C, is a generalized polynomial of
degree at most n. Here j stands for the identity map defined on F.



3 Results

3.1 Elementary observations: reduction of the problem

This part begins with some elementary, yet fundamental observations. As the following lemmata show, the
original problem can be reduced to a more simpler equation.

Lemma 4 (Homogenization). Let n be a positive integer, F — C be a field and p, ..., p,, q1, - - ., q, be fixed
positive integers. Assume that the additive functions fi,..., [, g1,...,9,: E — C satisfy functional equation

(D), that is,
Z fi(xP)gi(xT) = 0
for each x € F. If the set {p1, ..., p,} has a partition Py, . .., Py with the property
if P> Pp € Pj for a certain index j, then p, + q, = pg + g,

then the system of equations

D fald)g(x®) =0 (xeF.j=1,....k)

Pa€P;
is satisfied.

Proof. Letn be a positive integer, F — Cbe a field and py, ..., p., q1, - - . , g, be fixed positive integers. Assume
that the additive functions fi, ..., f,,91,...,g,: F — C satisfy functional equation (] for each x € F. Assume
further that the set {p,..., p,} has a partition P, ..., P, with the property

if po, pp € P; for a certain index j, then p, + g, = ps + gs.
Observe that for all i = 1, ..., n, the mapping
F3x— fi(x")gi(x*)

is a generalized monomial of degree p; +¢;. Indeed, it is the diagonalization of the symmetric (p; + ¢;)-additive
mapping
BP0 s (X1, s Xpgy) = filXo () - X(p)9i (Koot 1) -+ Xer(prvan)-

Since F < C, we necessarily have Q < F. Let now r € Q be arbitrary and substitute rx in place of x in equation

(1) to get
Zﬁ rx)Pgi((rx)4) =0 (reQ,xeF).

Using the Q-homogeneity of the additive functions fi,..., f, and gy, ..., g,, we deduce
0= X A((r0)"gi((re)") 2 Fr 5 )gi ()
i=1

k
— eri+qi F(xP)gi(x%) = Z Z pPatde £ (xP) g, (x9)
i=1 =1 peP

(reQ,xeF).



Note that the right hand side of this equation is a (classical) polynomial in r which is identically zero. Thus all
of its coeflicients should be (identically) zero, yielding that the system of equations

D fald)g(x®) =0 (xeF.j=1,....k)

Pa€Pj

is fulfilled. O
Remark 5. The above lemma guarantees that ab initio
pi—i—qi:N (i=1,...,n)

can be assumed. Otherwise, after using the above homogenization, we get a system of functional equation
in which this condition is already fulfilled. For instance, due to the above lemma, if the additive functions
fis.-, fs: FE—-Candgy,...,g5: F— C satisfy equation

[ENg1(2) + H()92(X) + f(x)g3(x") + fa(x)ga(x) + f5(x"?)ga(x®) = 0 (xeF)

then the equations

H(ENg1(0) + (x*)g2(x") + (x7)gs(x°) =0 (xeF)
and
Si(x)ga(x7) + f5(x'*)ga(x®) =0 (x€F)
are also fulfilled (separately).

Remark 6. At first glance the assumption that py, ..., p, are different seems a reasonable and sufficient suppo-
sition. Clearly, if the parameters are not necessarily different then we cannot expect anything special for the
form of the involved additive functions. Indeed, let L — C”" be a linear subspace and let fi, ..., f,: F — C and
gi,...,gn: F — C be additive functions such that rng(f) = L and rng(g) = L*, where

f(x) = (Ai(x),.... fu(x))  and g(x) = (g1(x),....9a(x)) (x€F).

In this case .
Zﬁ(X)gi(x) ={f(x),9(x))=0  (x€F).

This shows the necessity of the above assumption. Unfortunately, the sufficiency fails to hold. To see this, let
p and g be positive integers and f: F — C be an arbitrary additive function and define the complex-valued
functions fi, g1, f>, 9> on F by

[i(x)=f(x) ax) = f(x) fLO)=if(x) o) =if(x) (x€F).
An immediate computation shows that we have
[ilx)g1(x) + A(x7)ga(x") =0 (x€F).
In view of the above remarks, from now on, the following assumptions are adopted.

C(i) the positive integers p, ..., p, are arranged in a strictly increasing order, i.e., p; < - -+ < p,;
C(@i) foralli =1,...,n we have p; + g; = N;
C(iii) foralli, je {1,...,n},i# jwehave p; # q,.

Remark 7. Define the relation ~ on F® by f ~ g if and only if there exists an automorphism ¢: C — C such
that ¢ o f = g. Obviously ~ is an equivalence relation on FC that induces a partition on F®.

Lemma 5 (Equivalence). Let n be a positive integer, F < C be a field and p;,...,pn q1,-..,q, be fixed
positive integers fulfilling the conditions C(i)-C(iii) of Remark|[6] Assume that the additive functions fi,. .., f,,
Jis---sgn: F — C satisfy functional equation (I)). Then for an arbitrary automorphism ¢: C — C the

functions ¢ o fi,...,00 [, 0gi,...,¢ 0 g, also fulfill equation (TJ).
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3.2 Structure of solutions

We can always restrict ourselves to the case when all the involved functions are non-identically zero. Other-
wise, the number of the terms appearing in equation (I]) can be reduced.

Lemma 6 (Symmetrization). Let k and n be positive integers, F < C be a field and my,...,m,: F — C be

monomials of degree k. If

Zmi(x) =0

i=1

holds for all x € F, then

is fulfilled for all x,, ..., x;, where for all i = 1,...,n, the mapping M;: F* — C is the uniquely determined
symmetric, k-additive function such that

M;i(x,...,x) = m;(x) (xeF).

Proof. Let k and n be positive integers, F < C be a field and m,,...,m,: F — C be monomials of degree k

and assume that .
Emi(x) =0
i=1

holds for all x € F. Since for all i = 1,...,n, the function m; is a monomial of degree k, there exists a
symmetric, k-additive function M;: F* — C such that we have
M;i(x,...,x) = m;(x) (xeF).

n

Obviously the mapping Zmi is a monomial of degree k which is, by the assumptions, identically zero. To
i=1
this monomial there also corresponds a symmetric and k-additive mapping, namely

]Fk =) (xl,. ..,Xk) — ZM,’(X[,...Xk).
i=1

Observe that the trace of this symmetric and k-additive mapping is identically zero. At the same time, due to
the Polarization formula (Theorem I]), every symmetric and k-additive function is uniquely determined by its
trace. Thus

ZMi(xl,~~-,xk> =0
i=1
for all x,...,x; € F. O

Lemma 7 (Symmetrization). Let n be a positive integer, F < C be a field and py, ..., pn,q1,---,qn be fixed
positive integers fulfilling conditions C(ii), i.e., there is a N € N such p; + q; = N foralli = 1,...,n. Assume
that the additive functions fi,..., fu,g1,...,gn: F — C satisfy functional equation (1)) for each x € F. Then

1 n
NI 20 2 iy Xot) - GilXo(pan) -+ Fowy) = O

) O’E._VN i=1

holds for all xi,...,xy € F.
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Proof. Letn be a positive integer, F < Cbe afield and py, ..., p., q1,- - ., g, be fixed positive integers fulfilling
conditions C(ii). Assume that the additive functions fi,..., f,g1,-..,9,: F — C satisfy functional equation

Ef xPgi(x7) =0

for each x € F. Due to the additivity of the functions fi,..., f, and g, ...,g, foralli = 1,..., n, the mapping

x> filx")gi(x")

is a monomial of degree p; + ¢; = N. Further, it is the trace of the symmetric and N-additive mapping

Fi(x1,...,xy)
- — Z filx () (Ko (i) Xo(w))
. G'E/N
(x1,...,xy €F).
Therefore, the statement follows from Lemma [6] O

3.3 Solutions of equation ()

The main purpose of the subsection is to describe under the conditions C(1)—C(ii1), the solutions space of
equation (I)). We first prove that solutions of equation (I)) are decomposable functions on the multiplicative
group F*. In view of Laczkovich [7], this immediately yields that the solutions of equation (I)) are generalized
exponential polynomials of this group.

Lemma 8. Let n be a positive integer;, F < C be a field and p, ..., pa, q1,-..,q, be fixed positive integers
fulfilling conditions C(i) and C(ii). Assume that the additive functions fi,..., fu,g1s...,9n: F — C satisfy
functional equation (1)) for each x € F. Then all the functions fi, ..., f, as well as g, . .., g, are decomposable

functions of the group F*.

Proof. Letn be a positive integer, F < Cbe afield and py,..., ps, q1,- - ., g, be fixed positive integers fulfilling
conditions C(i) and C(ii).

Let us assume first that condition C(iii) is also satisfied. Assume that the additive functions fi,..., f,,
gis--->gn: F — C satisfy functional equation (I)) for each x € F. Let

S =A{pts-- Pt U{qis--sqn}-

Then max S = max {p,, ¢ }. By condition C(iii), we have p, # ¢,. Without the loss of generality p, > ¢; can
be assumed, otherwise we follow a similar argument. In view of Lemma we have

N Z Zf Xo(1)* Xo(p)) - GiXo(pit1) - Xo(v) = 0

! oeSy i
for all xy, ..., xy € F, or after some rearrangement,
— Z FoXoty Yo () * Ga(Xa(p 1)+ o)
. OE. 5/}1\/

= T3 Z Z fl Xo(1) " x(r(p,-)) ’ gi(x(r(pi-i-l) to 'xO'(N))

N'! geSy i=1
(xl,...,xNeFX).
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Let now
_xpn+1 :"'ZXNzl,

then the above identity says that g, (1) - f, is decomposable. If g, (1) were zero, but g, would not be identically
zero, then there would exist a € F* such that g,(a) # 0. In this case the above substitutions should be modified
to

Xpytl = Ay Xp,p0 =+ = xy = 1,

to get the same conclusion.

If p, = g; for some j = {1,...,n} (i.e., C(iii) does not hold), then without loss of generality we may
assume that j = 1, otherwise we may change the role of f; and g;, and p; and g, respectively, and proceed as
above. If p, = ¢, then we have

1
N! D0 Fulxoty - Xatp) - Gn Tty -+ Kow)

" oe,
1
+ N 2 91 (Xo(1) " Xo(p)) 1 (X (pur1) - X))
C e,
1 n—1
- _ﬁ Z Z ﬁ(xo-(l) e xo’([’i)) ’ gi<x0'(pi+l) T xo-(N))
C ey, i=2

(xl,...,xNeFX).

This equation with the substitutions
xp)‘l+1 == xN = 1’

yields that a linear combination of f, and g; is decomposable. If {f,,g;} is linearly dependent, then this
obviously means that both f, and g; are decomposable functions. If this system is not linearly dependent, then
there exist a, b € F*, a # b and different complex constants ¢; and ¢, such that

fla) = aigi(a)  fulb) = c21(D).

With the substitutions
'xp;1+1 =a, 'xpn+2 == AN T 1’
and

xpn+1:ba Xp,,+2='-'=XN=1,

we get that the functions

()C], ce ’xm) — gl(xl o 'xpl)fn(a) + fn(xl o 'xpl)gl(a)

and
(xl, .. -axpl) — gl(xl o 'xm)fn(b) + fn(xl o 'xpl>g1(b)

are decomposable. Since finite linear combinations of decomposable functions are also decomposable, it
follows that f, and g; are decomposable, separately.

After that, let us consider the set S\ {p,} and apply the above argument for this set. With this step-by-step
descending argument the statement of the lemma follows. |

Remark 8. We emphasize that condition C(iii) in Lemma [§| have not been assumed. Thus, the fact that the
additive solutions of (I)) are decomposable functions can be deduced only under the conditions C(i) and C(ii).
On the other hand, for our purpose to describe the solutions more concretely we have to assume condition
C(ii1) as well to avoid further difficulties. However we believe that most of our methods can work similarly
only under the conditions C(1) and C(ii).
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Remark 9. Note also that in general we cannot state more than that the involved functions fi,..., f, and
Ji,--.,gn are decomposable functions on the commutative group F*. In other words, we can only state that
the solutions of the functional equation in question are higher order derivations (see below Corollary [2). In
general it is not true that the solutions of this functional equation are differential operators (i.e., exponential
polynomials of the multiplicative group F*). To see this, let us consider the functional equation

xfi(x®) + 2 H(0) + (N =0 (xeF).

Indeed, using the results of [5]], we deduce that fi, f>, f5 € 2 (F).

Due to a result of Laczkovich [7] and under the assumptions of Lemma [§] there exist a positive integer /,
there are generalized polynomials Py;, Oy;: F* — C(k = 1,...,land i = 1,...,n) and there exist linearly
independent exponentials my, ...,m;: F* — C such that

£(x) = ) Pri(x)my(x) and gi(x) = > Qpi(x)mi(x)  (xeF¥).

Since the generalized polynomials on any finitely generated field are polynomials and the exponentials
my, ..., my are linearly independent, we can apply Theorem [2] This implies that after substituting the above
form the functions fi,..., f, and gy, ..., g, and using that foreachk e Nand k = 1,...,n, we have

m(x) = m(x) (xeF),
especially

Zpk,i(xpi)Qk,i(xqi) =0 (xeF¥)
i=1

follows for all k = 1,...,[. This tells us that it is enough to solve equation (I)) for generalized polynomials of
the group F*. In fact, we can prove the following.

Theorem 5. Let n be a positive integer, F — C be a field and p, ..., p.,q1,-..,q. be fixed positive integers
fulfilling conditions C(i)-C(iii). Assume that the additive functions fi,..., fu,g1,...,9,: E — C satisfy func-
tional equation (1) for each x € F. Then there exists a positive integer |, there exist exponentials m;: F* — C
and there are generalized polynomials P;, Q;: F* — C of degree at most | such that

filx) = Pi(x)mi(x)  and  gi(x) = Qi(x)m;(x) (xeF¥)

foreachi=1,...,n.

Proof. As we saw above, under the hypothesis of the lemma, if the functions fi,..., f, and g1,...,g, solve
equation (1)), then there exist a positive integer /, there are generalized polynomials Py;, Oy;: F* — C (k =
I,...,land i = 1,...,n) and there exist linearly independent exponentials my, ...,m;: F* — C such that

filx) = Z Py.i(x)mi(x) and g;(x) = 2 Qi (x)my(x) (x € FX) :

Assume to the contrary that [ > 2.
Let

S = {pla"'apn}u{ql’”-,Qn}-

Then due to conditions C(i)-C(iii) we have max S = max {p,, g }. Similarly as in Lemma without the loss
of generality p, > ¢; can be assumed, otherwise we follow a similar argument. By our assumption [ > 2,

13



this yields that there exist different exponential terms in f; and g; with nonzero polynomial coefficients. For
the sake of simplicity, suppose that these different exponentials are m; and m,. Since max$§ = p;, the term
m}'mj' appears only in fi(x”')g;(x?) while expanding equation (I). Since generalized polynomials Py; and
exponentials my satisfies the conditions of Theorem [2|for every finitely generated subfield of F, the coefficient
of the above-mentioned term which is Py ; (x”')Q; 1 (x9') has to vanish on F. From this we can deduce that P ;
or Q,; is identically zero, contrary to our assumption. Thus

filx) = Pi(x)mi(x)  and  gi(x) = Qi(x)mi(x)  (x€F),

with appropriate generalized polynomials Py, Q;: F* — C and exponential m;: F* — C.
Suppose now that there is a positive integer k, less than n such that foralli = 1,...,k we have

Ji(x) = P;(x)m;(x) and g,(x) = Qi(x)m;(x) (xeF).

Assume that in the representation of f;. | and g, there are different exponentials with nonzero polynomial
coefficients, say m;, and m,. Observe that while expanding equation (I), the term m"7 o j"“ appears only at
once, namely in the product fi (X' )gis(x%+1). Again, due to Theorem 2] we deduce that the appropriate
polynomial term, that is,

Pk+1,j1 (xpk+| ) Qk+1,j2 (le1<+1 )

has to vanish. This proves that necessarily

Jir1(x) = Prpi(x)myp (x) and geyy = Opyr ()1 (x) (x € FX)

hold. This shows that there exist exponentials my,...,m,: F* — C and generalized polynomials Py,..., P,
and Qi,...,Q, on the group F* such that foralli =1,...,n

fi(x) = Pi(x)m;(x) and gi = Qi(x)m;(x) (x € FX) .

Remark 10. Due to conditions C(i)-C(iii), equation (T]) has the form

0= Zf xP)gi(x7)

(xe FX) :
If the exponentials appearing on the right hand side would be different, then by Theorem [2} their coefficients
would be zero. This implies however that there exists a proper subset J < {1,...,n} such that
Zf] (xF7)g;(x%) = 0 as well as Zf] (xP7)g;(x%) = 0 (xeF¥). (2)
jeJ jeJ

This yields to the following definition of irreducible solutions.

Definition 10. A system of solutions {fi, ..., fn, g1, - - -, gn} of equation (T)) is called irreducible if it does not
satisfy a sub-term of (I)). Otherwise, we say that a system of solution is reducible.

14



Clearly, a system of solutions {fi, ..., fu, g1, - - - »gn} Of (I)) which fulfills ()) is a reducible solution. On the
other hand, the argument in Remark [10| shows that every solution of (1) can be given as a sum of irreducible
solutions of disjoint sub-terms of (I). Therefore, we restrict ourselves to the irreducible case, since every
reducible solution can be deduced as a sum of irreducible solutions.

Corollary 2. Under the conditions of Theorem|5| suppose that system of functions {fi, ..., fu,g1,--.,gn} is an
irreducible solution of equation (1). Then there exists an exponential m: F* — C and there are generalized
polynomials P;, Q;: F* — C such that for eachi =1,...,n

fi(x) = Pi(x)m(x) and gi(x) = Qi(x)m(x) (xeF"). (3)
In other words, for eachi = 1,...,n there exists higher order derivations D;, 5,~: F — C such that
AR ~D)  and g~ Dy (xeF),
where ~ in the latter two equations is the equivalence relation defined in Remark[7]

Proof. By Remark [I0] all of the exponentials m; have to be the same in the description of the solutions of
Theorem [5] Therefore, equation (3)) describes the irreducible solutions of (I).

Using Lemma [5] solutions of equation (I]) are enough to be determined up to the equivalence relation ~
defined in Remark [/} Accordingly, we can suppose that the exponential m in the above representation is the
identity mapping. Hence, in view of Theorem [ we get that the functions fi,..., f, as well as g1, ..., g, are
(or more precisely, are equivalent to) higher order derivations, as we stated. O

3.4 The order of higher order derivation solutions

Every higher order derivation on F is a differential operator on any finitely generated subfield of F (see Theorem
and [6]). Hence on these fields the solutions are differential operators. Moreover, if the solutions on any
finitely generated subfield of F is differential operator of order at most n, then every solution on FF is a derivation
of order n. From now on, instead of finding solutions as higher order derivations we are looking for differential
operators as solutions.

For this propose, our next aim is to understand the arithmetic of composition of derivations of the form
dy o --- od, that are building blocks of differential operators. First we show that there is a natural form of
composition of derivations that can be taken as a standard basis.

For this target, the notion of moment function sequences turn out to be useful. Here we follow [4]. A
composition of a nonnegative integer n is a sequence of nonnegative integers & = (@), such that

0
n ::zzlab
k=1

For a positive integer r, an r-composition of a nonnegative integer n is a composition @ = (@), With @, = 0
fork > r.
Given a sequence of variables x = (x;)en and compositions @ = (@), and 8 = (Bk),oy We define

o[l o= S e[l (3)-T1(3)
k=1 k=1

k=1 k=1

Furthermore, § < @ means that 8, < a; for all k € N and 8 < « stands for § < @ and 8 # «.
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Definition 11. Let G be a commutative group, r a positive integer, and for each multi-index @ in N" let
fo: G — C be a continuous function. We say that (f,).enr is a generalized moment sequence of rank r, if

f X+ y <ﬁ>fﬁ f(t—ﬁ (4)
p<a

holds whenever x,y are in G. The function f;, where O is the zero element in N', is called the generating
function of the sequence.

Theorem 6. Let G be a commutative group, r a positive integer, and for each a in N let f,: G — C be a
function. If the sequence of functions (f,)een forms a generalized moment sequence of rank r, then there
exists an exponential m: G — C and a sequence of complex-valued additive functions a = (ay)qene such that
for every multi-index a in N" and x in G we have

where B, denotes the multivariate Bell polynomial corresponding to the multi-index «.

Remark 11. It is well-known that every polynomial P : C" — C (r € N) can be given as a linear combination of
B, where a € N". Hence, the momentum generating functions generates the exponential polynomial functions
on G. By Lemma 2] all Bell polynomials B, o a are linearly independent over C.

Lemma 9. Let F < C be a field, r be a positive integer and d,,...,d,: F — F be linearly independent
derivations. For all multi-index @ € N', a = (ay, ..., a,) define the function ¢,: F — C by

alx) = d*(x) = dy' o+ 0 d(x)

:d]O“'Od]O"‘OdrO"‘Odr(x)
—_—— —_——

) times a, times

(XEFX).

Then (¢q)acrr is a generalized moment sequence of rank r on the commutative group F* and the generating
function of the sequence is the identity function.

Proof. LetF — C be a field, r be a positive integer and d, . ..,d,: F — F be linearly independent derivations.
For all multi-index @ € N, @ = (a1,...,a,) define the function ¢,: F — C as in the lemma. We prove the
statement by induction of the length of the multi-index @. Assume that @ € N” and |a| = 1. Then there exists
ie{l,...r}suchthat@; = 1 and @; = O for j # i and

Po(xy) = d(xy) = di(xy) = xd;(y) + ydi(x)

(x,yePX).
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Let now @ € N" and assume that the statement is true for all multi-indices 8 € N” with 8 < @. Then

gpa(xy):da(xy):dtlllo...od;lr<xy):dlo...dlo...odro...odr(xy)

) times a, times
=dyo---odjo---0 dy_yo---0 rl(d"’(xy))
] times @, tunes
@,
=djo---odjo-- Odrlo (ﬂ (ﬁ dﬁr - d ﬁr( ))
) times @ tlmes

"

(;) odyorrodiion - odiy (d(x) - dr P (y))

@) times ,_ times

S 22( )G ()
y dfl o-odi(x) - d" P o0 d T (y)
- <a<; ep(X)paply)  (vyeF").

O

Corollary 3. By Lemma @ and Remarkn [ 1|implies that the functions d* = d{' o --- o d,” constitute a basis of
the differential operators in F*. Since every d* is additive, by Lemma 2 l all elements of the system {d“(x)},
where a € U,enN" are algebraically independent.

A consequence of the algebraic independence of the elements of d*, where @ € U,xyN’ is the following.
Let P € C[xy,...,x,| be a polynomial, d,, . ..d, be derivations as in Lemma@]and ay,...,a, € UenN'. Then
the following polynomial form

P(d™(x),....d"(x)) =0  (x€G)

holds if and only if
P(d“l(x),....d™(x)) =0 (xeG),

where d is an arbitrary derivation (of order 1). In other words, we can substitute d,, . . .,d, by dind™,... ,don.

By Corollary [3| it would be desirable to calculate d* = d o - - - o d, where d is a derivation (of order 1) and
—

k times

k € N. Lemma[9] together with [4, Proposition 1], implies the following statement.

Proposition 1. Let F < C be a field and d: F — C a derivation. For all positive integer k we define the

function d* on F by
d*(x) =do---od(x) (x e F).
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k k!
where the conventions d° = id and ( ] ; ) = are adopted. Especially, for all positive integer
1 b 9 p .

L1,
p, we have

COE (ll’fc"lp)-d"(x)---dlp(x) (F1y.r s 5%, € ),

l1selp=0
l+--+1,=k

Reordering the previous expression we can get the following

IR Y ’S)li[(le)'<&_‘i’—l>'(d(x))j]"'(ds(x))j"'xp_pl,(erF)

Bt je=p <p N 7 =l
J1+2j2+-+sjs=k i Js P

where ji,. .., j; denotes the number of d(x), . ..,d*(x) in a given composition of d*(xP).

With the above results, we are now ready to prove an upper bound for the order of derivations appearing
in Theorem

Theorem 7. Under the hypotheses of Theorem |5| the solutions f; and g; are derivations D; and D; for all
i =1,...,n Let k and l denote the maximal degree of derivations D; and D, respectively. If the degree of
the derivations D,. Suppose that there exist some i’ such that the degree of Dy and Dy is exactly k and |,
respectively. Then for alli = 1,...,n the degree of D; and D; are less or equal ton — 1.

Proof. Assume contrary that the maximal degree k of the above derivations Dy,..., D, is greater than n — 1.
The argument for the case when the maximal degree / of D,...,D,is greater than n — 1 is analogous.

In this case there exists an index i’ such that the degree of the derivations D; and Dy is exactly k and /,
respectively. It is important to note that then the sum of the degrees of D; and D; is at most k + [ for any i,
and it is exactly k + [ for some indices if and only the corresponding D and D is of degree k and of degree
[, respectively. Furthermore, by the algebraic independence of higher order derivations, there the number of
these indices are at least two.

From now on we assume that F is finitely generated. Indeed, if we verify the statement for any finitely
generated subfield of a field FF, then it holds for F itself, as well. On finitely generated fields all of these higher
order derivations can be represented as differential operators, that is, on finitely generated fields we have

Di(x) = . Aiudf(x)  and  Di(x) = > Dipd(x)  (xeF)

|| <k |BI<I

with appropriate complex constants A, ,, 71,;,3, (le| <k, |B] < 1, i = 1,...,n) and higher order derivations
d?, &’ : F — C defined in Lemma@ Further, we have

1

n

0= Zpi(xpf)ﬁ,-(xqf) =D D0 Aad? ) |- | DD Aipdl () (xeF).

i=1 \ |a|<k IBl<i

If we expand the right hand side of the above identity with the aid of Proposition |1} we get an expression of
the following polynomial form

~

P(x,dy(x),....du(x),di(x),....di(x),....d"(x),....d"(x),d\ (x),....d'(x)) =0  (xeF).
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If this identity can be satisfied with dlfferent functions, it can also be satisfied with one. By Corollary [3] this
enables us to substitute the functions d, d (i = 1,...,n|a| < k,|B| < I) with suitable compositions of a
given derivation d of order 1. In other words instead of the above identity, we can restrict ourselves to

2 (Z /L_de(xp,-)> ' <Z Zi,jdj(xqi)> =0  (x€F)

i=1 \j=0

with appropriate complex constants 4;; (i =1,...,n, j=0,...,k), and /Nl,-,j (i=1,...,n,j=0,...,0)and
derivation d: F — C. By our assumptions there are some i’ such that A, # 0 and A, # 0.
Dividing the above sum to smaller ones, we get

Z (Z /li,ja’j(x”")> . (Z Zi’jdj(qu'))
= Z (H A d? (xP) + a,,kdk(xm)> : (ki Ao d (xT) + ii,ldl(xqf)>

[ (k= 1)S (g1 = 1) + D' ()S (piok — 1)

i=1
A ()8 (gin L = 1) + dydiad () (+%) | = 0
(xeF),

where
k—1

S(pik—1) = > A;;d/(x") and S (g;.1 Za, A(x) (xeG).
j=0

Note that, by the algebraic independence used in Corollary [3] thls sum splits into separate terms of the form
d*(xP")d' (x?), where s + ¢ is a fixed number. By our assumption, when s + ¢ = k + [, then the only way is that
= k,t = 1. This implies that using Proposition [T we get that

n
0 = > Aigdidt (x7)d' (x)
i=1

o K p\ ey O,
— A Pi—pP
; bkl 2 <11ss><11> Gh 8

Jiteotjs=p'<pi e —r —— -~ t=1
J1+2ja+-+sji=k J1 Js r

Jiteti=g<q W T T L N
]l+2J2+ +Y]r*l j| js q’

while the rest in the above sum can be computed similarly.

Case 1. If k < [, then we compute the coefficients of the terms
(d(x))d* 7 (x)d'(x) (j=0,....,k—1). (5)
For each j = 0,...,k — 1 this can be taken from the expansion of

/li,kzi,ldk(xpi )dl(xqi)
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in one way. Namely, by splitting d“(x”') into j + 1 parts and d'(x%) into one. Then the corresponding coeffi-
y Y. by sp g J p p g

cients are
n - k 1 Di qi
v k =0.
Z; ! ’1(1,...,1)1!(1’---’1)(1>
i —— ~—

J Jj+1

9o e oy

k 1 k
Since each of the terms contains (1 1) - = ( ,), this can be eliminated from the above equation. The
J: J

J
corresponding equations (j = 0, ..., k) can be write in the following matrix equation

.
()(0)

Pn\ (49n ~
(1)(1) Al,k%l,l O

(5)(6)

' ) ' Az iAoy _ 0

Pl. q1 . p”. 4n

706 - DM ik, 0
) k

Here we note that as p;’s are all different positive integers, it follows that p; > n for some i and hence the first
n rows of the matrix in not identically zero, as k > n — 1. It is straightforward to verify that the first n row of
above matrix equation is equivalent to

Pi ... Dn 6]1/11,1(%1,1 0
pi ... D; QArzpdzs | |0
p’]Z PZ qn/ln,kzn,l 0

Since this is a Vandermonde type matrix with different p;’s, the only solution of this homogeneous linear
system is the zero vector, i.e., ¢;d;xA;; = O for all i = 1, ..., n. This contradicts to our assumption that there is

~

some i’ for which Ay, # 0and Ay, # 0 (¢ # 0as ¢; # O foralli € {1,...,k}).

Case 2. If k = [, then we compute the coefficients of the terms
d(x)(d(x)*  (j=0,....k—1). (6)
.k . :
Ifj< 7 then this term can be taken from the expansion of
iy (xP)d ()

in one way. Namely, by splitting @*(x”') and d*(x%) into j + 1 parts. Then the corresponding coefficients are
y Y, by sp g J p p g

2
t ~ k 1 Pi ql'
/1,' /li - =0.
Zl KA (1,...,1)]! <11><11>
= ~—— ~— ~—
j j+1 j+1
. . k 1\2 I\ 2 . .. .
Since each of the terms contains ((1 1) 7) = (J) , this can be eliminated from the above equations.
e 1

J
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These equations for j = 0,..., [k/2] — 1 can be written in the following matrix equation

(") () (7 (%)

(fll) (1q,11) (P () A 0

| L1 ' L1 /12,k712,k 0
(1 P 1)(1 q 1) (1 Pn 1)(1 n 1)

Aok
[k/2]—1 [k/2]—1 [k/2]—1 [k/2]—1
Here we note that as p;, g; are all different positive integers, it follow that max; {p;,¢;} = 2n and hence the
first n’ = min(n, [k/2] — 1) rows of the matrix in not identically zero, as k > n — 1. It is straightforward to

verify that the first n’ row of above matrix equation is equivalent to

piar o P\ i 0
g ... piq. A Aoy B 0
Prat o prat ) \ A 0

Note that if n’ = n, then we are done with a Vandermonde matrix argument similar as it is used in Case 1.
So from now on we assume that n’ = [k/2] — 1. This also means that k < 2n, thus the maximal order of the
corresponding derivations is at most 2n — 1.

k : 4
If j > 3 then the term (d(x))*(d*~/(x))? can be taken from the expansion of

/li,kzi,ldk (xP)d" (x)

in three ways. One is as above, when we split both d*(x?) and d*(x%) into j + 1 parts. Another one is when
d*(xP7) is split into k parts giving d(x)*, and d*(x%) provides (d*~/(x))?(d(x))*~*. The third one is given by
changing the role of p; and g;.

Then the corresponding coeflicients are

- ~ k 1 \2 Di qi

/7.,' /11' ( _>
Sl ) (L))
i= N ~—

—
J J J
5~ k 1 k 1 1
St (L e
L L R\, L) 2 (25 — k)
P (k!) Jj)2(2j—k)
k 2j—k
Di qi Pi qi )
0
><<(1, ,1)(1, ,1)+<1, ,1)(1, ,1)
~—— ~—— ~—— ~——
k 2j—k+2 2j—k+2 k

First we show that the second sum has to vanish for all j = [k/2],...,k — 1. In such cases, the coefficients

( k )1( k )1 1
L. 1)\, 17202 —k)!
j)2(2j—k)

k 2j—k
are the same is each summand, it is enough to show that

En 1 pi i pi qi
Aigdi ( >=O. 7
—1 kbik (1’,1)(1,’1)—’_(1"1)(1”1) ()

—
k 2j—k+2 2j—k+2 k
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This clearly holds, since the term (d(x))*"!d*~2~!(x) in the expansion of d* (x”")d* (x%) for j = [k/2],... , k—
1 can be given in exactly two ways. Either (d(x))* stems from d*(x”') and (d(x))*~**! . d*~%~1(x) stems
from d*(x4), or reversely changing the role of p; and ¢;. Hence we get

n 5 k 1 pi qi Di qi

i N R ) o
Zl * ’k<1,...,1) 2j—k+ 1) (1,...,1)(1,...,1)+(1,...,1)(1,...,1
= ~— ~— ~— ~— ~—

2j—k+1 k 2j—k+2 2j—k+2 k

which is equivalent to equation (7). Thus, for all j = [k/2],...,k — 1 it follows

n ~ k 1 2 pi qi
Aisdis ) 0

Z; wix (1,...,1)(]'!) <11>(11>

i= —_—— —_—— N

J J J

S~ pi qi
/li /1,' :0
; * ”‘(1,...,1) (11)

This implies that

hold for all j =0,...,k — 1. Thus we get

(M) (9)

! ~
i\ (a1 P (dn A1 A1k 0
) i) (i

G202 0 - G 06" ) 5 0

—_——  —\— —_—— —\— An,k/ln,k

k k

where the first n rows of the matrix is not identically zero as p; and g; are different, hence there is an index 7/
such that p; > n and gy > n. Thus this system consisting the first n rows is equivalent to

P1g1 -+ Pndn /ll,kzl,k 0
ne ... P ol | 0
p?q’f e pZQZ /ln,kzn,k 0

By the usual Vandermonde argument as in Case 1, the only solution of this homogeneous linear system is the
zero vector, i.e., 4;;4;; = O foralli = 1,...,n. This contradicts our assumption that there is some i’ for which
/li’,k # 0 and /li’,k # 0.

Case 3. If k > [, then we prove that
2 AipdiapT g = 0
i=1

holds for every j = 0,...,n — 1 and every s = 0, ..., j. We prove it by induction in j.
In each step we consider how (d(x))/d*~/(x)d'(x) can be given from the expansion d*(x")d!(x%). There
are three possible cases, where this term can stem from.

(@) (d(x))/d*~/(x) stems from d*(x”) and d'(x) stems from d’(x%). This can happen for every j € {0,...,k}.
In this case the coefficient of (d(x))/d*~/(x)d!(x) is

Z" ~ k 1 Di qi Z" ~ (k Di
— * ’l(l,...,l)]!<1,...,1)<1> — * ’l(]><1,...,1 d
= \ , =

J jt1 Jjt1
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(b) d*J(x)d'(x)(d(x))’~! stems from d*(x”') and (d(x)) stems from d'(x%). This can happen if j > L In this
case the coefficient of (d(x))/d*~/(x)d'(x) is

i/l' 1 k 1 l l Di qi
SRRV ¥ WORS DX TN TAN IORIS VTR U VAN UNS |
= ~—— ~— ~—— ~—

1 ~ k Di qi
— /ll /ll .. :
; ! ’l(k—J,J—l,l) (11) (11)
i= ~— —
j—1+2 l

(¢) d'(x)(d(x))*" stems from d*(x”') and (d(x))'~*=/)d*/(x) stems from @'(x%). This can happen if / > k—
In this case the coefficient of (d(x))/d*~/(x)d'(x) is

S, k L / (7 !
=RV 1 WONS DATAV.ES S IWORS ATy TRN WORNS DA VN |
i= ~—— ~—— — —

I ) 41 I—(k=)+1

N y k Di qi
, T\ k—Lk—j,l— (k— 1,...,1 1,...,1
P Bl= (k=) Loo1AL...1

I+1 I—(k—j)+1

For j = 0 (and hence s = 0) only the first term takes into account. This means that

Z Aixdiapigi = 0.

i=1
So the inductive hypothesis holds for j = 0.

Now we assume that
1—
Z:/llk/lzlpjJr ’ f =0

holds for every j/ = 0,...,j— 1l and every s = 0,..., j’. We prove that
D Audiupl T gl =0
holds for every s = 0,..., j, as well. Generally, some of the previous composition are possible for a given

J but the following argument works in all cases, however we just prove it when all composition discussed
below appear in the expansion. Thus we assume that the coefficient of (d(x))/d*~/(x)d'(x) is

. ~ k Pi

0= Z/li,k/li,l ( ) <1 1)%
- j e,
=

j+1
k i i
" x p q
k—jj—L1)\1,...,1 1,...,1
—_—— —_——
142 1
k Di qi
+ . . :
k—Lk—jl—(k—j))\1,....1 1,...,1

I+1 I—(k—j)+1
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By the inductive hypothesis and the fact that j < n < min {p/, ¢/} for some 7/, this is equivalent to

k k (ki
0= /11 /ll Jj+1 ; J—1+2 1 {+1 l (k—j)+1 )
Z ¢ ’(( )” @ (k—j,j—l,z)” B \e— k= 1= (e )T

Note that the expressions p/ A gl fors =0,...,jcan be interchanged in the following sense. By C(ii),
pi + gi = N, thus we have that p’Jrl g = Np ‘¢ —p gt As

Z /li,k;ii,lp{_s%g =0

J=S s

for every s = 0,..., j — 1 by the inductive hypothesis, the term Np; "¢ can be eliminated. After several
repetition of this step we get that

k k
0 /ll /ll j+1l j+1[ j+ll )
Z : ’(< )” q—(k—J, ll)” VRS VA

We also note that using this interchange rule and the inductive hypothesis it is clear that

Z/llk/ltlpﬁ_l * ls_ 0

forany s =0, ..., jis equivalent to
Z /L‘,kzi,zpfﬂqz‘ = 0.
i=1

Therefore, to finish the proof it is enough to show that

k + k + k #0
j) \k—jj—-L1) " \k—Lk—jl—(k—)) '

This is equivalent to verify that

1 1 1
——I— + # 0.

JU G =DM T (k=DM (k= )Y

Multiplying by j! this lead to
J J
1+ + 0.
() (L)

It is straight forward to show using the growth of (Z) in k (if k < n/2) that one term dominates the others
ifl # k—1land ! # j— (k —I). Thus in these cases this (weighted) sum is nonzero. If / = k — [ or
I = j— (k — 1), then either their sign is the same and hence the sum is nonzero, or their sign is different
and hence they eliminate each other, hence the sum is 1 which is nonzero.

Summarizing, we get that
k + k + k #0
) \k—jj—1Ll k—1Lk—jl—(k—J)

D Audip! g =0, (8)

i=1

and hence
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which is equivalent to the inductive hypothesis for j as we noted above.

Thus equation (8) holds for every j = 0,...,n — 1. In matrix form this means that
| A | pIQI/l],kzl,k 0
Pr o DPa P2g2 A2k A2 0
prll_l s PZ_I pnqn/ln,kzn,k 0

Since this matrix is a Vandermonde type matrix with different p;’s, as Case 1 and Case 2, this implies
that, the only solution of this homogeneous linear system is the zero vector, i.e., p,-q,-/l,-,kzi,l = 0 for all
i = 1,...,n. This contradicts to our assumption that there is some i for which A, # 0 and 7117,1 #0
(and p; # 0, g; # 0 by C(i)). This also finishes the proof of the theorem, thus the order of all derivations
involved in () is at most n-1.

O

Remark 12. The upper bound appearing in the above theorem is sharp. To see this, let n, N be positive integers,
Ai,...,4, € Candlet f: F — C be an additive function for which

Zn: Af(xN)xN =0
i1

n

is fulfilled for all x € F. Then f € Z,_(R) if and only if A; = (—1)’(
i

) foralli=1,...,n, see [1},[3,[5].

Remark 13. The proof of Theorem |/|in all cases is based on the fact that the matrix

) () (%)
() ! (1)) (1)) ! () ()

L0 - 0L

Py Py PRI ) 9 ey )

n—1 n—1 n—1 n—1

has rank n, though it is far from being trivial to find the proper sub-matrix, which verifies that.

On the other hand, the situation is much more complicated, if the maximal order k of D;, and the maximal
order [ of 5,~ is not uniquely determined. Namely, if there are several different pairs (k;, [;) so that k; + [; = K,
where K is constant and k; is the maximum order of D;, /; is the maximal order of ﬁ,-. Then the equations first
can only be determined for subsets of the index set, which satisfy some nontrivial relations. In this case the
first task is to show that the problem can be formalized separately for the index sets, which seems a very hard
problem in full generality. In this case our method can be applied.

Theorem [7|and Remark @ motivates our conjecture, that we verified for n < 4.

Conjecture 1. Let n be a positive integer, F — C be a field and p., ..., p,, q1,-..,q, be fixed positive integers
fulfilling conditions C(i)-C(iii). Assume that the additive functions fi,..., fu,g1,...,9,: E — C satisfy equa-
tion (I)). Then every solution is a generalized exponential polynomial function of degree at most n — 1 on F*.
In particular, if

~

fi(x) = Di(x) and gi(x) = D;(x) (x € FX) 9)

foreachi=1,...,n, then the order of D;, 55 is at mostn — 1.
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This conjecture leads to the following more general open question.

Open Question 1. Is it true that every nonzero additive, irreducible solutions fi, ..., f, of
P(fi(x"),..., fu(x")) =0, with P(0,...,0)=0

are derivations of order at most n — 1 and the identity function up to a homomorphism, if P : C — C is
polynomial and p; ..., p, are distinct positive integers?

Finally we highlight some important special cases when Theorem [/| gives the proper bound of the order of
the derivations.

Corollary 4. Let n be a positive integer, F < C be a field and p,, ..., pn, qi1, ..., q, be fixed positive integers
fulfilling conditions C(i)-C(iii). Assume that the additive functions fi,..., fu,g1,...,9,: F — C satisfy equa-
tion (1)) as an irreducible solution. Then f; ~ D; and g; ~ 51', where D; and 5,- are higher order derivation.
Assume further that one of the following holds.

(A) All D; have the same order. This is the case, when f;(x) = c¢;f(x) (x € F) for some nonzero constants
c;eCie{l,...,n}

(B) All D; have the same order. This is the case, when gi(x) = c;g(x) (x € F) for some nonzero constants
c;eCie{l,...,n}

(C) fi=ci-giforallie{l,...,n} with some nonzero constants c; € C,i = 1,...,n.
Then the order D; and 13,- is at mostn — 1.

Proof. Theorem 5|implies that every solution f; (resp. g;) is an exponential polynomial of the form P; - m (resp.
Q; - m), which means that f; ~ D; and g; ~ D, for some derivations D; and D;.

(A) Let k denote the order of D;, and let / be the maximal order of D;. Now we are in the position to apply
Theorem [7L

(B) Similar to (A), since in case of equation (I), the role of the parameters py,..., p, and ¢, ..., g, iS Sym-
metric.

(C) As the maximal degree of f; is the same as the maximal degree of g; and it is taken for the same index we

can apply Theorem m|

Special cases of equation (T))
In this subsection we consider special cases of equation (T]). All the equations we consider here are of the form
[ )gi(x™) + fo(x)ga(x*) =0 (xeF).

Here fi, f5,91,9,: F — C denote the unknown additive functions and the parameters p, p», g1, ¢» fulfill con-
ditions C(i)—C(iii). Due to the results of the previous section, we get that

f,(x) ~ /l,-,ox+/l[,1d,-(x)

xeFi=1,2
gi(x) ~ piox + pi1di(x) ( )

with appropriate complex constants A; j, u; j (i = 1,2, j = 0, 1) and derivations d;, d:F—C (i=12).
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Corollary 5. Let N be a positive integer, F < C be a field and p, q be different positive integers (strictly) less
than N and assume that g # N — p. If the additive functions f,qg: F — C satisfy

FONFENP) = g(x)g(x" ) (xeF),
then
A) either there exists a homomorphism ¢: C — C, a derivation d: F — C such that
f(x) =eld(x)) and  g(x) = ap(d(x))  (xeF),

p(N —p)
q(N —q)’

B) or there exists a homomorphism ¢: F — C such that

f)=7F1)-elx)  glx)=+f(1)-ex)  (x€F).

where a@ =

Corollary 6. Let N be a positive integer, F < C be a field and p, q be different positive integers (strictly) less
than N and assume that g # N — p. If the additive functions f,qg: F — C satisfy

FP)g(xNP) = kf(x)g(x"77)  (xeF).
Then

p(N —p)
q(N —q)
B) if k = 1, then the only possibility is that

A) ifk ¢ {1, }, then f is identically zero,

where . F — C is a homomorphism,

. p(N—p)
DI N

, then there exists a homomorphism ¢: C — C and derivations d,,d, : F — C such that

f(x) =eldi(x))  and  g(x) =¢(dr(x))  (x€F).
Both results implies that the nonzero additive solutions of equation
FOFONT) = kf () f(N9) (xeF).

p(N —p)
q(N —q)
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are derivations of order 1 (x = ) or the identity function (k = 1) up to a homomorphism.
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