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Decomposition of balls in R¢

Gergely Kiss and Gabor Somlai *

Abstract

We investigate the decomposition problem of balls into finitely many
congruent pieces in dimension d = 2k. In addition, we prove that the
d dimensional unit ball By can be divided into finitely many congruent
pieces if d =4 or d > 6. We show that the minimal number of required
pieces is less than 20d if d > 10.

1 Introduction

The history of this problem goes back to 1949, when Van der Waerden posed
an exercise in Elemente der Mathematik. The question was whether the disk
can be decomposed into 2 disjoint congruent pieces. Different elementary proofs
show that it is not possible.

Maybe the simplest one is the following: If there exists such a decomposition,
then there exists an isometry connecting the two pieces. We prove that this
isometry must be a linear transformation. Let Au B = D be a decomposition
of the unit ball and ¢ be an isometry with ¢(A) = B. The 1 dimensional
Hausdorff measure of the boundary of the disk, H;(0D) is 2r. The outer
Hausdorff measure of the intersection of the boundary of the disc with A or B
is at least . We may assume that this holds for A. On the other hand, there
is no arc of radius 1 contained in the interior of the disk which has at least m
measure. Therefore ¢(AudD) c 9D. Then the origin stays in place.

This motivates the question whether the d dimensional ball can be decom-
posed into finitely many congruent pieces. Clearly, it is enough to decide the
question for the unit ball B;. For a cardinal number m, we say that a set K
is m-divisible (with respect to G) if K can be decomposed into m congruent
(with respect to G) and disjoint pieces. Wagon [7] proved in 1984 that the
d dimensional ball is not m-divisible for 2 < m < d. This was the only well-
known lower bound for the number of pieces. In 2012 the authors showed (in
an unpublished paper) that the disk is not 3-divisible.
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In 2007, Richter [5] showed that a typical convex body D is not m-divisible
for any finite m. Every decomposition can be described by a set A and a
set of isometries ¢g = id, ¢1,...,Pn, where D = [~ $:i(A). He proved that if
Ha1(47'(0D) n ¢;7(8D)) = 0 for every i # j, then D cannot be decomposed
by these isometries. This guarantees that every element of a residual subset of
the space of convex bodies (endowed with Hausdorff metric) is not m-divisible
for any m > 2. However, for every d, the d dimensional ball By is not in this
class, see [B]. In 2010, Laczkovich and the first author proved [2] that the 3
dimensional ball is m-divisible for any m > 22.

In this paper we prove that the d = 2k dimensional ball can be decomposed
into finitely many congruent pieces:

Theorem 1.1. The 2s dimensional ball (either open or closed) is m-divisible
for every m>4(2s+1)+2 if s> 2 and s + 3.

The original proof was formulated for the four dimensional unit ball. The
construction of the proof is a natural generalization of it for higher dimensional
cases. As a special case of Theorem [T we get:

Theorem 1.2. The 4 dimensional ball (either open or closed) is m-divisible for
every m > 22.

Using Theorem [[LT] and the fact that the 3 dimensional ball can be decom-
posed into finitely many pieces (see [2]), we prove the following:

Theorem 1.3. The d-dimensional ball By can be decomposed into finitely many
pieces for d > 6 and d = 3,4.

Furthermore, we show that the minimal number of pieces in our construction
grows linearly with the dimension. According to [7] this is the best in the sense
that there is a linear lower bound d + 1 for the number of pieces which is needed
for a decomposition.

Theorem 1.4. Let d > 10 and 7(Bg) denote the minimal number of required
pieces for a decomposition of the ball Bg. Then

d<7(Bg)<20-d.

This result improves the upper bound given by the construction for the 3k-
dimensional ball in [2].

Our paper is organized as follows. In Section2we introduce the notation that
we will use throughout the paper. In Section[3 we collect facts about a subgroup
of the 4 dimensional special orthogonal group. In Section ] we define a rational
parametrization of special orthogonal matrices in dimensional d. Section [l is
devoted to the main lemma of the paper giving sufficient properties for the
existence of decomposition of infinite graphs. In Section [l and [7] we apply it for
graphs defined by isometries. In Section [6] we complete the proof of Theorem
and Theorem ]l Finally, in Section [ we handle the odd dimensional cases
to prove Theorem and we collect all the information given in the paper on



the number of required pieces for a decompositions to prove Theorem [[L4 In
Section [§] we summarize the results and open questions on the decomposition of
balls.

2 Notation

For a possible directed graph I we denote by V(I') and E(T") the set of vertices
and edges, respectively. If there is an edge e from U to V, then we say that
U is the tail and V is the head of e and we denote them by T'(e) and H(e),
respectively. We call a sequence of vertices Vi,Vs,...,V,, a path if for every
1<i<n-1 there is an edge from V; to V;;; and a path Vi, V5,...,V, is a cycle
ifV;2V;if1<i<j<n-1and Vi =V,. We denote by (P,Q) a path from P
to @. We will also use this notation for graphs, where there are more than one
paths connecting P and @ if it is clear which path we consider.

We denote by e the identity element of a group. Let G be a group generated
by the elements of the set S = {w, | «a € I}, where S = S71. Every element
W of the group G can be written (not necessarily uniquely) as a word of the
generators so W is of the form wiws ... w,, where w; € S for every 1 <i<n. As
a later terminology, we say that the word W starts with w; and ends with w,,.
Moreover the i'th letter w; of the word W will be denoted by W[i] and we use
the notation W[-1] for the last letter of W. If W is the empty word, then let
Wi] = e. We denote by lg(W) the length n of the reduced word W. However,
we will use linear transformations of R? as the letters of a word W and we use
the convention that linear transformations acts from the left on the elements
of RY. We also say that a word W = wyws, ..., wy has a shorter conjugate if
W1 =W[-1].

The special orthogonal group SO(n,R) will be shortly denoted by SO(n)
and we denote by Iso(n) the isometry group of the n dimensional Euclidean
space. In this paper, by m-divisibility we mean m-divisibility with respect to
Iso(n).

Let p(x) = apaz™ + -+ + ag be a polynomial. Let deg(p) denote the degree n
of the polynomial p and we denote by LC(p) the leading coefficient a,, of p.

3 Lemmas on a subgroup of SO(4)

In this section, for sake of completeness, we prove more than it would be neces-
sary to prove Theorem



Lemma 3.1. Let A and B be the rotations in SO(4) given by the matrices

cosf —sinf 0 0
sin 6 cos 0 0
A= 0 0 cosf —sinf and
0 0 sin @ cosf
cos 0 0 —sinf
B 0 cosf) —sinf 0
1 0 sin @ cos 0 0 ’
sin @ 0 0 cosf

respectively, where cos @ is transcendental. We denote by K the group generated
by A and B. Then every element U + 1 € K has exactly one fiz point, which is
the origin.

Proof. The proof can be found in [8, Theorem 6.3]. O

Observation 3.2. [t is easy to see from Lemma [3]1] that K is a free group
so every element of K can be written uniquely as the product of the matrices
A A™Y B,B'. This gives that the length of M = A™ B™...A™B" ¢ K s
lg(M) = L, |ms| + |ni| if M is defined by a reduced word.

Definition 3.3. 1. We define the set

a -b -c¢ -d
b a -d ¢

M = c d a -b ta,b,c,deR
d -¢c b a

It is easy to verify that M s an algebra over R.

2. Let
My={MeM: det(M)=1}.

Clearly, M is a subgroup of the orthogonal group O(n).

3. Similarly, let M(0) denote the set of matrices of the form

p(cosb) —sinf g(cosf) —r(cos®) —sinf s(cosf)
sinf q(cos®) p(cosb) —sinf s(cosh) r(cos6)

r(cos0) sin@ s(cos) p(cosb) —sinf q(cos®) |’
sinf s(cosf) -r(cosb) sin@ g(cos0) p(cos )

where p,q,r,s € Q[z]. Such an element of M(0) is determined by the
polynomials p,q,r,s and will be denoted by My(p,q,r,s).

4. Let M1(0) ={M ¢ M(0):det M =1}.

Observation 3.4. Let U be an element of K, where K is defined in Lemma
[Z1l Then U e M;(0).



For further results we need to describe the degree and leading coeflicient of
the polynomials p, q,r, s for Mg(p,q,7,5) € M(0).

Definition 3.5. 1. For a pair of polynomials p1, ps we write pi(cos(f)) =
p2(cos(0)) and sin(0)p1(cos(#)) = sin(0)p2(cos(0)) if deg(p1) = deg(pz)
and LC(p1) = LC(p2).

2. For a pair of matrices My, My € M(0) we write My = My if and only if
(M), = (M2);,; for every i,je{l,...,4}.

We define the degree of a matrix in M (0).

Definition 3.6. Let M = My(p,q,r,s). We denote by deg(M) the mazimum
of deg(p),deg(q) +1,deg(r),deg(s) + 1.

It is easy to see that if M, N € M(0) and M = N, then deg(M) = deg(N).

Observation 3.7. (a) It is easy to see that for p(x) = apz™ + ap_12™ ' +

... +ag we have p(cosB) = an,(cosf)™. We also have sinfOp(cosf) =
ap, sin 6(cos 0)™.

(b) Let p1, p2, g1 and g2 polynomials in Z[x]. If p1 = q1 and ps = q2, then
Pip2 = q142.

(c) Let us assume again that py = q1 and p2 = q2. If max{deg(p1),deg(p2)} =
deg(p1+p2), then max {deg(q1),deg(g2)} = deg(q1+q2) and p1+p2 = ¢1+qo.

(d) If deg(py) > deg(p2), then py +ps = p1.

Lemma 3.8. Let U € K be of the form A™ B™..-A™tB"™ where A and B are
given in Lemmal3 . Let o denote the length of U.

(a) (Case U = A™ B"*...A™* B™ )
If m;,m; are nonzero integers for 1 <i <t, then U € M(0), where deg(p) =
deg(r) = deg(q) +1 = deg(s) +1 = 0. We also have |[LC(p)| = [LC(q)| =
LC()] = [LC(s)] =27,

(b) (Case U =A™ B™...A™)
If m;,n;,my are nonzero integers for 1 <i¢ <t -1 and n, = 0, then one of
the following two cases holds:

i deg(p) = deg(q) + 1 =0 with |[LC(p)| = |LC(q)] = 277"
and max(deg(r),deg(s) +1) < o.

i deg(r) = deg(s) + 1 = o with [LC(r)| = |[LC(s)|= 277172
and max(deg(p),deg(q) +1) <o.

(c) (Case U = B™---A"™ B™  similarly)
If n1,mi,n; are nonzero integers for every 2 <i <t and my =0, then one
of the following two cases holds:



i deg(p) =deg(s) +1 =0 with |LC(P)|=|LC(S)| =272
and max(deg(r),deg(q) +1) < o.

ii deg(q) + 1 =deg(r) = o with |[LC(q)| = |LC(r)| =272
and max(deg(p),deg(s) +1) < o.

Proof.

(a) We claim that

£cosf —psin® -Ccosf -vsinf
usin®  £cosf -vsinf (cosf (1)
Ccosf wvsin@  E£cosf —psiné
vsinf —Ccosf psinfd  Ecosf

U=2"""1cos? 19

for some &, i, (,v = £1 with puv = (. The proof of this fact can be found
in Wagon [8 page 55].

We write U = U'A™t, where U’ = A" B"™...A™t-1 B™-1_ Fquation ()
shows that

& cosf —p'sinf@ - cosf -v'sinf
w'sinf & cosf® —v'sinf (' cosf
C'cosf V'sinh  E'cosf —p'sind |’
V'sin® -('cosf p'sinf &' cosf

4 ’
UI = 20 —t-2 COSU -1 0

where ¢’ = |mq| +|n1| + -+ + |ms-1| + [ne-1|. Using the fact that u'v' = {'¢’
and |u'| = || = [¢'] = |€'| we get that exactly one of the two sums &’ + '
and ¢’ -1’ is 0 and the absolute value of the other is 2.

It is easy to show that

cos(myf) —sin(m;0) 0 0
A = Sin(mtt?) COS(th) 0 0
- 0 0 cos(mf) —sin(m.0)
0 0 sin(m0)  cos(m:6)
cosf —sin@ 0 0
- om¢—1 me—1 Sino COSH 0 O
=2 o8 o 0 0 cosf —sinf |’
0 0 sin 6 cosf

using well known facts about Chebyshev polynomials.

We define the matrix M and N by U’ = (27 2 cos” 1 §)- M and A™ =
(2™~ cos™ 1) - N. Using the fact sin®# = 1 - cos?#, we get that the
first row of M - N, which is denoted by (M - N);., is the following

(M -N)p.=((& +p')eos®d, - (€' + p)sind - cost,
~(¢' = v")cos0, (¢’ - v")sinf - cosh) .



Thus either the first two or the second two coordinates vanishes. Easy
calculation shows that in the other two coordinates of U’ A™* have degree
(6"=1)+(my—1)+2 =0 and o -1, respectively. The absolute value of
the leading coefficients are the same (2““’12"/’t’2 12=2072),

(c) Similar calculation shows the statement.
O

Lemma 3.9. Let U and o be as in Lemma Iﬂ. We claim that mimy; >0 if
and only if

deg(p) = deg(q) +1 and max(deg(r),deg(s) +1) < deg(p).

Proof. If M = My(p,q,r,s) € M(0), then tr(M) = 4p(cos(0)). Conjugating by
A™t we get

tr(M) = tr (A™ B™ B ™) =A™ BT BT ),

Clearly, the sum of the absolute value of the exponents o’ = [my + my| + |n1| +
...+ |my_1] is smaller than o —1 if mym; <0 and ¢’ = ¢ if my;m; > 0. By Lemma
B.8[(a)] we have deg(p) = 0’ < o0 =1 if mym; <0 and deg(p) = o’ = o if mim, > 0.
Finally, one can identify the two cases of Lemma BEI@ finishes the proof. [

Remark 3.10. 1. The analogue statement is true for U and o in Lemma
Iﬂ and for ny,n: instead of my, my. Therefore, for a matriz
M e M(0)

deg(M), which is defined in Definition[3.8, is taken in the diagonal if and
only if M does not have a shorter conjugate.

2. Now we can easily calculate the degree of the polynomials in the main
diagonal of the word U which equals to

min {lg(U") |U" € K, U and U'are conjugate} .

It is easy to see that every element M of the group generated by A and B
we have 1g(M) = o = deg(M).
Lemma 3.11. Suppose that M € M and tr(M) =4p + 1. Then M + MT = 2pI
is a scalar matriz and (I - M)™* = ﬁ([— MT).

Proof. Clearly, M + M™ = 2pI and
(I-MYT-MTY=T-M-M"+ MMT =T-2pI +1=(2-2p)I

since M is an orthogonal matrix. O
Technically, we need the following as well:

Lemma 3.12. Suppose that for M € R%?, the matriz I — M is invertible, then
the entries of (I — M)™' are rational functions of the entries of M.

Proof. Obvious, using Cramer’s rule. O



4 Algebraic independence

It was proved in [2, p. 5-6.] that there exists a rational parametrization oy :

Q - SO(d), where € is an open subset of R4 and oy is surjective, where
d =dif dis even and d’' =d -1 if d is odd. Indeed, every element of SO(d)
can be written as the product of at most d' reflections given by the vectors

Vi = (Tdis1s- .-, Taivq) for i=0,1,...,d" — 1. For every w € R? the matrices
T
ww
Ry=1-
w?

gives a parametrization of the reflection in a hyperplane perpendicular to w.
The entries of the matrix R,, are rational functions of the coordinates of w,
where the denominator of the functions does not vanish for any w # 0. Let
v = (vg,v1,...,vq-1), which is the concatenation of the vectors v; € R¢. Hence
the entries of the matrix a(v) are rational functions of x1,zs9,...,z4q with
integer coefficients. The denominator of (aq(v));; does not vanish on  as a
rational function.

Now, we fix a rational parametrization ag of SO(d). If v € Q ¢ R¥%, then
we shall denote by O, the image of the parametrization; both as a matrix and
as a linear transformation of R?. Then v = O, is a surjection from Q onto
SO(d), and every entry of the matrix of O, is a rational function with integer
coefficients of the coordinates of v.

Definition 4.1. We say that My, Ms, ..., M,, € SO(d) are independent, if there
exist v1,V2,...,0m € Q such that ag(v;) = M; and the coordinates of v; are al-
gebraically independent over Q. We will also say that a vector t € R? and the
matrices My, Ma, ..., My, € SO(d) form an independent system if the coordi-
nates of t and the coordinates of vi,...,vm are algebraically independent over

Q.

Lemma 4.2. Let p be a polynomial on k variables. Let My, ..., My be indepen-
dent elements of SO(d) with p(My,...,My) =0. Then p(Ny,...,Ni) =0 for
all Ny,..., N, € SO(d).

Proof. Every entry of the matrix equation is a polynomial expression of the

parameters. Since they were chosen algebraically independently, the equation

holds if and only if it is trivial. This means that it holds for any substitution

of the parameters. The fact that oy is surjective finishes the proof of Lemma

O
Similar argument shows the following.

Lemma 4.3. Let g(x1,...,2n1q) be a rational function where N = d* -k and
Mi,..., My e SO(d) and t € R? be an independent system. Let us suppose that
qg(my,....,mp,t1,...,tq) = 0 where (m;) is an enumeration of the entries of
the matrices My, ..., M. Then q(n1,...,nn,81,...,54) =0 holds for the same
enumeration of the entries (n;) of arbitrary matrices Ny,...,Ni € SO(d) and
arbitrary s = (s1,...,5q) € RY, where the denominator of q does not vanish.



We usually use this fact contrary, we show that there exists a substitution
which is non-trivial, therefore it is non-trivial for any algebraically independent
substitution.

Lemma 4.4. Let ag be a rational parametrization of the d dimensional spe-
cial orthogonal linear transformations, where d is even. If O1,02,...,0 are
independent orthogonal transformations and U is not an empty word, then
U=U(O1,0,,...,0;) does not have a nonzero fix point.

Proof. The characteristic polynomial p(y) = det(ly — U) of the orthogonal
transformation U = U(O1,0s,...,0) can be considered as a rational function
with integer coefficients of the variables y,x1,T2,...,Z)q2. Let us assume indi-
rectly that U has a nonzero fixpoint, thus p vanishes at y = 1. By the algebraic
independence of the parameters we get that p vanishes at y = 1 for any substitu-
tion to the variables x1, %2, ..., Z.q2. This shows that 1 is the eigenvalue of every
element of the form U(Mi, Mo, ..., My), where M; are orthogonal transforma-
tions, which clearly contradicts Lemma [3.1]if d = 4. Moreover, free subgroup of
the orthogonal group consisting of fixed point free elements (except the identity)
was given in [3| 4] for every d dimensional orthogonal groups where d is even
and d > 4, finishing the proof of Lemma [£.4 O

5 Decomposition in R?*

Let X be a set, and let fi,...,f, be maps from subsets of X into X. Our
aim is to find a sufficient condition for the existence of a decomposition X =
ApUAju...UA, such that f;(Ag) = A; for every i=1,...,n.

Suppose that for 7 = 1,2,...,n the function f; is defined on D; ¢ X (i =
1,...,n), and put D =N}, D;. We say that the point z is a core point, if x € D,
and the points z, f1(x),..., fn(x) are distinct. By the image of a point = we
mean the multiset Z,, = {f1(x),..., fu(z)}. The multiset Z, is a set if x is a
core point.

For a set F ={f1,..., fn} we define a graph I'x on the set X as follows. We
connect the distinct points z,y € X by an edge if there is an i € {1,...,n} such
that f;(x) = y. Then 'z will be called the graph generated by the functions

fi,--oy fn

Lemma 5.1. Let X, f1,...,fn, D, and U'x be as above, and suppose that the
graph Tz has the property that

whenever two cycles C1 and Cs in I'x share a common edge,

(2)

then the sets of vertices of C1 and Co coincide.
Suppose further that there is a point xo € X satisfying the following conditions.
(a) xo is in the image of at least one core point;

(b) every x € X ~ {xo} is in the image of at least three core points.



Then there is a decomposition X = Agu Ay u...U A, such that Ay c D, and
fi(Ap) = A; for everyi=1,....,n.

Proof. The proof is based on the axiom of choice and can be found in [2]. O

Lemma 5.2. If a connected component I of T' contains two different cycles
sharing at least a common edge, then I contains two cycles C1 = Py, Py, ..., Py,
and Co = Q1,Q2, . ..,Qy such that for some 1 <k < min{n,m} we have P; = Q;
fOTi: 1,...,I€ and {Pl,PQ,...,Pm}ﬁ{Ql,QQ,...,Qn} = {Pl,PQ,... ,Pk}.

Proof. We may assume that P, = 1 is one of the endpoints of a common
edge such that P» # Q2. Then there exists a minimal integer b such that @, =

P, for some 1 < a < m. Since Pi, Ps,..., P, are different points, the cycles
Q1,..-,Qp, Py1,..., P and Q1,...,Qp, Pas1,-.., Py have a common path and
share only the points Q1,Q2, ..., Q. O

Remark 5.3. Essentially, this means that we can find two points P and @ such
that between these points there are three paths which have no other common
points.

Theorem 5.4. Let us assume that t € R? and Oy = 00,0y, =01,...,0,, =0p
in SO(d) form an independent system, where d =2s >4 and d # 6. Let F(x) =
Opx +t. Then Tz has the property @), where F = {F,01,...,0p}.

Proof. Let us assume indirectly that there exists a connected component of
I'” which the contains cycles C1, C2 and the two cycles share at least one edge.
Using Lemma we may assume that the two cycles share a common path.
Thus I contains a subgraph A = (V(A), E(A)):

Let us denote by P and @ the endpoints of the common paths and denote
by (P, Q) path the common path as in Figure 1. For each edge of the graph we
can naturally assign a letter O; or F.

10



Remark 5.5. O; are independent orthogonal transformations and F is the only
isometry involving translation, therefore by Lemma[{-4] there must be a letter F
or F~1 in every cycle. Thus we may assume that at least two of the three paths
between P and Q contain the letter F*.

Using the previous remark we may assume that the (P, Q) path contains an
F or an F~!. We denote the closest F*! to P on the path (P,Q) by Fj.

We choose a starting point S from which we start going around the cycles
C1,Cs (as in Figure 1) and then the two cycles naturally determine two words
W1 and Wy, respectively. According to Remark [(.5] there is another F*! in Wy,
which as an edge is not contained in F(Cz). Let us denote the first F*! in W,
by Fy. Similarly to F1 and F> one can define F3 to be the edge corresponding
to the last F'*! on the cycle Co. Note that F3 might be equal to F} and it might
also happen that Fy # F3 but F3 is on the (P,Q) path. We consider the edge
corresponding to F5 and F3 as a directed edge which has the same direction as
the cycle C; and Cs, respectively.

The starting point S of the two cycles can be identified with an element of
r € R? which satisfies

Wi (x) = Wa(z) = x. (3)

Every direction-preserving isometry of R? can be written as W (x) = U(x)+b
for some U € SO(d) and b € R%. Using equation (@) we get that there are
U1,Us € SO(d) and by, by € R? such that

Wi(x) = Uiz + by =z and Wa(z) = Usx + by = . (4)

Let H denote the group generated by Og,O1,...,O,,. Since the edges of A are
labelled by F*' and Oiil we have U; and Us are in H. Thus

(I—Ul)l': bl and (I—Ug),@ =b2.

Since C; and Cq are cycles, Uy and Us are nonempty reduced words of the

generators Oy, ,...,Opn,. By Lemma [£4] the orthogonal transformation U; and
Us do not have a fix point thus I — U; are invertible for i = 1,2 and hence
(I— U1)71b1 = (I— U2)71b2 =X. (5)

One can easily verify that (I-U;) 1by = (I-Usy) by is equivalent to the fact the
words W7 and W5 have a common fix point, which was formulated in equations

@) and ().

We write
Wl(l') = Si71 Fai’lsi)gFai‘z e Si,m- Faimi S:(JJ),
where S} and S, ; are elements of the group H' = (O1,...,0,,) and «; ; is 1 or
-1 for every j=1,...,n and i = 1,2. In this case for W; is of the following form
fori=1,2:

Wi = 551007 S; 20028 1, O ST

S Bik 1= i, Bi,k (6)
+t Z(—l) v I_ISi)jOQ 7 Si)]gOQ A I

k=1 7=1

11



where Bi,j =0if Q5 = 1 and ﬁ@j =-1if Qg 5 = -1.
For every k€ {1,...,n;} we define

k-1
Uik = (H Si,jOOai’j) Sik

j=1
and let R
U, = (—1)'8i’ni Ui)mOQﬁi’"i and U; = (—1)6“51-,10061“1.
Using the previous notation one can see from equation (B) that
Ui = 5i,100%"" 820028 1, O ** "4 S (7)
and we can also write
U; = Ui,n . Ooai’"i S:
The vectors b; and by can be written as V;t, where

V; = i(_l)ﬁi,kUi)kOOﬂi,k' (8)
k=1

Equation (@) can be reformulated as follows
(I-Uy)'at = (I -Us)™'Vat.

By Lemma [B.I2 every entry of (I —U;)~! is a rational function of the entries
of U;, which is generated by Oy,...,O,,. Using Lemma and the algebraic
independence assumption on the coordinates of ¢ and v; it is clear that the
previous equation holds for every vector s € R? and Of,...,0!, € SO(d). Thus
we can eliminate ¢ from the previous equation and we get

(I-U0)""Vi=(I-Us) Vs (9)
First, we prove that it is enough to deal with the four dimensional case.

Remark 5.6. Let us assume that 2s # 4. From now on, we substitute block
matrices into O; for i =0,1,...,m, of the form

N, 0
w8

where Ny € M(0) c SO(4) and Ny € SO(2s —4). Since multiplying and adding
these matrices we can count with the blocks separately. Clearly, a block matrix
is invertible if and only if every block is invertible.

We need to guarantee that after the substitution, /—-U; and I -Us; are invert-
ible. Since 2s5—4 > 4, LemmalL4 shows that the group SO(2s-4) contains a free
subgroup (freely generated by m elements) consisting of fix point free elements.

In order to prove that equation (@) does not hold for some substitution, it is
enough to prove it for four dimensional matrices as in the following proposition.
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Proposition 5.7. We can substitute elements of the group K, defined in Lemma
[Z1], into O; fori=0,1,...,m such that equation [@) does not hold.

Proof.
Substituting words of A and B we may assume that U; and Us are in

Mi(0) c M;. Clearly, U; € M; is of the following form for i = 1, 2:

bi —q —Ti =S
9 Pi —Si T
e S Pi —4i
SL=Ti  qi Pi

Using Lemma B.17] and the fact that W; and W5 are non-empty words, we get

1-p; qi T Si
_ 1 —q 1-p; S -r
I—Ui 1: T 0 7 i
( ) 2-2 i T —S; 1_pi qi
=S Ti —qi 1_pz
1
:2—2p’( -u)!

since U; € SO(4) and (I - U;) + (I - U;)T is a scalar matrix and pi,ps # 1.
Equation (@) can be reformulated as

1 1

I-u)'v = I-U)TV,.
5y~ U0 Vi g (1)
This is equivalent to
(1-p2)(I-U1)"Vi=(1-p1)(I-Uz)" V2. (10)

Using equation (&) we get

n-1
(1-p2)(I-UD) (U1 + Y (-1)P+ U1 40+ + T7) =
k=2 (11)

n-1

(L-p))(I-UF)(Ua+ Y. (-1)P* Uz k00" + Us).
k=2
Let

n-1
My = (I-UD) U+ Y ()P4 U, 4007+ + Ty)
k=2

and similarly (12)

n-1 R
My = (I-U3)(Us+ 3 (-1)P24Us 1,002 + Ts).
k=2

13



Remark 5.8. Equation (Il depends only on the matrices Oy, O, ...,Op,. For
an element of O € H = (Oy,...,0,,) we denote by O the element of K what we
get after the substitution. Since M, and M, are generated by A and B defined
in Lemma B.1] we can write M1 = My(p1,q1,71,51) and Mo = My(pa,q2,72, 52).
By expanding the brackets in equation (I2)) we get a sum where every summand
is a subword or the inverse of a subword of U; and Us endowed with a sign. It
is easy to see from Observation B:ﬂ@ that in order to determine the degree
of the matrix in equation (I2)) we have to find the longest summands after the
substitution. Basically the longest subword and the longest inverse of a subword
occurring in M; are U; and U} U; = ~U; ' Uy, respectively.

From now on we distinguish five major cases:
(a) Fy=F7!
(b) Fy = F, and there is no more F*! on the paths (P, Q).
(¢c) i=Fand Fb=F
(d) Fy =F and F = F7L.

Some of these cases originate in case @

Case @ = Case @ If there is only one F'*! on the path (P,Q), then
we just change the role of P and @ and we get case [(a)]

Case = Case@ If F; = F and F5 = F, then we can change the role of
the paths such that the common path of W7 and W5 contains F5 instead
of Fi. This is again case @

However, case @ does not originate in case @ we can modify it to get
a simpler form. In this case the role of F} and F5 is symmetric hence we
may assume that F} is not further from P than F,. This implies that
there are some Ofl’s on the path from the head of F5 to the tail of F}
(see figure Case which are not on the path (P, Q) since the letters F'
and F~! cannot succeed each other on a cycle.

Thus, instead of to case[(d)] it is enough to investigate the following case:
F2=F'1ﬂ\
P

Cy

(P.Q) path

Case e
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(e) Fy = F and F, = F~! and there are some O;’s in the path (H(Fy),T(F))
which are not in (P, Q). Moreover we may assume that F is not the only
F or F~! on its way since we assume that this case does not originate in
case @ Using the same argument, the last F*! on the (P, Q) path has
to be F'71, otherwise we change the role of P and Q. By symmetry again,
we may assume that F} is the closest F or F~! to P on A.

There are two major cases left and in both cases (and in every subcase) the
starting point will be S = P. Clearly, S{ =55 in this case so we denote it by S..

Now we substitute O; = A% B%® A% for i = 1,...,m, where the absolute value
of the exponents are pairwise different integers and |ig| > |i1], [iz] > 1. Further,
according to the case we investigate we substitute Oy = S, A% - BP . A%2 or
Oy = A%+ - BP ~A52§;1, where D,e; and €2 will be chosen later.

We claim that if D is large enough, then this substitution is monotone. More
precisely we have the following.

Lemma 5.9. (a) Let O; = AMB%A™ for i = 0,...,m, where the absolute
value of the exponents are pairwise different integers and |is| > |i1],|iz|.
Let V be a reduced word on the letters Oy, ...,Op and let V = UOF' or
V = O#U and let U be a subword of V.. Then lg(U) <1g(V).

(b) Let O; = AB% A for i =1,...,m, where the absolute value of the ex-
ponents are pairwise different integers and |is| > |i1],]iz| > 1. Let o} and
o2 denote the sum of the absolute value of the exponent of O;’s occurring
in Uy and Us, respectively. Let us assume that |e1| = |e2] = 1 for every
1<i<m and let

(07 +07)(ial + lia| + iz]).

Mz

Il
[u

D=

Then for every pair of subwords Vi and Va of Wjil (7 = 1,2) we have
lg(V1) > 1g(Va) if Vi contains more OE' than Vs.

Proof.

1. It is enough to prove it, when V is of the form UO' or OF'U. Since
the absolute value of the exponents are different B cannot be eliminated
after the substitution so it is easy to see that lg(U) < lg(UO#!) and

15(T) < 1(OF10)).

—1
2. Tt is easy to show that B*P cannot be eliminated from O(i) since [i1],|ig] > 1
are different numbers.

O

Case @
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(P.Q) path

Case a/l Case a/2

1. Let us assume first that the tail of F; equals to P.

Since the orthogonal transformations acts from the left, Wi[1] # Wa[1]
and neither of these letters are F' since both W; and W5 represent a
cycle. Now we substitute O; = A“B® A% for i = 0,...,m, where the
absolute value of all of these exponents are pairwise different integers and
lis| > Jia], liz].

One can see from Lemma Iﬂl@ that the longest summands in M and
My are -U; and —Us, respectlvely s1nce U1 = -U; and U2 = —Usy, while
the first letter of W; is not F so Ul, U2 + 1 and every other summand in
equation (I is a subword of one of them. By Observation B:ﬂ@ we
have deg(U;) = deg(M;) for i =1, 2.

Both —-U; and -U, starts and ends with A or A™!. Since W;[-1] =
W5[-1] we have U1[-1] = Uz[-1] and since W1[1] # W5[1] we can choose
i1,i2 (0 <4 <m) such that U[1 ]+ Us[1]. Thus by the symmetry of Uy
and Uy we may assume U;[1] # U1[-1] and Us[1] = Us[~1]. Lemma 3.9
shows that deg(p;) < deg(M ;) and deg(ps) = deg(M5). This gives that
(1 =p2)My = (1 -py)My does not hold so (1 -py) My # (1 —p;)Ms.

It is important to note that what we proved here is that both M; and M,
have a unique longest summand and exactly one of these summands has
a shorter conjugate. These facts guarantee that (1—po)M; # (1-p1)Ms.

2. Let us assume that the tail of Fj is not P.
We use Lemma to calculate

deg(([ Ul)( Z Bl”“Ui,kOOBi”‘)). (13)

Now we substitute Og = S A% BP A%2. Since F} = F~', we have

%15

=510 Sin... 8in,O5"
= -5,1(8. A7 BP A=) G, , .G, A= B P A g,
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If ;1 = -1, then Ui‘llj'i contains less 051 than El
If a11 = 1 (16 F2 = F), then

U0, =5, ' S.A"BP A=, ... 8 ,A =B PA 5,55,

- AT BPASS,, .. S AP AeE,

and

U; = -8:15. A" BPAS, ... G0 A2 B PAT, "

It is easy to see that S, S; 1 # e since the path corresponding to S..5; 1 on A
is non-trivial. It follows that S..S; 1 # e, which is equivalent to S; 1.5« # e.
This shows using Lemma @ as well that U; is the longest summand
of M; again.

By the symmetry of paths between P and () we may assume that if a;; ; =1
for i =1 or 2, then 1g(S; 1) > 1g(S+). This gives that S;15.[1] = S;1[1] e
if Q51 = 1.

We may assume that (P, F~1(P)) ¢ E(A) soif S;1 =e for i =1 or 2, then
a1 = —1 since otherwise this case goes back to case @ This also implies
that S1,1 =e and S»; = e cannot hold at the same time.

Let us assume that neither Sy 1 nor Sz 1 is e. We also have Sy 1[1] # S2,1[1]
since the corresponding paths end in P. Therefore for suitable choice of
the sign of the exponents i; and iz we may assume that Sq1[1] = A®* =

51[1] and Sy1[1] = A% = Uy[1] with ejes < 0. It is easy to see that

U,[-1] = Uy[-1] since S, # e so exactly one of U; and U, has shorter
conjugate.

Let us assume that S7 1 = e. We have already proved that S 1 # e and
1.1 = —1 in this case. Then U;[1] = A~*2. Since U;[~1],Us[1] and Us[-1]
are in H' we have that for any choice of iy, 4 fori = 1,...,m we may choose

€9 such that exactly one of U, and U, has shorter conjugate.

Similar Esult can be goved if S2 1 = e so for suitable substitution we have
(1=p2)My = (1-p1)Mo.

Case @ Let us assume that this case does not originate in case @ It implies
that a11 = a1 = -1 if F3 is not on the (P, Q) path. We have already assumed
that F) is not the only F*! on the (P, Q) path and the last F*! is F~! so if F3
is on (P,Q) path, then F3 = F~! again.
Therefore
U; = Si,lOo_lsmOoai‘Q"'Sz',ni OoS;.

As in the previous cases we write Sy = S7 = 55. Again we substitute O; =

A BB A2 for i =1,...,m, where the absolute value of the exponents are pair-
—1
wise different integers and |iz| > |i1], |i2| and Og = A** BP A°2S, " where D is as

* )
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large as in Lemma @ By Lemma E:QI@ there are two possible choices for
the longest term in M. One of them is

1 =1 —=—1——1—=1 1= —=1—= —1
Uy 51100 =S5, Op Sy ---512005115110 ,
which equals to

5.5 A =B PAE,, By = ABPAE,, B

The other one is
51104 S12...S1m = 8118 A B PA S ,.. . S
Since both 5’1—711 and S, starts at P we have 5’1—711 # S5, hence
L1=58,1S.A2BPA8,,...8,,
is the longest term of M. Similarly, the longest term of M is
Ly=8518. A B PASy,5...5 ,,.

We have already also assumed that F is not the only F or F~! on the (P,Q)-
path so §27n2 = gl_,nl. Further, S11[1] and Sz 1[1] are different since their tail is
P and. The assumption that F} is the closest to P among Fi, Fa, F3 shows that
Li[1] = 8;18.[1] = Si1[1] for i = 1,2. Therefore we may choose the exponents
11 and i such that exactly one of L; and L, has shorter conjugate in K. This
gives that for exactly one of M, and M takes its degree in the main diagonal,
which gives again (1-p2) (M) # (1-p1)(My), finishing the proof of Proposition
b7

O

6 Construction of the congruent pieces in high
dimension

6.1 A set of symmetries of the regular simplex

In this section we select isometries satisfying the conditions of Lemma (.1
Therefore, this set of isometries gives a decomposition of the balls (either open
or closed) in R, where d =4 or d = 25 with s > 4.

We denote by [v] the standard Euclidean norm of a vector v € R% and we use

the induced norm ||M]|| = sup,.q % for M € SO(d).

Remark 6.1. Suppose that ¢; € SO(d) (i =1,...,k) are orthogonal transfor-
mations. Then for every € >0 and for every i e N there exists O; j € SO(d) for
j=1,...,1 such that ||¢; — O, ;|| < € and the matrices O; ; are independent.
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Proof. It is easy to see that the parametrization ag : - SO(d) is a continuous
function of w € 2, where the topology on SO(d) is defined by the induced norm.
There exists an everywhere dense subset of {2 whose elements are algebraically
independent over Q, finishing the proof of the Remark o

Definition 6.2. Let Aq,..., Ag.1 be the vertices of a reqular simplex Sy such
Ay, ..., Ags1 are in the boundary of the unit ball By. For k=1,...,d+1, let Hy,
denote the affine hyperplane containing A; for every i+ k. Let A}, denote the
set of A; which is contained by Hy. For instance, A} = {Aa,..., Ags1}.

Let O denote the origin of the unit ball By of dimension d > 2. It is easy to
P
see that Hy is perpendicular to the vector O Ay.

Lemma 6.3. Let Hy and Hy be two affine hyperplanes as in Definition [6.2.
Then there is a ¢, € SO(d), k=1,...,d+1 such that ¢y.(H1) = Hy,. Furthermore
or(AY) = A

Proof. It is enough to show that the statement is true for k = 2. It is easy
to check that there is a reflection r € O(d) which fixes the points As, ..., Ags1
and maps A; to Ay. Clearly, r is not in SO(d). Therefore, we take another
reflection r’ which fixes the points A1, As, ..., A4_1 and maps Ay to Agy1. Then
the composition ¢g =7o07" SO(d) and ¢ (A]) = A5. O

The image Z, of z € R? was defined in Section For the multiset Z, we
write Z, ¢ H c R? if and only if every element of Z, is in H.

Lemma 6.4. Let ¢ € SO(d) (k=2,...,d+1) as in Lemmal63 and we fix
¢1 = id. Let Ty(x) = x + b, where b e R with t = |b| < ﬁ. Then every point
x € By has a preimage y = (;5;1 (z) for some j=1,...,d+1 such that for every
z € B(y,t) n By the multiset T, c By.

Proof. We write a vector u € R? as u = (u1,us, ..., uq).
We may assume that A; = (0,0,...,0,1), where A; is a vertex of the simplex

given in Definition [6.2] and the vector b and O—Al) have the same direction. Since
1,02, - ..,0q4+1 are orthogonal transformations, in order to verify for some z € By
that Z. = {¢1(x),d2(x),...,¢a+1(x),Tp(x)} c By it is enough to verify that
Ty(z) = z +b e By. It is easy to see that if z € Bq with zg < —%, then z + b € By.

Every affine hyperplane Hj divides By into two parts. Let Fy denote the
part containing the simplex Sy and Ej denote the other one.

We denote by BY 2 = {z e R?: |v| < 1 - 2t}, AL7%" and H} ' the objects
what we get from Ay and Hy, by contracting By with ratio 1 -2t from the origin
0, respectively. The affine hyperplane H ;’Qt divides By into two parts. We
denote by F'~2* and E'~2! the two parts of By which contains and which does
not contain the contracted simplex, respectively.

If x € BY™2" then we choose ¢; = id so y = x. It is easy to see that if
z € B(y,t) n By = B(x,t) n By, then z + b e By.

Since the average of the coordinates of the points of the simplex Sy is 0 we
have that the last coordinate of As,..., Ag.1 is —é. And similarly, since the
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last coordinate of A}72 is 1-2¢, the last coordinate of A} %" (k=2,...,d+1) is
_(1-2t) 2t)

If Te E1 2t where k is not necessarily unique, then we choose ¢;,. LemmalG.2
gives that y € E1 Since the last coordinate of the point in £]~2! is smaller than
—(%ﬂ) and t = |b| < 2, a- 2t)+1€< ~L for every z € B4yn B(y,t).
Therefore, z + b € Bg.

Clearly, By € U] E172 u BY~2t finishing the proof of Lemma 641 O

we have z4 < —

Remark 6.5. For x € By, in order to find a preimage y which is a core point we
use Lemma and besides, we guarantee that the elements of 7, are different.

6.2 Proof of Theorem [1.1]

Now we can complete the proof of Theorem [T

We construct 4(2s + 1) + 1 maps satisfying the conditions of Lemma [B.1]
where the bijections are orthogonal transformations of SO(d) with d = 2s > 4
and d # 6. In this case the d dimensional unit ball can be decomposed into
4(2s+ 1) + 2 pieces.

According to Lemma[6.4] there exist orthogonal transformations ¢; € SO(d)
(i=1,...,d+1) and |b| =t < 3d 7 Which have the property that every point has
a preimage y such that for every z € B(y,t) we have Z, c By.

By Lemma [61] for every 1 <4 < 2s+ 1 there exist independent orthogonal
transformations Oi,l; OLQ, Oi73 and Oi74 such that ||Oi,j —gf)l” <tand ||00—Zd|| <t.
Furthermore, we assume that O; ;, Op and b form an independent system with
respect to the standard basis of R%.

By choosing a suitable orthonormal basis in R?, we may use Lemma If
x # xg = 0, then there exists an ¢ such that for every j =1,...,4 we have Z, c By
for y = O; (). By Remark[65] if we can guarantee that Z, consists of different
points, then y is a core point.

Lemma [L.4] shows that O;, ;, (v) # O, j, (y) if y # 0, which is the case since
x #0. The only case which remains is that

Ori(y) = Oo(y) +b (14)
for some y and Oy, where ke {1,...,d+1},1€{1,...,4}.

Lemma 6.6. Let Oy, ., (m=1,...,2s+1, n=1,...,4), Oy and b an independent
system in RY, where d = 2s. For every x # 0, there exists at most one pair of
linear transformations O; ; and Oy, such that for the point y = O;}(w) the
equation Oy 1(y) = Og(y) +b might be satisfied.

Proof. Let us assume that for some 0 # x € By we have

Oky1y(y1) = Oo(y1) +b and O, 1, (y2) = Oo(y2) +b,

(z) and y2 = O; ', (x). Thus, we get

where y; = 2

ZJ1

(Okys = 00)(0, (2)) = b and (Or, 1, = 00)(Oy, , (2)) = . (15)
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Using again Lemma L4l we get that Og'O; i, — I is invertible. Therefore equation
(@E) can be written in the form

T = Oi17j1 (Oalokl,ll - I)_1051b and x = Oiz,jz(oalokz,lz - I)_loalb'
Hence
Oi17j2 (0610161,!1 - 1)71061[) = Oi27j2(0610/€27l2 - I)iloalb'

Since Oy, n, Op and b form an independent system, we can eliminate b from the
previous equation, and we get the following:

0i, .51 (05" Oy 1, = 1) 105" = 04 5, (05 Oy 1, = 1) 7105 (16)
Using Lemma [£.2] we may substituting Og = id and we get
Oilajl(Oqull _1)71 = Oi27j2(0k2,lz _1)71' (17)

If Oiy 4, = 0455 08 Ok, 1y = Opy1,, then it is clear from equation (I7) that
Oi1,j1 = Oi21j2 and Oqull = Ok2,l2-

Thus we can assume that O;, j, # O, j, and Ok, 1, # Oy, Then we
substitute such that O;, ;, = O;, j,. This implies Oy, ;, = Ok, 1,. Hence either
Oi17j1 = Okl,ll and Oiz,jz = Oszz? or Oi17j1 = Okz,lz and Oiz,jz = Okhll'

1. Let us assume first that O;, j, = Ok, 4, and Oy, j, = Og, 1, We shortly
denote O;, j, by U and we substitute O, j, = U%. From equation (7)) we
get

Uu-nt=v*(vur-1n-"

This gives
U-I=(U-1)(U+1I)=(U-I),
which is a contradiction since U - I is invertible by Lemma [£.4]

2. Let us assume that O;, j, = Ok, 1, and Oy, j, = Ok, ;. Then we denote
U = 0;, j, and we substitute O;, ;, = U? again. Similar calculation gives

I=(U+I)U.

This gives U? + U — I, which is a polynomial expression, contradicting
Lemma 42

This shows that equation (I6) holds if and only if {i1,51} = {i2,j2} and {k1,l1} =
{k2,l2}, finishing the proof of Lemma O

For every z # 0 we have already found O; 1, O; 2, O;3 and O; 4 such that
7,, c Bg, where y; = O;; (z) for every j=1,...,4. By Lemma [6.6] at least three
of y; is a core point satisfying Lemma [5.]]

If zq is the origin it has to satisfy condition Lemma B:D@ Therefore we
need to guarantee that F~'(xg) = F~1(0) is a core point. Indeed, if y = F~(0) #
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0, then O, , (y) # Oiy 1, (y) holds again by Lemma 4l Clearly, F(y) = 0, thus
O, (y) = F(y) cannot hold for any k£ and . Due to the choice of b we have
Iy C Bd.

Since the matrices Og, O; ; and b is an independent system and the dimension
d=2s >4 and s # 3, we can use Theorem [5.4l Thus the graph I'x has the
property @) for F = {F, O} (m=1,...,2s+1,n=1,...,4), where F = T;,0y.

We conclude that F satisfies the conditions of Lemmal[5.1] finishing the proof
of Theorem [T11

O

Remark 6.7. 1. The proof above gives a construction for m = 4-(2s+1)+1 =
4d + 5 pieces in dimension d = 2s. We can easily obtain a construction for
m > 4d + 5, since we can add any finite number of orthogonal transfor-
mations with algebraically independent parameters to the already defined
ones, which satisfy the conditions of Lemma [5.1]

2. Most probably, this bound 4d + 5 is practically not the best but this con-
struction of Section [6] cannot be modified without difficulties.

7 Decomposition in higher dimension

In this section we prove Theorem
In [2] the authors proves the following theorem

Theorem 7.1. The 3s dimensional ball can be decomposed into finitely many
pieces for every s € Z*.

This shows that there is a decomposition for d = 6 and d = 9. In order to
prove Theorem [[.3] by Theorem [[.1] it is enough to prove it when d > 7 is odd
and d # 9. Such an integer can be written in the form d = d’ + 3. Then we write
the elements x of R® as z = (y,2), where y € RY and z € R3, where d’ > 4 is even
and d' 6 .

We shall recall some of the results of [2] for the 3 dimensional case using our
notation.

The following lemma is essentially the same as [2, Lemma 3.5].

Lemma 7.2. Suppose that O}, 01,...,0. € SO(3) and b € R® form an inde-
pendent system. Let F =T,0( and F ={F,01,...,0,,}. If C is a cycle in Tz,
then the corresponding word does not contain the letter F or F~1.

We remind that a cycle has distinct points aside from the first and the
last vertices of it which coincide. We refer to [2, Lemma 4.1] which states the
following.

Lemma 7.3. Suppose that O}, 07,...,0! € SO(3) and b € R® form an inde-
pendent system. Let F = {T,0(,04,...,0..}. Then T'z has property [@).

Finally, a version of Lemma 4.2. in [2] states following
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Lemma 7.4. Suppose that Of,...,0r € SO(3) are independent orthogonal
transformations. Then for every 0 + x € R® there are at most two elements of
the form O; such that Ip-1(4y does not consist of different points.

Our aim is to construct d dimensional special orthogonal transformations
satisfying the conditions of Lemma [5.1]
Let by be a vector in R%. Let ¢1,¢a, ..., dars1 € SO(d’) as in Lemma[6.4 with
—

the additional assumption that OA; and b; have the same direction. For every
1<i<d +1 we choose 20 orthogonal transformations O; ; (j =1,...,20) such
that ||0; ; — ¢il| < ¢’ for some €’ > 0. Let Op € SO(d') satisfies [|Og — Iy < €,
where I,, denotes the n dimensional identity matrix and let F' = T, Op. We
assume that Og,O; ; and b; form an independent system.

Let ¢}, @5, %, ¢ € SO(3) as in Lemma and by € R3. We assume again

that for one of the points A] of the 3 dimensional simplex, the vector O—A’l)
and by have the same direction. We denote by 1 < j’ < 4 the integer such that
j =7’  mod 4. For every 1 < j <20 we choose O; ; € SO(3) for (1 <i<d +1)
such that [|O; ; - ¢%[| <’ and let [|Og - I3]| < &" and let F' = T},0. We assume
again that O, O; ;
We define the orthogonal transformations Oy and O; j € SO(d) by

and by form an independent system, where by € R3.

Oo(z,) = (00(y),04(2)) and O; ;(y,2) = (0i;(),0; ;(2))
and for b= (by,by) € R? let
F = TbOO(x) = (Tbloo(y)vaQO(l)(z))'

One can see that there exists some € depending only on ¢’ and d such that
for ®; ; = (¢i,¢;) € SO(d) (i =1,...,d+1, j =1,...,4) there are at least 5
orthogonal transformations of the form O; ; such that [|O; ; - ®; || < & and if &’
tends to 0 then ¢ tends to 0 as well.

Lemma 7.5. The graph I z has property @), where F= {F, 01,1, . ,Od/+1)20}.

Proof. We claim that if C is a cycle in 'z, then for every vertex (y,z) ¢ R? on
the cycle C we have y = 0. One can easily assign to C a word W by identifying
the vertices by the letters OAi,j and F. Clearly, W is a reduced word.

Let W’ be the restriction of W to the last three coordinates. Lemma
shows that if W’ contains F*!, then W' does not have a fixed point. Hence W
does not contain the letter £ or 1. In this case W which is the restriction
of W to the first d’ coordinates can be identified by an element of the group K
which is not the identity element. Lemma [£.4] shows that the only fixed point
of W" is 0 so y = 0 for each vertex (y,z) of C.

Thus if 'z contains two cycles C; and C3 sharing an edge, then C; and Ca
can be considered as cycles in R? in the graph I'g, where G = {F’,0},..., 0/ }.
In this case [2, Lemma 2.1] shows that C; and Cs coincide, finishing the proof
of Lemma O
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We prove that zy = 0 satisfies the conditions given in Lemma BTl with respect
to the graph I'z/.

It is easy to see that for (o) = F71(0) = (yo,20) we have 0 # yo € RY
which shows that O; ;((y0,20)) # Ok.1((v0,20)) if (4,5) # (k,I) using Lemma
LAl Moreover these points differ from F'(F71)(0) = 0 hence F~1(0) is a core
point if |b] < 1.

Lemma 7.6. For every 0+ x = (y,2) € R? there are at most two O, j such that
Zp-1(yy does not consist of different elements.
V)

Proof. If y # 0, then Lemma shows that there is at most one O;; such
that the elements of Z_1 ) are not different. Lemma [Z.2shows that Oj ;(v) #
i3 ’

Ty, 04 (v) for every v € R? so it can only happen that for (0,v) = O;} (z) e R?
we have Oy, 1,(0,v) = Ory.1,(0,v) for some 1 < ky, ko < d and 1 < 13,15 < 20.
Lemma [T4] gives that there at most two Ok)l with this property. O

One can see from Lemmal[7.6] that in order to verify that every 0 # x = (y,2) €
By is the image of at least three core points we only have to show that for at
least five (4, ) pair IO;I,(JC) c By.

We will compare the length of vectors of different dimension so we denote
by |v|x the length of the vector v € RF. Now we assume that |bi|q = |ba|s =
t. Choosing a suitable basis again, we assume that b = (by,b), where by =
(0,...,0,0,¢t) € RY and by = (0,0,t) e R® and A, € R, which is a vertex of the
simplex defined in Lemma [6.2] is just (0,...,0,1).

| —
d’

Lemma 7.7. (a) Let x ¢ R with |a| > 5. Then there exists ¢; ¢ SO(k)

as in Lemma [622 such that for ¢;(x) = (y1,...,yx) we have yj < _31_k'

Moreover, if ||k = [(0,...,0,cx)|k < GLk’ then for every u € B(¢;(x),|c|x)
1

with [uly, = x|k we have uy < -5 and |u + cly. < |2k

(b) For every € > 0 there exists v > 0 such that if |c| < r, then for every
x € By \ B, there exists ¢; € SO(k) such that |u + cly < |z|x for every
we B(¢i(x),[elw) with [uly, = |zl = |¢i()]x-

Proof.

1 1 1

(a) Clearly, By \ Bf c UM E?, where E} denotes the intersection of a half-
1

plane with By as in Lemma Hence z is contained in E? for some

1 1
1 <i<k+1. Since ¢;(E}?) = EP, the last coordinate of ¢;(z) is smaller
than or equal to —%k. Finally, one can easily verify that the last coordinate

_lelx

of z is smaller than —5*, which gives that |u + ¢l < |ulx = |2

(b) Using the same argument again, we may assume that ¢;(x) € E. This

shows that the last coordinate of u = (u1,...,ux) is smaller than or equal
to —e +|clk. If |c]5 is small enough, then uj < —% which guarantees that

[u+ i < |ulk. O
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Lemma 7.8. If V22 = |blg = [(0,...,0,t,0,0,t)| is small enough, then for
every x = (y,2) € R? there exists ¥ = (¢i, ¢}) such that u+b e By for every
u=(ur,u2) € B(U(x),|b|) with |ui|e = |yla and |usls = |z|s.

Proof. It is easy to see that if |z|g < 1 —|b|g, then u + b € By. Therefore, if

blg < %, then we may assume that either |yls or |z|3 is greater than & since

3
@ +3<1.
Let us assume first that |y|q > % Let 64 be a negative number what we
will define later and let € = —%. By Lemma Eﬂ@ there exists r > 0 such

that if |bo|s < 7, then for every fixed w = (wy,wy) € RY* with |wa|s > ¢ there
exists ¢} such that for every up € B(¢;(w2),bals) with [ual3 = [wa[3 we have
¢ (u2) + bals < [wals. Therefore, if |y|a > 3 and |z|3 > €, then there exists a d
dimensional orthogonal transformation of the form ¥ = (¢;,¢%) such that for
every if u = (uy,us) € R with u1|a = |ylar, [uzls = |2|3 and w e B(¥(x),|b]), then
u+be By. Thus we may assume |z|3 < .

We show that |ug +b1|% + |uz +b2|3 < |y|? +|2|3. This is equivalent to |by |3 +
|b2|§ < —2u1b1 — 2usby, where the product of two vectors is the standard inner
product. Using |b1| = |ba| =t we get

t < —|u1|a cos Ty — |uals cosTa, (18)

where 71 and 75 denotes the angle between b; and u; and between bs and wuso,
respectively. Lemma Iﬂ@ gives that the last coordinate wq is smaller than

—ga S0 cosTy can be estimated from above by a number 64 = —%é which only
depends on d. Thus
1 1 1 1
— |u1|ar cos Ty — |ua|3 cos e > ‘ged’ = |ugls > —§9d1 + 6901/ = —66‘,1. (19)

It is easy to see that this last term in equation (I9) is a positive number which
only depends on d so for suitable choice of ¢ combining with the previous con-
ditions for |b| = ¥/2¢2 we have that equation (I8) holds, finishing the proof of
Lemma [7.§ O

Lemma [.5] Lemma and Lemma [T.8] imply that for every x € By there
are at least five O; ; such that 1%1 (x) c By and clearly, three of them are core

points. We conclude that all the C(S]nditions of Lemma[5.1] are satisfied, finishing
the proof of Theorem O
Now we collect the results on the number of pieces required for the decom-
position in different dimensions to prove Theorem .4
Proof of Theorem 1.4
We distinguish 3 major cases.

1. If d = 3,6 or 9 then By can be decomposed into finitely pieces by [2]
Theorem 1].

2. If d = 2s > 4, where s > 2 and s # 3, then the number of orthogonal

transformations is 4(2s+1) + 1 = 4d + 5 and hence By can be decomposed
into (4d +5) + 1 = 4d + 6 pieces, by Theorem
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3. If d = 25+ 3, where s > 2 and s # 3, then the number of orthogonal

transformations is 5(4(2s+1)) + 1 = 20(d — 2) + 1 and hence B, can be
decomposed into (20(d -2) +1) + 1 = 20d — 38 pieces, by Theorem [[3l

Therefore the number of pieces is asymptotically, less than or equal to 20d if d.

8 Problems and results in dimension d

In dimension d = 2 the transformation group O does not contain noncommu-
tative free subgroups, thus the methods worked out in [2] and in this article
and cannot say anything about the divisibility of the discs. C. Richter posed a
question about decomposition of the disc using affine transformations instead
of orthogonal transformations. A celebrated result of von Neumann shows that
the group of affine transformations contains noncommutative free subgroups. In
this case, the main difficulty is to satisfy the conditions @ of Lemma 5.Jl We
do not know whether or not Richter’s problem can be solved along these lines.

By Theorem [[.2] the minimal number of pieces 74 which is needed to decom-
pose By, is less than 20d for d > 10. The main result of [7], which was reproved
in [6], shows that 74 > d. Thus we get that 74 = ©(d), which is best possible in
some sense. This widely improves the upper bound of 74 for d = 3s given in [2],
where it was shown that 74 < exp(c1dlogd) for a positive constant c;.

As for d = 3, the question whether or not B3 is m-divisible for 4 < m < 21 is
open, for d > 10, the question whether or not By is m-divisible for d+1 < m < 20d
also remains open. There are several obstacles in the way of improving these
bounds. One of them is the condition of Lemma [51] which requires that every
point x # zo has to be the image of at least three core points. In [2, Example
6.1] was shown that this condition of Lemma [B.1]is sharp.

The most related question is whether or not By is divisible for d = 5. It is very
likely that the answer is affirmative. However, our proof does not seem to work
in this case. The crucial step in the proof of Theorems is to check that the
conditions of Lemma [5.1] is satisfied on the graph generated by the isometries.
Our proof in even dimension d = 2s is based on the fact that if O € SO(2s) is a
‘generic’ rotation then O has no fixed point other than the origin. Thus 730 has
a fixed point for every vector b € R?®, since I — O is invertible, and (I - O)~1(b)
is a fixed point of T,O. This statement does not hold for dimension d = 2s + 1.
Furthermore it can be easily shown that 1 is an eigenvalue of a ‘generic’ rotation
O € SO(2s + 1) with multiplicity at least 1.

However, it is also not clear if the method applied in [2] works for d = 5.
The result of [2] is based on the fact that if Op,...,On € SO(3) are ‘generic’
rotations, b € R? is a ‘generic’ vector and F = T,Op, then a nonempty reduced
word on the alphabet Of', ..., O%! and F*!' has a fixed point only if the word
is a conjugate of a word on the alphabet Of', ..., O%!. (See [2, Lemma 3.5] for
the precise statement.) Unfortunately, this statement does not generalize for
higher dimensions. The generalization has a difficulty. The authors use the fact
that the axis of a ‘generic’ rotation O can be expressed by the entries of the
matrix O. On the other hand, Borel [I] proved that for every odd d > 3 there
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is a dense subset of pairs (A, B) in (SO(d))? such that each pair generates a
locally commutative group. Thus if two ‘generic’ rotations have a common axis,
then they commute. (This property is called the locally commutativity.) Still,
we conjecture that the corresponding graph has property (@) in every dimension
d>3.
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