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Abstract. We show functoriality of γα in our joint paper with Á. Császár
“Further remarks on δ- and θ-modifications”.

Let X, Y and f be like at Proposition 2.11 of [1], let A ⊂ X, let α be an
ordinal and let γα be like before Theorem 4.5 of [1].

Proposition. If f : X → Y is (µ, ν)-continuous and (µ′, ν ′)-continuous,
then f(γαA) ⊂ γα

(
f(A)

)
.

Proof. We begin with the case α = 1. Let x ∈ X, y := f(x) and
B := f(A). Let y 6∈ γ(B), i.e., there exists y ∈ N ∈ ν, such that cν′(N) ∩B

= ∅. Then x ∈ f−1(N) ∈ µ, and f−1
(
cν′(N)

) ∩ f−1(B) = ∅. Here
f−1

(
cν′(N)

)(⊃ f−1(N)
)

is µ′-closed, hence cµ′f
−1(N) ⊂ f−1

(
cν′(N)

)
, and

A ⊂ f−1(B). Hence cµ′
(
f−1(N)

) ∩A = ∅, showing x 6∈ γA. This proves
f(γA) ⊂ γf(A).

Now we use transfinite induction, with induction base α = 0, for which
the statement is evident. For α = β +1 a successor ordinal we have f(γβA) ⊂
γβ

(
f(A)

)
, hence f(γαA) = f(γγβA) ⊂ γf(γβA) ⊂ γγβf(A) = γαf(A). For

α a limit ordinal the induction step is evident. ¤
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