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Abstract. In generalizing constructions of N.V. Veli¢ko, the paper starts
from two generalized topologies p and u' on a set X and introduces two more
generalized topologies d(y, 1) and 0(u, 1) with the examination of their proper-
ties.

0. Introduction

In the paper [5], the first author has generalized the construction of J-
and #-modifications of topologies, introduced in [7], by replacing the topology
used in [7] by a generalized topology in the sense of [1]; we recall that a subset
u of the power set exp X of a set X # () is said to be a generalized topology
(briefly GT) iff ) € p and every union of elements of u belongs to p. In the
paper [5], given a GT pon X, two other GT’s §(p) and 6(u) were constructed
and their properties examined.
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In the present paper, we generalize the above constructions in the follow-
ing way. We use two GT’s p and ¢/ on X and define two more GT’s 6(u, i)
and O(u, 1) in such a way that, in the case p =y, we have 0(u, 1) = d(p)
and 0(u, ) = 6(p). Our purpose is to discuss the properties of §(u, ¢’) and
O(p, ') (involving the results in [5] in the case p = p).

1. Preliminaries

Let pbea GT on X. We call pu-open the elements of p, their complements
p-closed. If A C X then i,A denotes the largest p-open set contained in A
and c, A the smallest p-closed set containing A (see e.g. [3]). Then both i,
and ¢, are operations, i.e. mappings from exp X to exp X, monotonic (where
B : exp X — exp X is said to be monotonic when A C B implies A C (B,
for an operation [ we write 3A for 5(A)), idempotent (where (3 is idempotent
iff BBA = BA) and ¢, (X — A) = X —i,A (see [3]). If B and 3 are operations,
we write 83 for fo 3. According to [5],

(x) if AC X and z € X, then o € ¢, A iff z € M € p implies M N A # 0.

We say that the GT p is strong iff X € p (see [2]) and a quasi-topology
(briefly QT) iff A € p and B € p implies AN B € p (see [4]). Clearly the GT
1 is a topology on X iff it is a strong quasi-topology.

If pisa GT on X and v is a GT on Y then the mapping f: X — Y is

said to be (u,v)-continuous iff N € v implies f~1(N) € u (see [1]).

2. 6(p, 1) and 0(u, 1)

We consider two (not necessarily distinct) GT’s g and ¢/ on X. For the
sake of brevity, in what follows we write 4, ¢, ¢/, ¢ for iy, ¢, i, ¢,y respec-
tively.

Let d(u, 1) be composed of the sets A C X such that € A implies the
existence of a p/-closed set @Q satisfying x € iQ C A.

Similarly, (u, ') is composed of all sets A C X such that x € A implies
the existence of a set M € p satisfying z € M C /M C A.

Then clearly 6(u, ) = 6(u) and 0(u, ) = 0(p) (see [5]). If possible, we
shall simply write 0 and 6 instead of (u, p’) and 0(u, 1'), respectively.

PROPOSITION 2.1. § is a GT on X.

PROOF. () € § is evident. If A={J;c; Ai C X and A; € § for every i € I

then x € A implies x € A; for some i € I and then there is a p'-closed set @
such that x € iQQ C A; C A. Hence A € 6. O
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PROPOSITION 2.2. 0 is a GT on X.

PrOOF. Clearly 0 € 0. If A=J,c; 4 C X and A; €0 for i € I then
x € Aimplies x € A; for some ¢ € I and then there is M € p such that x € M
CdMC A;CA Hence Acf. O

PROPOSITION 2.3. If u is a strong GT then the same is true for d.

PRrROOF. X € 0 since x € X implies that X is p'-closed (as ) € y'), more-
over X € p by hypothesis so that x € 1 X = X C X. g

PROPOSITION 2.4. If u is a strong GT then the same holds for 6.

PROOF. X € 0 since z € X impliesz € X =X C X, and X € u by hy-
pothesis. (I

LEMMA 2.5. If pis a QT and P,Q C X then
i(PNQ)=1iPNiQ.

PROOF. As i is monotonic, (PN Q) C iP NiQ. On the other hand, iP
NiQ € p by hypothesis and iPNiQ C PNQ so that iPNiQ C i(PNQ).
O

PROPOSITION 2.6. If pis a QT then § is a QT as well.

PRrROOF. Assume A, B € 0. Then x € AN B implies the existence of pu/'-
closed sets P and @ such that z € iP C Aand z € iQ C B. By 2.5 i{(PNQ)
=iPNiQ so that z € i(PNQ)=14iPNiQ C AN B, moreover PN Q is p'-
closed. Hence AN B € 4. O

PROPOSITION 2.7. If v is a QT then the same holds for 6.

PROOF. Assume A, B € 0. If xt € AN B then there are M, N € i satis-
fyingz e M C /M C Aand x € N C ¢ N C B. By hypothesis M NN € p.
Hencez e MNNCJd(MNN)cdMnNndNCANB., O

THEOREM 2.8. If w is a topology then the same is true for 6(u,p’) and
0(p, ).

PROOF. By 2.3, 2.4, 2.6, 2.7 both § and 0 are strong QT’s. O

THEOREM 2.9. 6 C § C pu.

PROOF. Assume A € 6 and z € A. Then there is M € p such that x € M
CcdM C A. Choose Q=M. Then @ is p'-closed and M C @ implies
M CiQ. Hencex € M C iQ C Q C A.

Now let A € §, x € A. Then there is a y'-closed set @, such that z € iQ,
C A. AsiQ, € p and clearly A is the union of these sets i@, we have A € p.
O

In general, 6 # §, even if u = i’ is a topology. In fact, let X = {a,b,c},
p=p ={0,{a},{b},{a, b}, X} (see [5], 4.6). Then § = {0, X} by [5], 4.6.
However, A = {a} € § as Q = {a,c} is p-closed and a € iQ = {a} C A.

Let us consider another GT po on X and write ig and co for ¢,, and ¢,
respectively.
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PROPOSITION 2.10. If p' C po then 6(u, ') C 5(p, po).

PROOF. Let A € (i, /') and x € A. Then there is a p'-closed set @ such
that x € iQ C A. By hypothesis, @ is po-closed so that A € §(u, po)- O

Now consider another set Y and two GT’s v and v/ on Y. Consider also a
mapping f : X — Y. The following proposition shows the functoriality of 6.

PROPOSITION 2.11. If f is (1, v)-continuous and (i’ ,v")-continuous then
it is (6(p, '), 0(v, V")) -continuous as well.

PROOF. Let B € 6(v,v') and y € B. Then there exist sets G € v and
Y — F € v/ such that y € G C F C B. For the set A= f~1(B) C X, consider
x € A. Then y = f(z) € B and there are G € v and Y — F € / as above.
Therefore x € f~1(G) C f~1(F) C A and G € v implies f1(G) ep, Y — F
€ v implies X — f~YF) = f"Y(Y — F) € i/ so that A € 0(p, ). O

COROLLARY 2.12. If v and V' are two GT’s on X and v C p, v/ C i/
then O(v,v") C O(u, 1').

PRrROOF. Consider Y = X, f =id. O

3. Properties of §(pu, 1)

Let us say that a set R C X is r(u, 1')-open iff R =ic'R. If there is no
confusion, we simply call these sets r-open.

LeEMMA 3.1. If Q is u'-closed then iQ is r-open.

PROOF. Define R=1iQ. Then RC/RCQ and, as R€ u, RCidRC
iQ =R. Thus R=1i/R. O

THEOREM 3.2. 0 coincides with the collection of all unions of r-open
sets.

PROOF. Let R be r-open, i.e. R =i R. Then Q = R is p'-closed and
x € R implies = € iQQ = R so that R € 0.

By 2.1 each union of r-open sets belongs to 9.

Now let D € § and x € D. Then there is a p/-closed set @, such that
x €iQ,; C D. By 3.1 iQ, is m-open and clearly D is the union of all these
sets. O

THEOREM 3.3. If AC X and z € X, we have x € csA iff every r-open
set R such that x € R fulfils RN A # (.

PrROOF. x € csAiff x € D € § implies DNA#(Qiff r € R, R=icR im-
plies RNA# 0 by 3.2. O
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4. Properties of 6(u, u')

Let us introduce an operation y(u, ') =y by v € yA iff t € M € p im-
plies (M NA#0 (ACX).

LeMMA 4.1. The operation v : exp X — exp X is monotonic.

PROOF.If A C Band z € yA then x € M € pimplies ¢ M N A # (), hence
dMNB#0and zeyB. O

LEMMA 4.2. A C X implies A C cA C vA.

PROOF. A is contained in cA (see Section 1). Moreover, x € cA and x
€M € pimply MNA#Q (cf. (%)) and a fortiori M NA#0. O

THEOREM 4.3. A C X is O-closed iff A=~A.

PROOF. A is O-closed iff X — A € 6 iff x € X — A implies the existence of
M € psatisfyingx € M C /M C X — A iff x € X — A implies the existence
of M € psatisfyingz € M and {MNA=0iffr € X — Aimpliesz € X —~A
iff X —ACX —~vAiff yACAif yA=Aby4.2. O

For the relation of yA and cyA, we can say:

PRrROPOSITION 4.4. A C X implies yA C cyA.

PROOF. x € X — ¢y A implies the existence of T' € 0 satisfying x € T and
TNA=( and then of M € p such that z € M and /M C T C X — A, im-
plyingz ¢ vA. 0O

However, in general yA # cy A since v is not idempotent, not even if u = p/
is a topology (see [5], 4.6 and 4.7 where, for A = {a}, we have cgA = X but
b ~vAas M = {b} implies cM N A = 0).

In order to obtain a more precise connection, let us define an operation
~* for each ordinal number o and A C X. Define YA = A and v*T1A4 =
YY*A, v A = U5<a’yﬂA for a limit ordinal o. (Clearly v7A stabilizes for a
sufficiently large ordinal «, see [6].) Then define yA = Uyy* A for all ordinals
a. Clearly

() ACHACX.

THEOREM 4.5. A C X implies cgA = FA.

PROOF. cyA is the minimal #-closed set B containing A, i.e. by 4.3 the
minimal set B such that

AC B=~+B.
Thus
(%) A C cgA = ycpA
(cf. 4.3) while
(x8k) BCcX, ACB=vyB=cACB.
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From (%%x) and 4.1 it follows by transfinite induction that y*A C ¢pA for
each ordinal o. Hence

EEEEEY) FA C cyA.

However v9A = 4 A and thus by (#*) and (xxxx) we get cgA C JA. Conse-
quently by (kxxxx) cpA =~5A. O
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