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Introduction

In recent years some homology theories which are invariants of classical
knots in S? were introduced. The most popular one is Khovanov homology
(developed by Khovanov in [Kho99]), which has the crucial property that, in
a suitable sense, its Euler characteristic is the Jones polynomial. After Kho-
vanov’s work, other homology theories were defined, such as odd-Khovanov
homology (developed by Ozsvath, Rasmussen and Szabé in [ORS07]) and
knot Floer homology (defined by Ozsvath and Szabé in [OS04a] and by
Rasmussen in [Ras03]).

If K is an alternating knot, all the homology groups named above are
‘simple’ (in the sense that the reduced homology groups are free and sup-
ported in one single diagonal with respect to a given bigrading). The knots
with ‘simple’ homology groups are called thin knots. Obviously, alternating
knots are thin. In [MOO08] Manolescu and Ozsvéath proved that also quasi-
alternating (Q.A) knots (which are a generalization of alternating knots) are
thin. A natural question is whether the converse is true.

In [Grel0] Greene proved that the thin knot 107, is not quasi-alternating.
Then, in [GW11] Greene and Watson constructed a family of thin knots K,
such that K¢ = 11F, and K, is not quasi-alternating for n > 0. Moreover,
all the knots K, have the same homological invariants mentioned above.
The aim of this work is to find other infinite families of non-quasi-alternating
thin knots with identical homological invariants, using the same techniques
as in [GW11]. The families that we find are not defined starting from an
already known non-quasi-alternating thin knot, so they provide a proof of
the existence of non-quasi-alternating thin knots alternative to Greene’s
counterexample (cf. [Grel0]).

The techniques used to obtain this result require a lot of topological
tools, introduced in Chapter 1. After recalling the definitions and the first
properties of concepts such as knots and links, handle decompositions, Dehn
surgery, other concepts are introduced. First, Spin® structures on a manifold
are defined, both as isomorphism classes of Spin®(n)-principal bundles as
well as elements of the Cech cohomology group H!(-;C™ Spin®(n)). The
next section deals with the concept of branched cover, with special emphasis
on the branched double cover of S along a link. It will be proved that, if
three links are in a special relation (which is that two of them are the ‘local
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viii Introduction

resolutions’ of the third one), then their branched double covers constitute a
triad (which means that they can be obtained from each other by performing
certain Dehn surgeries). The last section of Chapter 1 then gives an overview
on the homology theories mentioned above and on a homology theory for
3-manifolds, called Heegaard Floer homology.

In Chapter 2 the definition of quasi-alternating link is given, and an
obstruction to QA-ness is proved: a lower bound on the correction term
of the branched double cover. The correction term, in the cases we are
interested in, is closely related to another important invariant of 3-manifold,
which is the Turaev torsion.

The Turaev torsion is defined for an n-dimensional manifold endowed
with an additional structure, called Euler structure, introduced in the first
section of Chapter 3. In the case of 3-manifolds there is a canonical iden-
tification between Euler structures and Spin® structures, as proved in the
second section of Chapter 3. In the last part of Chapter 3 the Turaev torsion
is defined and a way to compute it is presented in the case of 3-manifolds
starting from a cellular decomposition.

In Chapter 4 several families of knots are introduced. It is proved that
knots belonging to the same family have the same homological invariants.
Thus, if one knot is thin, so are all the knots belonging to the same family.
However, the Turaev torsion of the branched double covers of the knots
in a given family is not bounded from below. This implies that also the
correction term is unbounded, so, by the obstruction proved in Chapter 2,
infinitely many knots belonging to the family must be non-quasi-alternating.
Finally, since this reasoning holds if there exists a thin knot in the family,
the last part of Chapter 4 is devoted to finding such knots.



Chapter 1

Topological tools

1.1 First definitions

In this introductory section the basic definitions of Knot Theory are recalled.

Definition 1.1. Let W; and W5 be two manifolds. Two C'* injective maps
f,g9 : Wi — Wy are called isotopic if for some € > 0 there exists a C'*
application H : Wy x (—¢,1+¢) — Wa such that H(-,¢) is an embedding
Vte (—e,1+¢), Hz,0) = f(z) and H(z,1) = g(x) Vo € Wi.

Remark. The relation of isotopy is an equivalence relation.

Definition 1.2. Let Y be an oriented 3-manifold. An oriented knot in
Y is an embedding S' < Y, considered up to isotopy.

Definition 1.3. Let Y be an oriented 3-manifold. An n-component ori-
ented link in YV is an embedding [[}_, St Y (where [[S! and Y are
thought of as oriented manifolds) considered up to isotopy.

Each restriction of a link [[ S' < Y to a connected component of J] S*
is called component of the link. Note that each component of a link is a
knot.

Most of the times the manifold Y will be S3. In these cases a knot (or
link) in S will also be called a standard knot (or standard link). Where
the manifold Y is not specified, it is assumed to be S3.

Definition 1.4. Let L be a link in S3. N(L) will denote a regular tubular
neighbourhood of L. C(L) will denote S3\ N(L).

Definition 1.5. A Seifert surface for an oriented knot K is a compact
connected oriented surface S C Y whose boundary is K.

Definition 1.6. A Seifert surface for an oriented link L is a compact
oriented surface S C Y whose boundary is L.



2 Topological tools

Theorem 1.7 (Seifert algorithm). An oriented knot (resp. an oriented link)
in S always admits a Seifert surface.

Definition 1.8. The reverse of a knot K : S* — Y is K = K o a, where
a € Diff~(S!) (the definition does not depend on the choice of a).

Definition 1.9. The reflection or obverse of a link L is L" = bo L, where
b € Diff 7 (S3) (the definition does not depend on the choice of b).

Remark. Sometimes we will not distinguish between a knot and its reverse
(or, in the case of a link, between a link and the link we get reversing one of
its components). In this case we will speak of unoriented knots (or links).

For a full introduction to Knot Theory, and for other definitions, such
as Seifert matrix, Alexander polynomial, determinant of a link, the reader
may refer to [Lic97].

1.2 Some results in low-dimensional topology

A large part of this work will require some results in low-dimensional topol-
ogy (3-dimensional and 4-dimensional topology). This is the reason why
this section is devoted to stating or recalling these results.

Detailed references on the topics of this section may be found in [Sco05]
and [GS99].

1.2.1 Handles

Let (W, Vp, V1) be a compact n-dimensional cobordism, i.e. an oriented n-
dimensional manifold W whose oriented boundary is V; UV} (W] represents
Vo with the opposite orientation). A popular topological way to describe
the cobordism is as the n-dimensional manifold Vj x [0, 1] to which a finite
number of handles is attached. The definition of handle (a thickened version
of a cell) can be found in [Sco05, Ch. 1, Sect. 1.2]. A handle decomposition
of a cobordism always exists (cf. [Hir76, Ch. 6] for a proof in terms of Morse
functions).

When dealing with handles a standard terminology is used: words like
index of a handle, core, cocore, tube (or attaching tube), cotube (or belt
tube), sphere (or attaching sphere), cosphere (or belt sphere) refer to precise
features or subsets of a handle. This terminology is fully explained for
instance in [Sco05, Ch. 1, Sect. 1.2] or (in a piecewise-linear version) in
[RS72, Ch. 6]. The manifold obtained attaching a A-handle (i.e. a handle
whose index is A) to a manifold X will be denoted by X U A

An n-dimesional compact manifold M can be naturally regarded as a
cobordism (M, (,0M), so the theory of handle decomposition applies also
to compact manifolds with boundary. A compact manifold together with a
handle decomposition is called a handlebody.
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Recall that handles can be reordered so that each p-handle is attached
after all the A-handles if A < p, and that handles with same index are
attached ‘at the same time’ (cf. [Sco05, Ch. 1, Sect. 1.2] or [RS72, Ch. 6]).

Let (W, V5, V1) be an n-dimensional cobordism with a certain handle
decomposition

W= Vox[0,1)UhfU...UR) U...URfU...UAL U(Vix[0,1]). (1.1)

A dual decomposition can be obtained: starting from the manifold V; %0, 1],
all the handles of the original decomposition are attached in the opposite
order; for each handle, sphere and cosphere, core and cocore, tube and
cotube are swapped, the handle’s index becomes n — A (if A is the original
index). The handle dual to 2* will be indicated with h* (remember that it
is an (n — A)-handle). Thus, the decomposition dual to (1.1) is

W=Wx[0,1)Uhfu.. .Uk U...UMU...UR) UV x[0,1]).

Handle-style homology

Let (W, Vp, V1) be an n-dimensional cobordism. It is possible to retrieve the
homology of the couple (W, Vp) from a handle decomposition:

W= Vox[0,1)UhfU...Uh U...URTU...UR} U (Vi x[0,1]).

Let WO be the manifold obtained attaching to Vp x [0, 1] all the handles
with index < \:

W = (Vo x [0,1]) Ul U...UAQ U...Uh} U...Uh}, .

The algebraic complex associated to the handle decomposition of (W, V), V1)
is

CA(W, Vo; R) = Hy(W, WOV R),
which is naturally isomorphic to the free R-module on the A-handles.

The boundary map 0y : (NTA(W,VO;R) — éx_l(VV, Vo; R) is defined on
the basis of C\(W, Vp; R) given by the A-handles as

kx—1

oa(h) =Y (nlny~ny

j=1

where the number <hf‘]h§‘71) is the intersection number between the attach-
ing sphere of h) and the belt sphere of h?_l on W A1) (intuitively it is the
algebraic number of times that the attaching sphere of hg\ winds on h;‘_l).

The handle-style homology (the homology of the complex Cy(W, Vy; R))
is isomorphic to H.(W, Vo; R). A proof of this fact can be given adapting

the proof of the equivalence of cellular and singular homology (cf. [Hat02,
Ch. 2, Sect. 2.2, Cellular Homology]).
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A-handlebodies

Definition 1.10. A A\-handlebody (with A > 0) is an n-manifold obtained
attaching a finite number of handles whose indices are < A to a canonical
ball B™.

Remark. A A-handlebody (if A > 0) is always compact.

Using the handle-style homology, it can be easily checked that the ho-
mology of a A-handlebody W obtained by attaching & A-handles to a ball is
given by:

Ho(W;R) =R
H)\(W;R) = RF
H;(W;R)=0 ifj#0,A

A Dbasis of the homology in dimension A is given by the cores of the A-handles,
endowed with some orientation, to which an oriented surface F* C B" is
attached (F* exists because the attaching sphere is 0 in H.(B")). Such a
basis will be called a standard basis for Hy(W; R).

The dimension of the A-handlebodies we will deal with will always be
3 or 4. The 2-handlebodies will usually be 4-manifolds, whereas the 1-
handlebodies will usually be 3-manifolds. However, the dimension of a A-
handlebody should be clear from the context.

1.2.2 A 3-manifold as the boundary of a 4-manifold

If a 3-manifold Y is the boundary of a 4-manifold X, the long exact sequence
in homology of the pair (X,Y’) provides a relation between the homology of
Y and the homology of X. Sometimes it is therefore useful to represent a
3-manifold as the boundary of a 4-manifold. The following theorem states
that not only every orientable 3-manifold is a boundary, but (provided that
it is connected) it is also the boundary of a 2-handlebody with only one
0-handles and no 1-handles.

Theorem 1.11. Let Y be a connected closed orientable 3-manifold. Then
there exists a 2-handlebody with only one 0-handle and no 1-handles X such
that Y = 0X.

Proof. See ([Lic97], Theorem 12.14). O

An important tool for the study of 4-manifolds is the intersection form.
Before defining it, some properties of Poincaré duality are recalled. For a
complete discussion on Poincaré duality, the reader may see [Hat02, Ch. 3,
Sect. 3.3].

Theorem 1.12 (Poincaré-Lefschetz duality, [Hat02, Theorem 3.42]). If W
is a compact orientable n-manifold, and [W,0W] is the fundamental class
in H,,(W,0W;Z), then the maps
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H (W, 0W;Z) —— H,_4(W;Z) HE (W Z) = H, (W, 0W; 2)
pr———— [W,0W] ~p pr————[W,0W] ~ ¢

give isomorphisms for all k.

Proposition 1.13. Let W be a compact orientable n-manifold. Then the
following diagram (where the maps j. and j* are induced by the map of pairs
idw : (W,0) — (W,0W)) commutes:

HF (W, 0W; Z) H*(W;Z)
S| PD S | PD
H,\ 4 (W; Z) ——— H, (W, 0W; Z)

Definition 1.14. A lattice is a couple (Z, f), where Z is a free Z-module
and f is a symmetric bilinear form on Z with coefficient in Z.
A homomorphism of lattices is a map of Z-modules

¢ : (21, f1) = (22, fa)

such that Vfﬂay € Zla fl(xay) = fQ(SO(:E)v(:D(y))
A isomorphism of lattices is a bijective homomorphism.

Definition 1.15. Let X be a compact oriented 4-manifold with boundary.
The intersection form is the symmetric bilinear form on Hy(X; Z) defined
by

Qx(a, 8) = (PD™!(a) — PD™(f), [X, 0X]).

X is positive (resp. negative) definite if its intersection form Qx is
SO.

Lemma 1.16. For every compact orientable 4-manifold (with boundary) X

Qx(a, B) = (j* o PD (), B).

Proof. The relation between cap product and cup product (cf. [Hat02,
Ch. 3, Sect. 3.3, Connection with Cup Product]) implies that

Qx(a,8) = (PD™'(a) — PD™}(B), [X, X))
= (j*oPD"(a),[X,0X] ~ PD"(3)).

As [X,0X] ~ PD71(3) is the Poincaré dual of PD~1(B) (which is 3 itself),
the Lemma is proved. O
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Lemma 1.17. If A and B are two surfaces properly embedded in X, then
Qx([A],[B]) = algebraic intersection number of A and B.

Proof. In [Sco05, Ch. 3, Sect. 3.2] there is the proof if X is a closed manifold.
However, the proof can be easily adapted for the general case noting that,
if the surfaces are transversely properly embedded, there is no intersection
point in 9.X. O

If Y is the boundary of a 2-handlebody with no 1-handles X, there is a
relation between H;(Y;Z) and the intersection form of X.

Lemma 1.18. Let X be a 2-handlebody with only one 0-handle and no 1-
handles, with Y = 0X. Then the matriz of the intersection form Qx is a
presentation matriz for Hi(Y;7Z).

Proof. Consider the long exact sequence of the pair (X,Y):

Jx

Hy(X;2Z) Hy(X,Y;Z) H\(Y;2) H,(X;Z).
Since H;(X;Z) = 0 (because X has no 1-handles), a matrix representing j.
is a presentation matrix for Hy(Y;Z).

In order to calculate a matrix representing j., recall that Ho(X;Z) = Z™,
where n is the number of the 2-handles. Let eq, ..., e, be the standard basis
of Hy(X;Z) (i.e. the one given by the oriented cores of the 2-handles to which
a Seifert surface of the attaching sphere is attached). Let {e],...,e}} be
the basis of (Ha(X;Z))* dual to {e1,...,en}.

The Universal Coefficient Theorem (cf. [Hat02, Theorem 3.2])

0 — Ext(H{(X;Z),Z) — H?*(X;Z) — Homgz(Hy(X;Z),Z) — 0
together with the fact that H;(X;Z) = 0 proves that the evaluation mor-
phism ev : H3(X;Z) — (Hy(X;Z))* is an isomorphism.

Consider now the composition map

(Ha(X:2))* 25 H2(X;2) 25 Hy(X, Y Z).

As ev and PD are isomorphisms, so is PDoev™~! and the basis {e},..., e}
maps through PDoev™! to a basis {e1,...,e,} of Ho(X,Y;Z).
Let ag; be the coordinates of j.(e;) with respect to the basis €1,...,ep:

n
jeled) =Y arick
k=1
This means that

api = (evoPD 1 oj.(e;))(ex) = (PD 1 oj.(e:), ex).
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By Proposition 1.13 and Lemma 1.16

ari = (7 o PD 7L (e;), er) = Qx (€4, ex),

so the matrix representing (Qx is the matrix representing j,, thus, it is a
presentation matrix for Hy(Y;Z). O

Definition 1.19. Let Y be a 3-manifold. | H;(Y;Z)| denotes the cardinality
of the set H1(Y'; Z), provided that it is finite, and | H;(Y;Z)| = 0 otherwise.

Corollary 1.20. Let X be a 2-handlebody with only one 0-handle and no
1-handles, with Y = 0X, and let Qx be the matriz of the intersection form.
Then

[det Qx| = | Hy (V3 Z). (1.2)

Proof. 1t directly follows from the fact that QQx is a presentation matrix
for H1(Y;Z) (cf. Lemma 1.18). Note that Equation (1.2) holds also if
det Qx = 0 (cf. Definition 1.19). O

1.2.3 Dehn filling

A very popular way to construct new 3-manifolds starting from a given one
is through performing a Dehn surgery or filling. The importance of this
construction is that every connected orientable closed 3-manifold can be
constructed by performing a finite number of Dehn surgeries on S® (as we
will see, this is a restatement of Theorem 1.11).

Definition 1.21. Let Y be a 3-manifold, whose boundary has a toric com-
ponent Z. A Dehn filling on Y along Z is the 3-manifold obtained by
attaching Y and a solid torus S' x D? through an orientation-reversing
diffeomorphism between Z and T = 9(S! x D?).

Remark. The Dehn filling clearly preserves orientability, connectedness and
compactness of a manifold.

Proposition 1.22. LetY be a 3-manifold, whose boundary has a toric com-
ponent Z. Suppose that two homology classes X\ and p in Hy(Z;Z) such that
#ANp) =1 are given, and let us call them longitude and meridian. Let
o : T = 0(S' x D?) — Z be the orientation-reversing attaching diffeomor-
phism and let m and | be a meridian and a longitude in Hy(T;Z). Let a and
b be natural numbers such that in Hy(Z;7Z)

w«(m) = ap + bA.

Then the manifold obtained by Dehn filling on'Y along Z is determined (up
to diffeomorphism) by the number a/p € QU {xoo}. This number is called
the (rational) framing of the Dehn filling.
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Sketch of the proof. Consider the map ¢, in homology. Choose as bases of
Hi(T;Z) and H1(Z;Z) the ones given by meridian and longitude {m,{} and
{1, A}. The determinant of the map ¢, with respect to these bases must be
1. Hence, if ¢, (m) = ap + b and ¢, (1) = sp+ tA, the equation at — bs = 1
must be satisfied.

Suppose that a and b are fixed. Bézout’s Theorem assures that numbers
s and t in Z such that at — bs = 1 do exist. However, they are not unique.
Let s’ and ¢’ be other integers such that at’ — bs’ = 1. It is easy to check
(using the fact that a and b are relatively prime) that s — s’ = na and
t —t' = nb for some n € Z. As a result the image of the meridian ¢.(m)
defines the image of the longitude ¢.(I) up to multiples of y.(m).

Now, the diffeomorphism ¢ is defined (up to isotopy) by ¢, and so
the manifold Y U, (S* x D?) depends (up to diffeomorphism) only on ¢,.
Moreover, choosing ¢; and @2 such that

(p1)+(m) = ap + bA (¢2)«(m) = au + bX
(p1)«(l) = sp +tA (92)«(1) = (s + na)u + (¢t + nb)A

the resulting manifolds YUy, (S' x D?) and Y Uy, (S! x D?) are diffeomorphic
(the diffeomorphism is obtained just performing n twists on S x D? before
attaching).

It is worth noting also that the choice of the longitude [ in T (which is
defined only up to multiples of m) is not relevant, as a longitude can be
carried to any other just performing some twists on S! x D2,

To sum up, the manifold YU, (5! x D?) depends only on ¢, (m) = ap-+bA
(where a and b are relatively prime). To see that it actually depends only
on a/y it suffices to note that changing the signs of both a and b equals
to reversing both the meridian and the longitude on T, so the resulting
manifold is the same. O

Definition 1.23. A Dehn surgery on a 3-manifold Y consists of removing
a solid torus S' x D? from Y and performing a Dehn filling on 9(S* x D?).

Remark. When performing a Dehn surgery, the meridian u of 9(S! x D?) is
well defined (it is the boundary of a disk in the removing solid torus S* x D?),
whereas the longitude is defined only up to multiples of the meridian.

Definition 1.24. A Dehn filling (or Dehn surgery) on Y is called longitu-
dinal if the associated rational number @/p is an integer (i.e. if the meridian
m of the attaching solid torus is sent to a longitude of the attaching torus
in 9Y.

Remark. In the case of longitudinal Dehn filling (or surgery) the choice of
the framing (i.e. the rational number @/p) corresponds to the choice of a
longitude of the attaching torus in 3Y".

Remember that a given longitude of the attaching torus in 9Y must
already exist to define the framing as a rational (actually integer) number.
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In the case of longitudinal Dehn filling (or surgery) the framing can directly
be defined as a longitude, without the need of choosing a ‘referring’ longitude
and a number.

Remark. A longitudinal Dehn surgery on a 3-manifold Y can be represented
as a knot K in Y together with a longitude A. A regular neighbourhood of
K is the removing solid torus, and the longitude A is the longitude where
the meridian of the attaching solid torus is mapped to. A is also called a
framing for K.

If Y = 5% and K C 5% is a knot, a preferred longitude A° is given
(i.e. the boundary of a Siefert surface), so a longitude A can be represented
as an integer f € Z, in such a way that

N= 25+ fp,

where p is a meridian. If a Dehn surgery is performed on (K, A), the number
f is exactly the framing of the Dehn surgery.

A 3-dimensional operation as performing a longitudinal Dehn surgery
on a manifold Y is closely connected with a 4-dimensional operation, that
is attaching a 2-handle to a 4-manifold whose boundary is Y.

Lemma 1.25. Let X be a 4-manifold whose boundary is a 3-manifold Y .
Let (K, \) be a framed knot (i.e. a knot with a framing) in' Y. The boundary
of the manifold X U h?, where h? is a 2-handle attached in such a way that
K is its attaching sphere and A is the boundary of a disk parallel to the core,
is obtained from Y by Dehn surgery along K with framing .

Proof. The boundary of X U h? is obtained from Y removing a neighbour-
hood of the attaching sphere K and replacing it with a solid torus S x D?
whose boundary is identified with the boundary of the neighbourhood of K.
The longitude A bounds a disk in the attaching solid torus, so it is the image
of the meridian of the attaching solid torus through the attaching map.
Thus, (X U h?) is obtained by longitudinal Dehn surgery from the
manifold Y on the pair (K, \). O

Definition 1.26. Let L be a framed link in S? (i.e. a link with a framing
for each component). The pair (Xr,S3) is obtained by L-surgery from
S3 = 0B* if S% = 0X1, and X is the 4-manifold obtained by attaching a
2-handle to B* for every component K of L in such a way that the attaching
sphere is K itself and the attaching framing is the framing of K.

Remark. Let K be a knot in a general 3-dimensional manifold Y. An analo-
gous definition can be introduced in this case. Specifically, a framing of K in
this case is a given longitude A (in a general manifold there is not a preferred
longitude), and we say that the manifold Y) is obtained by A-surgery from
Y if it is the result of a Dehn surgery along K with framing A (i.e. so that
A is the identified with the meridian of the attaching torus).
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Proposition 1.27. Let L = K, U ... UK, be a link in S = OB* with n
components, with framings fi,..., fn. Let (X, S%) be the pair obtained by L-
surgery. Let my,...,n, be 2-cycles that induce a standard basis of Ha(X; 7Z)
(i.e. 2-cycles corresponding to oriented cores of the 2-handles h3,..., h2, to
each of which a Seifert surface in S® is attached).

Then, the intersection form (with respect to this basis) is given by the
n X n matrix

A = (k(K;, Kj))
where we define 1k(K;, K;) = f;.

ij=1,..n"

Proof. For each i, let D; be the core of the handle h;, so that 0D; = K;.
Let S; be a Seifert surface for K;. Then

ni=D; US;,

where S; denotes S; with reversed orientation.

Moreover, let eg,; be the vector tangent to the oriented knot Kj;, and let
er, be the radial vector in D;, so that {e,,,ex,} gives the given orientation
of D; (cf. Figure 1.1).

Suppose i@ # j. In order to calculate #(n; N 7n;), push S; inside D?,
as suggested in Figure 1.1. After this small perturbation, the intersection
between 7; and 77; completely lies in S 3 and it is the same as the intersection
between K; and 5’7] Focus on a point p of the intersection. The sign of the
intersection is the sign of the basis of the tangent space obtained juxtaposing
the basis {e,, ek, } of D; and the opposite of a basis {zs;,ys;} of Sj:

e(p) = epa({er,, ek, —xgj,ygj}).

As suggested by Figure 1.1, the outer normal (exiting from B*) in p is —e,,.
According to the ‘outer normal first’ rule,

€(p) = 634({_67‘1‘? €K;» xSpij}) = 653({61(2" LS;) yS]'})a

which is the sign of p as intersection of K; and S;. Thus, the sum over all
the intersection points gives exactly the linking number lk(K;, Kj).

The case ¢ = j is very similar to the previous one. Just perturb one of
the two copies of 7; pushing the core D; of the handle h? on the boundary
and the surface S; inside the ball B, Now the situation is very similar
to the previous one, with the difference that now 7; N n; coincides with
the intersection of S; and the longitude of K; determined by the attaching
framing, i.e. the longitude /\;g + fipi, where p; is a meridian of K; and )\f is
the standard longitude in S, determined by a Seifert surface. In this case
the intersection number is (reasoning as above)

k(NS + fi i K) = k(N KG) + fi k(i K;) =0+ f; - 1 = fi.

The proof of the proposition is then complete. O
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S

Figure 1.1: The picture on the left represents the core D; of the handle h?.
ek, is the vector tangent to the oriented knot K, whereas e,, is the radial
vector. The basis {e,,,ex,} gives the orientation of D;. The picture on
the right conveys the idea of how the cycles 7; and 7; intersect (the cycles
are actually 2-dimensional, and not 1-dimensional as the picture seems to
suggest). The dashed red line represents S®, the part below it B*, and the
part above it the attaching handles. The cycle n; is pushed inside B?, so
that the intersection between 7; and n; is exactly the intersection between
K; and Sij

1.3 Spin® structures

Let W be a (not necessarily closed) manifold. In this section we will study
an additional structure (a Spin® structure) that W may be endowed with.
A full introduction to Spin® structures can be found in [Sco05, Ch. 10,
Sect. 10.2].

1.3.1 Principal bundles and Cech cocycles

The present subsection deals quickly with the concept of principal bundle
and with the presentation of a principal bundle through a Cech cocycle.
A complete discussion on the topic can be found in [Sco05, Ch. 4, Note:
Bundles, cocycles, and Cech cohomology].

Definition 1.28. Let W be a manifold and G be a Lie group. A G-
principal bundle is a C* map 1 : Pg — W such that each fiber n7!(x)
is endowed with a free and transitive C'**° right action of G and Vax € W
there exist a neighbourhood U of x and a G-equivariant diffeomorphism
Y Y U) = U x G (where G acts on U x G trivially on the first com-
ponent and as the right multiplication on the second one), such that the
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following diagram commutes:

The set U is called a trivializing set for 7, and the map v is called a trivi-
alization of n on U.

Ezxample 1.29. Let W be an oriented n-dimensional manifold, and let TW be
its tangent bundle. Choose a riemannian structure on W, and let Pso,) be
the bundle of oriented orthonormal frames of TW (an oriented orthonormal
frame can be thought of as an orientation-preserving isometry g : R" —
T, W). Then, Pso(n) is an SO(n)-principal bundle with the action given by
the composition of 5 and an isometry f of R™:
B-f=Bolf.

Ezxample 1.30. More generally speaking, let £ — W be an oriented real vec-
tor bundle of rank 7. The SO(r)-bundle Isoy (R" x W, E) of the orientation-
preserving isometries between of R” x W and E (i.e. the homomorphisms of
real vector bundles that are orientation-preserving isometries on each fiber)
is an SO(r)-principal bundle.

Conversely, given an SO(r)-principal bundle Pso(r)s it is possible to con-
struct an associated oriented real vector bundle as the quotient of Pgg(,) xR"
by the action of SO(r) (which is a right action on the component Pgq ) and
the obvious left action on R").

The two maps

(E — W) ——— Isoy (R" x W, E)

Pso@y x R" e—Pso()
SO(r)
are one the inverse of the other and furnish a bijection between isomorphism
classes of oriented real vector bundles of rank  and SO(r)-principal bundles.

Definition 1.31. Two G-principal bundles n : Pg — W and 5 : Pg — W
are isomorphic if there exists a G-equivariant diffeomorphism ¢ : Pg — Pg
that preserves the fibers, i.e. such that the following diagram commutes:

1%

Pc Pc

A}
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Definition 1.32. Let ng : P¢ — W be a G-principal bundle. A surjective
group homomorphism ¢ : G — H naturally defines an H-principal bundle
ng : Py — W as the fiberwise quotient PG/ker o- The bundles obviously
fit the following diagram:

Pc

Pu

The quotient map 7 is (o : G — H)-equivariant, i.e. Vo € Pg and g € G

m(x-q) = n(x)-o(q).
If (Uy)aca is an acyclic cover of a manifold W, a G-principal bundle
1 : Pg — W can be represented in terms of transition functions

9ap : UaNUg — G.

If o : 171 (Uy) — Ua xG and Vg nfl(Ug) — Ugx G are local trivializations
of n as in Definition 1.28, then g,z is defined as follows:

w (x,q) = (xhgaﬁ(x) : q)'

—1
(]
@ wﬁ lyg (UanUs)

Just like the transition functions of a vector bundle, Vo, 5,y € A

9apB 98y Gya = 1.
This is the reason why the following definition is introduced.

Definition 1.33. Let G be a Lie group, W a manifold, and let (U, )aca be
an acyclic cover of W.

A Cech 1-cocycle is a collection of C* maps (gap : UaNUp = G) o pea
such that Vo, 8,y € A

9ap 9By Gya = 1. (13)
Two cocycles (gag)a,sc4 and (g, 5)a, seA are cohomologous if there exists
a collection of C*° maps (fq : Uy — G)aca such that Va, 3 € A
ro_ -1
Yo = fozgaﬁfﬁ .

The set of equivalence classes of Cech cocycles, equipped with the opera-
tion induced by the multiplication on G, is called the first Cech cohomol-
ogy group of W with coefficients in G, and it is denoted by H!(W; C*Q).
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The definition of H'(W;C*®G) does not depend on the choice of the
acyclic cover of W since the cohomology groups obtained from two acyclic
covers are canonically and functorially isomorphic.

Now let P be a G-principal bundle over W, and let U = (Uy)aca be a
open covering of W trivializing for Pg. The transition functions

gagtUaﬂUgﬁG

of the principal bundle satisfy the cocycle condition (1.3) and hence they
represent a class in H'(WW;C°@). This map actually yields a bijection
between H! (TW; C*°@G) and the set of G-principal bundles up to isomorphism,
as the following Lemma states.

Lemma 1.34. Let W be a manifold and G be a Lie group. There exists a
bijection between H (W C*®Q@) and the isomorphism classes of G-principal
bundles over W.

The bijection simply maps a Cech cocycle (gap) to the G-principal bundle
whose transition functions are exactly (gog).

Proof. The prgof of this fact can be found in [Sco05, Ch. 4, Note: Bundles,
cocycles, and Cech cohomology]. O

1.3.2 Spin® structures

Definition 1.35. Let » € N, > 1. The Lie group Spin(r) is the two-fold
cover of the group SO(r). As a result there is a short exact sequence

0 — Zy — Spin(r) -2 SO(r) — 0.
Remark. If r > 2, Spin(r) is the universal cover of SO(r).
Definition 1.36. Let € N,r > 1. The group Spin®(r) is defined as

U(1) x Spin(r)
{(13 1)’ (_1’ _1)} ‘

Remark. There exists a short exact sequence

Spin®(r) =

0 — U(1) — Spin®(r) -5 SO(r) — 0,

where o is defined as
o :[¢,h] — p(h).

Definition 1.37. Let £ — W be an oriented real vector bundle of rank r
on an n-dimensional manifold. A pair (1, H) consists of a Spin®(r)-principal
bundle 7 : Pspinc(T) — W and an isomorphism H between Pspinc(r) /U(l)
and the bundle Pgq, associated to £/ — M (cf. Example 1.30).
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; ,PSpin(C (r)

PSpinC(r)

PSpinC(T)/U(l)

Diagram 1.1: Definition of isomorphism of pairs.

By definition, two pairs (1, H) and (7, H) are isomorphic if there exists
a Spin®(r)-equivariant diffeomorphism ¥ : Pspinc(r) — Pspintr) such that
Diagram 1.1 commutes.

A Spin® structure on the vector bundle E — W is a pair (1, H) up to
isomorphism.

The set of all Spin® structures on the vector bundle E — W is indicated
with Spin®(E — W).

A Spin® structure on an oriented manifold W is Spin® structure on
the tangent bundle TW — W. In this case r = n and the associated
SO(n)-principal bundle is the bundle of orthonormal frames (cf. Example
1.29).

The set of all Spin® structures on W is indicated with Spin®(W).

Lemma 1.38. Let (n: PSpinC(r) — W, H) be a pair defining a Spin® struc-
ture on E — W, and let (Uy)aca be a fized acyclic cover of W. By Lemma
1.84, there ezist a cocycle (hog) in CY(W;C>® Spin®(r)) that represents
Papint(ry and a cocycle (gag) in CY(W;C>®SO(r)) that represents Psor)
(the SO(r)-principal bundle associated to E — W ).

Then, up to isomorphism of the pair (n,H), (hag) is a lift of (gag) to
Spin®(r), i.e. Va, B

(hag) = gags-

Proof. As Pgp;c(,y furnishes a Spin® structure on E — W, (0(hag)) must
describe the SO(r)-principal bundle Pgo() (up to isomorphism). Thus,
there exists a family of C*° maps (f, : Uy — SO(7)) such that V«, 5

foz U(haﬂ) fﬁ_l = GJas-

Choose arbitrary lifts fo : Uy — Spin€(r). Let (dap) be the Spin®(r)
1-cocycle defined by B B
gaﬁ = foz hozﬁ fﬁ_l
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As o is a homomorphism, the Spin®(r) cocycle (§as) projects exactly on gas.
Moreover, the principal bundle associated to (g,s) defines the same Spin®

structure as 7 (the diffeomorphism ¥ is obtained by using the functions fN’a)
Hence the Lemma is proved. O

A consequence of Lemma 1.38 is the following Corollary.

Corollary 1.39. If E — W s an oriented real vector bundle and (U,) is
a fized acyclic cover of W, then every Spin® structure on E — W can be
represented as a Spin®(r)-cocycle (Gap) that projects on the cocycle (gag)
defining Pso(r) (the SO(r)-principal bundle associated to £ — W ):

U(:qvaﬁ) = 9ap-

Lemma 1.40. Let (gap) and (g,s) be two Spin®(r)-cocycles representing
two Spin® structures on E — W as in Corollary 1.39.

The two Spin* structures are the same if and only if there exist C>
functions (fo : Uy — S') such that

op = o f5 9ap- (1.4)
It is noteworthy that S' is here thought of as a subgroup of Spin®(r):

U(l) X {eSpin(T)}

ST =U(1) =kero = {(1,1),(-1,-1)}

C Spin®(r).

Such a subgroup is also the centre of Spin®(r) for r > 2 (whereas Spin®(2)
is abelian).

Proof of Lemma 1.40. By Lemma 1.34, (gop) and @;B) define isomorphic

Spin® (r)-principal bundles if and only if there exists a collection of C° maps
(fo : Uy — Spin®(r)) such that

%5 = faga,b’ fﬁ_l (1-5)

Since (gap) and (g,s) are chosen as in Corollary 1.39, both of them
project on gap, the cocycle defining Pso(ry, the SO(r)-principal bundle as-
sociated to E — W. The fact that the two cocycles define the same Spin®
structure is equivalent to the commutativity of Diagram 1.1. As the map
¥ is locally given by left multiplication by f,, Diagram 1.1 locally becomes
the following diagram:



1.3. Spin® structures 17

Uy, x Spin®( 4o Uy x Spin®(
Ua x SO(r
id X fo-

'T fa :
Hence the commutativity of the diagram is equivalent to the local equation:

Va € Ua, g € Spin(r) o(q) = o(fal(z)q). (1.6)

As ¢ is a homomorphism, Equation (1.6) becomes

V€ Ua, q € Spin™(r)  o(9) = o(fa(z)) o(a),
which is in turn equivalent to o(f(x)) = 1 and so to the fact that the image
of f, is contained in kero = U(1) = S*.
Thus, the cocycles g3 and §;ﬁ define the same Spin® structure if and

only if Equation (1.5) holds for some f, with image in S*, hence (since S!
is in the centre of Spin®(r)), if and only if Equation (1.4) holds. O

We will see that the set of Spin® structures on a vector bundle E — W
is endowed with a free and transitive left action of H?*(W;Z), therefore (if
non-empty) it is an H2(W; Z)-affine space.

Lemma 1.41. The short exponential exact sequence

exp

0—7Z—RZ5S8——0.
gives natural isomorphisms

HE(W; c>° 8t = HH YW 7)
for each k.

Proof. Consider the associated long exact sequence in cohomology. All the
groups H*(W; C*°R) vanish due to the existence of a partition of unity (pq).
Indeed the map

(k(©))a.. Op ZpaSoaao p_1

satisfies kd+Jdk = id and hence gives a homotopy between the maps id and 0
on the complex C*(W; C*°R). Thus, the long exact sequence in cohomology
gives the desired isomorphism. O
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Remark. In particular, there is an isomorphism
HY(W;C>8sh) = H*(W; Z).

Remark. It is noteworthy that, if (,g) corresponds to & and (1,3) corre-
sponds to n, the S-cocycle corresponding to £+ is (£ Nap) (this happens
because exp carries sums to products).

Definition 1.42. Let W be an n-manifold, and (U, ) an acyclic cover of .
Let £ — W be an oriented real vector bundle, Pgq ) its associated SO(r)-
principal bundle, and (gog) € Z!(W;C>SO(r)) the cocycle representing
Pso(r)-
The set of cocycles (Gas) € Z'(W;C* Spin®(r)) that project on (gas)
(i.e. such that 0(gag) = gap) Will be denoted by
(

1

2y (W50 SO(r).

Theorem 1.43. Let W be an n-manifold, and (Uy) an acyclic cover of W.
Let E — W be a real vector bundle, Pso(y) its associated SO(r)-principal

bundle, and (gag) € Z1(W;C>SO(r)) the cocycle representing Pso(ry- For
each [¢] € H2(W;Z), let (£45) denote the corresponding cohomology class
given by the isomorphism H2(W;Z) = HY(W; C>®S).

The map

H2(W;Z) x Zlgaﬁ)(W; C* Spin®(r)) —— Z%gaﬁ)

( (W; C*> Spin®(r))
(Ev (gaﬁ)) } (gaﬁ gaﬂ)

induces a free and transitive action of H2(W;Z) on Spin®(E — W).

Proof. Two cocycles define the same Spin® structure if and only if Equa-
tion (1.4) holds, so equivalent cocycles are mapped to equivalent cocycles
(everything commutes as U(1) = S is in the centre of Spin®(r)), and, thus,
there is an induced map

H2(W;Z) x Spin®(E — W) — Spin®(E — W),

which is clearly an action of H?(W;Z) on Spin®(E — W).

We have now to check that the action is free and transitive. To check
that it is free, suppose that there exist a Spin®(r)-cocycle (gng) and a S1-
cocycle (£45) such that (Gas&ap) gives the same Spin® structure as (gag).
Then, by Lemma 1.40, there exist C* functions (f, : Uy — S' = U(1))
such that

gaﬁ gaﬁ = f;l fﬁ gaﬂ-
As &o3, fat and fs lie in the centre of Spin®(r), the previous equation
becomes (upon multiplication by 56:5)

gaﬁ = f;l fﬁ'
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This implies that (£,4) is a coboundary, so the action is free.
To check the transitivity of the action, let (gap) and (g,,5) be two cocycles

in Z%gaﬂ)(w;coo Spin©(r)). Choose lifts (zap, hag) and (25, hly5) of (Gap)

and (g;,5) to U(1)xSpin(r). Multiplying h;,5 and 2/, 5 by —1 where necessary,
we may assume that hapg = h/,5.

Let {op = Z;B/Zaﬁ' If (£,3) is a cocycle, this would prove the transitivity
of the action, since multiplication by &, clearly sends (gap) to (g,s). Hence
the only thing to prove is that ({,) is a cocycle.

Since (gap) and (g;5) are cocycles,

gozﬁ gﬁ'y g’ya = 17
These relations in U(1) x Spin(r) become
(Zaﬁ 2By Zyas haﬁ hﬁ'Y h’YOé) S {(17 1)7 (_17 _1>}7
(Z(lx,B Z,ﬁv Z'/ya’ haﬂ hﬁ’Y h’YOé) € {(17 1)7 (_17 _1)}'
There are two possible cases. Either
ZaB 28y Zya = hap My hya = Zap 2y 2ha = 1

or
2aB 28y Zya = Nag Ngy hya = 2;5 z'ﬁ,y zi/a =-1
In any case
Z;B Z//BW Ziﬂx -1
Zafl 2By Fya ,

hence ({,3) is a cocycle. O

gaﬁ éﬁ’y fwa =

Theorem 1.44. Let W be a manifold (possibly with non-empty boundary)
such that H3(W;Z) has no 2-torsion.

Then there exists a SpinC structure on every oriented real vector bundle
E — W with rank r > 2.

Proof. Let (U,) be an acyclic cover of W, and let (go3) be the SO(r)-cocycle
representing E. Let hqg arbitrary lifts of g5 to Spin(r).
Consider the exact sequence

0 — {£1} — Spin(r) — SO(r) — 0.
The long exact sequence in cohomology is

... — HY(W; C* Spin(r)) — HY(W;C>®SO(r)) 2 H2(W; {£1}) — ...
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where the boundary map w- is the assignment of the second Stiefel-Whitney
class. The definition of the boundary map of the long exact sequence in
cohomology implies that the cocycle

Wapy = hap hpy hya € C* (W {£1})
represents the second Stiefel-Whitney class wa(E) (under the identification
(Zo,+) 3 ({£1},).
The long exact sequence in cohomology
s AW Z) — T2(W; Z) — TB3(W,Z) 25 T3(W,Z) — . ..

together with the fact that H3(1W;Z) has no 2-torsion implies that there
exists a lift ¢ € H2(W;Z) of wo(E) € H2(W; Zy).
Now recall (cf. Lemma 1.41) that the exponential exact sequence

exp

0—Z—R="58"——0
yields an isomorphism
HY(W; Cc>*Sh) =~ H(W; Z),

and so there exists a cocycle (Io5) € CH(W;C>S") representing c. Let Tag
be arbitrary lifts to R of l,3. The definition of the boundary map implies
that

(€] = [lag + Uy + ba| € (W3 2). (1.7)
Applying the composition map
(mod 2) (-1 .
H2(W;Z) —— HX(W; Z,) H2(W; {£1})

Equation (1.7) implies

[(wagy)] = [(lap Ly bya)] -
Since (Wapy)apy and (la lgy lya)apy represent the same cohomology class
in H2(W; {£1}), there exists a 1-cocycle (e,5) € HY(W; {£1}) such that
lap lgy lya €ap €8y Eya = Wapy-

Define 5 = lap€ap. Now the cochain [l’aﬁ, halg} is a Spin®(r)-cocycle
because
[l;ﬁahaﬁ} : %7’ hpy] - [l;a,hw] = [wapy, wapy]
and therefore it defines a Spin® structure on E. O
Corollary 1.45. Let W be an n-dimensional manifold with H3(W'; Z) with-

out 2-torsion, and let E — W an oriented real vector bundle.
Then Spin®(E — W) is an affine space over H2(W;Z).

Proof. The statement follows directly from Theorem 1.43 and Theorem 1.44.
O
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1.3.3 Restriction map

If W is an n-dimensional oriented manifold (with n > 3), it is possible to
define a restriction map from Spin®(W) to Spin®(0W). The aim of the
current subsection is to define this map.

First, note that there exists a lift j of the standard inclusion i : SO(r) —
SO(r 4 1) such that the following diagram commutes:

Spin®(r) -7 Spin®(r + 1)
Or Or+1

SO(r)

SO(r+1)

Lemma 1.46. Let E — W be an oriented real vector bundle. Then, there
exists a canonical H*(W; Z)-equivariant bijection

Vg : Spin®(E — W) =5 Spin®(E@ R — W),

which maps the Spin® structure on E — W defined by the cocycle (Gap) to
the SpinC structure on E ® R — W defined by the cocycle J(Gap)-

Proof. j(gap) represents a Spin® structure on £ @ R — W because the
cocycle 0,41(j(gas)) = i(gag) is the cocycle representing £ @ R — W.

The map is well defined because j : Spin®(r) D S' — S' C Spin®(r + 1)
acts as the identity, so equivalent cocycles (cf. Lemma 1.40) are sent to
equivalent cocycles:

G5 18 Gas) = fa ' 155 (Gap)-
Moreover, as j, acts as the identity, it is clear that the map
Spin®(E — W) — Spin“(E® R — W)
is H?(W; Z)-equivariant:
3(&ap Gas) = Eap J(Jap)-

The fact that j is bijective follows at once from the H?(W; Z)-equivariance.
O

Let W be an oriented n-manifold with boundary OW. There is a clear
identification TW), .. = R & T(OW), given by the ‘outer normal first’ rule.

Theorem 1.47. Let W be an oriented n-manifold with boundary OW , with
n > 3. The composition map
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Spin® (W) —2— SpinC(TW,,,,, — OW)
[ w;éaw)
Spin®(R @ T(OW) — W) ——— Spin®(0W)

| —1
' M) Yrow) )

is equivariant for the action of i* : H*(W;Z) — H2(OW;Z) (the map
induced by the inclusion i : OW — W), i.e. it satisfies

\IJ;(laW) org(h-n)=1i"(h)- \IJ;(law) ory(n).
\D;(law) org is called restriction map.

Proof. Let (gap) is a cocycle representing a Spin® structure. The map 7y
acts as follows:

7‘8(5045) = (gamaw)'

As i* is the restriction of the cocycles to OW, rg is clearly equivariant for
the action of ¢*.

The second map, ‘If}(law), is H?(OW; Z)-equivariant by Lemma 1.46.
The theorem is proved. ]

1.3.4 Spin® structures on 4-manifolds

Definition 1.48. Let A = (Z, f) be a lattice. A covector x € Z* is char-
acteristic if
x(v) = f(v,v) (mod2) VvecZ

The set of characteristic covectors is denoted by Char(A).

Let X be a 4-manifold (possibly with boundary) with H;(X;Z) = 0. In
this subsection A = (Z, f) will denote the lattice (Ho(X;Z), @x). Note that
7Z* =2 H?(X;7Z) by the Universal Coefficient Theorem (cf. [Hat02, Theorem
3.2]).

Lemma 1.49. Let X be a 4-manifold (with boundary) with Hi(X;Z) = 0.
Char(A) is endowed with a free and transitive action of Z*, defined by

§-x=x+2.

Proof. Suppose that x + 2§ = x. Then 26 = 0. As Hy(X;Z) = 0, the
Universal Coefficient Theorem implies that H? (X;Z) is torsion-free, so £ = 0
and the action is free.

Now let x1 and y2 be two characteristic classes. Then x; — x2 = 0
(mod 2). The exactness of the sequence

2. (mod 2)

H?(X;7)

H%(X;Z)

H?(X; Z5)
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implies that y; — x2 = 2¢ for some & € H?(X;Z), so the action is transitive.
O

Definition 1.50. Let £ — W be an an oriented real vector bundle, where
W is an n-manifold (possibly with boundary). Let (gag) = ([Aag,has))
represent a Spin® structure on E — W.

The determinant bundle associated to the Spin® structure is the com-
plex line bundle associated to the S!-cocycle (Aiﬁ).

Theorem 1.51. Let X be an oriented 4-manifold (possibly with boundary)
with Hi(X;Z) = 0 and H3(X;Z) = 0 (note that by Poincaré duality the last
condition is redundant if 0X =10).

Then, the map
Spin®(X) <% Char(A)

that maps a Spin® structure to the first Chern class of its determinant bundle
18 Z* -equivariant and, thus, it is a bijection.

Proof. The short exact sequence
0 — Zy — Spin®(4) — U(1) x SO(4) = 0
gives a long exact sequence in cohomology

.. —— HY(X; 0> Spin®(4)) — HY(X;C>® U(1)) @ H'(X; C>SO(4))

0=c1 +ws -

H%(X; 7o)

where the boundary map 0 is the modulo 2 sum of the first Chern class and
the second Stiefel-Whitney class:

O((Mas): (95)) = e1(Aap) + walgap) (mod 2).
If 5 is a Spin® structure on X, by exactness
c1(8) + wo(TX) =0 (mod 2),
so, if ¥ is the modulo 2 class of v,
(e1(s),v) = (wa(TX),7)  (mod 2)
= f(v,v) (mod 2),
where the second equality is Wu’s formula (cf. [Sco05, Ch. 4, Sect. 4.3]).
Hence the image of a Spin® structure is a characteristic class.
Now let 5 = ([Aag, haps]) be a Spin® structure and & = (£,5) € Z* (recall
that, by Lemma 1.40, Z* = H?(X;Z) = H(X; C>®S")).
c1(§ - 8) = c1([Aapaps hagl)
= Cl(/\iﬂfiﬁ)
= c1(A2p) + 2c1(€ap)
=cC (5) + 257
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so the map ¢; : Spin®(X) — Char(A) is Z*-equivariant.
As Spin®(X) and Char(A) are Z*-affine spaces and ¢; is a Z*-equivariant
map, ¢ is also a bijection. ]

Let X be a compact 4-manifold with boundary dX = Y, such that
Hi(X;Z) =0. Let A = (Z, f) be the lattice (Ha(X;Z),Qx), and let

£z —7*

be the function adjoint to f.

Consider Diagram 1.2 (where the coefficients are omitted because they
are all Z). H3(X,Y;7Z) = H;(X;Z) = 0 by Poincaré-Lefschetz duality. The
map ev is an isomorphism due to the Universal Coefficient Theorem.

Hence f is a presentation map for H?(Y;Z), i.e.

H*(Y;2) = 27/ F( 7).

H%(X,Y) H2(X) H2(Y) H3(X,Y)
S| PD S‘ev
Z----- T 0

Diagram 1.2: The long exact sequence in cohomology with Z coefficients for
a pair (X4, Y3) with Hy(X) = 0.

Lemma 1.52. Let X be a compact 4-manifold with boundary 0X =Y, such
that Hi(X;Z) = 0. Let A = (Z, f) be the lattice (Ha(X;Z),Qx), and let f
denote the adjoint function.

Then ChaT(A)/(g - }(2)) is an affine space over H*(Y;Z) = Z*/f(Z)

Proof. The statement follows at once from the fact that Z* acts on Char(A)
freely and transitively (cf. Lemma 1.49). O

Theorem 1.53. Let L be a framed link in S3. Let (X1, S3) be the pair ob-
tained by L-surgery from S3. Let A = (Z, f) be the lattice (Ha(X1;Z), Qx, ),
and let f denote the adjoint function.

The map

spin(sp) — PN 5. iz
Y (o)
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sending a SpinC structure t to the equivalence class of the first Chern class
of one of its extensions to X, is an HQ(S%;Z)—equivariant bijection.

Corollary 1.54. Under the assumptions of of Theorem 1.53, an extension
of a Spin® structure t € Spin®(S}) to Spin®(X 1) always exists.

Proof of Theorem 1.53. Consider the following commutative diagram:

z* = 27/ f(z)

Spin®(X) Spin®(S3)

Char(A) ----~

c1 is a Z*-equivariant bijection (cf. Theorem 1.51), and R is equivariant over
Z* — Z*/f(Z) (cf. Theorem 1.47).

Hence R is equivariant for the action of Z* — Z*/f( Z) too and so it

induces a (Z * /f( Z))—equivariant map on the quotient:

The bijectivity of this map follows from the (Z */]?( Z))—equivariance and

from the fact that both Char(A)/(Q . J?(Z)) and Spin®(S3) are affine spaces
on Z"/f(7) = H?(S3;Z) (cf. Lemma 1.52 and Theorem 1.43). O

1.4 Branched covers

In this section a more general notion of covering map between manifolds is
defined. This notion, that will be useful in the study of links in S3, is the
one of ‘branched cover’, which is fully explained in [Pie93].

The ‘local model’ to keep in mind is the following: let D' be the unit
open disk in the complex field C. Consider the map

pr:D' = D!

z— "

Now, let W be an n-dimensional manifold (in our case n will always be
3). The ‘local model’ for n-dimensional manifolds becomes

pr DY x "2 5 Dl x 72
(z,t) = (2", 1),

where I = (—1,1).
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Note that the map p, is an r-sheets covering on the open subspace of
D' x I"=2 defined by {z # 0}, and it is a homeomorphism on the closed
complementary subspace. The general definition of branched cover is the
following.

Definition 1.55. Let 7 : W — W bea C® application between n-manifolds
with finite fibers.

7 is a branched cover if VZ € W (respectively 8%) there exist a
neighbourhood UofZanda neighbourhood U of z = 7(Z) such that the map
b U—Uis diffeomorphic to p, : D' x I"™2 — D! x I"~2 (respectively
pr: D'x[0,1)"% = D' x[0,1)""?), that is there exist two diffeomorphisms
Y:U— D' xI"2and ¢ : U — D* x "2 (vesp. ¢ : U — D x [0,1)" 2
and 1 : U — D' x [0,1)"72) such that ¢(Z) = (0,0) and the diagram on
the left (respectively on the right) commutes:

o~ ~

IR

U D' x "2 U——— D'x[0,1)"?
¥ ¥
s Pr s Pr
U—— D' x ["? U——— Dl x [0,1)"2
v ¥

The number r is called branching index of 7 in 7, and it will be
indicated by ind;(z). The set S = {x € W |ind,(z) > 1} is called sin-
gular set of 7, and its elements are called singular points, whereas the
set By = m(Sz) is called branch set, and its elements are called branch
points.

Moreover, if x € W, a neighbourhood V of z is called trivializing if
VI € 7 1(x) there exist Us and Uz as above such that Uz D V.

Remark. As a direct consequence of the definition, the singular set (resp. the
branch set) is an (n — 2)-dimensional submanifold properly embedded in W
(resp. W), and the branching index is constant on the connected components
of the singular set.

Remark. If 7 : W — W is a branched cover whose branch set is B, then
Tl r—1(By) is a (not branched) cover, which is called the cover associated
to .

Lemma 1.56 (Uniqueness of the branched cover). A branched cover of a
given compact manifold W is completely determined by its branch set By
and its associated cover

Sketch of the proof. An explicit construction of the branched cover start-
ing from B; and the associated cover can be given. Let V be a tubular
neighbourhood of the branch set, chosen in such a way that its closure is
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contained in the union of trivializing neighbourhoods of branch points (such
a V exists due to the compactness of W). Now consider the associated cover,
and restrict it to W\ V. In order to get the branched cover, we have to
glue 771(V) to it. As 7=1(V) is diffeomorphich to V', we may glue V to the
restriction of the associated cover to let the cover branch, using the product
structure V = D! x B;. O

1.4.1 Branched double covers

A particular family of branched covers will be very useful in this work. It
is the family of branched double covers.

Let L C 5% be a link, and let p : 71 (5% \ L) — Zy be the augmentation
homomorphism, i.e. the homomorphism sending each meridian of L to 1.
Note that p is well defined thanks to Wirtinger’s theorem on the presenta-
tion of m1(S%\ L) (actually all the generators of Wirtinger’s presentation
are sent to 1, and the only relations in the presentation of m1(S®\ L) are
conjugation relations between the generators). Moreover it is noteworthy
that the definition of p does not depend on the choice of the orientation of
each component of L.

Definition 1.57. If L C S? is an unoriented link, the double cover of S3
branched along L (or, more simply, the branched double cover of L),
denoted by X(L), is the unique branched cover of S* whose branch set is L
and whose associated cover is the cover of S3\ L corresponding to ker p.

Remark. The uniqueness of (L) is guaranteed by Lemma 1.56, whereas
the existence is a consequence of the explicit construction.

——

¥(L) can be constructed explicitly as follows: let C(L) be the double
cover of C(L) corresponding to kerp, and let my,...,m, be the lifts of
‘double meridians’ of each component of L (a ‘double meridian’ of a knot
K C 83 is a closed simple curve on ON(K) such that in homology is twice
a meridian). Note that mi,...,m, are closed loops because the double
meridians belong to kﬁ{/p. After attaching a solid torus to each component
of the boundary of C'(L) so that the meridian of the attaching torus is
identified with m;, the final manifold will be ¥(L).

Moreover, thanks to the product structure of the attaching solid tori, it

—~

is possible to extend the map 7 : C(L) — C(L) to a map
7:B(L) — S,

which is the double cover of S? branched along L.

The following result concerns the branched double cover of a link (for
the definition of det L the reader may see [Lic97]).

Lemma 1.58 ([Lic97, Corollary 9.2]). If (L) is the branched double cover
of a link L, then
det L = |Hy(2(L))].
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Figure 1.2: The picture on the left represents the 3-ball B with the two
untangled arcs bounding the surface S. The picture on the right represents
a horizontal section of B (the line is the section of the surface S). If the ball
B is thought of as B2 x I, and the two arcs are {z} x I and {y} x I, every
(horizontal) section B2 x {t} of B appears as in the picture on the right.

Ezample 1.59 (The double cover of a ball branched over two arcs). In Section
1.5 of this work we will need to know how the double cover of a ball branched
along two untangled arcs looks like. Since in addition it is a clarifying
example of what a branched cover is, it is fully explained in this example.

Let B be a 3-ball with two properly embedded untangled arcs a and b
(recall that Wy is properly embedded in W if W5 is embedded in W and
OWy = OW; N Wy). The branched double cover of B branched along the
two arcs is defined as the only branched cover such that its branch set is
aUb, and the associate cover is the double cover given by the augmentation
map (the map € : (B \ (a Ub)) = Za that sends both the meridians m;
and mg that generate w1 (B \ (e Ub)) into 1 € Zs).

This branched double cover can be constructed as follows. Let S be a
surface in B whose boundary is made up of ¢ U b and two arcs on 0B, as
shown in Figure 1.2.

From now on, the ball B will be thought of as B? x I, and the two arcs
will be {x} x I and {y} x I. Hence every (horizontal) section B? x {t} of B
appears as in Figure 1.2.

A generator of w1 (B \ S) =2 Z is a loop around S and it is homotopic to
(miE1 * mgﬂ)ﬂ, which is an element belonging to kere. This implies that
m1(B\ S) C kere. Thus, the restriction of the branched double cover to
B\ S (which is exactly the same as the restriction of the associate cover) is
a trivial cover, since every loop in B\ S lifts up to a closed path.

Hence, the restriction of the branched double cover to B\ S is made
up of two disjoint copies of B\ S. The branched double cover can now be
obtained by gluing this two copies as shown in Figure 1.3.
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Figure 1.3: The branched double cover of the ball B branched along two arcs
can be obtained by gluing two copies of B\ S. The picture shows the two
copies seen from the top (or, equivalently, it shows the horizontal sections).
A way to see the gluing is the following: imagine to do a circle inversion on
the section on the right, and then a reflection along an axis belonging to the
plane of the section; now the two sections can be glued simply by drawing
the one on the right inside the hole of the one on the left. It is thus clear
from the picture that the branched double cover of a ball branched along
two untangled arcs is a solid torus.

Another way to see that the branched double cover of a ball branched
along two untangled arcs is a solid torus is shown in Figure 1.4.

1.5 Triads

Triads are defined for instance in [OS04c|, in which also the relevant proper-
ties are stated. In this section the concept of triad will be dealt in a detailed
way.

Figure 1.4: The quotient of a solid torus by the rotation of an angle m on
the axis shown above is a ball. This shows that the branched double cover
of a ball branched along two untangled arcs is a solid torus.
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Figure 1.5: The picture shows N(K) C Y. The blue curve is 7 = pu, the red
one is y9p = A and the green one is v = —\ — p.

1.5.1 The definition of triad

Definition 1.60. Let Y be a closed 3-manifold, and let K be a framed
oriented knot in Y, with longitude A\ and meridian . Let Yy be the 3-
manifold obtained by A-surgery on Y, and Y; the one obtained by (A + u)-
surgery on Y. Y can be seen as the p-surgery on Y itself.

The triple (Y, Yy, Y1) is called a triad of 3-manifolds.

Remark. If the orientation of K is changed, the longitude A and the meridian
1 change orientation, but, as unoriented curves in Y, A\, 4 and A+ u do not
change. Thus, the A\-surgery and the (A+pu)-surgery (as well as the manifolds
Yy and Y7) are well defined also if only an unoriented knot K together with
an unoriented longitude A is given.

If (Y,Yp,Y7) is a triad, the manifolds Y, Yy and Y; are obtained from
Y \ N(K) by Dehn filling. The meridian of the attaching solid torus is
identified with, respectively, A\, 4 and A + p, as shown in Figure 1.5. On
ON(K), these three curves satisfy the following relations

#pNA) =1 #FANA+p) =1, #(A+p)Np) =-1

Ifvy=up, v =AXand v = =X — p, on IN(K) the following relations
hold
#(yNy) =#(oNm) =#nnNy) =1,
which on (Y \ N(K)) become

#(yNy) =#(oNy) =#(mNy) =-—1 (1.8)
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since the orientation of the torus which bounds Y\ N(K) is the opposite of
the one that N(K) induces on ON(K).

Conversely, if M is a 3-manifold whose boundary is a torus, and if v, v
and ~; are three curves on OM satisfying (1.8), there is a solid torus that
can be attached to M so that its meridian p is v and its longitude A is ¥p.
This implies also that —A — p is 41. Thus, if Y, Y and Y are the manifolds
obtained by gluing a solid torus to M so that its meridian is respectively =,
~vo and 1, (Y, Yy, Y1) is a triad.

The previous reasoning can be summarized in the following proposition.

Proposition 1.61. (YY), Y1) is a triad if and only if Y, Yy and Y1 are
obtained by Dehn filling on a manifold M, whose boundary is a torus, along
curves v, Yo and 1 so that Equation (1.8) holds.

Corollary 1.62 (Invariance of a triad under cyclic permutation). (Y, Yy, Y1)
is a triad if and only if (Yo,Y1,Y) is a triad.

Now we will prove a result which relates the homology groups H; of
three manifolds that fit into a triad.

Proposition 1.63. Let (Y,Y,Y1) be a triad. Then, up to a cyclic reorder-
ing,

|H1 (Y5 Z)| = [H1(Yo; Z)| + [Ha (Y13 Z)],
where |Hy(-;Z)| is defined in Definition 1.19.

Proof. By Theorem 1.11 Yj is the boundary of a 2-handlebody with only
one 0-handle and no 1-handles Xg. Y7 is obtained from Yy by Dehn surgery
on a certain knot K with framing X, so Yj is the boundary of the manifold
obtained attaching to Xy a 2-handle with attaching sphere K and framing
A. Analogously, Y is the boundary of the manifold obtained attaching to
Xo a 2-handle with attaching sphere K and framing A + p, where p is a
meridian of K. Since we can suppose that the 2-handles are attached all
together to B*, \ is a framing in S3, and so it is represented by a number
leZ. A+ p is represented by [ 4 1.

By Proposition 1.27 the following matrices are the matrices of the inter-
section forms of respectively Yy, Y1 and Y:

(T 141 dT
QXov QX1 - <d QX())’ QX—( d QX0>

It is clear (by the multilinearity of the determinant) that
det(Qx) = det(Qx,) + det(Qx,). (1.9)

Since by Lemma 1.18 Qx (resp. Qx,, Qx,) is a presentation matrix of
Hy(Y;Z) (resp. Hi(Yo;Z), Hi(Y1;Z)), it follows that
[det Qx| = [H1(Y;Z)],
| det @x,| = [Hi(Yo; Z)],
]detQX1| = |H1(Y1;Z)|.
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XoLC X

Figure 1.6: Definition of Ly and L;.

Note that the previous relations hold also if Hy(Y;Z) (resp. Hy(Yo;2),
H;(Y1;Z)) is not a finite set. Using the previous relations, Equation (1.9)
becomes

+|Hi(Y;Z)| + | Hi (Yo; Z)| £ |Hy (Y15 Z)| = 0.

Since the sum is 0, the three signs cannot be the same (or one of the sum-
mands must be 0). Thus, for some cyclic reordering of the triad (Y, Yp, Y1),
we have that

| H. (Y3 Z)] = | Hy (Yo; Z)| + | Hy (Y1; Z)).

We have incidentally proved also the following result.

Corollary 1.64. Let (Yy,Y1,Y) be a triad, and let Xo be a 2-handlebody
with only one 0-handle and no 1-handles such that 0Xg = Yy. Let K C
S3 = 0B* C Xy be a knot with a certain framing | € Z. Let X and X
be the 2-handlebodies obtained from Xg by attaching a 2-handle, so that the
boundaries of the disks parallel to the core of the 2-handle are respectively
the longitudes of K defined by the numbers and |+ 1. Then X1 = Y1 and
0X =Y, and, if Qx, is a matriz representing the intersection form of Xo,
the matrices representing the intersection forms of X1 and X can be chosen

as follows:
(1 4T _(l+1 4T
@x = <d QX0> P @x = < d QXO) .

Moreover, the following relation holds:
det(Qx) = det(Qx,) + det(Qx, ).

1.5.2 The skein triad

Let L be a link in S®, with a fixed projection (a diagram) and a fixed
crossing. Call Ly and L; the two desingularizations of the diagram at the
fixed crossing as it is shown in Figure 1.6.
Let
m:%(L) — 3
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mo : X(Lo) — S3
7 B(Ly) = S3
be the three branched double covers of L, Ly and L.
Proposition 1.65. (X(L),%(Lg),%(L1)) is a triad, called the skein triad.

Proof. Firstly note that, if B is a closed ball which is a ‘neighbourhood’ of
the crossing, Ly or L can be obtained from Ly by removing B and attaching
B again, but using an attaching diffeomorphism different from the identity
map (since in all of the cases the link intersects the ball in two untangled
arcs). As aresult the three branched double covers over B are diffeomorphic:

The same holds also for the three branched double covers over S3\ é :
r 1S3\ By = my (58\ B) 2w} (5% \ B),

Thus the only difference between (L), ¥(Lo) and ¥(L1) lies in the way

the two pieces 7, '(B) and 7, 1 (S% \ é) are attached together.

Example 1.59 shows that 7, ' (B) is a solid torus (that is called the Lo-
solid torus). The construction in Figure 1.3 shows that the core of the
Lo-solid torus (resp. Li-solid torus, L-solid torus) is the branched double
cover of an arc (the dashed arc in Figure 1.7) with endpoints on the two arcs
of Lo (resp. Li, L). Now focus on the arc in B obtained by pushing one
of the arcs of Ly (resp. L1, L) on the boundary of B without intersecting
the other arc: this arc is the blue arc (resp. the red one and the green one)
shown in Figure 1.7. Again, the construction in Figure 1.3 shows that the
branched double covers of the blue arc, the red one and the green one in the
Lg-solid torus appear exactly as the blue loop, the red loop and the green
loop in Figure 1.5.

If we call v, 7o and 7, these three loops, we have that Equation (1.8)
holds (provided that we have chosen the right orientations for +, 7 and 1),
and, thus, (X(Lo), X(L1),%(L)) is a triad. O

1.6 Homology theories in low-dimensional topol-
ogy
In this work some homology theories for 3-manifolds or for knots in S® are

used. Since developing this theory would take too much space, the results
that will be used are stated in this section.
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A B

LN WS,

Figure 1.7: The ball B and the two arcs in the case of Ly, L1 and L. The
branched double cover of the dashed arc in the first picture is the core of
the torus m; '(B). The branched double cover of the blue arc (resp. the red

one and the green one) is a meridian of the torus 7, ' (B) (resp. m; '(B) and
7 (B)).

1.6.1 Heegaard Floer homology

This subsection constitutes a brief introduction to Heegaard Floer homology.
All the results will be stated without proof. For a more detailed discussion
on this topic and for the missing proofs, see [OS04c].

Let Y be a closed 3-manifold. Then, Ozsvath and Szabé (cf. [OS04c])
associated to Y a Zg-vector space @(Y), called the Heegaard Floer ho-
mology of Y.

The Heegaard Floer homology of Y has a Zs-grading, i.e.

HF(Y) = HFo(Y) @ HF(Y),
where both }/IFO(Y) and }ﬁl(Y) are Zg-vector spaces. Moreover,
HF(S?) = Zs. (1.10)

Theorem 1.66 (Exact triangle, [OS04c, Theorem 1.12]). Let Y, Yy and Y3
be three 3-manifolds that fit into a triad. Then there is a long exact sequence
which relates their Heegaard Floer homologies (thought of as vector spaces
over Zsa):

—~ o~

HF(Y) HF (Yp) HF(v1)

All the above maps respect the relative Zo gradings, in the sense that each
map carries homogeneous elements to homogeneous elements.

Definition 1.67. The dimension of the Heegaard Floer homology of a
closed 3-manifold Y is its dimension as Zs-vector space. Hence

dim(HF(Y)) = dim(HFy(Y)) + dim(HF; (Y)).

The Euler caracteristic of the Heegaard Floer homology of a closed
3-manifold Y is the number

X(HE(Y)) = dim(HFo(Y)) — dim(HF1 (Y)).
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Lemma 1.68 ([OS04c, Lemma 1.6]). Let Y be a 3-manifold. Then

X(HF(Y)) = £ Hy (Y3 Z)].

1.6.2 Homology theories for links

Some homology theories for links will be used in the following chapters, and
they are introduced here. A brief introduction to these homology theories
may be found also in [MOO0S].

Let L be a link in S3. Its Khovanov homology is a bigraded Z-module:

Kh(L) = 5 Kh*(L),

1,JEZL

which was firstly defined by Khovanov in [Kho99]. An important property
of Khovanov homology is that it is possible to recover the Jones polynomial
of the link from it, so the following theorem holds.

Theorem 1.69. Let L and L’ be two links such that Kh(L) = Kh(L'). Then
the Jones polynomials of L and L' are the same:

Vi(t) = Vi (t).

Another homology group that may be associated to a link L is odd-
Khovanov homology, defined in [ORS07], which is a bigraded Z-module:

KhOdd(L> _ @ KhOddiJ(L)_
1,JEZL
For both Khovanov and odd-Khovanov homology there exist ‘reduced’
versions Kh, and Kh%d, They are defined for example in [Ras05].

Finally, the knot Floer homology of link L in S is a bigraded Zo-
vector space:

HFK(L) = P HFK (L),
1,]€EZL
defined independently by Oszvath and Szabé in [0S04a] and by Rasmussen
in [Ras03].
For each one of the three theories above, the §-grading is defined as

§=j—i.

Definition 1.70. A link L C S3 is thin if each one of its reduced Kho-
vanov, reduced odd-Khovanov and knot Floer homology modules are free
and supported in a single J-grading.

Thin knots will be of crucial importance in the next chapters.






Chapter 2

Quasi-alternating links

In this chapter the concept of quasi-alternating link is introduced and dis-
cussed. It was shown in [MOO08]| that quasi-alternating links are thin. How-
ever, the converse does not hold: Greene proved in [Grel(] that the knot
117, is not quasi-alternating, yet thin, and in [GW11] Greene and Watson
furnished an infinite family of non-quasi-alternating thin knots.

The ultimate aim of this work is to exhibit other infinite families of non-
quasi-alternating thin knots, using the techniques of [GW11]. To do so, in
this chapter a necessary condition for being quasi-alternating is proved. In
the following chapters we will construct families of thin knots that do not
satisfy this condition and, thus, are not quasi-alternating.

2.1 The definition of quasi-alternating links

Definition 2.1. The set of quasi-alternating links, which is called OA,
is the smallest subset of the set of all links £ that satisfies the following
conditions:

1. the trivial knot 0; € QA;

2. if the two desingularizations of a link L at a fixed crossing Ly and L
(as in Figure 1.6) belong to QA and det(L) = det(Lg) +det(L1), then
L e QA.

Remark. Recall that the smallest subset S of a set X satisfying a certain
property P is defined as the intersection of all subsets of X satisfying P:

S = N T.
TCX, T satisfies P

Remark. The given definition of QA is an abstract definition. However, the
set QA can also be constructed inductively. Let E,, be the subsets of the
set of all links £ defined inductively as follows:

Ey = {01 = the trivial knot};

37
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En:{Leﬁ

det L = n, 3 a crossing of some diagram of L,
Ji,j>1:i+j=n, Ly € E;, L € Ej '
By induction on n, E, C QAVn > 1,s0 |JE, C QA. Conversely, | J E,, is

a subset of L satisfying the two conditions of Definition 2.1, and so QA C
J E\. Hence it clearly follows that

QA= | J E,.

n>1
Corollary 2.2. Let L C S® be a link.
1. If L € QA, then det L > 1.
2. If L € QA and det L = 1, then L is the trivial knot.

Proof. For the first statement, if L € QA, then L € E,, for some n > 1, and
so det L = n > 1. For the second statement, if L € QA and det L = 1, then
L € By ={0:1}. Thus L is the trivial knot. O

Links which admit a connected alternating projection are quasi-alternat-
ing due to a result by Ozsvath and Szabé (cf. [OS05, Lemma 3.2]), so quasi-
alternating links are a generalization of alternating knots.

Another interesting property of quasi-alternating links, which is proved
in [MOO08], is stated in the following theorem.

Theorem 2.3. Quasi-alternating links are thin.

2.2 L-spaces

The necessary condition for Q.A-ness that will be proved in this chapter
is a consequence of some properties of the branched double cover of S3
along quasi-alternating links, which are stated in Theorem 2.7. One of
these properties is that the branched double cover of a quasi-alternating
link is always an L-space. This is the reason why this section is devoted to
L-spaces.

Definition 2.4. A closed 3-manifold Y is an L-space if it is a rational ho-
mology sphere (i.e. Hy(Y;Q) = H.(S%;Q)) and |Hy(Y;Z)| = dim(HF(Y)).

Lemma 2.5. Let (Y,Y0,Y1) be a triad, ordered so that
|H1(Y;Z)| = [Hi(Yo; Z)| + [ H1(Y1; Z)]. (2.1)
If Yy and Y7 are L-spaces, so is Y.

Remark. Recall that by Proposition 1.63 there must be a cyclic reordering
so that Equation (2.1) holds.
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Proof of Lemma 2.5. First note that, since Y and Y] are rational homology
spheres, |Hi(Yp;Z)| and |H1(Y1;Z)| are finite and # 0, then, by Equation
(2.1), so is |H1(Y;Z)|. This proves that H;(Y;Q) = 0 and, by Poincaré du-
ality, Ha(Y; Q) = 0. Connectedness and orientability of Y follow from con-
nectedness and orientability of Yj or Y7, so Hyo(Y; Q) = Q and H3(Y; Q) = Q.
Thus, Y is a rational homology sphere. .

Now we only have to prove that |H;(Y;Z)| = dim(HF(Y)). We will
prove the two inequalities.

By Lemma 1.68

| Hi (Y Z)| = +x(HF(Y))
=+ (dim(ﬁ?o(m) - dim(P/ﬂ?l(Y)))
< dim(HFo(Y)) + dim(HF, (Y))
< dim(HF(Y))

so we have the first inequality
|Hy(Y;Z)| < dim(HF(Y)). (2.2)

For the second inequality, by the exact triangle in Heegaard Floer ho-
mology (Theorem 1.66) it follows that

dim(HF(Y)) < dim(HF(Yp)) + dim(HF (17)).
Since Yy and Y7 are L-spaces, the last equation is equivalent to
dim(HF(Y)) < |Hi (Yo Z)| + |Hi (Y1:2)| = |[Hi (V3 2)],  (2.3)

where the last equality is Equation (2.1).
Equations (2.2) and (2.3) prove the Lemma. O

2.3 A result on the branched double cover of a
quasi-alternating link

As already anticipated, if a link L is quasi-alternating, there is a strong
condition on its branched double cover ¥(L), which is stated in Theorem
2.7. For the proof of the Theorem we will need the following Lemma.

Lemma 2.6. Let A € M, _1(R) a symmetric matriz (n —1) x (n —1). Let
B € M, (R) a matriz such that

¢ d¥
5= (s %)

for some ¢ € R and d € R"~!. Suppose that det A # 0 and det B # 0.
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1. If the signs of det A and det B are the same, then the signature of B
18

(b+(B),b_(B)) = (b=(A4) + 1,b_(A)).

2. If the signs of det A and det B are different, then the signature of B
18

(b+(B),b-(B)) = (b4 (A),b_(A) + 1).

Proof. First note that, since by (resp. b_) is the dimension of a maximal
subspace where the form defined by the matrix is positive (resp. negative)
defined, we have that

bi(B) > by (A), b_(B) >b_(A).

As rk(B) =1rk(A) + 1 and neither A nor B have an eigenvector with eigen-
value 0 (since det A # 0 and det B # 0), it follows that the two possible
cases are:

(b4(B),b—(B)) = (b+(A) +1,b_(A));

(b1(B),b—(B)) = (b+(A),b—(A) + 1).
As the determinant is the product of the eigenvalues (with multiplicity), if
the signs of det A and det B are the same, this means that b_(B) = b_(A)
and so we are in the first case; if instead the signs of det A and det B are

different, this means that b_(B) = b_(A) + 1 and so we are in the second
case. O

Theorem 2.7. If L € QA, then X(L) is an L-space and it is the boundary of
a negative definite 2-handlebody X with only one 0-handle and no 1-handles,
and such that ba(X) < det(L).

Remark. ba(X) represents the second Betti number of X, i.e. the rank of
the Z-module Hy(X;Z).

Remark. Theorem 2.7 is a slightly stronger version of Theorem 4 in [GW11].
Greene and Watson proved indeed that ¥(L) is the boundary of a negative

4-manifold X such that H;(X;Z) = 0, whereas we will prove that as X we
can choose a 2-handlebody with only one 0-handle and no 1-handles.

Proof of Theorem 2.7. We argue by induction on det L. If det L = 1, by
Corollary 2.2 L is the trivial knot. Thus, ¥(L) is S (and so it is an L-space
by Equation (1.10)), and X = B* clearly satisfies the required properties.

For the inductive step, let Ly and L; be the two resolutions of L given
by Definition 2.1. Since det L = det Ly + det L1, and det Ly and det L; are
strictly positive by Corollary 2.2, it is clear that

det Ly < det L, det Ly < det L.

Thus the inductive hypothesis can be applied to Ly and L;.
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By Lemma 1.58 the relation det L = det Ly + det L; becomes
|H1(3(L); Z)| = |H1(2(Lo); Z)| + [H1(2(L1); Z)|. (2.4)

By Proposition 1.65 (X(L), X (Lg),%(L1)) is a triad. Moreover, since X(Ly)
and ¥(Lp) are L-spaces by inductive hypothesis, by Lemma 2.5 so is ¥(L).

Now we have to show that (L) bounds a negative definite 2-handlebody
with only one 0-handle and no 1-handles. By inductive hypothesis ¥(L1) is
the boundary of a negative definite 2-handlebody X; with only one 0-handle
and no 1-handles. Since (X(L1),X(L),¥(Lo)) is a triad, by Corollary 1.64
applied to the triad (Yp, Y1,Y) = (2(L1),2(L),X(Lo)) (be careful on the
order of the triad!), we can construct two 2-handlebodies X and Xy by
attaching a 2-handle to X1, so that 0X = X(L), 0Xo = ¥(Ly) and, if Qx,,
Rx, and Qx are matrices representing the intersection forms of Xy, X; and
X, the following relations hold:

[ dr I+1 d°
QX = <d QX1> s QXO = < d QX1> ’
det(QXO) = det(QXl) + det(Qx). (2.5)

Moreover, as X and X are obtained from X; by attaching a 2-handle, the
following relations on the Betti numbers hold:

ba(X) = b2(Xo) = ba(X1) + 1. (2.6)
By Equation (2.4) and Corollary 1.20, it follows that
|det Qx| = |det Qx| — [det Qx, . (2.7)
Combining Equations (2.5) and (2.7) we have that
[det Qx +det Qx, | = |det Qx| — |det Qx, |.

Since det Qx, # 0 (as X is negative definite), the above equation implies
that also det Qx # 0 and the signs of det Qx and det Qx, are opposite.
By Lemma 2.6 the signature of Qx is

(b+(QX)ab*(QX)) = (b+(QX1)7b*(QX1) + 1)
= (0,b2(X1) +1),

so Qx is negative definite.
Finally, the fact that by(X) < det L can be proved using Equation (2.6)
and the inductive hypothesis on Xj:

bQ(X) = bQ(Xl) +1<detL; +1<detL;+ det Ly =detL.
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2.4 An obstruction to Q.A-ness

In this section an obstruction to Q.4-ness is stated and proved. The proof of
this obstruction depends on some important results: specifically, on Theo-
rem 2.7, which was proved in Section 2.3, and on the following two lemmas.

Lemma 2.8 (Eisenstein-Hermite, [MH73, Lemma 1.6]). For each constant
M > 0, there are finitely many definite, integral lattices (up to isomorphism)
with rank and discriminant less than M.

Remark. Recall that the discriminant of an integral lattice is the determi-
nant of a matrix representing the bilinear form. It is well defined because the
determinant of any matrix representing a change of basis on a free Z-module
is +1.

Before stating the next lemma, an introduction is required. Let X be
an oriented connected 4-manifold whose boundary ¥ = 90X is a rational
homology sphere. Then each class of Hi(Y;Z) is a torsion class, so, by the
long exact sequence of the pair

. — Ho (X3 Z) — Ho (X, Y Z) — Hi(YZ) — ...

for each class A in Ho(X,Y;Z) there exists an integer k > 0 such that k- A
comes from a class in Ha(X;Z). Up to Poincaré duality, this means that for
each cohomology class ¢ € H?(X;Z) there exists a multiple & - £ that comes
from H?(X,Y;Z).

For each class n € H2(X,Y;Z), the cup product n?> = 1 — n can be
thought of as an integer since H*(X,Y;Z) = Ho(X;Z) = Z in a canonical
way. So also k- & — k- & can be thought of as an integer. Hence we can
define, for each ¢ € H3(X;Z),

€=k e—k-8eQ

Ozsvéath and Szabé defined in [OS03] an invariant of a 3-manifold Y
endowed with a Spin® structure t, which is known as the correction term
or the d-invariant d(Y,t) € Q.

Lemma 2.9 (Ozsvath-Szabd, [0S03, Theorem 9.6]). Suppose that Y is a
rational homology sphere which bounds a 4-dimensional oriented, connected
manifold X with negative definite intersection form and Hy(X;Z) = 0.
Then, every Spin® structure t € Spin®(Y) extends to some s € Spin®(X)
and for each such extension the following inequality holds:

c1(s5)% + ba(X) < 4d(Y,¢).

Remark. The first part of Lemma 2.9, i.e. the fact that every Spin® structure
on Y can be extended to X, was already proved in Corollary 1.54 in the
special case when X is a 2-handlebody with only one 0-handle and no 1-
handles.
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Now the obstruction to QA-ness can be stated and proved.

Theorem 2.10 ([GW11, Proposition 3]). For each integer D > 1, there
exists a constant C(D) € Z such that for every quasi-alternating link L with
det L = D and ¥t € Spin®(%(L))

C < d(S(L),4). (2.8)

Proof. Let L be an arbitrary quasi-alternating link with det L = D, and
let X be a 2-handlebody that bounds (L) as in Theorem 2.7. Finally, let
A = (Z, f) denote the lattice (Ho(X;Z), Qx).

Recall that by Theorem 1.51 ¢; is a bijection between SpinC(X ) and
Char(A). Let Char(A,t) denote the subset of Char(A) of the characteristic
classes corresponding to Spin® structures on X that restrict to t on ¥(L)
(the restriction map is the one defined in Theorem 1.47):

Char(A, t) = {cl(s)‘ﬁ € Spin®(X), Slsn) = t} .

The partition of Char(A) into the subsets Char(A,t) actually does not de-
pend on X(L) and its Spin® structures, it depends only on the algebraic
structure of the lattice A: the subsets Char(A, t) are indeed the equivalence
classes of the action of 2 - f(Z) on Char(A) (the notation is the same as
in Lemma 1.52). To prove this, recall that by Theorem 1.53 there is a bi-
jection between Spin®(X(L)) and ChaF(A)/(g . f(Z)) that is equivariant for
the action of Z*/f(Z) Let t € Spin®(X(L)) be a Spin® structure on (L),
and let [x] denote the corresponding class in Char(A)/ (2- f( Z))- Since the
following diagram commutes (cf. Theorem 1.53),

Spin®(
. E(L/ \
Spln Char ))

5
ti [c1(s)]

a Spin® structure s € Spin®(X) restricts to t if and only if [c1(s)] = [x].
Hence, if s and 5 € Spin®(X), ¢1(s) and ¢;(5) belong to the same Char(A, t)
if and only if [c1(s)] = [c1(s)], so the subsets Char(A,t) are exactly the
classes of Char(A) modulo (2- f(2)).
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Moreover, there are exactly D equivalence classes Char(A,t). They are
indeed as many as the Spin® structures on (L), so, as Spin®(X(L)) is an
affine space over H%(X(L);Z), they are | H?(X(L);Z)|. Then, by Poincaré
duality and Lemma 1.58, it follows that they are D:

|H*(X(L); Z)| = |H1(2(L); Z)| = det L = D.

Hence, if x1,...,xp € Char(A) represent the classes of Char(A) modulo
(2- f(Z)), the two partitions

D
Char(A) = H Char(A H (X] +2- f )
t€ SpinC(X(L)) j=1

are actually the same.
Let M(A,t) be the number defined by

X2 +rk(A) 1

M(At) = sup{ 1 € ZN ‘ x € Char(A, t)}

Lemma 2.9 assures that
M(A,t) < d(X(L),t). (2.9)
Moreover, let m(A) be the minimum
m(A) = min {M(A, ) ‘ te spinC(z(L))},

which exists because | Spin®(X(L))| = D, so the minimum is taken over a
finite set.
More generally, for an integral negative definite lattice A’ = (Z’, ') we

can define
1\ * k A/ ~
M, 1) = sup { PPN | e (vin. i)
m() = inf (M, ) | (6] € B /) 501,
(f")* is here the form on the dual space Z™ associated to f’: as f’ is non-

degenerate (because it is definite), there exists a unique bilinear form (f’)*
n (Z')* such that Vo, w € Z'

() (F(w), f(w) = f'(v,w). (2.10)

Suppose now that the lattice A’ = (Z', f') is compatible with some
L', i.e. there exist a quasi-alternating link L’ and a negative definite 2-
handlebody X’ with only one 0-handle and no 1-handles such that the
boundary of X’ is X(L'), bo(X’) < detL’ and A" = (Ha(X';Z),Qx).
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Then each characteristic class is the Chern class of a Spin® structure on
X' (cf. Theorem 1.51), and the classes [x] € Char(A’)/(2 . f(Z")) are the
subsets Char(A’,t). Moreover

(s = (k- a(s)?, [X, (D))

= %<PD’1(PD(7€ cc1(5))) — PDH(PD(k - e1(s))), [X', (L))

— %QXI(PD(k -c1(5)),PD(k - c1(s)))

_ %(f')*(ff(PD(k -c1(8))), '(PD(k - e1(9))))
_ %(f’)*(k: cer(s) k- ei(s)),

= (f1)"(c1(s), e1(9)),
where the fourth equality is Equation (2.10) and the fifth one is due to the
commutativity of Diagram 1.2. Since c1(s)? = (f')*(c1(s), c1(s)), the sets
(M0 |te spin(2(1) ]
and Char(A’
{M(A', X]) ’ [x] € Char( )/(2 . f’(Z’))}
are in fact the same. Hence m(A’) = m(A’) and this number depends only

on the algebraic structure of the lattice A’ (and not on 3(L') or X’).
Now consider the quantity

A’ integral, negative defined lattice
C(D) = min ¢ m(A') compatible with some (L)
rk(A') < disc(A") = D

The minimum exists because it is taken over a finite set by Lemma 2.8.

The lattice A belongs to the set over which the minimum C(D) is taken:
indeed by Theorem 2.7 A is negative definite and rk(A) < D; the discrimi-
nant of A is D because, if ) is a matrix representing f, by Corollary 1.20
and Lemma 1.58

disc(A) =det@Q = |H1(2(L))| = det L = D.
As A belongs to the set over which the minimum C(D) is taken, we have
C(D) <m(A) < M(At) Vte Spin®(2(L)).
Combining the last equation with Equation (2.9), we have
C(D) < d(X%(L),t) Yte Spin®(2(L)).

Since L was arbitrary, the theorem is proved. ]






Chapter 3

Turaev torsion

This chapter is focused on Turaev torsion and the concepts required to define
it.

First, the concept of Euler structure is introduced. There are several
definitions of Euler structure, and all of them are equivalent to each other. In
the case of closed connected 3-manifolds, Euler structures are also equivalent
to Spin® structures. All these properties of Euler structures will be discussed
in Sections 3.1 and 3.2.

After discussing Euler structures, Turaev torsion is introduced. It is pos-
sible to associate to any Euler structure on a closed homologically oriented
manifold a rational number, which is its Reidemeister-Franz torsion. Turaev
torsion is an invariant that in some way gathers the information given by
the torsions of all Euler structures on a certain manifold.

Finally, an explicit way to calculate the Turaev torsion starting from a
presentation of the fundamental group of the manifold is explained.

In Chapter 4 some infinite families of non-quasi-alternating thin knots
will be exhibited. Turaev torsion will allow us to distinguish the knots of
these families from each other, and to prove that the knots are not quasi-
alternating. Indeed, Theorem 2.10 provides a lower bound on the correction
term d(X(L),t) if L is quasi-alternating, which results in a lower bound
on each coefficient of the Turaev torsion of ¥(L). We will exhibit infinite
families of thin knots such that the coefficients of the Turaev torsion of their
branched double covers are arbitrarily low, so an infinite subfamily of each
of these families must be non-quasi-alternating.

47
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3.1 Euler structures

3.1.1 Combinatorial Euler structures

Let A be a finite connected CW complex and let E = {e|e open cell of A}.
An Euler chain in A is a singular chain ¢ € C;(A;Z) such that

o0 =Y (—1)tmen,,

eckE

where z. denotes the central point of the cell e.

Remark. An Euler chain exists if and only if the Euler characteristic of
the manifold is 0 (that is if and only if it is possible to find a bijective
correspondence between the even-dimensional cells and the odd-dimensional
cells).

If ¥ and n are two Euler chains, then the difference ¥ — 7 is a 1-cycle in
A. Consider the following equivalence relation:

V~n<=1J—neBi(4Z).

Definition 3.1. Equivalence classes of Euler chains under the equivalence
relation ~ are called (combinatorial) Euler structures on A. The set of
Euler structures is denoted by Eul(A).

Lemma 3.2. Eul(A) is endowed with a natural free and transitive action
of Hi(A;Z).

Proof. 71(A;Z) acts on Eul(A) with the standard action
h-[9] =[9+h].

As by definition the boundaries act trivially on Eul(A), the action descends
to the quotient action

Hi(A;Z) x Eul(A) — Eul(A).

The quotient action is transitive because the difference of two Euler chains
is always a 1-cycle, and it is free because two Euler chains are equivalent
only if their difference is a boundary. O

Remark. If x(A) = 0 (i.e. if there exists at least one Euler structure), then
Lemma 3.2 implies that Eul(A) is an affine space on H;(A;7Z).

Subdivisions

One of the most common operation on CW complexes is the cellular sub-
division. As we will see, there exists a natural bijective correspondence
between the Euler structures on a CW complex and the Euler structures of
a cellular subdivision of it.



3.1. Euler structures 49

Theorem 3.3 ([Tur90, §1.2]). Let A be a finite CW complez, and let B be a
cellular subdivision of A. Then there exists a canonical Hy(A; Z)-equivariant
bijection between Eul(A) and Eul(B).

Proof. For each cell b € B there exists a unique cell a(b) such that as
topological spaces b C a(b). Let 73 be a 1-chain such that

OV =xp—

where z, and x; denote the centres of the cells a and b.
For each Euler chain ¢ € Eul(A) let o(¥) be the 1-chain defined by

194_2 dlmb

beB

As we will see, o(¥) is an Euler chain in B. Indeed

Do (@)= 3" (~1) a3 (~1)mba, — 37 ()i,

acA beB beB
_ Z (_1)dima o Z (_1)dimb T4+ Z(_l)dimbxb' (3'1)
acA ll))ECB beB
Ca

Consider the expression in square bracket. The two expressions

(_1)dima and Z(_l)dimb

beB
bCa

are the relative Euler characteristic y(A4™e, Adima\ o) (where AY™¢ de-
notes the (dim a)-skeleton of A), so their difference is zero. In other words,
consider the quotient of AY™¢ by the complementary of a. The two CW
structures induced by A and B on the quotient furnish two expressions of
the Euler characteristic of the quotient:

1+(_1)dima:X<Adima/(Adima\ > _1+Z dlmb
beB
bCa

so the expression in the square bracket in Equation (3.1) vanishes.
Hence, Equation (3.1) becomes

O(c(9) =Y (~1)1mPbx,
beB

so o(1¥) is an Euler chain in B.

The map o, from the set of Euler chains in A to the set of Euler chains
in B, is equivariant for the action of Z;(A;Z) = Z1(B;Z) (recall that the
action is by addition). Hence the quotient map

o : Eul(4) — Eul(B)

is equivariant for the action of Hy(A;Z) = Hy(B;Z), so it is a bijection. [
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Remark. The bijectivity of o follows from the equivariance only if Eul(A) #
. However, Eul(A) = ) if and only if Eul(B) = ) (since both conditions
are equivalent to x(A) # 0), so also in this degenerate case the concepts of
Euler structure on A and on B are equivalent.

3.1.2 Smooth Euler structures

It is well known that the existence of a non-vanishing tangent vector field
on a manifold W is equivalent to the vanishing of the Euler characteristic
of W. In case x(W) = 0, it is easy to check that two non-vanishing tangent
vector fields on W are not always homotopic through a non-vanishing homo-
topy. Even relaxing the condition and admitting that two vector fields are
equivalent if they are homotopic (through a non-vanishing homotopy) out
of an open ball B C W, it is generally false that two arbitrary vector fields
on W are equivalent. As it is shown in this section, the equivalence classes
of vector fields are in a bijective correspondence with the Euler structures
on W (once a CW structure of W is chosen).

Definition 3.4. Let W be a closed connected manifold of dimension n > 2
with x(W) = 0. Two non-vanishing tangent vector fields v and w are
homologous is there exists an open ball B C W such that v and w are
homotopic on W\ B" through a non-vanishing homotopy.

Remark. As W is connected, there always exists an isotopy that carries any
ball B® C W to any other, so the relation of homology between tangent
vector fields is an equivalence relation.

Definition 3.5. Let W be a closed connected manifold of dimension n >
2 with x(W) = 0. Each homology class of tangent vector field is called
(smooth) Euler structure. The set of all smooth Euler structures is
denoted by vect(W).

Endow W with a Riemannian metric. By rescaling, a non-vanishing
tangent vector field can be thought of as a smooth section of the S"~!-
bundle SW — W of unit tangent vectors. In the same way a non-vanishing
homotopy of tangent vector fields can be thought as a homotopy of sections
of the bundle SW — W.

Now choose a CW structure of W such that there exists a unique n-
cell ™ (such a CW structure exists since W is connected). If v and w are
two normal vector fields, there exists a class d(v,w) € H*"1(W;Z), called
primary difference, such that v and w are homotopic out of e,, (i.e. on the
(n—1)-skeleton of W) if and only if d(v, w) vanishes (cf. [Ste51, §36]). Since
the primary difference does not depend on the choice of the CW structure
by [Ste51, Corollary 36.10], the n-dimensional cell can be chosen arbitrarily.
This means that in fact d(v,w) is the obstruction to the homology of v and
w. This observation is summed up in the following lemma.
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Lemma 3.6. Let W be a closed connected manifold of dimension n > 2
with x(W) =0 and with a given CW structure.

Two non-vanishing vector fields v and w on W are homologous if and
only if they are homotopic on W™~ through a non-vanishing homotopy, that
is if and only if their primary difference d(v,w) vanishes.

Another useful lemma from Obstruction Theory is the following addition
formula.

Lemma 3.7 (Addition formula, [Ste51, §36.6]). If W is an n-dimensional
closed connected manifold with n > 2 and x(W) = 0, and v, w and z are
three non-vanishing vector fields, then

d(v,z) = d(v,w) + d(w, z).

Theorem 3.8. Let W be a closed connected manifold of dimension n > 2
with x(W) = 0.

There exists a free and transitive action of Hi(W;Z) on vect(W), which
is defined as follows: for each Euler structure [v] and for all h € Hy(W,Z),
the Euler structure h - [v] is represented by a vector field w such that

PD(d(v,w)) = h.

As x(W) = 0, at least one smooth Euler structure on W exists, so
vect(W) is an Hy (W, Z)-affine space.

Proof. First, if v is a normal vector field and h € Hy(W;Z), then by [Ste51,
§37.2] there exists a normal vector field w such that PD(d(v,w)) = h.

Let us check the good definition of the action. If w; and ws are two
normal vector fields such that PD(d(v,w1)) = PD(d(v,wz)) = h, then, by
the addition formula (cf. Lemma 3.7) d(w;,w2) = 0, so wy and wo define the
same smooth Euler structure. Analogously, if [v1] = [v2], then by Lemma
3.6 d(v1,v2) = 0. Hence, for each normal vector field w, if PD(d(v1, w)) = h,
so is PD(d(va,w)) (cf. Lemma 3.7).

Thus, there exists a well defined map

vect(W) x Hy(W;Z) — vect(W),

which is an action due to the addition formula (cf. Lemma 3.7).

The action is obviously transitive because V[v], [w] € vect(W') the ho-
mology class PD(d(v,w)) carries v to w.

Finally, if h - [v] = [v], then v represents the Euler structure h - [v], so
h = d(v,v) = 0. Hence the action is also free. O

The action of Hy(W;Z) on vect(WW) has also a more geometrical inter-
pretation, which is explained in [Tur90, §5.2]. Let v be a normal vector field
on W, and let h be a homology class in H;(W;Z). Let | be a simple closed
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Y
v

Figure 3.1: The picture shows the effect of the Reeb turbulization of the
vector field represented by the green arrows along the red curve.

curve in W representing h. Choose a tubular neighbourhood U of [, and
denote with e; the tangent vector field on [, which can be extended on U
using the product structure of the neighbourhood, and with e, the normal
outward radial vector field, which is defined on U \ [. We may assume that
the vector field v coincides with —e; on U (changing v with a homologous
vector field). The Euler structure h - [v] is then represented by the vec-
tor field obtained by gluing Vo and (cos (Tr/R) - e, +sin (TT/R) - €|
where 7 is the function assigning the distance from [ and R is the radius
of the tubular neighbourhood U. The resulting vector field is called Reeb
turbulization of v along [.

Let us explain why the Reeb turbulization is the action of Hy(WW;Z) on
vect(W). We have to check that, if the vector field v is the turbulization
of u along the curve I, then d(u,v) = PD7([l]). First, choose a cellular
decomposition of W such that the regular neighbourhood U in which the
field is changed is made up of one (n — 1)-cell € and one n-cell f (cf. Figure
3.2). Orient € in such a way that the intersection between [ and € is positive.
The class d(u,v) is then represented by the (n — 1)-dimensional cellular
cochain ¢ whose value on the cell € is 1 and on each other (n — 1)-cell is 0
(cf. [DKO1, Ch. 7]). ¢ is a cocycle because in the boundary of each n-cell f
different from f the (n — 1)-cell € does not appear, so

<590’f> :<90’af> =0,

whereas in the boundary of f the (n — 1)-cell € appear twice, with opposite
orientations, hence

(6p, ) = (p,€) — (p,€) + 0 =0.
The cocycle ¢ is such that for each (n — 1)-cell e
<Q07 €> = #(l N 6).

Therefore, it is the Poincaré dual of [[] € Hy(W;Z) (cf. [Bre93, Ch. VI,
Sect. 6]).
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Figure 3.2: The cellular structure of the neighbourhood U of I.

Equivalence with combinatorial Euler structures

If W is a triangulated manifold, then there is an equivalence between com-
binatorial Euler structures and smooth Euler structures on W, which, in a
way that will be explained, does not depend on the triangulation of W.

Theorem 3.9 ([Tur90, Lemma 6.3.4]). Let W be an n-dimensional closed
connected manifold, and let (A, pa) be a smooth triangulation of W (i.e. A
is a simplicial complex and pa : A = W is a homeomorphism that is a C™
map on every simplec).

Then there exist a bijection

(pa)o : Eul(A) — vect(W)
equivariant for the action of Hy(A;Z) = Hy(W;Z), i.e. Vh € H1(A,Z)

(pa)a(h - [0]) = (pa)«(h) - (pa)o([V])-

The proof of this result will require the rest of the subsection.

First, a vector field on W will be constructed starting from a combinato-
rial Euler structure. Such a vector field will be a turbulization of a certain
singular vector field associated to the simplicial structure, which will be
denoted by Fi.

Let (A, pa) be a simplicial structure of W. Let A’ be the first barycentric
subdivision of A: each p-simplex of A’ is denoted by a (p + 1)-tuple of
simplices in A (ao,...,ap), where a; is an i-simplex and a; C a;41. The
simplex in A’ denoted by (a, ..., a,) is the simplex whose vertices are the
centers Ty, . .., Tq, of the simplices in A ag,...,a, (cf. Figure 3.3).
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as

a1 a2
Figure 3.3: The picture shows the barycentric subdivision of a 2-simplex of
a triangulation. The coloured simplex is the simplex denoted by (a1, a4, az).

The field F; associated to the triangulation A is defined as follows:
if y € (ao,...,ap), and the barycentric coordinates of y with respect to
Zag, - - - La, are denoted by Ao(y), ..., A\p(y), then

P

Fily)= > M) (za, — ). (3.2)

0<i<j<p

Note that for the sake of simplicity the simplex a, and its image through
pa are identified, as well as the vector fields on abstract simplices and on
W are identified through d(pa).

The field F} is well defined on the whole W (the restriction of F; defined

on a certain p-simplex (ao, ..., ap) to a (p — 1)-simplex on its boundary is
the same as the field F} defined on the (p — 1)-simplex).
It is easy to check that the singular points of F; on a simplex (ao, .. ., ap)

are exactly the centers of the simplices z,;. Indeed, let y be a zero for Fi.
Let k be smallest integer such that Ax(y) # 0. Then it is easy to check
that the vectors (zq; — y);>% are independent. Hence, by Equation (3.2),
F1(y) = 0 implies that

()\k(y) + )\k+1(y) + ...+ )\j_l(y)) )\j(y) =0 Vki<i<j<n.
Since Ai(y) > 0 Vi and Ag(y) > 0, it follows that
N(y) =0 Vj> k.

As k was the smallest index such that A;(y) # 0, it follows that A\;(y) =0
Vj # k, so y must be z,, .
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N ya
4 N

Figure 3.4: The picture shows how the vector field F; looks like on an
abstract simplex a of the triangulation A. The singular points of this vector
field are exactly the O-simplices of the barycentric subdivision A’.

Figure 3.5: Preliminary definitions for the proof of Theorem 3.9.

To have a geometric idea of how F) appears on a single abstract simplex,
see Figure 3.4.

In order to define the map Eul(A) — vect(W), some preliminary defini-
tions are necessary. I will use the same notation as [Tur90, §6.2].

Let a = (=3/2,0,...,0) € R"® and 8 = (3/2,0,...,0) € R™. Let D,
(resp. Dg) be the closed ball in R™ centered at o (resp. ) with radius 1.
Let V' be the set of points with dlstance less or equal to 1/1¢ from the

segment [, ] that do not belong to D U Dg (cf. Figure 3.5). Let then B,
(resp. Bg) denote VN D, (resp. V N Dg).

A special vector field on V is a field of non-vanishing vectors tangent
to R™ on V with the property that the vectors on 0V'\ (B,UBg) are collinear
(including the orientation) with g — a.

Let u be a special vector field on V. Then, the map B, — 9D, defined
by r — « +U(£U)/||u($)|| factors through By, — Ba/gpB,,. The quotient map
of spheres Ba/gB,, — 0D, has a well-defined degree (since if the orientation
of D, is changed, the orientation of Ba/g B, automatically changes), which
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will be denoted by ind, g(u).

Endow 0D, and 0Dg with the same orientation (up to translation).
Then orientations on Ba/gp, and Bs/g Bg are induced. Since u is non-
vanishing on V, the maps Ba/gB,, — 0D, and Bﬁ/@Bﬁ — 0Dg have op-
posite degree (roughly speaking, the latter is the former composed with a
reflection along the axis defined by § — «), that is ind, g(u) = —indg o (u).

Lemma 3.10. For any integer i € Z there exists a special vector field u; on
V' such that indg g(u;) = 1.

Proof. This lemma is a straightforward consequence of the existence of maps
of spheres S"~1 — S"~! of any degree.

Let f: D" 1 — S"~! be a map such that on the boundary aD%~! it
is constant and collinear with 8 — «, and the degree of the quotient map
Sn=t 5 871 is i. Extend f on V in such a way that it is constant in
the first component. The result will be a special vector field u; such that
indawg(ui) =1. ]

Proof of Theorem 3.9. Let £ be an Euler structure on the simplicial complex
A. £ can be represented as a simplicial 1-chain 9 in A’, the first barycentric

subdivision of A:
9= Y ab)-(ab).
(a,bye A’

For each vertex a of A’; let D(a) C W denote a small closed ball centered in
par(a), so that the balls D(a) are all disjoint. Moreover, for each 1-simplex
(a,b) in A’, let V' (a,b) denote a closed tubular neighbourhood of p/({a,b))
to which the intersection with D(a) and D(b) are removed. D(a), D(b) and
V(a,b) appear as D, Dg and V in Figure 3.5.

Consider F1, the singular vector field associated to the triangulation A,
defined by Equation (3.2). As its singular points are the vertices of A’,
F} is non-vanishing on W \ [ D(a). Up to a small isotopy, F; appears on
V(a,b) as the vector field uy (otherwise it does on V(b,a)). Now focus on
a specific 1-chain (a, b), and suppose that Fj appears as ug on V(a,b). By
Lemma 3.10, there exists a special vector field uy(, ) on V(a,b) such that
it coincides with F; on 0V (a,b) and

indg b (Uy(a,p)) = V(a,b). (3.3)

Let Fy denote the field obtained attaching F; outside [[ D(a) U]V (a,b)
and wy(,p) on each V(a,b). It is clear that Fy is a non-vanishing vector field
defined on W'\ [[ D(a).

Now we will show that in fact Fy extends to a non-vanishing vector field
on W, and it will be the image of [J] in vect(W).

Let a be a specific vertex of the triangulation A’. Since the degree

deg : m,1(S"Y) — Z
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is an isomorphism, the field Fy extends on D(a) if and only if the degree
of the map dD(a) — S~ ! defined by z + Fﬁ@)/”pﬁ(x)” has degree equal
to 0. Let g denote this map, and let go : dD(a) — S™ ! denote the map
defined by x F1(33)/HF1($)H

Since Fy op
follows that

(@) is obtained changing Fl\aD(a) on [[V(a,b) N dD(a), it

degg = deggo+ Y _ (indep(Fy) — indgp(F1)),
b

where the sum runs over the vertices b of A’ next to a. Since Fj is a
small perturbation of a constant vector field on dD(a) NV (a,b), the index
ind, (1) vanishes for each 4, hence

deg g = deg gg + Z indg 5 (Fy).
b

Recall now that a and b are simplices in A, and either a C b or b C a.
The field Fj is directed towards the simplex in A whose dimension is the
biggest among dim a and dim b. Hence, if a C b then F} is like ug, whereas
if b C a then F} is like —ug. Now using the fact that if Fj is like ug then
ind, 5(Fy) = 9¥(a,b) (cf. Equation (3.3)), we have that

degg = deggo + Y _ indap(Fy) + Y indap(Fy)

bDa bCa
=deggo+ Y _(a,b) — Y _indyq(Fy)
bDa bCa
= deggo+ > _(a,b) = > 9(b,a),
bDa bCa

dima

which, thanks to the equality deg gy = (—1) , implies

degg = (—1)™* + > " 9(a,b) — Y (b, a). (3.4)

bDa bCa
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Since

Z(_l)dimc e =009

ceEA

=o( > dcd-(cd

(c,dyc A’

=0 | Y dc,d)-(c,d)

c,deA
cCd
=) (e d)-(d—c)
c,deA
cCd
= Z Zﬂ(da C) - Zﬁ<c7 d) G,
ceA \dCc dDc

for each c € A
(—n)dme =3 "9(d,c) = Y Ve, d),
dCec dOc

hence Equation (3.4) proves that deg g = 0 and that, therefore, Fy extends
to a non-vanishing field on D(a). Note that such an extension is unique up
to homotopy because D(a) is contractible.

As a was arbitrary, Fy extends to a non-vanishing vector field on the
whole W. For a combinatorial Euler chain ¢}, we define

(pA)A(ﬁ> = [Fﬁ] S VeCt(W). (3.5)

It is noteworthy that in fact [F] does not depend on the choice of uy(q,p)
on each V(a,b), since D(a) U D(b) U V(a,b) is a ball, and, by definition,
changing Fy inside a ball does not change its class in vect(W).

The map (pa)a is equivariant for the action of Zq(A;Z) — Hy(W;2Z),
i.e. for each simplicial one-dimensional cycle

(pa)a(y+9) =[] [Fo].

Now we will prove this fact. Consider v € Z(A’, Z):

= ZV(Q’ b) ’ <a’7 b>

aCb

The singular cycle associated to v on the manifold W can be constructed
by taking in each V(a,b) |y(a,b)| oriented segments, going from a to b if
v(a,b) > 0, and going from b to a if v(b,a) < 0. The disjoint union of the
segments extends to a singular cycle by adding arcs in [ [ D(a) because 9y =
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0. The obtained singular cycle ¢ is a disjoint union of oriented simple closed
curves cy,...,cs. After changing Fy by homotopy so that Fy is parallel to
¢ in a small neighbourhood of ¢, perform a Reeb turbulization on each c¢;.
Denote by F’ the result of the turbulization (so [F'] = [y] - [Fy]). It is easy
to check that

ind, s (F') = indgp(Fy) + v(a,b) = ¥(a,b) + v(a,b).

Hence [F'] is (pa)a(9+7) (cf. Equations (3.3) and (3.5)), so the map (pa)a
is equivariant for the action of Z1(A;Z) — Hy(W; Z).
This implies at once that (pa)a passes to a quotient map

(pa)o : Eul(A) — vect(W)
and that this map is equivariant for the action of Hy(A;Z) = Hy(W;Z). O

We proved that the set of combinatorial Euler structures and the set of
smooth Euler structures can be identified for a triangulated manifold W.
The next step consists of proving that the identification does not depend on
the triangulation, in the sense of Theorem 3.11.

Let (A4, pa) and (B, pp) be two smooth triangulations of a closed con-
nected n-manifold W. The homeomorphism pE,l o p4 is homotopic to a
piecewise linear homomorphism f4 g (cf. [Mun66]). Hence there exist sim-
plicial subdivisions A" and B’ of A and B such that f4 p is a simplicial
isomorphism of A’ and B'.

If 044 : Eul(A) — Eul(4’) and op.pr : Eul(B) — Eul(B’) are the
isomorphisms given by Theorem 3.3, then

ag}B, o (fap), 0o0oaa : Eul(A) — Eul(B) (3.6)

is a bijection equivariant for the action of Hy(A;Z) = Hy(B;Z), and it does
not depend on the choice of the piecewise linear approximation and of the
simplicial refinements A" and B’. This map will be denoted by

7a,B : Eul(A) — Eul(B). (3.7)

Theorem 3.11 ([Tur90, Theorem 6.1.2]). Let (A, pa) and (B, pp) be two
smooth triangulations of an n-dimensional closed connected manifold W .
Then, Diagram 3.1 is commutative.

Proof. 1f B is a simplicial refinement of A, then, according to [Tur90, Lemma
6.4.1], there exist triangulations A = A;,..., A; = B such that for each 4
the triangulations A; and A;1 coincide outside the star of some simplex
(recall that the star of a simplex a is the union of all simplices intersecting
a). Since the image of a simplex is contained in a ball in W, Diagram 3.2 is
commutative for each i (04,, ,,, is the map given by Theorem 3.3).
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Eul(A Eul(B
PA\ %

Vect

Diagram 3.1: Commutativity of the maps (pa)g and (pB)o.

Az Az+1
Eul(A Eul(4;41)
PN /+1
vect(W

Diagram 3.2: Commutativity of the maps (p4,)o and (pa,,,)o-

Hence Diagram 3.1 is commutative too (note that, since B is a refinement
of A, 04 =74 B). The theorem is therefore proved if B is a refinement of
A.

If now A and B are arbitrary triangulations, there exist simplicial refine-
ments A" and B’ and a chain of triangulations (A’,n1), ..., (A’,ns) such that
m = pa and, for each i, n; and 7,41 are homotopic and coincide outside
n; 1(B") for some ball B" C W, and there exists a simplicial isomorphism
¢+ A" — B’ such that pg = ns o=t (cf. [Mun66)).

Since 7; and 1;41 coincide outside the preimage of some ball in W it
follows that (n;)o = (ni+1)0, so (pa’)o = (m)o = (ns)o-.

Consider Diagram 3.3.

TA,B
Eul(A4) Eul(B)
oA, A 9B, B’
/ Y /
(pa)o Eul(A’) Eul(B’) (pB)O
(par)o (ns)o (pB")O

vect (W) — 4 vect (W)

Diagram 3.3: Proof of the commutativity of the maps (pa)o and (pp)o.
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The triangles on the left and on the right commute because the theorem
is already proved in the case one of the two triangulations is a refinement
of the other. The top square commutes because of the definition of 74 p
(cf, Equations (3.6) and (3.7)). The left bottom triangle is commutative
because (pa/)o = (ns)o, whereas the right bottom triangle is commutative
because pgr =g 0L,

Hence Diagram 3.3 is commutative, and this proves the commutativity
of Diagram 3.1. 0

3.1.3 Normal Euler structures

There is a third way of defining Euler structures, which is explained also
in [Tur97]. Let W be an oriented n-manifold. Then each fiber S;W of the
sphere bundle of normal tangent vectors m : SW — W is endowed with a
choice of the generator of H" (S, W).

Definition 3.12. Let W be a closed connected manifold of dimension n >
2 with x(W) = 0. A normal Euler structure on W is a cohomology
class in H""1(STV) that restricts on each fiber as the standard generator of
H* (S, W).

The set of normal Euler structures on W is denoted by nvect(W).

Lemma 3.13. nvect(W) is endowed with a free and transitive action of
Hy(W;Z) = H""Y(W; Z), which is given by the pullback map

™ HYY W, Z) — H Y (SW; Z)

composed with addition, i.e. for each h € Hi(W;Z) and for each ¢ €
nvect (W)
h-c=c+a*(PD 1 (h)).

Proof. h - c is still a normal Euler structure. Indeed, the restriction to the
fiber S, W is

iy(h-c) = iy(c+ 7" (PD™'(h))) = i3(c) + iy (x*(PD ™' (h))), (3.8)
where i, is the embedding of S, W in SW. i} on* is 0 because the diagram
Sl ——— {2}

]

SW ——— W

commutes and the cohomology group H" 1 ({z},Z) vanishes. Hence, Equa-
tion (3.8) implies that
ip(h-c) = iz(c),
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and therefore h - ¢ is still a normal Euler structure.
The action of Hy(W;Z) on nvect(W) is free and transitive due to the
Leray-Hirsch Theorem.

Theorem 3.14 (Leray-Hirsch, [Hat02, Theorem 4D.1]). Let 7 : E — W be
a fiber bundle with fiber F' such that, for some commutative coefficient ring
R:

1. H*(F; R) is a finitely generated free R-module for each n.

2. There exist classes ¢; € H' (E; R) whose restrictions i*(c;) form a
basis for H*(F; R) in each fiber F', where i : F' — E is the inclusion.

Then the map
¢®: H*(W;R)®rH*(F;R) —— H*(E;R)
Db @ i) 3w () = ¢
i,j i,J

s an tsomorphism.

Apply Theorem 3.14 to the bundle SW — W with coefficient in Z. The
class 1 € HY(SW;Z) and a normal Euler structure ¢ € H*"1(SW;Z) satisfy
the hypothesis of the theorem (the existence of normal Euler structure is
proved in Corollary 3.16).

Normal Euler structures are identified through the map ®~! with the
subset of H*(W;Z) ®gr H*(F'; Z) consisting of the elements

h®l+1®i%c,

for some h € H* 1 (W;Z). h' € H" }(W;Z) acts on this set by addition of
I ® 1, so the action is clearly free and transitive. O

Equivalence with smooth Euler structures

Smooth Euler structures and normal Euler structures are in fact the same,
as Theorem 3.15 shows.

Theorem 3.15. Let W be a closed connected manifold of dimension n > 2
with x(W) = 0.
Then, there exists an Hy(W;Z)-equivariant bijection

7 : vect(W) — nvect(W).

Proof. Let u be a non-vanishing vector field on W. Without loss of gen-
erality we may assume that u is a normal vector field, that is a section
u: W — SW. The image of u defines an n-cycle in SW, which, by Poincaré
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duality, defines a class in H*~}(SW;Z), which will be 7(u). The cycle Tmu
satisfies
#(ImunS,W) =+1

for each x € W. This means that, if 7, : S;W — SW is the immersion,

i-'(Imu) is a point in S,W, so its Poincaré dual is the generator g of
H" (S, W;Z). Hence

g=PD7! (i;'(Imu)) =i} (PD ' (Imw)) = i4((u)),

where the central equality is a well-known consequence of the functoriality
of the Thom Isomorphism (cf. [BT82, §6, Poincaré Duality and the Thom
Class, pag. 65-69]). Thus, 7(u) is a normal Euler structure.

Let us check that the map 7 is well defined. Let u and v be normal
vector fields that define the same Euler structure on W. Without loss of
generality we may assume that v and v coincide out of some ball B® C W.
The manifold W can be endowed with a cellular structure such that B™ is an
n-dimensional cell, so w and v coincide on the (n —1)-skeleton of W. By the
description of Poincaré duality in [Bre93, Ch. VI, Sect. 6], the cohomology
classes 7(u) and 7(v) are represented respectively by the cochains ¢, and
¢y such that for each (n — 1)-cell e of W

#(Imune),
#(ImvNe).

(Pus€)
(pv,€)

Since w and v coincide on the (n — 1)-skeleton, the cochains ¢, and ¢, are
in fact the same. Thus, 7(u) = 7(v).

The last thing we have to prove is the Hy (W;Z)-equivariance of 7. We
will prove it in the special case of 3-manifolds (which is the case we will
need). In this case the tangent bundle is trivial (cf. [Kir89, Ch. VII, Theorem
1]), so there exists a trivialization SW = W x S2. Let u be a normal vector
field, and let u denote the turbulization of u along a curve I. We have to
check that the classes 7(u) — 7(u) and PD™!([l x S?]) are the same class
in H2(SW;Z). By the description of Poincaré duality in [Bre93, Ch. VI,
Sect. 6], 7(u) and 7(u) are represented respectively by the cochains ¢,, and
g such that for each 2-cell e satisfy

(bu,€) = #(Imure),
(pu,€) = #(Imune),

and analoguosly the cochain PD™!([I x S?]) satisfies for each 2-cell e
(PDH([Il x S?]),e) = # (I x S*)Ne).
Thus, it is sufficient to prove that for any 2-cell e

#(Imune) —#(Imune) =# (I x S*) Ne). (3.9)
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Let f, and f; denote the functions from W to S? that represent the vector
fields w and w. Up to changing the trivialization of SW we may assume
that f, is a constant f. Let p € S? be a regular value of f; different from
f. Endow S? with the cellular structure consisting of the O-cell p and a
single 2-cell, and endow W with a cellular structure such that the regular
neighbourhood U of [ where u has been turbulized consists of one 2-cell € and
one 3-cell f (as in Figure 3.2). The sphere bundle SW is then endowed with
the product cellular structure. Note that the unique 2-cell in U x S? C W
is e x {p}.

Let e be a 2-cell of SW = W x §2 different from € x {p}. e must be
disjoint from U x S2, so

#((IxS*)ne)=0.
Moreover, since u and @ coincide out of U, it follows that
#(Imune)=#Imune).

Thus, Equation (3.9) is satisfied for any e different from € x {p}.
Now focus on the 2-cell € x {p}. Since #(l Ne) = +1, it follows that

# (I x S*)N (e x {p})) = +1. (3.10)
Since f, is a constant different from p, Imw is disjoint from € x {p}, so
# (Imun(ex {p})) =0. (3.11)

Finally, a point (x,p) € € x {p} belongs to Imu if and only if fz(x) = p.
Moreover, the sign of the intersection between Imu and € x {p} at the the
point (x,p) is the determinant of the Jacobian J,(fz). This proves that

# (Imu N (e x {p})) = deg g,

where gz : 2 — S? is obtained from the map f; : € — S? by quotienting the

boundary of € to a point. By the definition of Reeb turbulization (cf. Figure

3.1) and the fact that g, (the quotient of f,) is a constant, we have that
deg gz = +1, so

# (Imun (e x {p})) = +1. (3.12)

Equations (3.10), (3.11) and (3.12) prove that Equation (3.9) in the case

e is the 2-cell € x {p}. Thus, 7(2) — 7(u) and PD™1([l x S?]) are the same

class in H?(SW;Z), so the map 7 is Hy(W; Z)-equivariant. O

Corollary 3.16. Let W be a closed connected manifold of dimension n > 2
with x(W) = 0.
Then, there exists a normal Euler structure on W.

Proof. The vanishing of Euler characteristic x (W) is equivalent to the ex-
istence of a non-vanishing vector field, hence of a smooth Euler structure.
The existence of normal Euler structure is a consequence of the construc-
tion of a normal Euler structure starting from a smooth Euler structure, as
in the proof of Theorem 3.15. O
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3.2 Spin® structures and Euler structures

In the case of 3-manifolds, the notion of Euler structures is actually equiv-
alent to the one of Spin® structure. In this section the equivalence between
the definitions is proved. The proof is taken from [Tur97].

3.2.1 Spin® structures on 3-manifolds

Let Y be a 3-manifold. There is another useful characterization of Spin®
structures. Before explaining it, note that the map

U(1) x SU(2) — U(2)
NA) ——— XA

induces an isomorphism
(U(1) x SU(2))/{j:1} ~ U(2).
Since Spin(3) is the universal cover of SO(3) = RP?,
Spin(3) = §% = SU(2).

Hence Diagram 3.4 commutes.

~

Spin€(3) (UMW) xSUQ2))/r+1}

Diagram 3.4: The U(1)-principal bundle Spin®(3) — SO(3).

By Diagram 3.4 it is clear that the fiber bundle U(2) — SO(3) is actually
a U(1)-principal bundle. Moreover, U(2) — SO(3) is a non-trivial bundle.
In fact, it it were trivial, the fundamental group of the total space U(2)
would be Z x Zo; however, the long exact sequence in homotopy of the
fiber bundle U(1) — U(2) — SO(3) implies that 71 (U(2)) = Z (cf. [Hat02,
Theorem 4.40 and Proposition 4.47]), hence the bundle U(2) — SO(3) must
be non-trivial.

By Lemma 1.34 and Lemma 1.41, there exists a bijective correspon-
dence between the set of isomorphism classes of U(1)-principal bundles and
H2(SO(3);Z) = Zy. The non-trivial bundle U(2) — SO(3) corresponds to
the unique non-trivial element in Zs.
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Definition 3.17. Let Y be a closed oriented connected 3-manifold, and
let Pgo(g) denote the SO(3)-principal bundle of orthonormal frames. The
subset of H? (Pso(s), Z) of classes that restrict to the non-trivial element of
H2(SO(3); Z) to each fiber is denoted by S(Y).

We will prove that S(Y') is in fact in bijection with the set of Spin® struc-
tures on Y. First, note that S(Y) is endowed with the action of H*(Y;Z)
given by the pullback H?(Y;Z) — H*(Pso3); Z) and addition.

It is worth noting that, since Y is 3-dimensional and oriented, the SO(3)-
principal bundle Pgos) is the trivial fiber bundle Y x SO(3) (cf. [Kir89,
Ch. VII, Theorem 1]).

By the Kiinneth formula (cf. [Hat02, Theorem 3.15])

H?(Psos); Z) = HA(Y; Z) @ Zs.

The projection on the second component is simply the restriction homomor-
phism
H?(Pso(s); Z) — H?(SO(3); Z) = Zs,

hence S(Y) is identified with the subset H?(Y;Z) @ {1} of H3(Y;Z) ® Zs
(the classes that restrict to the non-trivial generator of Zs).

The pullback of a class a € H?(Y;Z) to HZ(PSO(3);Z) is identified with
a@®0in HQ(PSO(;))); Z). Note that in this form the action of o € H*(Y;Z)
is simply the addition of a & 0, so it is clear that the action is free and
transitive.

Lemma 3.18. There exists an H2(Y'; Z)-equivariant bijection v between the
set of SpinC structures on a closed oriented connected 3-manifold Y and
S(Y).

Proof. Let (n : F — Y, H) be a pair defining a Spin® structure s on Y
(cf. Definition 1.37). By [Kir89, Ch. VII, Theorem 1], Pg3) is the trivial
bundle, so it is induced by the trivial cocycle, i.e. the cocycle (gag) on an
acyclic cover (Uy,) such that go3 =1 for each a and f.

By Lemma 1.38, the bundle ' — Y is represented by a cocycle (gn3)
such that Im(g,p) is included in the kernel of the projection

Spin®(3) — SO(3),

which is isomorphic to U(1). Hence, F is also a U(1)-principal bundle
over Pso(3). By Lemma 1.34 and Lemma 1.41, a class in HQ(PSO(g);Z) is
associated to F'. Such a class restricts to each fiber of Pgg(3) — ¥ to the non-
zero element of H2(SO(3);Z), because on each fiber the map F — Pso(3)
is the projection Spin®(3) = U(2) — SO(3). Hence this class is included in
S(Y). Thus, we can define v(s) as this class.

To prove the equivariance of v, let (Ay3) be a U(1)-cocycle on Y (cor-
responding to some A € H? (Y;Z)). The Spin® structure X - s is represented
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by the cocycle (gag Aap). In H2(PSO(3); Z) this corresponds to adding the
pullback of A to v(s) (the product is converted into a sum because there
is an exponential map in the exact sequence of Lemma 1.41). Thus, v is
H%(Y'; Z)-equivariant.

The bijectivity of v follows from the H?(Y; Z)-equivariance. O

3.2.2 Equivalence between Spin® structures and Euler struc-
tures

The following theorem proves that in fact Spin® structures and Euler struc-
tures in the case of 3-manifold are the same.

Theorem 3.19. Let Y be a closed oriented connected 3-manifold. Then,
there is a bijection nvect(Y) — S(Y) that is equivariant for the action of
Hy(Y;Z) = H*(Y;Z).

Lemma 3.20. Let p: SO(3) — S? be the spherical tangent bundle assigning
to each triple (vi,ve,v3) the first vector va.

Then the pullback homomorphism p* : H2(S2%;Z) — H%(SO(3);Z) sends
any generator of H*(S?;7Z) = 7 to the non-zero element in H*(SO(3); Z) =
Zs.

Proof. First, we have to prove that each fiber p~!(z) represents the non-
zero element in H;(SO(3);Z). By homogeneity of the fiber bundle, we may
assume that the fiber is p~!(e1), e; being the first vector of the canonical
basis of R3.

SO(3) may be seen as a 3-ball of radius 7 whose boundary is collapsed
by the action of the antipodal map (i.e. as the projective space ]R}P’?’) as
follows. Each element v of the 3-ball is a vector in R?, to which we may
associate the rotation on the axis containing v of angle ||v|| in the direction
defined by v through the ‘right hand’ rule (cf. Figure 3.6).

Figure 3.6: The figure shows the direction of the rotation induced on R? by
a certain vector v.
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A vector v such that ||v|| = 7 and its opposite —v define the same
rotation (since rotating by 7 is the same as rotating by —7), so the group
of 3-dimensional rotations SO(3) is the quotient of the 3-ball by the action
of the antipodal map on the boundary.

The fiber p~!(e;) of the bundle p : SO(3) — S? is the projection on the
quotient of the intersection between the 3-ball and the coordinate axis (e;)
(cf. Figure 3.7).

Figure 3.7: If SO(3) is represented as the quotient of the 3-ball in the picture,
then the image of the dashed red line in the quotient represents the fiber
p~Y(e1) (assuming that e; is vertically directed).

Hence, p~1(e1) it represents the non-trivial element in Hy(SO(3);Z).

Now we can prove the statement of the lemma. Consider a generator
w of H%(S?;Z) = Z. Tts Poincaré dual is represented by any point z € S2.
Then the Poincaré dual of p*(w) is represented by p~!(x) (cf. [BT82, §6,
Poincaré Duality and the Thom Class, pag. 65-69]). As we just saw, the class
[p~1(z)] in H1(SO(3);Z) is the non-zero element. Since Poincaré duality is
an isomorphism, p*(w) has to be non-zero too. O

Proof of Theorem 3.19. Let n : Psoz) — Y represent the bundle of or-
thonormal frames, and let ( : SY — Y represent the bundle of normal
tangent vectors. Let p : Pgoz) — SY denote the morphism of bundles
assigning to a triple of tangent vectors (v, v, v3) the first vector v;.

For each y € Y, let iy, : S — SY and j, : SO(3) — Pso(s) the inclusions
of the fibers over y. The commutativity of Diagram 3.5, together with
Lemma 3.20, implies that the pullback homomorphism

p*: HA(SY;Z) — H*(Psos); Z)

maps nvect(Y) € H?*(SY;Z) to S(Y) € H*(Pso(s); Z) (because p* sends
any class that restricts to the generator of H*(S,Y;Z) on each fiber (~(y)
to a class that restricts to the non-trivial element in H2(n™1(y); Z) = Z»).
Moreover, p* is equivariant for the action of H? (Y;Z), because in both
cases the action is by pullback and addition. The H?(Y';Z)-equivariance
yields the bijectivity of the map p* from nvect(Y') to S(Y). O
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H2(SY';Z) ——— H2(Pgo(s); Z)
i i
H2(8%Z) ——— H(SO(3); Z)

Diagram 3.5: The map p : Pso(z) — S? restricts to each fiber, so the above
diagram commutes.

Thanks to Theorem 3.19, we will speak indifferently of Spin® structures
and Euler structures when we deal with 3-dimensional closed connected
oriented manifolds.

3.3 Turaev torsion

By Turaev torsion we mean the maximal abelian torsion defined by V. G. Tu-
raev in [Tur02]. Other kinds of torsion will be necessary to define the max-
imal abelian torsion.

3.3.1 Torsion of a chain complex

Definition 3.21. Let V be a vector space over a field K, and let a and o’
be two ordered bases of V. [a/,/] denotes the determinant of a change of
basis matrix from the basis a’ to the basis a:

0/a/] = det (M (i) ).

Let C = (Cy, Omy 2 Co) be a finite chain complex over a field K,
and for each i = 0,...,m let ¢; be a given basis of C; and h; be a given basis
For each i = 1,...,m choose a sequence of vectors b; in C; so that 9;(b;)

is a basis of Im 0; and a lift ?LZ of the basis h; to a sequence of vectors in
Ci. Then the juxtaposition of the sequences of vectors (9;41bi11)h;b; yields
a basis of C;: indeed (0;11b;+1)h; constitutes a basis of ker 0;, whereas b; is
the preimage of a basis of Im 0;.

Definition 3.22. The torsion of a chain complex C with respect to the
bases ¢; and h; is defined as the element in K\ {0}

m

7(C) = (-1 ] [(ai+1bz‘+1)%ibi/ci
=0

(~1)i+
} , (3.13)
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where

(C) = i (Z dim C,) (Z dim HT(C)) .
r=0

i=0 \r=0

Remark. The definition of 7(C) does not depend on the lifts h; of k; nor on
the choice of sequences of vectors b;.

In fact, let E and E; be two lifts of h;. Then the differences between
the vectors in ﬁl and the vectors in 712 are linear combinations of the vectors
belonging to the basis (9;41b;+1) of Im 0;41, hence

[(82-+1bi+1)%ibi/(ai-y-lbi—i-l)%;bi} =L
Since

(8i+1bi+1)%ibi/ci] = [(ai+1bi+1)ﬁibi/(8~+1bi+1)E’ibz} : [(8i+1bi+1)ﬁ§b¢/ci]

)

=1 [@eabis)Bibif]

7(C) does not depend on the lift h;.
If b; and b} are two sequences such that 9;b; = 9;b}, the only factor in
Equation (3.13) that may change substituting b; with b/ is

— (i
[(aiJrlbiJrl)hibi/ci

However, since the vectors in b; and the vectors in b, differ by elements

in ker(9;) (which are linear combinations of vectors in (9;+1bi+1)h;), the
following equation holds:

(3i+1bi+1)ﬁibz'/ci] = [(aiﬂbiH)Eibi/(&Hle)Eibd : [(@wlbiﬂ)ﬁib;/ci]
=1- [(8i+1bi+1)77/ib§/ci} )

Thus, 7(C') does not change if we choose different b, such that 9;b; = 9;b,.

Finally, let b; and b be sequences of vectors such that 0;b; # 9;b}. Let
M g;ilf’-i (id) be the matrix that expresses the vectors of the basis 9;b, with
respéct to the basis 0;. Let b be the sequence of vectors such that the

matrix M gzé’,’ (id) carries b; to b!. Thus,

{b;//bl} - [aib;//aibz} : (3.14)

Moreover, 0;b] = 0;b; because they are both obtained from 9;b; by applying
the matrix M gfj
does not change if we replace b} with b!. Thus, we just have to check what

(id). By the result of the previous paragraph, the torsion
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happens if we replace b; with b/. The factors that change in the expression
of 7(C) (cf. Equation (3.13)) when we replace b; with b/ are

~ (,1)2' ~ (71)2‘+1
|:(3ibi)hi71bifl/ci_1} and [(ai+1bi+1)hibi/ci

The former is multiplied by [&%’/a@.bi] (_1)1, whereas the latter is multiplied
_1)i+1
by [b;//bi]( n Equation (3.14) implies that 7(C') does not change.
Remark. If C is an acyclic complex, the basis h; is empty, so the torsion
depends only on the basis ¢; and it is expressed by the formula
CTT B b Vb 1D
7(C) = | | [(Qit1bit1)bi/.,] c K\ {0}. (3.15)
i=0

3.3.2 Reidemeister-Franz torsion

Let A be a finite connected CW complex, and let ¢ : Z [Hi(4;Z)] — K be
a ring homomorphism. Let A — A denote the maximal abelian cover of A
(i.e. the cover associated to the commutator subgroup of 71 (4)). Denote by

H = Hi(A: Z) = Auta(A).
Let C{(A) be the chain complex

CL(A) = K @z Cu(4; 2),

where the boundary map is id ®05.

We would like to define the Reidemeister-Franz torsion as the torsion of
the chain complex C{(A), but we would need a basis of Cf(A) and a basis
of H,(C¥(A)) to define it. We will focus on the cases in which H,(C¥(A))
vanishes, so we only need to specify an ordered basis of C{(A). Such a basis
will be given by the choice of a fundamental family of the covering A — A.

Definition 3.23. Let 7 : B — A be a covering map of CW complexes. A
fundamental family e is a collection of cells in B such that for each cell
of A a there exists a unique cell b in the collection such that 7(b) = a.

A fundamental family e of the covering map A — A induces a basis
of the complex C{(A) for each ¢ (by projection). Note that if ¢ is the
augmentation map, which sends each h € H to 1 € K, the complex Cf(A)
is Cx(4;K), and the basis given by the fundamental family is simply the
collection of all cells in A (with some orientation). Here is a first problem:
the choice of a fundamental family does not specify the orientation of the
cells.

Moreover, a fundamental family e determines a basis of CZ(A), but, in
order to define the torsion, we would need an ordered basis. The choice of
an order of the basis induced by e changes the torsion of the complex by
multiplication of +1.

For these reasons, a fundamental family is not sufficient to determine
the torsion, but also a homological orientation of A is needed.
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Definition 3.24. Let A be a topological space. A homological orienta-
tion of A is an orientation of the vector space H.(A;R).

Remark 3.25. If W is an odd-dimensional closed connected manifold, then
there is a canonical homological orientation, given by Poincaré duality.
Choose an ordered basis h; of H;(W;R) for each 0 < i < %, and
let hgimw—2; be the basis of Hgjmw—2:(W;R) dual to h;. Then, the jux-
taposition of these basis hghi...hqimw yields a well-defined homological
orientation of W.

Let w be a homological orientation for A, and suppose that an ordered
basis ¢ of C.(A;R) is given. Then the sign of the torsion 7(C,.(A;R)) does
not depend on the choice of a basis of H.(A;R), provided that such a basis
gives the orientation w to Hy.(A;R). Let 79(A,w, c) € {1} denote this sign.

Definition 3.26. Let A be a finite connected CW complex with a homo-
logical orientation w and let ¢ : Z[H] — K be a ring homomorphism. Let e
be a fundamental family for the covering map A — A.

Choose an order and an orientation of the cells of e. Then bases ¢ and
¢ are induced by e respectively on C.(A;R) and CZ(A).

The Reidemeister-Franz ¢-torsion of (A, w) with respect to the fun-
damental family e is

10(A,w,c) - 7(CL(A)) if CZ(A) is acyclic
TP (A w,e) = .

0 if Ho(CZ(A)) #0
where Cf(A) is endowed with the ordered basis ¢ and H,(C{(A);Z) is
endowed with the empty basis.

Remark. If the orientation of a cell of e is reversed or if the order of the cells
of e is changed by switching two cells, then both (A, w,c) and 7(C¥(A))
are multiplied by —1, so 7¥(A,w, e) depends only on the family e and not
on a choice of the order and the orientations of the cells belonging to it.

3.3.3 Torsion of Euler structures

For a finite connected CW complex A with a homological orientation w,
a fundamental family e and a ring homomorphism ¢ : Z[H1(4;Z)] — K
(where K is a field) the Reidemeister-Franz -torsion 7%(A,w,e) € K has
been defined (cf. Section 3.3.2).

Suppose now that y(A) = 0. We will prove in this section that any
fundamental family e defines an Euler structure on A and that the torsion
T¥(A,w,e) depends not on e but only on the associated Euler structure.

Let e be a fundamental family for the covering map A — A. An associ-
ated Euler chain can be constructed as follows. Choose a point = € A and
then choose arbitrary paths in A that link  to the centres of each cell of the
fundamental family (oriented towards z if the cell is odd-dimensional and
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oriented out of x if the cell is even-dimensional). Projecting this 1-chain to
A we get an Euler chain 9J.. The class [J.] € Eul(A) does not depend on the
choice of the paths: indeed the change of the path from the centre zz of a
cell @ to = in A adds to ¥ the cycle obtained by joining the two paths (one
of them with reversed orientation) and projecting this loop to A. Since A is
the maximal abelian cover of A, any loop in A projects to a homologically
trivial loop in A. Hence [J¢] does not depend on the choice of the paths.
Analogously the choice of the ‘base point’ z € A does not affect the class
[J¢]. Hence there exists a map

[9.] : FF(A — A) — Eul(A),

where F F(A — A) represents the set of fundamental families of the cover
A — A, assigning to a fundamental family e the Euler structure [J.].

For each h € Hy(A;Z) = H and for each cell a € A it is possible to define
the translation of @ by h (because there is an identification H = Aut4(A)).
If e is a fundamental family and ¢’ is the fundamental family obtained by
translating a cell @ € e by h, then

0] = ((—1)dim5h> 9] - (3.16)
By Equation (3.15) the torsions satisfy the following relation

(A, w, €)= p(h) V" 19(A, w, e)

= (1)) 774, .

(recall that ¢ : Z[H] — K is a ring homomorphism, where in Z [H] the
multiplication is the addition in H).

Equation (3.16) incidentally proves that [¢).] is a surjective map. More-
over, if [J.] and [J] are Euler structures induced by fundamental families e
and ¢/, then €’ can be obtained from e by translating each cell @ by a certain
hi € H. Equations (3.16) and (3.17) prove that the torsion 7%(A,w, e) does
not depend on e but just on [J.] and that, if we define h = 3"~ (—1)4mapg,
then

(A, w,e) = ¢(h) - T9(A,w,e). (3.18)

Thus, the following definition can now be given.

Definition 3.27. Let A be a finite connected CW complex associated to
a manifold W, with a homological orientation w, and let ¢ : Z[H] — K
be a ring homomorphism. Suppose that x(A) = 0 and let s € Eul(4) =

Spin®(W) (cf. Theorems 3.9, 3.15 and 3.19 and Lemma 3.18).
The ¢-torsion of A with respect to w and the Euler structure s is

TP(A,w,s) =79(A,w,e) € K,

where e is any fundamental family of the maximal abelian cover A= A
such that [J¢] corresponds to s (cf. Definition 3.26).
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Remark. Equation (3.18) implies that for each s € Eul(A) and for each
h € H=H;(A;Z) the following relation holds:

TP(A,w,h-8) =@(h) - 7P(A,w,s). (3.19)

3.3.4 Maximal abelian torsion
Algebraic preliminaries

Throughout this subsection H will be a finite abelian group. Let Char(H)
denote the group of the characters, i.e. the set of group homomorphisms
o : H — C* with the product

(- p)(h) = a(h) - p(h).

Two characters o and p are equivalent (or conjugated) if there exists a
field automorphism v € Aut(Im o) such that

p=1voo.
Let 01, ..., 0k characters such that there exists a unique representative o;
for each equivalence class. Let C,, denote the cyclotomic field Q [Im(o;)] =

Q[¢ni] € C.

Consider the map

k
(01,...,0%): H%@Cai
=1

and extend it by linearity to a map

Then the following proposition states that ¢ is an isomorphism.

Proposition 3.28. If H is a finite abelian group and o1,...,0) are repre-
sentatives of the equivalence classes of characters H — C*, the map

s an isomorphism.

Proof. Since Cy, is cyclotomic, it is also a Galois field, hence

’ Ath Ca,-‘ = dimQ Cai.
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Thus, the number of characters conjugated to o; is dimg Cy,;. Therefore

k k
| Char(H)| = Z dimg Cy, = dimg (@ C@-) .
i=1 i=1

Since H is abelian, | Char(H)| = |H| (cf. [Ser77, Ex. 3.3]), hence

k
dimg Q [H] = |H| = | Char(H)| = dimg <@ cm) :
=1

Therefore, the dimensions of the domain and of the codomain of ¢ are the
same, so it is sufficient to prove the injectivity of ¢.

If y € Q[H] is such that ¢(y) = 0, then 0;(y) = 0 for each i, hence (by
conjugating the characters o;) o(y) = 0 for each character o € Char(H).
Hence it is sufficient to prove that if y € Q[H] is a zero for all characters,
then it is 0. We will prove this statement also for all y € C[H].

By the structure theorem H is the direct sum of a finite number of cyclic
groups:

H=Z4 ® B Ly,.

Let z1,...,zs be generators of the cyclic groups Z,,...,Z,,. For each
multi-index B = (by,...,bs) € Zg, X -+ X Zg,, the unique group homomor-
phism o : H — C* such that for each j=1,...,s

b,
0B Tj — Ca)

is a character. Different multi-indices yield different characters. As the
multi-indices are as many as |H|, the characters og constitute the whole set
Char(H).
Now for each multi-index B consider the linear extension of the character
o to
og:C[H] — C.

Endow the set of the multi-indices with the lexicographical order, and gather
all the maps @3 in a single map

&y : C[H] — ClHl

that associates to each element y € C [H] the |H|-tuple of complex numbers
7B(Yy)-

The statement to be proved is that &g is injective. Since it is a lin-
ear map of |H|-dimensional C-vector spaces, it is sufficient to calculate its
determinant with respect to some bases and check that it does not vanish.

Choose on C[H] the basis

C _ .c c
{x =ai -z

C=(c1,...,Cs) € Lq, X -+ X Lq, multi-index}
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with the lexicographical order and choose on C/! the standard basis
{ec=eci,..c. |C=(c1,...,¢5) € Ly, X -+ X Lq, multi-index}

again with the lexicographical order.
For each

y= Z ac z° € C[H]

CE€Zqy XX ZLayg
and for each multi-index B,

bicy . bscs

08(y) = ac (™ - Gl

Hence, the matrix M that represents £ with respect to these bases is

bici .. fbscs
(Cal as 5)6,6.

M is a matrix that is very similar to a Vandermonde matrix. If NV is the
matrix that represents {5, where H is the subset of H defined by

H={0} X Zgy X+ X Lo, C Ly X -+ X L, = H,

then the matrix M is

N N N N
N (N GN - (UTIN
N (N GN o (MTEN
N (u7IN (U72N - (N

The determinant of M can be calculated by using the same tricks of the
calculation of the determinant of a Vandermonde matrix. The result is

[H|

al

det M = (det N)! - 11 (431 - 451)

d>e
d,e=0,...,a1—1

By induction on s the above formula implies that

=

s
d. .
deon =TT I (e -c)
7j=1 dj>ej
dj,e;=0,...,a;—1

Thus, det M # 0, hence the map £ is injective. The proposition is
proved. ]
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Finally, the splitting
k
QH] =P C,
i=1

is unique up to permutation of the summands thanks to Lemma 3.29.

Lemma 3.29. If a ring R splits as the sum of finite fields K;, then the the
fields are determined.

Proof. The fields K; are in bijective correspondence with the maximal ideals
of R. g

The definition of the maximal abelian torsion

Definition 3.30. Let A be a finite connected CW complex associated to a
manifold W, with a homological orientation w. Suppose that y(A) = 0 and
let 5 € Eul(A) = Spin®(W).

By Proposition 3.28 the ring Q [H] = Q[H;(A;Z)] splits as the sum of
a finite number of fields K;:

For each i, let m; : Q[H| — K; denote the projection to the quotient,
and let ¢; be the composition of the inclusion Z [H] — Q [H]| and ;.

The maximal abelian torsion of A with respect to w and the Euler
structure s is

k
(A w,s) =7t <Z T¥ (A,w,s)) €QIH]. (3.20)
i=1

Remark. T7(A,w,s) is a well defined element of Q [H] thanks to Lemma 3.29.

Remark. As a consequence of Equation (3.19), the following identity on the
maximal abelian torsion holds:

T(A,w,h-5) =h-17(A w,s). (3.21)

Remark. Sometimes it will be necessary to focus on the rational coefficients
of the torsion 7(A,w,s) € Q[H]. They are denoted by 7(A,w,s, h):

T(A,w,5) = > 7(Awsh)-heQH]. (3.22)
heH
Note that Equations (3.21) and (3.22) imply that
7(A,w,h-5,9) = 7(A,w,s,h" 1 g). (3.23)

Remark. If A is an odd-dimensional closed connected manifold, we will as-
sume that it is endowed with this standard homological orientation w of
Remark 3.25. Hence we will omit the homological orientation w each time
A is odd-dimensional, and we will denote 7(A,w,s,h) by 7(A,s,h).
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3.3.5 Calculating the torsion

Let Y be a 3-dimensional closed connected oriented manifold. Then there
exists a handle decomposition in one 0-handle, m 1-handles, m 2-handles
and one 3-handle or, analogously, there exists a cellular structure A of Y
with one 0-cell, m 1-cells, m 2-cells and one 3-cell (just taking the cores
of the handles). The O-cell and the 3-cell are oriented in a natural way.
Choose an orientation also for the 1-cells and the 2-cells. Denote the 1-cells
by e1,...,en and the 2-cells by fi,..., fimn- The chain complex associated
to A is the following:

03

o P
C3(A;Z) Co(A; Z) ——— C1(A;Z) —— Co(A; Z)

N .

Z zm zm Z

The map 97 is the zero map because each 1-cell e; is attached to the
unique O-cell at the edges, whereas the map J3 vanishes because the unique
3-cell must be a cycle (since Hs(A;7Z) = Z). The map 09 is represented by a
matrix M, which is a presentation matrix for Hy(A;Z), with respect to the
basis fi,..., fm and ey, ..., e,. Note that such a matrix is the abelianization
of a presentation matrix for 71 (A4), in which the generators of 71 (A) are given
by the 1-cells ey, ..., e, and the relations are obtained by imposing that
the boundary of each 2-cell is 0.

Let A — A be the maximal abelian cover of A, and denote by H the
group Hj(A;Z). The choice of a fundamental family e of the cover gives a
structure of Z [H]-module to the complex of cellular chains of A: each cell in
the fundamental family is given the coefficient ey € H, and the other ones
are obtained by translating the cells in e by a certain h € H = Auty(A).
Hence the diagram

C3(A; Z) Co(A; 7) Ci(A;Z) —— Co(A; Z)
z z z z
2|1 —2— @) —2 @) —2— 2 (H)
Z 0 gm — M gm 0 Z
z : : z
Cs3(A; Z) Cs(A; Z) C1(A: Z) Co(A; Z)
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commutes, where ¢ : Z[H] — 7Z represents the augmentation map. Let
€1,. .-, 6n represent the 1-cells belonging to the fundamental family e, and
f1s---, fm represent the 2-cells belonging to e (so that €; projects to e; and
j“; projects to f;). N

Consider the map 0;. Each element of the basis ¢; is a mapped to some
hi — h; (here h; and h; represent the starting and the ending point of €;).
Up to changing the fundamental family, we may assume that

A1(&) = hi — 1.

Note that the element h; represents the homology class of the oriented 1-
cell e;, hence hy, ..., h,, generate H (they are exactly the generators of the
presentation matrix M).

Focus now on the map d3. The unique 3-cell of A bounds each 2-cell
twice (once positively and once negatively). Thus, the boundary of the 3-cell
in A that belongs to the fundamental family is

(1 =9g1)  fit -+ (9m — Im) - fm
for some g;,g; € H, i.e. it is represented by the vector

g1 —ag1

9m — %
Again, up to changing the 2-cells in the fundamental family, we may assume
that g; = 1 for all 7. Hence, the map 03 is represented by the vector

g1—1

Im — 1

Note that g; is the homology class of a loop in A that intersects the 2-cell
fi once (positively) and does not intersect any other cell. Such a loop is
for instance the projection of a curve in the 3-cell of A that belongs to the
fundamental family e, which starts from f; and ends in g; - f; (see Figure
3.8). ~

Finally, we should find the matrix that represents the map 0. For each
i, the boundary d(f;) is a word in the 1-cells ef', ... efl.

rm

Remark 3.31. Note that the relation b; defining the boundary of f; in terms
of the cells elﬂ, ...,exlis not determined: since the boundary 9(f;) is not a
based loop, b; is determined up to conjugacy. Hence, a choice of the relations
b; (in the conjugacy class) is required.

Once the relations b; are fixed, we can express the boundary of ﬁ in
Ain homology as the sum of lifts of the 1-cells (which generally are not

T, ).
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Figure 3.8: ¢g; € H is represented by a loop in A that intersects f; once
(positively) and does not intersect any other cell.

For instance, assume that
A(f1) = erezey ey !, (3.24)

and that the cells e1, e2 and .]?1 in A appear as in Figure 3.9. If h; and hs
are the homology classes of e; and es, then

o (f1) = hihaoty + hhaey — hih3e, — hiha®
= (h3hy — h3h3)E + (h3hg — hihg)e,
= h%hQ [(1 — hQ)gl + (hl — 1)g2] .

The coefficients of the boundary of fvl are related with the Fox derivatives
of the relation in Equation (3.24) (the definition of Fox derivative can be
found in [Fox53]). They are actually the Fox derivatives of the relation given
by Equation (3.24), up to the translation by h2hs, which is the element of
H that carries the 0-cell of the fundamental family to the base point of
the boundary relation (in Figure 3.9 it is the element that carries the black
point, which represents the 0-cell in the fundamental family, to the red one).

Generally speaking, the same holds for any 2-cell of the fundamental
family. Consider the boundary 52(ﬁ) in homology. The coefficient of €; in
the expression of the boundary is the j-th Fox derivative of the relation b;
that expresses the boundary of f; in A in terms of the 1-cells eq,...,en,
multiplied by an element I; € H that expresses the translation of the base
point in ,ZL from the O-cell in the fundamental family to the point in the
boundary of f; that corresponds to the ‘starting point’ of the relation b; (the
red point in Figure 3.9).
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€2

€1

Figure 3.9: If hy and hy are the homglogy classes of the cells e; and eq, then
in the case in the picture we have 9(f1) = hha [(1 — ha)é1 + (h1 — 1)é2] and
8(h . fl) = hh%hg [(1 — hg)gl + (hl — 1)52] (Where h = h;lhg)

Thus, the matrix representing 52 is

Lo1(b1) -+ 1nOi(by)

: N : : (3.25)
LOm(b) - LnOp(bm)

where 0; denotes the j-th Fox derivative.

Remark. If a 2-cell of the fundamental family f; is translated by some h € H,
then the element [; is multiplied by h. For instance, consider the cell h - f;
in Figure 3.9. Its boundary is the boundary of the 2-cell f; multiplied by
h. Hence, the choice of the fundamental family affects the entries of M in
the following way: if the 2-cell f; is translated by h, the i-th column of the
matrix is multiplied by h.

Now all the maps 51, 52 and 53 are expressed as matrices with respect
to the basis given by the fundamental family, so we are able to calculate
the torsion. Let ¢ : Q[H] — K C C be a ring homomorphism, which
endows K with a structure of Z [H]-module. Consider the p-twisted com-
plex Cf(A;Z) = C,(A;Z) @z K. The fundamental family chosen above
provides bases ¢y, c1, ¢2, c3 of Cf (A;Z), and with respect to these bases the
chain complex is
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(80(91)—1)
('m.)_l M h1) =1, ..., @(hm)—1
vlg (M) (¢(h1) ©(hm) )K

K K™ K™

where M is the one in Equation (3.25).

Suppose now that ¢(gr — 1) # 0, p(hs — 1) # 0 and p(A™*) # 0, where
A" is the determinant of the minor of M obtained by deleting the r-th
column and the s-th row. Then the maps K — K" and K™ — K in the -
twisted complex have rank 1, and the rank of the central map is > m—1. By
dimension counting, it follows that the complex is acyclic. We can therefore
calculate its torsion using Equation (3.15). For Cf(A4;Z) choose the basis
¢i, and as b; use the following sequences: by = (), by = ys (the s-th vector of
c1), ba = ca \ {z,} (where x, is the r-th vector of ¢3) and b3 = c3.

Then, if we denote by a;; the entries of the matrix Lp(]\7 ),

[(albl)bO/C()] = [ ( CO/CO = @(hs - 1)§
by)b = ai El Y Yir1Yivgr " Yim | Ys
[(O202) 1/¢1] — it k + /01
74r+1 Him
B ATS s S
— (et \{vsH v )/Cl]

= (A7) ()" [erfe]
= (1) (A7)

[(D3D3)ba/,] = (ZS" (g7 — Dz (2 \ {xr})>/
—1)"o(gr — 1);

C2

[bS/ 03] =

By Equation (3.15) the torsion of the ¢-twisted complex is

(
1

p(A™?)
o(hs = D)p(gr — 1)
The Reidemeister-Franz ¢-torsion (with respect to the standard homo-

logical orientation of A and to the Euler structure s defined by the chosen
fundamental class e) is then

T(Cf(A, Z)) = (71)m+r+s+1

Pp(A"®)
o(hs = 1)p(gr — 1)’

where c is the basis of C.(A;Z) given by the cells.

T@(A,ﬁ) — (_1)m+r+s+1 To(A,C)
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Finally, recall that the matrix M is the matrix obtained by multiplying
each column of the matrix of Fox derivatives by an element [;. Let [ be the
product of all I; except [, let M denote the matrix of Fox derivatives of the
chosen relations b; (cf. Remark 3.31), and let A™* denote the determinant
of the minor (s,r) of ]\/4\) Then

p(A7)

T9(A,5) = (=1)™ T (A4, 0) o(1) p(hs — p(gr — 1)

so by Equation (3.21)

Ar,s)

TP(A 17 s) = (=)™ sl (A4, e o . 3.26

e = D A e - O
The calculation made in this subsection may be summarized in the fol-

lowing lemma.

Lemma 3.32. LetY be a 3-dimensional closed connected oriented manifold,
and let A be a cellular decomposition of Y in one O-cell, m 1-cells eq, . .. em,
m 2-cells fi,..., fm, and one 3-cell. Suppose that every cell is endowed
with an orientation. Choose relations b; that represent in homotopy the
boundaries of the 2-cells (cf. Remark 3.31). Then

m(A) =(e1,...,em|b1, .., bm)

is a presentation of the fundamental group of A.

Let M = (0;bj)i,; be the matriz of Fox derivatives of the relations, and
let A™* denote the determinant of the minor of]\//f obtained by deleting the
s-th row and the r-th column.

Let h; be the homology class in H = Hy(A;Z) represented by the 1-cell
e;, and let g; € H be the homology class of a loop in A that intersects once
positively the 2-cell f; and is disjoint from the other 2-cells.

Then, there exists an Euler structure t on Y (which depends on the
choice of the relations by, ..., by ) such that, for each ring homomorphism
¢: Z[H] = K, with ¢(gr — 1) # 0, p(hs — 1) # 0 and @(A"™*) # 0, the
p-torsion is given by

p(A)
(hs = 1) @(gr — 1)’
where the homological orientation of the torsion is always the standard ori-

entation of Hy(A;R) (which exists since A is odd-dimensional) and c is the
basis of C.(A;R) given by the cells.

7—<P(A’ t) — (_1)m+r+s+1 TQ(A, C) 5 (3.27)

Remark. The Euler structure t in the statement of Lemma 3.32 is the Euler
structure [~! - s that appear in Equation (3.26). The torsion relative to the
other Euler structure can be obtained by Equation (3.21).






Chapter 4

Infinite families of
non-quasi-alternating thin
knots

In this section families of non-quasi-alternating thin knots will be detected
among Kanenobu’s knots.

First, some special families of knots (among Kanenobu’s knots) will be
defined and it will be proved that knots belonging to the same family have
the same homological invariants (Khovanov, odd-Khovanov and Knot Floer
homology). Hence, if one knot in the family is thin, so are the others.

Then, the calculation of the Turaev torsion will show that only finitely
many knots in each family satisfy Equation (2.8), so infinitely many must
be non-quasi-alternating. The calculation of the Turaev torsion is made
starting from a Heegaard diagram for the branched double cover of each
knot in the family, which gives a cellular structure to the branched double
cover and a presentation of its fundamental group.

Finally, the discovery of thin knots in some of these families will prove
that the family that they belong to contain infinite non-quasi-alternating
thin knots.

This technique to find non-quasi-alternating thin knots is taken from
[GW11], where Greene and Watson exhibit a family of such knots.

4.1 Kanenobu’s knots

Definition 4.1. Kanenobu’s knot K, ,, with p,q € Z, is the knot illus-
trated in Figure 4.1 if p > 0 and ¢ > 0. If p < 0 (resp. ¢ < 0), instead of p
(resp. q) right twists there are |p| (resp. |q|) left twists.

Kanenobu’s knots satisfy the following properties.
Lemma 4.2. For each p,q € Z, K_p _ is equivalent to Ky ,, the obverse
of Kpq (cf. Definition 1.9).

85
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a

pd
NS

Figure 4.1: Kanenobu’s knot K, ,, where p and ¢ are the numbers of half-
twists (in the picture p and g are assumed to be positive).

=

Proof. A reflection along the central horizontal axis carries the diagram for
K, , in Figure 4.1 to the diagram for K_, _,. O

Theorem 4.3 ([GW11, Theorems 7, 9, 10]). For all p,q € Z,

Kh(Kp q) = Kh(KpH,qfl)’

)

KhOdd(Kp q) = KhOdd(Kp+1,q—1)7

)

HFK(Kpq) = HFR (K q) = BFR(Kpg12).

Corollary 4.4. For each pg,qo € 7Z, consider the family of Kanenobu’s
knots { Kpyt2n,g0—2n}pey- If one of the knots in the family is thin (cf. Defi-
nition 1.70), so are all the knots in the family.

Proof. The statement follows at once from Theorem 4.3. O

Thin knots satisfy the following property, which is a well-known conse-
quence of [OS05, Theorem 1.1] (see for instance [GW11, Proposition 11]).

Theorem 4.5. The branched double cover of a thin knot is an L-space.

Now, suppose that {Kp,t2n,g0—2n},cz 18 @ family of thin knots with
bounded determinants and that for each n there exists a Spin® structure t,,
such that the correction terms d(X(Kpy+2n,g0—2n), tn) tend to —oo as n — oo.
Then, by Theorem 2.10 the knots K}, 42n,4,—2n are non-quasi-alternating for
n>> 0.

Corollary 4.8 below shows that for such knots the above correction terms
tend to —oo if and only if the Turaev torsion does.
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Theorem 4.6 ([Rus04, Theorem 3.4]). IfY is an L-space and t is a Spin®
structure on Y, then

d(Y,t) =27 (Y, 4, 1, (viz)) — A(Y).

A(Y') denotes the Casson-Walker invariant of the manifold Y. If Y is the
branched double cover of a link, it can be explicitly calculated, as stated in
the following theorem.

Theorem 4.7 ([Mul93, Theorem 5.1]). Let L be a link such that det L # 0.
Then

Vi(=1) | o(L)

6V5(—1) 4
Corollary 4.8. Consider the family of Kanenobu’s knots {Kp,+2n.q0—2n},
and suppose that one of them is thin. Then there exists a constant A € Q
such that for each n € Z and for each t € Spin®(3(Kpy12n.00—2n))

d(E(KpoJr?n,qO*?n)a t) = 2T(E(Kp0+2n,%*2n)v £, 1) - A

Proof. By Corollary 4.4 all the knots K,42p ¢,—2n are thin, so the branched
double covers X(Kpy12n,g0—2n) are L-spaces (cf. Theorem 4.5). Thus, The-
orem 4.6 implies that

d(E(KP0+2n7QO—QN>7 t) =27 (E(Kpo+2n7QO—QN>7 t, 1) - /\(E(Kpo-&-?n,%—?n))'

The thing that is still to be proved is that A(3(Kp,+2n,90—2r)) is in fact
a constant A\. The determinant of a knot K 4 is always 25 (an explicit com-
putation will be done in Section 4.2.4, and the result is stated in Corollary
4.14), so Theorem 4.7 can be applied, and the Casson-Walker invariant is

A(S(L)) =

Vi (1) o(K )
_ po+2n,90—2n p0+2n7CI0_2n
A (Kp+2n,go—2n)) = 6 VKP0+2n,q072n(71) 1 .

By Theorems 4.3 and 1.69 the Jones polynomials are the same. Moreover,
K, , is always ribbon (it is symmetric along the horizontal axis in Figure
4.1), hence algebraically slice, so the signature o(K),,) vanishes. Thus,
AE(Kpy+2n,q0—2n)) is in fact a constant A, and the corollary is proved. [

A consequence of Corollary 4.8 is that, if {Kp 12n.g—2n}nez is a family
of thin knots with bounded determinants, then, if for each n there exists a
Spin® structure t, such that the torsion T(X(Kpo+2n,g0—2n), tn, 1) tends to
—00 as n — 0o (resp. n — —oo), then the knots K)o g—2n for n > 0
(resp. n < 0) are not quasi-alternating (cf. Theorem 2.10).

4.2 The branched double cover Z(Kp,q)

In this section a Heegaard diagram of the manifold ¥(K, ) is given. This
presentation of (K, ,) will naturally endow (K, ;) with a cellular struc-
ture and will lead to a presentation of m;(X(K,,)) and to a calculation of
the Turaev torsion.
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4.2.1 Heegaard diagrams

Definition 4.9. Let Y be a closed connected oriented 3-manifold. A Hee-
gaard splitting of Y is a decomposition of Y into two connected handle-
bodies U7 and Us, whose boundaries are identified via a diffeomorphism.

Definition 4.10. A Heegaard pair is a pair (5, «), where S is a closed
connected oriented surface of genus g and « is a collection of closed simple
curves in S which satisfies the following three conditions:

1. the number of curves in « is g;
2. the curves in « are disjoint;

3. after cutting S along the curves, the surface is still connected (i.e. it
is a 2-dimensional sphere S? with 2g open disks removed).

A Heegaard pair (S, «) naturally defines a manifold U,, which is ob-
tained by taking S, attaching g 2-handles to S in such a way that the
attaching spheres are the curves in «, and finally eliminating the bound-
ary through the attachment of a 3-handle (note that a single 3-handle is
required because condition 3. implies that the boundary of the manifold
obtained after attaching all the 2-handles is a sphere S?). U, can be given a
natural structure of 1-handlebody with only one 0-handle just by reversing
all the handles (i.e. by taking the dual decomposition).

Definition 4.11. A Heegaard diagram is a triple (S, «,3) such that
(S,a) and (S, B) are Heegaard pairs.

Any Heegaard diagram (5, a, 3) defines a 3 manifold together with a
Heegaard splitting of it. The two pairs (S, «) and (.S, §) define handlebodies
U, and Ug with common boundary S. Thus, the manifold U, Ug Ug has a
natural Heegaard splitting as the union of U, and U, 3. Such splitting will
be called the Heegaard splitting associated with the diagram (S, «, 8) (U,
denotes the handlebody U, with opposite orientation). For example, the
Heegaard diagram in Figure 4.2 is a Heegaard diagram for S3.

4.2.2 A Heegaard diagram for ¥(K)

In this subsection a Heegaard diagram for the branched double cover of a
knot K in S? is described, following [Gre08, Sect. 3.2].

Consider a diagram D of K, which gives a tetravalent graph on the plane.
Colour the regions defined by the graph in white or black in a chessboard
fashion, so that the unbounded region is white (see Figure 4.3). The union
of the black regions gives rise to a (generally non-orientable) surface C,
which is embedded in S3 in such a way that its boundary is K: such a
surface can be constructed by taking the disjoint union of the black regions
and attaching at each crossing of the diagram D a half-twisted band to the
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S

Figure 4.2: A Heegaard diagram (S, a, 3) for S3. « is the set containing
only the red curve, whereas (8 is the set containing only the green curve.

) €

Figure 4.3: The diagram of a trefoil knot and its chessboard colouring.

adjacent black regions (the direction of the half-twist depends on the type
of the crossing).

Now consider the product [—1,1] x C, and for each p € K collapse
the segment [—1,1] x {p} to the point (0,p): the result is a connected 1-
handlebody U, naturally embedded in S®, and such that {0} x C C U
is identified with C' itself. U is a connected 1-handlebody because it is a
regular neighbourhood of the black graph B (i.e. the planar graph obtained
by drawing a node for each black region and an arc connecting two black
regions for each crossing in which the two black regions meet). Let S denote
the boundary of U. Figure 4.4 shows the surface S in case K is the trefoil
knot in Figure 4.3.

S\ K is a double cover of the open surface 8’ It is connected if C is
not orientable, otherwise it is disconnected. In any case, there exists a map
t: S — S that on S\ K acts as the non-trivial deck transformation of the
cover and on K is the identity. Such ¢ is the quotient of the map which
sends (e,x) € {£1} x C to (—¢, z). It is clear that tor = idg. The branched
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Figure 4.4: The picture shows the surface S, which is the boundary of the
1-handlebody U constructed by ‘thickening’ the black surface C.

double cover of K can be constructed by taking two disjoint copies of S3\ U
and gluing them along the boundary through the map ¢. Let us prove it.
Let p : m1(S%\ K) — Zy be the map that associates to each [y] € 3\ K
the (mod 2) intersection number with the surface C' (note that this map is
defined even if C' is non-orientable). The kernel of p consists of the curves
that intersect C' an even number of times. The manifold constructed above
by gluing the two copies of S\ U admits a projection on S3 using the fact
that S3\ U = §3\ C. such projection is a branched cover whose branch set
is K and whose associated cover is the one corresponding to the subgroup
ker p of 711 (5% \ K) (because a loop in S lifts to a closed path in the cover if
and only if it pierces C' an even number of times). Hence, by Lemma 1.56,
the resulting manifold is 3(K).

Let aq,...,ay be the simple closed curves obtained by intersecting S
with the white regions except the unbounded one, and for each i let 5; be
a simple closed curve on S intersecting «; once and disjoint from the other
a;’s (cf. Figure 4.5). If o denotes the set of the curves «; and 3 denotes
the set of the curves 3; (which may be supposed disjoint), then (S, 3) is a
Heegaard pair defining the handlebody Uz = U and (S, «) is a Heegaard
diagram defining the complementary handlebody U, = S3 \ Us. For each
i, let v; be the image of a; under ¢. Then, if v is the set of the curves ~;,
(S,7) is still a Heegaard pair for the 1-handlebody U,. Since ¥(K) is the
manifold obtained by quotienting two copies of U, on the boundary under
the map ¢: S — S, (S, a,7) is a Heegaard diagram for ¥(K).

Let us describe in detail the curve -;: it coincides with a; away from the
crossings of K, whereas at each crossing it undergoes a twist in the same
direction as the crossing. However, for the sake of clarity, we can suppose
that away from the crossings ~; is just parallel to «a;, and not coincident
with it (cf. Figures 4.5 and 4.6).
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Figure 4.5: The picture shows the «, 8 and « curves for the diagram of a
trefoil knot as in Figure 4.3. In each one of the three cases there is only one
curve belonging to the set a, 8 or 7. The red curve is the one belonging to
the « set, the green curve is the one belonging to the 3 set, and the blue
curve is the one belonging to the v set.

Remark. A standard orientation of the «, 8 and 7 curves can be chosen
as follows (see also Figures 4.5 and 4.6). The « curves are the intersection
of bounded white regions with the surface S; since they lie in the plane of
the diagram D, they can be endowed with the counterclockwise orientation.
The surface S comes with an orientation since it is the boundary of the
1-handlebody Ug. Hence, the intersection of two oriented curves on S has a
sign. The condition that guarantees a choice of the orientation of j; is then

#(a; N Bi) = +1. (4.1)

Finally, the orientation of 7; is induced by the orientation of «; through the
map ¢.

4.2.3 A presentation of 7 (X(K))

In the last subsection a Heegaard diagram (.S, o, ) for the double branched
cover of a knot K was given starting from a diagram of the knot. Such
a Heegaard diagram gives a Heegaard splitting of the manifold ¥(K) into
two 1-handlebodies U, and U,. This splitting also induces a handle decom-
position of ¥(K): indeed Y(K) is obtained from the 1-handlebody U, by
attaching 2-handles along the v curves and finally a 3-handle.

Since a handle is a thickened version of a cell, the handle decomposition
induces a cellular decomposition of 3(K), where (roughly speaking) the \-
cells are given by the cores of the A-handles. The curves fSy,..., 3, are
homotopic in X(K) respectively to the 1-cells ey, ..., ey, of this decompo-
sition, whereas the v curves are homotopic to the boundaries of the 2-cells
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~____—~
L

Figure 4.6: The picture shows the curves «; (in red) and 7; (in blue) near
a crossing. For the sake of clarity they have been shghtly shifted, in such a
way that they are transverse. The purple lines are the segments of K that
constitute the crossing, so they are fixed under the action of ¢.

fis--+ fm. Moreover, since the 5 and the 7 curves are oriented (as ex-
plained at the end of Section 4.2.2), an orientation is induced on the cells
€1y Cms 1,y fin-

Thus, a presentation of 71 (X(K)) is obtained as follows: the oriented
1-cells ey, ..., ey (or, analogously, the curves fi,..., 5y) are taken as gen-
erators, and, in order to obtain a relation b;, we should consider in U, the
curve 7; (lying in the same homotopy class as 0f;) and express its homotopy
class in terms of the 1-cells e; (or, equivalently, in terms of the § curves).
Since the 8 curves represent the 1-handles, we shall record which 1-handles
7; overpasses. It passes over the 1-handle corresponding to 3; if it meets
transversally once the belt sphere of the 1-handle (cf. Figure 4.7). But the
belt sphere of the 1-handle is exactly the curve «;, because it is defined by
the condition that «; intersects once §; and never intersects the other (8
curves. Hence, to obtain the relation b; it is sufficient to record a e; or a
e;l when +; intersects «;. The choice between e; and e; 1 depends on the
sign of the intersection: recall that the orientation of j; is defined in such a
way that in S

#(Ozi M ﬁ,) =+1

Hence, v; goes over the i-th 1-handle in the same direction as 3; if and only
if on S the sign of the intersection between «; and ; is positive.

The intersections between «; and the a curves are concentrated around
the crossings of K. Focus on a particular crossing ¢, and give it a sign &(c)
according to Figure 4.8. Suppose that the adjacent white regions correspond
to the a curves o and «;. If ¢ is a negative crossing (i.e. if e(¢c) = —1), then
7; first intersects c; and then «; (see the picture on the left in Figure 4.9),
and the incidence relations in S are:

#(a; Nyy) = +1; (4.2a)
#(oy ﬂ"}/j) =—1. (4.2b)
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Q;

Vi

Bi

Figure 4.7: The picture shows the 1-handle corresponding to f3; in U,. The
belt sphere of the 1-handle is the curve ;. The fact that ; goes over the
handle can be detected from the fact that v, intersects ;.

If instead c is a positive crossing (i.e. if e(c¢) = +1), then ~; first intersects
a; and then o (see the picture on the right in Figure 4.9), and the incidence
relations in S are:

#(a; N7) = +13 (4.32)
#(a; ) = —1. (4.3b)

Hence, when we write the relation b;, we have to add (eie].*l)a(c) if ; passes
through the crossing c.

Suppose now that the adjacent white regions are the one defined by «;
and the unbounded one. In this case «; does not exists, and the relation
that must be recorded is simply ej_e(c).

The relation b; can now be written simply following the curve «; and
writing the relations recorded at each crossing sequentially. For example, in

the case of the trefoil knot as in Figure 4.3, the unique relation b is given by
b=¢e?,

as Figure 4.5 illustrates.

To summarize the discussion above, the presentation of 71(3(K)) can
be recovered directly from the diagram of K as follows. First, we have to
construct a graph associated to the diagram, which is called reduced white
graph.

Definition 4.12. Let D be a diagram of a knot. Colour the plane in a
chessboard fashion so that the unbounded region is white. Call the white
regions wy, . . . , W, Wunb (Wyunpb is the unbounded region). Now consider the
white graph W (i.e. the graph whose nodes are the white regions and whose
arcs connecting w; and w; are the crossings where w; and w; are adjacent),
and remove the node corresponding to the unbounded region from it (but
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N [
NV

—1 +1

Figure 4.8: If D is a diagram of a knot with a chessboard colouring, assign
to each crossing ¢ a sign £(c) as in the picture.

Figure 4.9: The picture on the left shows that at a negative crossing the
curve «; first intersects a; and then intersects o;, and the signs of the
intersections are as in Equations (4.2), whereas the picture on the right
shows the case of a positive crossing, where the curve +; first intersects «;
and then intersects o, and the signs of the intersections in this case are as
in Equations (4.3).

do not remove the arcs). Then label each arc with a sign + or — depending
on the sign of the corresponding crossing (cf. Figure 4.8), and denote the
resulting graph by W.

W is called the reduced white graph of the diagram D.

Figure 4.10 shows the reduced white graph for the diagram of the trefoil
knot in Figure 4.3.

For each node w; of the reduced white diagram, consider the arcs of the
diagram that exit from w; counterclockwise. For each arc ¢ connecting w;
to w; record a ‘word’ (eiej*l)g(c) (where e(c) denotes the sign assigned to
the arc). If the arc was connecting w; to the removed node (the one corre-
sponding to the unbounded region), then the word to be recorded reduces

to ej_s(c). The relation b; is obtained by writing the recorded words in the
order the arcs exiting from w; appear if you go counterclockwise around the
node (the point you start going counterclockwise simply changes b; by a
conjugation). In the case of the trefoil knot, the only relation given by the
reduced white graph in Figure 4.10 is 3.

A presentation of 71 (3(K)) is then given by

Fl(E(K)) = <€1,...,em‘b1,...,bm>.
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Figure 4.10: The reduced white graph W for the diagram of trefoil knot in
Figure 4.3.

4.2.4 The case of X(K,,)

Suppose now that K is the Kanenobu’s knot K, ;. Consider the diagram D
of K as in Figure 4.1. Then, the reduced white graph is as in Figure 4.11.
The relations given by the reduced white graph are the following:

2

b = (6261_1)p€4€1_ : (4.4a)
by = 62651 (6162—1)1’ e9; (4.4b)
by = (6463:1)(1 ezey ted; (4.4c)
by = ere; (egell)q ey (4.4d)

A presentation of m (2X(K), 4)) is then given by
Fl(Z(KZLq)) = <617 €2,€3,€4 ’ b17 b?a b37 b4>

By abelianizing the relations in Equations (4.4) we obtain the following
presentation matrix for H = H;(X(K,4); Z):

—-p—2 14 0 1
D -p+2 —1 0
M,, = 4.
P4 0 -1 —q+3 q (4.5)
1 0 q —q—3

Let us calculate a Hermite decomposition of M, ,, which will give the
structure of the Z-module H. First reverse the order of the columns (which
means reversing the order of the relations):

1 0 p —p—2
0 -1 —p+2 P
MP#I q _q+3 -1 0
—q—3 q 0 1

Then perform the following column operations (that do not change the
generators of the presentation): add to the third column the first one multi-
plied by —p and the second one multiplied by (—p+2), and add to the fourth
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Figure 4.11: The reduced white graph W for the diagram of Kanenobu’s
knot K, in Figure 4.1.

column the first one multiplied by (p + 2) and the second one multiplied by
p. Then

1 0 0 0
Mo~ 0 -1 0 0
P q —q+3 —3p—2¢q+5 3p + 2¢q
—q—3 q 3p + 2¢q —3p—2q—5

Now add the third column to the fourth one:

1 0 0 0
0 -1 0 0

Mpa~ | g —g+3 —3p—2+5 5 (4.6)
—q—3 q 3p + 2¢q -5

The presentation matrix in the form of Equation (4.6) already gives some
information, which is summarized in the following proposition.

Proposition 4.13. Let M, , be the matriz defined by Equation (4.5). Then

1. the Hermite decomposition of the matriz My , depends only on [p] and
q] in Zs;

2. for each p,q € Z, det M, , = 25.

Proof. Consider the presentation matrix in the form of Equation (4.6). If
p or q are changed by a multiple of 5, then by adding or subtracting the
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fourth column to the others we can go back to the matrix we had before
changing p and g. Hence the first point is proved.
The second point follows from an easy computation. ]

Incidentally, the second point of Proposition 4.13, combined with Lemma
1.58, proves the following corollary.

Corollary 4.14. For each p,q € Z, det K, ; = 25.

Now assume that [p] # [¢] € Zs. Then the numbers —3p — 2¢ + 5 and 5
are coprime, so there exist integers s and ¢ such that

(=3p—2¢+5)s+5t=1. (4.7)
Change the matrix in Equation (4.6) by right multiplication by the matrix

1 00 0

010 0

0 0 s -3 ’

0 0t —3p—2¢g+5

which is a matrix invertible over Z (since its determinant is 1). The result
of the product is

1 0 0 0

0 -1 0 0

q —q+3 1 0
—q—3 q —145s —25

Now multiply the second and the last column by —1. Then add to the
first column the third one multiplied by —g and add to the second column
the third one multiplied by (—g + 3). The final result is

1 0 0 0
0 1 0 0
Mp,q ~ 0 0 1 0 ) (48)

—3—-5sq —3—-5

—

g—3)s —1+4+5s 25

which is the Hermite form of M, , if [p] # [¢] in Zs. Then in this case the
group H = Hy(X(K), 4); Z) is isomorphic to Zgs. We shall use multiplicative
notation to denote the operation on Zos. Call ¢t the generator of H induced
by es. Then, the columns of the matrix in Equation (4.8) turn into the
relations

lel] =t (4.9a)
[eg] = 37042 (4.9b)
[ea] = 1048 (4.9¢)
[ea]®® =12 =1, (4.9d)
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where
Al =gs (mod 5)
Ay = (q—3)s (mod 5)
Az = —s (mod 5).

Note that, since t*® = 1, the numbers A;, Ay and A3 are important only
for their modulo 5 class. Moreover, since s and 5 are coprime (otherwise
Equation (4.7) would not be true), the following equations hold:

Al # Ay (mod 5) (4.10a)
A3 £0 (mod 5). (4.10b)

4.3 The Turaev torsion of (K, ,)

In this section a computation of the Turaev torsion of 3(K), 4) is made. The
Turaev torsion will distinguish Kanenobu’s knots K, , and K, o (unless
(p, q) is either (p',¢') or (¢’,p’)) and it will prove (under certain conditions)
the non-QA-ness of K, .

First, we will consider only Kanenobu’s knots K, ; such that

p#q (modb).

In terms of the diagram in Figure 4.12 this means that we are not considering
the knots lying on the green lines.

If p # ¢ (mod 5), then H = H;(3(K)4); Z) is isomorphic to Za5 (since a
presentation matrix for Hy (3(K) 4); Z) is the one in Equation (4.8)). Recall
that ¢ = [e4] is a generator of H. Let ¢g, p1 and g be the maps defined by

pj+ QH] — Q((s)

t——— (s

where (5; = ¢*™/5 € C. Note that ¢o : Q[H] — Q is the augmentation
map. The maps ¢g, p1 and @2 are induced by different characters H — C*
(specifically, by the three different characters of H up to automorphisms of
the image). By Proposition 3.28, the map

= (po,¢1,92) : Q[H] = QD Q(¢5) © Q (¢25)

is an isomorphism.

The maximal abelian torsion 7 of ¥(K) ) lies in Q[H], and it is com-
pletely determined by the ¢j-torsions, which are the images of 7 under the
maps ;. Hence, we will calculate the y;-torsions.

Before starting the calculation, it is worth noting that, in view of the
results of Section 4.2, for each p,q in Z a Heegaard diagram (S, «a,~y) for



4.3. The Turaev torsion of (K, ) 99

10

—10

Figure 4.12: The point (p,q) of the above grid corresponds to Kanenobu’s
knot K 4. The green lines are defined by the equation p = ¢ (mod 5).

Y (Kpq) is fixed. Such a Heegaard diagram gives a genus-4 Heegaard split-
ting of (K, ,), and it provides a fixed cellular decomposition of (K, ).
Moreover, the 1-cells eq,...,eq4 and the 2-cells fi,..., f1 are endowed with
a fixed orientation. We can also fix the relations that give a presentation of
m(X(Kp,g)) as the ones in Equations (4.4).

In order to compute the p;-torsion (for j = 1,2), we will apply Lemma
3.32. We will choose r = s = 4. The two homology classes hy and g4
that appear in the statement of Lemma 3.32 are respectively [e4] = ¢t and
[621] =t~!. Indeed, g4 is the homology class of a curve piercing (with one
positive intersection) the cell f4 and disjoint from the other 2-cells; Equation
4.1 implies that 84 pierces the cell f; with one negative intersection and is
disjoint from the other 2-cells, so [g4] = [, '] = [e;']. Thus, for j = 1,2
the hypotheses ¢;(gs — 1) # 0 and ¢;(hsy — 1) # 0 are satisfied. The (4,4)

minor of the matrix M is

. [01b1]  [01b2]  [01b3]
At = det [ [02b1] [02bo] [O2bs] | (4.11)
[03b1]  [O3ba] [03b3]

where

O1b1 = 01 ((e2e7M)P) — (eaer MPea(er™ + e1?) (4.12a)
82[)1 = (92 ((egel_l)p) (412b)
O3by =0 (4.12¢)
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D1by = ezez ' 01 ((erey)P) (4.12d)
Oaby =1+ ezez ' 0o ((ere3')P) + eze3 ' (erey )P (4.12e)
631)2 = —62651 (4.12f)
O1b3 =0 (4.12g)
D2bs = —(ese3 ) Tegey " (4.12h)
O3bs = 03 ((ese3 ")) + (eae3 ) + (eses ' )lese; (1 +e3).  (4.12i)
Note that
L+eie; ' 4+ + (eie; )" ifn >0
0; <(€i€;1)n) =10 ifn=0 (4.13)
—eje;t = — (eje;l)m' ifn<0
and
05 ((eie; ") = 05 ((ege; ™) (4.14)

We will check in Sections 4.3.2 and 4.3.3 that, for j = 1,2, goj(34’4) £ 0.
Finally, the sign 79(3(Kp4),c) is always —1 (it can be checked with an

easy computation, applying Equation (3.13) to the complex C,(3X(K) ), R)

with the basis ¢ and the homology basis given by the orientation of ¥(K)4)).
Hence, up to checking that goj(£4’4) # 0, Lemma 3.32 implies that there

exists a Spin® structure t,4 such that for j =1,2
pi(AY)
@it —1) @;(t~1 —1)

In the next sections (4.3.1, 4.3.2 and 4.3.3) the ¢;-torsions are explicitly
calculated.

4.3.1 The ¢ -torsion

The pp-torsion is very easy to calculate. Indeed, since g is the augmenta-
tion map, C£°(X(Kpq)) = Ci(2(K,4); Q), which is not acyclic. Hence, the
@o-torsion 799 (X(K, ), t) vanishes for all t € Spin®(2(K),,)) (cf. Definition
3.26).

4.3.2 The ¢;-torsion

The p1-torsion will be calculated by applying Equation (4.15), so @1(34’4)
has to be calculated. First note that, by Equations (4.9) and the fact that

‘pl(tg)) =1,
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Thus, by Equations (4.13) and (4.14), in all the cases that appear in the
Fox derivatives in Equations (4.12),

7 ([& ((eiea‘_l)”)D =n;
o1 ([05 ((esesm)]) = —n.

Then, using Equations (4.9) and the last equations, it is easy to calculate
that @1 (A%*), which is equal to the (4,4) minor of the matrix ¢ (M) (where
M is the matrix in Equation (4.11)):

e1(AM) = p+ 2+ q¢2 + q¢3.

Thus, @1(34’4) # 0, so the formula in Equation (4.15) can be applied to
find that

2p+3q —-p+tq -ptq
= ¢+ ¢ (4.16)

! (E(Kp,q)v J‘p,q) = 5

Note that the coefficients of 1, ¢? and (3 are non-vanishing under the
assumption that p # ¢ (mod 5).

4.3.3 The py-torsion

As in the case of Section 4.3.2, we have to calculate <p2(£4’4) and check that
it is non-vanishing. Specifically, we will prove the following proposition.

Proposition 4.15. Let p,q be integers such that p # q (mod 5). Then,
2 (A*) € Q(Ca5) is non-vanishing and only depends on [p] and [q] in Zs.

Proof. First note that, in the cases that appear in Equations (4.12),
v2 ([eiejl}) = (3F (4.17)

for some k such that [k] € Zs \ {0} (the fact that £ # 0 (mod 5) is a
consequence of Equations (4.10)). Then, recalling Equation (4.13) and the
fact that

L+ 35 + G5 + G + ¢33 =0,

n
we have that the image of the Fox derivative 0; ((eiej_1> ) depends only
on [n] € Zs:

Y2 ({@ <<€¢€j_1>n)}> =1+ C%‘f I ng([n}—l)’

where [n] is chosen in the set {1,...,5}. Note that

es ([0 ((eie;))]) =0 = n=0 (mod5).
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n
By Equation (4.14), also ¢o <8j ((eie;1> )) depends only on [n] € Zs and
satisfies

r ([ (e )]) =0 = =0 (oot

Since also o ([(eiejfl)”D depends only on [n] € Zs, we have that
302(34’4) depends only on [p] and [q]. Specifically, defining

2. 1) =2 ([0 (1) ")])
and using the fact that
©2 ([Oj ((eie;1>n)}) = z(j,1,[-n]) = — [eiejl] x(1, 7, [n]),
a computation with Mathematica (cf. [Wol03]) shows that
oo (A = 42—55(1+2A1+A3[q}) <<25éA27A1)[p] (1 X €§;5A1)
£ G 02,1, ) ) - G (2,1, ) 21,2, [p)
(ca™ D (G374 63 4+ G0 ) = P (4,3,
(G (1 G ) G (2,1, o))
(G oA 4 3154151, 2, )
(ca 0 (™% 4 G 4 6™ ) = P (43, [a))

C*7*5(2A1 +A2+2A3)
25 :

We have to check that, if p % ¢ (mod 5), then @o(A%4) € Z[(o5] does
not vanish. Consider the projection

) ~ Lt Zs [t
URVAICH = H/(t20+t15—|—t10+t5+1) - 5[]/(t4+t3+t2+t+1)’

induced by t > t. If 1 0 pa(ABY) #£ 0, s0 is o (AT).
Combining Equations (4.13) and (4.17), one can show that in Zs

¥ (x(i, 4, [n])) = [n].
Then, a calculation shows that
V0 oA = [p] + 2[g] + [q] * + [q] £*.

¥ o pa(A**) vanishes if and only if all its coefficients do. However, this
happens if and only if p = ¢ = 0 (mod 5), which is absurd because we
required that p # ¢ (mod 5). Hence,

pa(A*) 0. O
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By Equation (4.15), a straightforward corollary of Proposition 4.15 is
the following.

Corollary 4.16. Let p,q be integers such that p Z q (mod 5). Then, the
pa-torsion T92(X(Kpq), tp,q) € Q(C25) only depends on [p] and [q] in Zs.

The explicit form of the po-torsion can also be computed using Equation
(4.15), but for our purposes the previous corollary is enough.

4.4 The families of knots

This section contains the main result of the present work. Consider the
family of Kanenobu’s knots

F = {KP0+2n,QO*2n}nez>

and suppose that K 4, is thin (as we will see, this is a key assumption).
For each j = 0,...,4, let us also define the subfamilies

Fij) = {Kp0+10n+2j,%*10n*2j}NEZ i

that constitute a partition of F. The subfamily F, 4 is the subfamily of
the knots K, such that p = ¢ (mod 5). Since this case is different from

the others, we will usually prefer to deal with the family

F =T\ Fipy—qo)-

4.4.1 Distinguishing the knots

First, we will prove that the knots in the family F are distinct if n > 0 or
n < 0. This is a straightforward consequence of the following lemma.

Lemma 4.17. Let p,q,r, s be integers such that p % q and r £ s (mod 5).
If (p,q) # (r,s) and (p,q) # (s,7), then the p1-torsions of X(Kp4) and
Y (K, ) are different, so Kp 4 # K, 5.

Proof. The proof requires care, firstly because the map 1 depends on the
isomorphism between H = H;(X(K..)) and Zys, so it is defined only up
to automorphisms of Q((5), and secondly because the yi-torsion is defined
only up to multiplication by elements of H.

The automorphisms of Q((s) are determined by the image of (5. Let &,
be the automorphism specified by:

€a: Q(G) — Q&)

(s — (5
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Since the torsion is defined up to automorphisms of Q(¢5) and multiplication
by Cg, it is useful to define

Pyqla,b) = Cg Lo (T(B(Kpg)s tog)) -

Note that P, 4(1,0) = 7(2(Kpq), tpq)-
By Equation (4.16), a computation with Mathematica (cf. [Wol03])

shows that
2p + 3q p+q -p+q
Py 4(1,0) = 5 + C5 5 ng
— 3 +2
Pp,q(lal):p5q+ P qC+ ch
p q 3p+2q p—q
Ppg(1,2) = == G + G+
p+q —p+q 2p+3q
Ppq(1,3) = 5 + G5+ C5
2p + 3q 3p—|—2q 3p+2q 2p + 3q
Ppg(1,4) = — - 5 — - G
5 5 5 5
3p+2q q
Prg(2,0) = = fg+tAa
—p+q 2p+3q p+q
Ppq(2,1) = 5 + 5 G5 + C5
—p+q 2p+3q p+q
Py q(2,2) = G+ C5 C5
p— q p q 3p+2q
Ppq(2,3) = 5 + C + Cs
3p + 2¢q 2p+3q 2p + 3q 3p + 2q
Pp,q<274) = - - C5 - Cg - Cg
5 5 5 5
3p+2q L P4 q
PP»Q(37O) = 5 CE) <53
-p+q 2p+3q p+q
Ppq(3,1) = 5 + 5 G5+ C5
p+q 2p+3q p+q
P,4(3,2) = G5 + C5 Cs
D — q p q 3p+2q
Py q(3,3) = 5 + C + C5
3p+2¢q 2p—|—3q 2p + 3¢ 3p + 2¢q
Ppy(3,4) = — —~ c5 —~ ¢ - ¢
5 5 5 5
2p + 3q p+q —-p+q
P, 4(4,0) = 5 + C5 5 CE?
P—q 3p+ q q
P,q(4,1) = 5 + ¢s + C52
p q 3p+2q p—q
p+q -p+q 2p+3q
Pog(4,3) = =4+ A G ¢
2p+3q 3p+ 2q 3p+2q 2p + 3q
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If ¥(K, ) is equal to X(K) ), then there exist integers a and b such that
TN (E(Krs) trs) = Bpglasb).

Since the only P, ,(a,b) such that the non-zero coefficients are the ones of 1,
¢2 and (3 are P, 4(1,0), P, 4(2,0), Py 4(3,0) and P, 4(4,0), 791 (Z(Ky5), trs)
must be equal to one of them. Moreover, since P,4(1,0) = P,4(4,0) and
P, 4(2,0) = P, 4(3,0), 7% (X(K.s), t,s) must be equal to either P, ,(1,0) or
P, 4(2,0). The former case leads to (p,q) = (1, s), whereas the latter leads
to (p,q) = (s,1). O

Remark. Roughly speaking, Lemma 4.17 does not allow one to distinguish
K, from K,,. Indeed, it can happen that K,, = K,,. For example,
Ko1 = K10, Koo1 = K10, K1,.1 = K_11, Koo = Koo and Koo =
K_5 0. These equalities are all proved in Appendix A (see Figure A.1).

4.4.2 The main result

In this section we will prove the main result of the present work, which is
stated in the following theorem.

Theorem 4.18. Suppose that, for some integers py and qo, Kanenobu’s
knot Kpq, 4, 5 thin. Then there exists some M € Z such that the families

Fir(00, q0) = {Kporango—on|n > M, n#py—go  (mod 5)}

Frr (0o, 00) = {EKpy+2n,go—2n |7 < =M, n# py — qo (mod 5)}

are infinite families of non-quasi-alternating thin knots.
Moreover, all knots in ]:J\J;[ (resp. F,;) have the same Khovanov, odd-
Khovanov and knot Floer homologies.

Proof. By Theorem 4.3 all the knots in F = {Kp,12n,gy—2n }nez have identi-
cal homological invariants, therefore so do the knots in the subsets .7::;2 and
fﬂ}. Thus, the last statement of the theorem is clear.

Now consider the four subfamilies F;, for j # po — go (mod 5). The
knots in each subfamilies are K, 110n+2j,q0—10n—2;- Recall that by Corollary
4.4 all the knots in F are thin.

Focus on a particular j. The pp-torsion of the branched double cover
of each knot in F[; vanishes (cf. Section 4.3.1). By Equation (4.16), the
(p1-torsion varies linearly in n in a non-trivial way. Finally, by Corollary
4.16, the po-torsion is the same for all knots in ;. Hence, by Equation
(3.20), the maximal abelian torsion

(X (Kpy+10n-+2,90—10n—25 ) tpo+10n+2j,90—10n-2;) € Q [H]

varies linearly in n, and therefore so do all its rational coefficients. Since
the sum of all coefficients vanishes (because it is the ypp-torsion), there exist



106 Infinite families of non-9.A thin knots

elements hy and h_ in H such that

T (X (K po+10n+25,q0—10n—27) > tpo+10n+2j,q0—10n—2, hy ) = —00 if n — 400

T (X (K po+10n+25,q0—10n—27) > tpo+10n+2j,q0—10n—2j, h—) = —o0 if n — —o0

Up to changing the Spin® structure, this implies, by Corollary 4.8, that
for n — +oo (resp. n — —o0), the correction term

d(E(Kpy-+10n+2j,g0—10n—27) s tpo+10n+24,90—10n—25)

tends to —oo. Hence, by Theorem 2.10, for n > 0 (resp. for n < 0)
Kpo410n+24,q0—10n—2; is N0t quasi-alternating.

Since the previous fact holds for each subfamily F[; (with j # po — qo
(mod 5)), up to choosing n big enough (resp. small enough), it holds also
for the whole family F. O

4.5 The starting step

Theorem 4.18 does not provide itself families of non-Q.4 thin knots, but a
thin knot is required to ‘trigger’ the theorem (recall the crucial hypothesis
that Kp, qo is thin).

n [GW11], Greene and Watson use as trigger the knot K3 = 11%,
Wthh is the first non-Q.A thin knot to be discovered (cf. [Grel0]). Of course
it works and produces the two families F, 17(0,3) and F;,(0,3).

Remark. Note that a priori there is no reason for the knots in the families
]:]\J}(po,qo) and F,;(po,qo) to be different, because, as it was shown, the
torsion does not distinguish between K, and K.

By Lemma 4.2, also the knot Ko 3 = (11},)" is thin, so it can be used
as a trigger.

Other thin Kanenobu’s knots are K_Q’(], K—l,—la K—LO’ KO,—I, K—l,ly
Koo, Ko,1, K10, Koz and Ky 1.

K_5 is the knot 1074, (for the name of the knots we refer to the table
at the end of [Rol76]), which is QA due to a result by Champanerkar and
Kofman (cf. [CK09]), hence it is thin (cf. Theorem 2.3). The same argument
holds for K2, which is the knot 10137.

K_1,_1 is the knot 10155, which was shown to be QA by Baldwin in
[Bal08], hence it is thin. The same argument holds for K1, which is the
knot 10755.

The knot Ko is the connected sum 4;#4, which admits an alternating
diagram. Hence it is thin by [OS05, Lemma 3.2].

Finally, the knots K—l,O = 8g, K07_1 = 8g, K_171 = &9, K071 = 8g and
K10 = 8 are alternating, so they are all thin.

Hence, each of the previous knots gives rise to the two families of non-Q.A
thin knots F;, 17 (po, q0) and F;(po, qo)-
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Remark. All the isotopies between the above knots and their equivalent
knots in the Rolfsen table are proved in Appendix A.

Remark. Before the work of Greene and Watson, the only known non-Q.A
thin knot was 117, = Kp3 (cf. [Grel0]). Then, starting from this knot,
Greene and Watson in [GW11] constructed an infinite family of non-9Q.4 thin
knots. The new families of non-O.A thin knots found here were constructed
without starting from already known non-Q.4 thin knots. Therefore, the
existence of each of these families provides an alternative argument for the
existence of non-Q.A thin knots.
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10

-10 -5 0 5) 10

—10

Figure 4.13: After [Grel0] the only known non-Q.A thin knot is the knot
Kos = 117,

10

-10 ) 0 S 10

—10

Figure 4.14: Greene and Watson in [GW11] proved that the family of knots
obtained by taking on the purple line one knot every ten, starting from
the knot K3 = 117, and going upwards and leftwards, contains infinite
non-9Q.A4 thin knots.
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Figure 4.15: In this work we proved that both families lying on an or-
ange line obtained by taking one knot every two (except the knots lying on
the green lines) contain infinitely many non-Q.A thin knots in both direc-
tions. Moreover, the family lying on the purple line passing through (0, 3)
(resp. (0,—3)) obtained by taking one knot every two, starting from Ky 3
(resp. Ko,—3), excluding the knots lying on the green lines, contains infinitely
many non-9.A4 thin knots in both directions.






Appendix A

Tables of isotopies

In Section 4.5 some thin knots among Kanenobu’s knots were detected in
order to apply Theorem 4.18 to the family that they belong to. It was
claimed that some knots K, ;, were equivalent to knots of the Rolfsen table
(cf. [Rol76]), but it was not proved.

In this appendix isotopies between Kanenobu’s knots K, ; with small |p|
and |g| and their equivalent knots in the Rolfsen table are shown.

Figure A.1 shows the equivalent knots in the Rolfsen table for small
values of |p| and |q|.

11%,
10137
89 8 10155
10737 8  di#4 8 10137
10155 8 89

10737

(1150)"
Figure A.1: The knots K, , for small values of |p| and |¢| in the notation
of [Rol76]. On the horizontal axis we put the number p, whereas on the

vertical one we put the number q. The central knot 4,#4 corresponds to
the knot Ko .

Each section of this appendix deals with one of the knots in Figure A.1
and provides an isotopy from the diagram as in Figure 4.1 to the diagram
as in the Rolfsen table. By Lemma 4.2, for each p and ¢ it is sufficient to
provide an isotopy only for one of the knots K, and K_, _,.

We will not deal with the case of Ko3 = 11, for which we refer the
reader to [Grel0).

111
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NP
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@ @
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~ 41#41

Figure A.2: Isotopy showing that Ky g is equivalent to the knot 4;#4;. Note
that the figure-eight knot F8 = 4; is amphicheiral, i.e. 41 ~ 47.
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A.2 The knot K,

57

Q
Q

Q

(3814

Figure A.3: Isotopy showing that K is equivalent to the knot 8.
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Figure A.5: Isotopy showing that K; _; is equivalent to the knot 8y. Note
that the knot 89 is amphicheiral, i.e. 89 ~ 8.
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A.5 The knot Ks

(&2

Q

Figure A.6: Isotopy showing that K is equivalent to the knot 10137.
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A.6 The knot K,

<

Figure A.7: Isotopy showing that K is equivalent to the knot 10755.
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A.7 The knot K>

-

Q

Q

Q

Q

~ 10137

is equivalent to the knot 10;37.

Figure A.8: Isotopy showing that Koo
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