Handley & h-cdbordisn




(1) MANIFOLDS
Def ToPoLoGlcal Manpory M s o T2 N2 tpolagca
space roa”& Qowwwwr]o%ic to {x“;o} cR”
The boondary QM wonapordhe o {x"=07, dis welll - &£
L PL manFows (MTA) s o todbgicll mmapfold
v« (wadiml ) PL alfpr
A={ o M erdeldig f

wLose mfexwrcove«s M & UJH'L pL M"{OM 505’)(}\'0105:

p(A) e M 2 p(A)

) Jo

A upe—c.a):rfs; |_n2:u~>An
<i.e, Akca,u. &Wnﬂlm%azggwl'eu O”ng mF‘tceA &%maf
s linaor on oacll 5 'H'L&VVI\)

M: SMooTH MANIFO(D <H LA) ,5 a %‘f’ {Wr()d whqn a
ad % houwdon bk, o 10




e s abnoet ollags on ct magfolhr
-
£) A swodth wld has o onque. caonical P choclire
(Goims 1935, Whkleod 1940)
Hoveser, 3 non-smcohalle PL masifels (Kouoiee 1960)
2) A PL Wi CMA%D by a uridue tep vwauaolcl,,
Jtp wfds with w0 PL sdudoe (=g Freodwan 1982,
n>5 K;%-S;eL@nmm 19¢9).
3) Loo-dimersionl Jodts
D ng3  TOP~PL~C" <L§J i‘;ﬁ {22)
N ngs PL~C™ ery difF from TOP

(o v el Boget abod PL o Hho reit o o clo)

Tlauqua/!{oM 3 non-smocthable, PL e,mlaedclimga ag S ik S°
(@)

Deft LA -lrg'gugalow S a Mmo«wo/érlswu w'rH'/L a wmio[laag com{o(ea
ok

EL MM'O[O@V& (Lehw st vvﬂl&) admit o 'FQQAA@MQKLL_OV\,
[}"‘ fack 'uuzg debive w%wLaI%L vwl(giua OMQ/]




2) Nt o) tp wide are %@Lau@aﬂe
[nss gu (CHPLTOP), n=f no (Cower l?ﬁo}]
125 o (Modesco 2013)

3) 3 triongleble, non-PL whls (e, doube sucponsions of
von-hiiall  ZHS™)

0 Tauglbb § ho sone o okl can be ekl Affue
(Houglierndong i {alie)

) HANDIES
CAT = ToP, PL, or C” fepologically, ndf 3 He
A
W™ cAT-uhd, Woe W codim-O cawd  clnfd.
DS A cat- Hande Decorpos ITioN S Wl H s
a Glhobon W,eW,eW € .o st
4.) QV\/&=W
D Wi o dowd codim-O sl
3) [/\,-Li: W;—W&_( s a Cﬁt /xJam{lcl s.b
o~ K K K
(i, hioWe) = (B, aD°) « D
(K -handle )




5 I¥ AT =C*, smodh comars

Nobhor < e

|
pa —

=

Hooks ave bavicolly Hickened colls.

Ebs

1) (Relbhe) PL/C* londll doconosthions ot fr ol
PL/CZ—whde inall dimensious

C® uset }{orso/ Hwora, se 85. }(L’n,ol". ]
PL Juren Ln@w,d}uc, MJAA‘:V;SL})Y)S , HUCISOV) [9€9




&) (Mvg) TOP  hondle c[awM(f)osikow/k oid for
/vw(:cl}c w dim ;5.
dim 3 6 HlaLsAJ-M +o‘o J@c[/miw ]
dim=5  Quim 1932
3) A TP hade docomp. of W gits ff W s swerelle

() h-coBORDISH THEOREM 4

D A corOrRbISH W from Mt N dosed ofaded n-wldh
s o o ortenlid (n+4)-dim. mkd @/ QW =(M) u N
T Woeads, M awd N are cdled CAT= cdordant

Rk: Sie IN=(-M)oN = -(-N)o (-M),
Wgaﬁmw&mSW N to - M. Ths s cded
fo UPSINE LOWN  cdordhism ; nds b we hovent choyged
e w@%aﬁ;mﬁ Ww.

Rk: TxM s e IDENTTTY coBORBISH fow M o M.

B A cbodiom W fom H o N is o h- COBORDISH §
MW aud NesW e L:omo‘&f& ec[uim,@ucw




Wuﬂm@p+wég[°6%f TOP in dim ¢, whare th's gew
R TF WHN o bse w4 aud are b fo o CWe
‘HMJL LL,‘COL = H*(W, M/’Z>=Oé$) H*(W} N,‘ Z>=O

(ﬁr(—_— here we'd nad eryaq.{a CWN ex,
bt & s twe a posteriori by freadman

The (h-cobordksm, Sl 19605)  caAT=ToP, P, =
LE W™ e o AT cdordim from M to N wifh

T, (W) = (M) =, (N) =4 and He(W,M;2)=0.
6 ny5, tow I CAT—Lsom«FLLs% WS T M

ik s Bo toubly oo M — (0} xH. The, M3, N.

@ Proor :}5; 4, LL—CO’OO(‘A;.SW\ J'L)m
L w‘Jl clo Haa 5w\oo!Lt e

PL care is Hha Souue (%Wkg-Swpciusom,)

TOP e raf)irgx JMDKM% fat some “'ec,l/miquza éonLL;rooéL
(e gt bk, reumercdlly, bonds decmpsns,
Tt&sia done % Kr%—&ekemmm.

O, Th sharbg goink

Pk o Lok compesion for W ) M,

GOAL: woddy t b remove o) londbs ~— T M,




B& %mw% mmmw%d@mwi wi{L
(nj&mt'm UACVQO/XW€ O’clﬂf

/ — am_/
| W, |

cdinA + codm B = (o-4+4) + K > n = L (BW;)
= AMNB=2¢

b con e 1 f of W

Nobobon ol the end of dhe prock

W, .- <|n+/i)- o oo

alfa/:l/,} a“ E
d "
G, L ANNNAN 0o |,
e DV —H o-h /\Q/\/\/\



L\i@@@d@: [/MJE (moVers
A1) Greomeliic lfxzir camcelohon.

> B e D :
lDK
fl[/sc 'Av&aoLmé oLQovS L‘»k WA LLkJri 830/"‘@"”{)‘
D' (-4} B (B o Abf*":HA )
In k

~® Cou iroduce / coucall goom. wmr)bwenfa% anLrs.

2) Havdle SQ«CLQ/

R@tacwwy@w '
(W)=-TT+ (K]




-2 : HanJLs er%

) WLOG \/\/Um 0o O-londlas
Comecdadnon, &5 conpltelly bermied @ O- 9 A-lodln.
~ By, O-lande is connecked o audther O-hondle or
Mo by o A-bonll, sy sgom ol
~* Cougoll Hthou.
¥) WLOG W has no A-ladles i 0y 4
Simply - comachedren s com‘o\dag &k winad % 1= % 2-handex
A dlode gie o by, which con ke pusled 0 M, (»3)
x= O, wih D s W™ # wr¢ (Wi end)
T con bo pded bllr Bbandes (Lt sphores b
b w3, chids wis 2-din ook i M)
S;WL;%, ph B aboe 2-londls > D e M, |
Thicken & & st o 2/3 coudllng puir. We 9 awndle
to caucel U geom. COWLPL A-Ladle e % ¥
Cor: I 134, concll o0l O-, A~ n-, (1+4) -lendlex




3. Hondle Lmo(,o%

Def: HANDLE CHAIN COMPLE X
C’k: Z< k—b\amcllt’,k> , ®R=CR"“>CK,4

R kR Rt k-4
O,k :wzd@k“'k >k L
Il e ners,
o Akv/ln @V“"l'k)“/—:% w M,
alt. sphare Wsplwe
Ton: He(Cp) = siogullor bonclogg o (W, H)
BE_)" SW wojlor CLQZ«AQLW L)OW?O%&

Alp'Plica)kom JE: LL—CAE) -urwvé’)/m

%3 n-1
Czé—\C:sé"\-" <_—'Cm«zk—cn“4

Sl'vw,e/ H*Ol\f)M,"Z):O/ %q‘efa, cjmuﬁe @[ loa/x,.s
<a.£JAlev€cl w/ sequeuce § Ladb%) ve hae

3, #}




Fok k-lande is paired wilh edhor a. (k—/i)— or (ke1)=lande
aud by are olgobraicgll, complbmentory, (#(AnB) 1)
Emmwuuamg/eom.wmr\em.,#wwemmmﬁ

thow o) aud vein

o b dhis pb na¢ vorks
. The Wikwey ek (3 5)
A= oltaching e M
B= bet e of L

ru/ Supose %y AnB and
oy ’\ A ve wish o caucel idorsechons
[3 (cé oﬁao&fa, siﬁns)

\GZPJ-LIV,AL.@MX{Z)% —f—aqa)r[aaanC(om%{tooc.

Lemma: M, issimdc% comeclid i n3 (.
Eﬁ: Tor ol k< n-1 %bﬂﬁows from e fuck that we
&xedowxé/ éugo%gmaﬂhplﬂm% sto\’m% a% codhim, > 2.
MK —> emowe QCAK) — oﬂrz%lnmlgeﬂ —> Mk+4

:jcom‘o[em dimensions in MK




95 Kle—/l, +unn ‘Hu, (Jﬁr_olmdo ,uf&clo, clowh.
Now HVL_,l = N.z ; which s swwf]& wmweU{EA o Qog
o 2<nh-4 e ny (. [T

Lewma: M, - <AUB} LSSQWIPlé/covmuﬁcl £los D
%r 2<k< n-4
Thew, codim, A, codim, B >2
= romoing A aud B oo wd affect ;.
k=2
@ cdmA>2 w0 ot s e Cuaed 125)

As Jor B, ve boe that M,-B & M, - (otl. sghoe f 1)

F i st unicy% 2~ hand@,
CQL\J/V)Z 4/ S0 Cé\s 'Qm
h= n-4: *Drn [)é U|Os<.cla AoWV\ D Lemma




R_O_,CAJI: \6 Jo+aim<l Eﬁ COACaj:QWO)LV\a VAHAS B@leew % au.A 8,

s L\or\no%opica”é #u/ia,Q " Hk’ (A\UB> % lemma,

& T}(‘j Y\ﬂnijmea‘s embedding thm <n;2'&‘mﬂ) + ’L>,
W Com oMUMe D H& embedded <nawﬂ 25 ).

A/WK k-4 binde

) gt 5 A Qamﬁ 3D

) vk to B olbug O, /nmz onde & Yhe

disc is
ES definox o pa}t‘/\ 0 Grh%(fR” z)
]j’ @M '[fo Q,QQ, o% D '.ﬁ? -um.s F‘JA i5 nu”-l/)a/d’qpic.

@ TF nz5, ™ <Grr (Rﬂ 2) Z/.?_Z
X, SJ.LQ nsc-aOrC ez_\,onew}: >
ER e e

RK: Tf n=4, k=2, =(Cr,(R))= 2,

s Ey otlude b E F s o wducor bo O elluat,
”M Mﬂxjﬁon ned, L'sca[le,ci FRAMING .



W{QAMQ@W O%D H,wf“cempv% 4‘L\L+WO MJ@rszcl‘fons

THE eNd [

Re. Renakbly, e pof of th hcdorkin brom
works albo in TOP i dim ¢, D;eeclvwam iﬁf%Z].
Tk s FALSE i PL/C” [Domddson 19971,



(5) CONSEQUENCES

A The gourallised Crcord conctirer

CAT = TOP, PL. o C°

CAT heeh (0) = "CAT h-cdhordism Hom for W™ M"5N"

CATPC () = 2 &,27.5” -2~ S

(Bincare conéw&m)

D A AT TwISTED SPHERE s awfd 2=D, y, T,

e @ ST D is o CAT- isom.

W

Tho (Mlocoude kick): T8 CAT=TOP o PL, Hhow ey
fided sphare & CAT- omohic to e otd S™

% g Tor.
(Sl/\/
OO [
()
?L pa idong A O

@—«Nf‘?@ ’L‘)isavlnowwﬁw'\n«
Y a,u'vméuQarp%ato ]




f{ijmrsLoweJM b dim 7 thore are @w.z;‘Hg 23
C*- iwectuianau}J tWLStE’,A s&w

T (ToP/PL Bivard coneche)
The TOP/PL oincare’ conjeckre kol in erepy v ¢,

?08‘:: VL::O)/L,_Z'- eﬂ/)g,

n=>: %’elmam

w26l We prove et enery L]J& Sp[’lw 2" 5 o ided 5[4’“’”8,
'H?uw. if\\/ot‘(& A@xau&"‘é M

D _ ]
WD o S (Do) 5 an b S-S

Lj. s Ao b FroJ«(/{} cob. +
CAT- o s id on the bollom,

D,



%(MQ Lak D, wih

1
v '
270D saokd dise P

— Z-(ED) 0D, isa iskd sphore

=5 Z adwifs a smodh shocdire [Swoou/llyg M&]
[Kenaie-Hior, VL) Gy i, S° boods s, cochll X°
XD s onhoedh fom o & = =, 2 0O

The: TOP PC (4) hdds.

Rk.: B@ wvﬂ?abh PL PC (&) s pen, aud eﬁuiwﬁwf
b ¢ PC(b).

Skgﬂﬂgﬁfmé][: L 2 b o TOP-wkd which (,Soglf»Tty s

Bt Coe () s o TOP 5-wld.

Aﬂ”& Treedman's TOP h-cdy thedem o Cone(Z) -

ad gt 2= S 0

ToP




Thn: I nt6, oom C” My S s o tuiskd sqhore.
P Sose ar TOP/PL PC Lt withoud wing He
Aoour ick. [l

lA Fam.oravw}c view

Every CAT
AT e (n) = IS > AT PC (n+4)
is hnl_si‘eé CAT = TODPP
PL

O | 4 | 2| 3| 4L | 5| 6
b | v | v | TR v
A IV VAR IV BV Tff; 4{ v v
el v| v | | v RS
C” X

PL-C™




R The flosing dofomers are eqpiallct
D) C%h-cd (3)
D C7 My S = bud &
3 C* PC ()
P 4=2: ol Yo
294 pedy MBLW—E M=N=3S?

cafogwmochﬁ

/)f*

W |,,{>, 5% ‘l’wsjbéel \Sq

Thes, the hocdhis B-B &~ T.5°
3 =2 D!NLOM/)
2 =3 %;uovqs ‘F;‘om a "’Lm &( @0[ , uuLo {orovecl
Hat thoe are wo non-ticel C* '{’wi\stA S°
(e (BDE(S*) = 4 )




/R_kt C”™ PC (&) & Evgra COHJWOLLL\HQ SMOOJFL XLI wi\LL
oKX= s =B

Re C® PC() s falbe (Milnor 1956)

Def @, = wided splwy& .,

@, meoswns the fuilure & C=PC() & nia.

‘041345618%|01112|314

Ol 444444 g e By, L,



2. Charmderisahon of dises
T - X" cfjc CAT-wd , 03 6, wilh 7t1<><> -1, (X )=1.
Thaw 4o Sououui% are eqivalht
D Xy I
2) X 5 ot
3) Hy (0 = Ho ()

?@D: 1=293

smi L WK
y By wcision Ha(W,8") =He(X, ) = O.
X = W i o IA—COQJO(CLSWU
w =~ n-4 ~ "

Tho - X o, =4, Ha(O) = H (). Than
AX=, 8" = X=, U [cAT=c"Tor|
ﬂf_: C=: Ca‘pog—g with DS and we CAT RO ad Bais.
ToP Remoe D oud we Frecdman's %p hi-cdb,
Thou ve-glu W D



3 Seclealion ProU@J/VL
M(TO/P SCJ/\(EV\CI(;@}X ) Brown lqéC})

-
S8 0P idlasd erbodbig ‘
Then, i B homeo , (7, 8" s ol v

m(c‘” Scheenflior , n35)
Ste—ss" ¢ e)mLeAAmé, ny 5,
Thaw, p o C aubiout isolepy, (87,5 s s
P 2 s bicdord = S™Z b 2 comectid opts
cak of which simgly comecled, with D=8, aud
Hx = He(pt).
By e damclmisobon of dixcs 0= 9D"
— (887" O

&: Shﬂlﬁ—aéh n nu-ew;\ [a,a/g ?Vna@e " %eﬂm_i‘or/
&tmma&%%w%he@wmiw

Kk C™ 5&0&@}1{@ <3 s e, wn=( s opeu.




