
Handles & h-coberdism



1 MANIFOLDS

Def : TOPOLOGICAL MANIFOLD M" is a T2 + N2 topological
space locally homomorphic to Ex 03 R".

The boundary &M corresponds to Ex = 03 ; it is well-def.

Def : PL MANIFOLD (MA) is a topological manifold
with a (maximal) PL atlas

A = Ey : /"M embedding 3
& std simples

whose interior covers M & with PL transition functions :

y(qn) = M = p(gn)

94 14
A - - -

-
- - - Am

piecewise linear
-

(i . e .,
A can be written as a finite union of simplices & the map

is linear on each of them)
Def: SMOOTH MANIFOLD (M , A) is a top afd with

a

maximal smooth atlas 3 p: 3
and 25 transition functions

.

=
open

subset of [x03



We Focus almost always on opt manifolds.
Facts :

1) A smooth mid has a unique canonical PL structure

Cairns 1935 ,
Whitehead 1940)

However
,
7 non-smoothable PL manifolds (Kervaire 1960)

2) A PL mid (obviously) defines a unique top. manifold.

7 top .

mfds with no PL structure (n = G Freedman 1982,

n25 Kirby-Siebenmann 1969).

3) Law-dimensional facts :

* n33 TOP-PL-CO (n=2 Rado
* n6 PL-Co

, very
diff

.

from TOP

Ibicallyforget about PL for the rest of the class)
& however

, embeddings can be

Triangulations = non-smoothable PL embeddings of S2 into S

Def: A triangulation is a homeomorphism with a simplicial complex .

Facts :

1) PL manifolder (hence smoeth mfds) admit a triangulation
Iin fact they define an essentially unique one)



2) Not all top mfds are triangulable

In3 yes (e%PL-TOP) ,
n = 6 no /Carson 1990),In = 5 no (Mandescu 2013)

3) 5 triangulable,
non-PL mfds (e .g .

double suspensions of
non-trivial LHS)

4) Frangulationsof the same top mid can be combinatorially different
(Hauptvermutung is false)

2 HANDLES

CAT = TOP
,
PL

,
or Co topologically ,

not in the

of sense ofcpt + 2=
Wh CAT-mfd

,
WoEW codim-O bed submit.

Def : A CAT-HANDLE DECOMPOSITION of W rel M is

a filtration Wo = W
+ ENz ..

-- sit.

1)WoWi = W

2) Wi is a closed codim-O submd

3) hi : = Wi-Wis is a opt submd s
.

t.

(Mi , WinWi-) Et (D, 2D) =
Dur

Ch-handle)



4) Chil is locally finite
5) If CAT = CO

,
smooth corners

(this can be done in an essentially unique way
Notation LWA index

sphere j core Maching regin
a

attacking ·

gk-1

DR
belt sphere

j CocoreSheDanie
DR

Handles are basically thickened cells.
Facts :

1) (Relative) PL/CO handle decompositions exist for all
PL/CO-mfds in all dimensions

Co uses Morse theory ,
see e

.g.
Milnor.I PL uses baryoutricsubdivisions ,

Hudson 1969]



2) (Relative) TOP handle decompositions exist for all
mfds in dim = 5.

I dima- 6 High-dim top techniques]dim = 5 Quinn 1982

3) A TOP handle decomp - of W" rists iff W is smoothable.

3 h-COBORDISM THEOREM

Def : A COBORDISM W from M"to NLeptree,eiented mmdd.
is a t eriented (n + 1) - dim

.

mfd /2W = (M) r N.

If Wexists
,

M and N are called CAT-cobordant.

RK : Since GW = (- M) uN = - (N)u (M),
Wis also a cabordism from -N to-M .

This is called

the UPSIDE DOWN coberdism ; note that we haven't changed
the orientation of W.

RK : Ix M is the IDENTITY COBORDISM from M to M.

Def : A coberdism W from M to N is an -COBORDISM if

MG W and NW are homotopy equivalences.



true except maybe for TOP in dim G ,
where it's epeu

RK : If W
,

M
,
N all have it=1 and are htepic to a CW,

then h-cob) H*(W,

M; 2) = 0 <) Hx(W
,
N; X) = 0

.

(forherewedneedCW ,
Thm (h-coberdism,

Smele 1960s) CAT = TOP
,

PL
,

Co
.

Let W"t be a CAT-cobordism from M to N with

z(w) = x
, (M) = π

,
(N) = 1 and Hx(w,

M : 2) = 0.

# n > 5
,

there F CAT-isomorphism WE IX M

which is the identity on M -> 203 xM .

Thus
, M=cATN .

↳ PROOF of the h-coberdism the

I will do the smooth case.

PL case is the same (Rourke-Sanderson)

TOP case requires checking that some techniques go through
Ce .g . tangent bundles , transversality ,

handle decompositions, ...)

This is done by Kirby-Siebermain.

O
.

The starting point
Pick a handle decomposition for W rel Mo

.

GOAL : modify it to remove all handles me Ex Mo
.



1
. Rearranging handles

By transversality we can assume that handles are attached with

indices in increasing ordera
Al- 1

#
Wi I

codimA + codimB = (n - l + 1) + R > n = dim(2Wi)
=> ALB =

You can isotope he of of ht

Notation until the end of the proof
Wi : = (n+ 1) - mfd after

:

attaching all
the i-handles1t 11111 Mee IWs

on 11111
Mi = = 2 Wi - M

M



Interlude : handle mores

1) Geometric pair cancellation

n- D-1F↳
Da Da

disc attacked along ↳ and 4k+

1 gean , compl
DB = (- 13 = n

- 1- 1 (BnwnApb+ = 1 pt)
in Mp

Attaching this does not change WX up
to a deformation

~ Can introduce/cancel geom. complementary pairs .

2) Handle slide
T

n
T-y
Replace attaching sphere with # of attaching spheres.
Th] = The] + Th] in HeCWr

, Wr-e)



2
.
Handle trading
* WLOG W has no O-handles

Connectedness is completely determined by O- & 1-handles.

~o Every O-handle is connected to another O-handle or

Mo by a 1-handle
, necessarily geom. comple

~ Cancel them.

*) WLOG W has no 1-handles if n 4

Simply-connectedness is completely determined by 1- & 2-handles .

A 1-handle gives a loop U ,
which can be pushed in My (n23).

8 = 2D2
,

withD With if n26 (Whitney emb .)

D' can be pushed below 3-handles (belt spheres have
dim n-3

,

which miss 2-dim
. objects in Mi).

Similarly, push D above 2-handles = D2 = Mc
.

Thicken it& get a 2/3 cancelling pair . Use 2-handle
to cancel the

geom . compl ,
I-handle given by Y.

Cor : If n 4
,
cancel all 0-

,
1-

,
n-

,
(n +1)-handles



3. Handle homology
Def : HANDLE CHAIN COMPLEX

Cr= k-handles
, 2p : Cr-CR-1

= lgrims
att

. sphere belt sphere

Thm
: Hx(Cr) = singular homology of (W, M)

If : Same as for cellular homology

Application to h-cob
.

theorem

Cy . ... = Gre Crus

Since Hx(W,
M;) = 0

, after a change of basis
Cachieved w/ sequence of handleslides) we have

(2) = ( : / : ]



Each k-handle is paired with either a (k-1) -

or (k + 1) - handle

and they are algebraically complementary ((An B) = 1)
.

If we can make them geom . complem .,
then we can cancel

them all and win.

4. The Whitney trick (n
up to this pt nad works

= attaching sphereof
+

1
B belt sphere of ha

~ complem .

dimensions in Mr

-Ta Suppose X
,ye An B and

# we wish to caucel intersections

B (of opposite signs).

U = path in A from x to y + path in B from
y

to x.

Lemma : Mr is simply connected if u, G.

: For all R < n-1 this follows from the fact that we

are doing surgery on attaching spheres of codim >2 :

My to remove J(AB) -- attach belt -> Mr+ 1

region



For K= n-1
,
turn the decomp, upside down .

Now Mr-1 = N2 ,
which is simply connected as long

as 2n-1 ,
i

.
e. n 4. I

Lemma : Mr- (ArB) is simply connected if n 5

If : 2 < Rsn - 1

Ther codimA , codimB 2

=> removing A and B does not affect its
k =2

* codimAs 2
,

so that's fine .
(need n25)

As for B ,
we have thatMMpherefa
I

codimz 6
,

so it's fire

R = n-1 : turn it upside down A Lemma



Recall
:J

obtained by concatenating paths between x and y

Y is homotopically trivial in Mr-(AuB) by Lemma.

* By Whitney's embedding thm (n > 2. dimD + 1),

we can assume DcMr embedded . (need n 5).

- rank R-1 bundle
-

E := the subbundle of NDIMR restricted to y that is :

y

·) tangent to A along GAD
·) normal to B along CBD

~ normalbrudef,
-

Ej defines a path in Grr-1 (n-2)
It extends to all of D iff this path is null-homotopic.

* If n5 , ie (Gri-e(Rn -2) = 4/22
x

,y opposite signs O if path preserves orient. 6
x

,y same signs #1 if path reverses orient.

R : If n = 4
,
R =2

, i(Gre(R3)) = E
,

so E extends to Ed iff this path induces the O element,

The obstruction ne is called FRAMING.



After extending E to the disc , we can define an isotopy of A

supported in a neighbourhood of D that removes the two intersections

T
THE END II

RR : Remarkably ,

the preet of the h-cobordism theorem

works also in TOP in dim 4 [Freedman 1982].
# is FALSE in PL/C

* [Donaldson 1987] .



5 CONSEQUENCES

1. The generalised Poincare conjectures
CAT= TOP

,
PL

,
or 2

CATh-cob (n) = "CATh-coberdism thi for Wh : M"->N

CATPG(m) ="ZS
(Poincare conjecture)
Def : A CAT TWISTED SPHERE is a mfd I" = Dis Up D ,

where : S1P is a CAT-isom.

Thm (Alexander trick) : If CAT = TOP or PL
,
then

every

twisted sphere is CAT-isomorphic to the etd Sh.

Pf for TOP :

Sh

De Edu De :
D

=

-> D2

= 11 . y -2()
ed 2 did on 2

Or> O

De Da ↑ is a home with
a singularpt at 0 It



RR : In PL you need to do
it simplex by simple (can still get

singular points) .

RR : In CS the Alexander trich is false.

Milnor showed that in dim 7 there are exactly 28

Co-inequivalent twisted spheres.

Thm (TOP/PL Poincare conjecture)
The TOP/PL Poincare conjecture holds in every n + 4

.

Prof : n = 0
,
1

,
2 :

easy

n = 3 : Perelman

#6) We prove that every hty sphere I" is a twisted sphere,

then invoke Alexander's trick.

z Z-(DruDa) is an h-cb .

Sg

it is CAT-iso to product cob.
CAT-iso is id on the bottom.

d.ill



Glue back Dr with -
the identity map U - IT

=> -D is astddis #I

=>2 = (2-D2) uDz is a twisted sphere. Il

n = 5 [ admits a smooth structure [smoothing theory
[terraine-Milnor, Wall] Every lity S5 bounds smooth

,

contractible X :

X - Dois an h-cob from 55toat

Thm : TOP PC (4) holds.

RR : By contrast, PL PC (6) is open ,
and equivalent

to 28 PG(h) .

Sketch of prof : Let I be a TOP-md which is a hty S".

Fact : Cone (2) is a TOP 5-mfd.

Apply Freedman's TOP h-cob theorem to Cone(2) - B5

and get For S". #



Thm : Ef n + 4
, every Chty SV is a twisted sphere.

Pf : Same as TOP/PL PC
,
but without using the

Alexander trick. I

A panoramic view

CAT h-cob (n) = Ever ATP

h-cob I ·#Hy Sh ~
=> twisted

TOP

PC - - P

all equivalent
<

PL - G



RR : The following statements are equivalent :

1) Coh-cob(3)

2) Cohty S" => twisted &"

3) 20 pC(b)

If : 1 =2 : always true
2 = 1 : h-cb in dim3elme M = N = S :

Cap off with two copiesef B

III
Blisted"11/11/11 hty Sa

Thus
,

the hocob is B-B IxS

3 = 2 obvious

2 = 3 follows from a thi of Cerf ,
who proved

that there are no non-trivial 20 twisted &"

(no (Diff(s3)) = 1) I



Rk : COPC(6) E) Every contractible smooth X "With
2x = S" is Ego B

RK : (OPC(7) is false (Milnor 1956)

Def: = twisted spheres differ

④ measures the failure of COPC(n) for n 4.

01234567891011121314

1111111ge
1 I

,
Le



2
.

Characterisation of discs
Thm : X" cpt ,

CAT-mfd
, n 6 ,

with ite (X)=+ (2x) = 1
.

Then the following are equivalent :

1) X-CAT Dr

2) X pt
3) Hx(X) = Hx(pt)

#f : 1 =) 23

3 => 1 Let W = X-D".

By excision Hx(w ,
St ) = Hx(X ,

(2) = 0.

- WisahabordinaFDA
CAT

Thm : X
*

cpt , +e
= 1

, Hx(X) = Hx(pt) .

The

2xEctS => XFcAT 5 (CAT = CrTSP]
If : Co : Capoff with D and use CAT PC(5) and Palais.

Top : Remove D and use Freedman's top h-cob.

Then re-glue in D



3. Schoenflies problem
Thm (TOP Schoenflies

,
Brown 1960) ga

So S" TOP bicolored embedding
.

Then
, up

to homes
,
(SS) is sta.

Thm (C Schoenflies
, n25)

Sh-1 gn go embedding ,
n 5.

Then
, up to Co ambient isotopy ,

(S", Sr-17 is sto.

If : I is bicdlared => S"-I has 2 connected epts,
each of which simply connected, with 2 = Sh

,
and

Hx = Hx (pt) .

By the characterisation of discs [ = 2D

-las (S ,
-1) std

.

I

RK : S""5" in the end has image in the equator,
but maybe the differ with the equator is non-standard.

RK : C
*

Schoenflies 3 is true
,

n = G is open.


