
Smooth 4-manifolds



1 PLUMBING and XEs

Freedman = F ! top 4-manifold XEgw)r = 1 and Que= Eg.

Today : XE
,
does not admit a smooth structure (Rothlin).

An explicit construction of Xeg
Def : A weighted labelled graph is a finite graph ↑ with

· each vertex veV(T) has a weight neX ;
· each edge ecE(T) has a label + or

Def : The plumbed manifold Pr is obtained by the following :

· for each veV(t)
,
take the D-bundle over S2 with

Erler number nv (these are classified by H2(5": <) = X] ;
· for each ecEJ) , glue the disc bundles corresponding to
the vertices of e identifying the disc bundles over D = 0 (pt) :

# sws-and section

The
map
D2x > Dx is the swap composed

with (id , id) or (2 , 2) , depending on the sign of e.
I reflection



Ex : Qp is represented by the adjacency matrix of r

(n- on the diagonals , #(labels)-#(labels) off diag .)

RK : If T is a tree
,
the label +/- of the edges doesn't

matter
,
because you can change the orientation of each S so

that all intersections are positive.
·
- 2

Start with N
= 2

· Es weighted graph
- 2

~ PEO 4-manifold with boundary. -det = 1

↓ (IPE: 2)
= 0
,
since it is presented by Ey

Ex :
A closed connected with Hy(ik) = 0 is a LHS

(INTEGER HOM
. SPHERE) , i . e

. Hx(Y ; () = Hx(S ; 4) .

RK : SPEg is a DHS3 called Poincare homology sphere.
Thm (Freedman) Every LHS' bounds a contractible topological
4-manifold (a .

k
.
a

.
a "Fake ball") .

Def : The Eg MANIFOLD is the topological 4-mfd

XEg = Pegv(fake ball



Mayer-Victoris QXeg * Que * Eg .

Rokhlin's theorem implies that XEg is not smoothable.

2 ROWHLIN'S THEOREM

Wa's Formula : VycHz(X) we have

w(TX) , y = Qx(y ,y) (mod2)
Recall that eHz(X) is characteristic if Qx(x,y) = Qx(y , y)
(mod 2) .

Thus
,
for closedoriented X,

PD(x) = W(TX) (mod2)ways charat
no 2-torsion

H(x) with no 2 torsion every
class in He(X</2x) has an

I integral Lift to He (Xi 7)
,

and heace itis represented by a I
closed oriented surface.

Spin G-mfds : Let X beae= 1 Smooth G-mfd
.

QX even>0 is characteristic W(TX) =0(x) Xspin)
7ifH(X

aA
Lemma : X "closed oriented. ThenI a characteristic class.

More generally , XX* oriented w(TX) has an integral lift . ]



-uses only unimodularity
algebraic)
Let Q : 1x1 < be the

sym,
bil.
,
unimod inter

.

form.

Reduce it mod 2 to get
Q :Ax1" E

Unimodularity over= every feHom (" , #) is represented

by some Q"(Xf ,).

g"e Hom(# ) defined by g"(x) = Q (x
, x) :

Q(a +B , c +B) = Q"(a , a) + Q"(B , B) +2, B)
0

Thus
, 7 we =Not with

Q"(w, x) = Q"(x , x) XxX" A

Thm (Van der Blij's lemma
Let Q : x1 it be a sym .

bil
.

unimed
. Form ,

w charact

Then w. w = (Q) (mod 8).

Cor : A closed
,
oriented

,
even 4-mfd has (QX) = 0 (moda).

Ihm (Rothlin) A closed eviented SPIN (E even
, ite= 1 , C

%)

4-mfd has (Qx) = 0 (mod 16).



Application : XEg is closed , oriented, even , andIte = 1 (Van Kampen).

Since O(XEg) = -G , it is not smoothable.

Rokhlin's invariant

Given Y &HS3
,
there easts a simply connected spin G-mfd X

with 2X = Y.

Def : u(Y) : = 5(x) (mod 2)

Robblin's thi implies that u(T) is well-defined.
Idea So Rothlin's theorem
* Spin structures on manifolds (tomorrow)
*) &SpinG(M", 5) seSpin (M)3

Spin coberdism
↓ eviented

4)Spinachar()(2 char3charberdis
((X,) - (X :2) if 5(Webordism and /Y =PDCT

char
*) 8 : Ra > 04 is an isom.

(X ,z) (6(x), b(2-2 - S(x)))

The two canonical generators are (CP, (P1) - (1 , 0)
and (C#CP2 ,

3.#(1) - (0, 1)



* FrZX characteristic
,

7 Auf (X, 2) = 2 invariant

under char. cab
.
& which depends only en [2]cHz(X).

By evaluating it on the generators above we get

0 = Af(X ,
0) = &(2 . z - 5(x)) (moda).

3 THE ARF INVARIANT

Algebraic Aff
LetH be a finite-dim .

Vector
space E

,
and let HHI

be a unimodular symmetric bilinear form , denoted (x ,y)1 x.y,

and often called "intersection form".

Def : A QUADRATIC ENHANCEMENTIf is a map

:H E

satifying q(x +y) = g(x) + g(y) + x-yVx ,yeH.
RK :If J a quadratic enhancement , ther x . x = 0 XxeH

Thus H has a symplectic basis Ex , ye , ..., n , yn] , i
. e. one

for which X: xj = 0 and X: Yj
= Sij .

In particular, dim H =2n is even.



Idea : Unimodularity= VX*0 FycH st . x oy =
1.

Their W = x
,y) has int. form (PG) Cunimod .

)
,
so dimW=2

and H = WOWt Restrict to W+ and proceed by induction.

Examples : H = <X,y) = 20, x , y , x+y] with xoy = 1.

- two quadratic enhancements & 100 H11

O O O

up
to isomorphism , called x0 L

40. 0 and H12 yo -x +y1

RK : HH = HH41 (by a change of baris)
Lemma : (H

, g) quadratic enhancement. Then
do Arf(H , g) = O

(H , g) = 2n400H22Af (H , q) = 1

Pf : Pick a sympl . basis of H n H = --- Hn

Each Hi is isomorphic to either Her H11

Trade pairs of H1" until you have at most one. It

We still do not know that Aff = 0 and Aff = 1 are mutually
exclusive. This is guaranteed by the following lemma :



Lemma (voting lemma) : (H , g) grade enhancement. The

(g1(0) , g1(1)3 = 222n -12n
- 1

,

22n
- 1

+ 2n
- 1)

,
and Afg is the value attained most of the times.

Pf : Induction on the length of H = He - - · #Hn
.

I

Art invariant of knots
W = S'knot

,
S Seifert surface for K.

(H1(S;) , ) is unimodular
, symmetric , bilinear . Then
↑ ever I

9sw(a) : = ((at , a) (mod 2)

is a quadratic enhancement
. (Ch(at

,

b) - Ch(b , a) = a . b
.)

Bef : Auf D := Auf (9s
.

w)
Thm : Af # is well-defined.

Pf : All Seifert surfaces for a link in So are obtained by a

sequence of surgeries on embedded arcs.

I



Take a symplectic basis X1 ,Ye , ..., In ,Yo For H , i
.
e

.

the

intersection form is represented by a block diagonal matrix

I
%6
96

%!
I:

Extend such a bases with x'and 'as indicated in the figure.

#
(By an isotopy of the endpoints of the surgery arc , we can assume
that y is disjoint from all other xi and yi .

)

We get a new symplectic basis , and Ih((X)+, x1) = 0 , so
the new I summand is Ho

,
so Aft doesn't change
.

It

RK : Same works in YIHS?

RK : At can be extended to links by considering the induced
a

on H([i) H([i)



A invariant of a surface I in X
Let Hs(X" ; 2) = 0 and -X"

prop :
embedded surface.

ForxH
,(2 ; 7) , let C be an immersed curve representing x

C = 2D for some surface DeX.
72 framings of D at SD :

* the framing coming from I
(Tz 1 NDIX) /ad gives a section of (NDix) ad

*) the framing coming from D

D is a connected surface with2 it has trivial

normal bundle (because it isorientable and Dishty equir. to VSI)
~ restricts to a trivialisation of (NDix) lad

Let O(D) be the difference of these framings , which is an
integer (#twists to make one section

agree
with the other) .

Def : For Hs(Xi2) =0 and I characteristic
,
let

qxz(x) : = D .I + O(D) + d(C) (mod2)
↑ double pts of (in E

This is a gradratic enhancement of (He([: ), ).



INote that if you tube D w/ a closed surface , the quantity ID .Z does not change mod 2 if I is characteristic.

Def : For Hs(X) = O and I characteristic
prop .

embedded
,
let

Af(X,z) := Af (9x
,
s)
.

2.The definition can be extended to He (X) + 0 an well . ]

Theorem (Rothlin
, Freedman-Kirby , Klug)

Let X be a topological G-mfd with 2X = Y a LHS?

Let [X be a prop .
emb

.

orient
. surface with K = 22 Knot.

-

If I is characteristic, the

Af(X ,2) + Af(k) = &(x)(2]+u(y) + ks(X)
(mod 2)

↳ OTHER SMOOTH EXCLUSIONS

Thm (Donaldson '82
, 187) X"closed

,

oriented
,

smooth
,

definite.

Then Q is diagonalisable (i . e. En orn



Car : Yeg#XEg is not smoethable.

Note that Robblin is not enough , because S(XEg#Xeg) = -16 .

If:E is
neg

def
,
but it is 1)

odd
even

In the indefinite case, we know that if X is smooth , closed , indefinite,
a .(1) (1) if add

ax = [bEgch if even

Robblin => b = 2 .d
,
for some det.

RK : If 3d , bEg Beh is realised by b . K3#(c-3b) (52xS).

Cong (11/8) If c < 3d , the intersection form is not realisable

by a smooth , closed 4-mfd.

Equivalently , FX "smooth closed spin , b,(x)211 . 5(X).

Thm (Furuta's 10/8 thm 'O1
, Hopkins - Lin-Shi- Xu ·19)

If 2d .Eg CH is realisable by a smooth closed X" , then
2d + 2 if d = 1

,
2
,
5
,
6 (mod 8)

C > E 2d +3 if d = 3
,
4 , 7 (mod 8)

2d+4 if d = 0 (mod8)



Cor : X"closed
,
smooth

, #1 = 1 , even ,
not homeo to S",S*S 13,

There ba(x) = 10 · 0(x) +4

5KIRBY DIAGRAMS

Goal : represent a smooth G-mfd via an efficient handle decomp.
O-handle : WLOG 7 ! O-handle B

,
with 2" = S

wework
e

1-handles :

Attaching sphere is an S
°

S?

~ Attaching region is SoxB3.

- Tri(O(n-k)

In order to glue the handle we need to identify Six S

with (2D) D = 1-handle
.

The choices
up
to differerphism

are given byms (0n-K) =Suit Deer)Framings
R= 1=(0(3)) = /2 , depending on the orientation.
If X oriented

,
then every 1-handle is oriented no uniquewayth it



After attaching the 1-handle we obtain StxS2 , which we car
view as the result of gluing the boundaries of S3/(HB)

l·
Convention : we glueSS via reflection in median plane.

-
2- handles

These are attacked along a union of Sts , i . e .

a link in #5 xS4) .

Framing:s(0(2) =X ~ frawings are a -torsor,
and can be represented by a pushoff of St in S
If Y = 53 (i . e ., no 1-handles) , then I comonical Framing
Longitude, 0) , so we can identify framings].

e
.g.

O

·



RK : For framed knot (K , f) in S3
,
the number associated

to W is exactly lk(K , f) , taken with same orient.
Recall : ek (A ,B) = # (FatB) ,

where Fa is a Seifert
surface for A.

The longitude is defined by Ch(K, f) = 0 , and each twist1 increases/decreases the framing by 1. J
RK : Za , Zig X wo/boundary A

,
BcS3= 2X

.

Then

#[h[B) - Ck(A ,B) = Qx(([a].[i])mirror

If I3
Choose Seif . surfaces for A and B

in a collar of S3, as shown.

Glue to In and Is to get⑳ closed surfaces Ea ,

Es
.

Then :

Qx(([a) . [[B]) = # ([h[B) + # (FanFB)
## (Inh[B) + # (FahB)
↓ (Zah[B) + ek(, ) #

In particular, if X =B ,
#Ent[B) = ek (A ,B) .



Plumbings revised

·tre isHireor X
Each of these unknote bounds a disc Dr in B".
The discs intersect according to the

tree.

The union of the ubdhs

&giveathis

The remaining part of Xp are 2-handler , attacked along
the boundary of the discs , i.e. the unknote of the Kirby diagram .

The framings of the 2-handles are the self-intersections of
the spheres (by remark above) , which are exactly the weights
of the

tree.



I-handles revised

S" = B'sB", necessarily becauseQg = 0

Dr FO-framed 2-handle sitting in B

attached along the unknot.

B"v(2-handle) = O-trace on unknet

B-(2-hande) ES'x Br (1-handle)

Thus
,
Br (1-h) can be represented on a O-framed

2-handle removed from B?

⑱ O

In In = ↳

Notation :

dotted handle

RK : One can remove a disc from B with boundary any
slice knot

.

There is a description for such a manifold.



Surgery (3D)
= 53 knotou = meridian

,
J = longitude

are a basis of He(2) = 14
T
2

59(H) : = (53-) (S =D
= S'xID2

where y(2D2) = pu + q).

Fact/Ex:(A) is well-defined up to differ.

(P/q) - SURGERY over K

Surgery trace (4D)
Xm(N) : = Br (n-framed 2-handle along K)
Ex= 2(Xn(k)) = Sin(K).
Hint : When

you
attach a 2-handle the I is modified by

removing a copy of S'x 2 (alt . tube) and gluing in a copy

of Sx (belt tube).

Back to Kirby diagram : 3-handles and 4-handles.

These are easy thanks to the following theorem .



Thm (Laudenbach-Poenaru) Every diffeomorphism of
# (S'xS2) extends to a unique differ of G (S'x3).

The 3-handles and the 4-handle together givea (S'x 13).
By LP there is a unique way toglue it to the previous part
of the Kirby diagram if X is a closed 4-mid.

e
.g. ⑧ O

u(3 - h)u(3 - h)u(4 - h)

Examples:I S

· - (H) = S =s
1

u(4 - h) = C

↑ contains a sphere with self-intersection 1, namely



Kirby mores
1) Handle slides

->⑳. D ~
sliding 1-handles

b
a

b twists

away from

E longitude1
sliding 2-handles

(a = a + b + 2Ck(A , B) , since the new handle is [A] + [B]]

a +2. et(A , B)

Y1

T↓
2) Cancellations

1/2-handle
o 2/3-handle

a - d Fairpair

(enlyonet, Lisolateele



Thm : X "connected closed oriented smooth.

Every two Kirby diagrams are related by a sequence of
Kirby mores.

5 THE FAKE CP2

-

v (6 -h .) = C2
Poincare

sphere with
opp .

orient
. I

& = X(RHT) has G a <H93 (in fact it is]

Freedman => *DIP2 = (X(RHT) -C is a TOPG-mfd
.

contractible
piece

RR : CI and * CIP2 have both Me= 1 and Qx = (1).

Are they homeomorphic ? That depends on ls !

KPsmoeth => Rs(CP2) = 0

~ orient
.
reversal ~

O-handle
E

K = LHT bounds a disc D in (*P (PBS)
, namely
~

the core of the 2-handle. call this X



Note that Hi (Di ) = 0 , so Arf(X , D) = 0.

By Freedman-Kirby-Klug we have

Af(X ,D) + Af(w) =
w(x) - (D)

+u(g3) + ks(X)
8

-- -u (mod2)
II

! 1 =
I

for trefoil
Knot

=> ks(*(2) = ks(X) = 1

Thus
,

* CIP2 Fop &2 , and in fact it does not admit any
smooth structure.


