
The Thom Conjecture and
the mixed invariant



1 ADJUNCTION FORMULA

This : Let ICX smooth
,

cnet
,

xcurve in a cx surface .

Theu < kx ,
(2) + [2]2 = 2g(z) -C

.

A

-
# : +xz = TzNx(z) G(det T

*X)
,
the

canonical class

-(TX(z) = G(Tz) + c(Nx(z))

) ,
(2]) = [c[[P) +<(1), (27)

9 ⑨

& (anti-canonical)
Euler das of an bundle

~ gives intersection of two sections when

(ebypitting] paired with (2].

- kx , (2) = x(z) + [z] #

-dual of ste generator
e

.g .

X = (P = ky = - 3 . h*
Euler

sequenceI degreed curve = (2) = d .k0 + 3 - 003 -T= 0

-3d +d = 2g -2

Cor (genus-degree formula
The

genus of a smooth degree d curve in C is
(d-1)(d-2).

- 2

i
.

e
.,

in homology class d . heHz(C2).



-

2 ADJUNCTION INEQUALITIES

Change of setting : complex surfaceo Smooth G-mfd X

complex werewo smooth real surface I
-

Remark 1 : formula vs inequalities
In the ex setting we have a closed formula for g([) in terms of [I].
In the smooth setting this is impossible : if Eg represents acHz(X),

the so does Eg + 1.

17 Emblie Tzigte-
E

The best
you can hope for is an inequality.

We can hope to determine the MINIMUM GENUS of a surface repres
a given homdogy class.

Def : GENUS FUNCTION Gx : He(X) <Eso

Gx(x) : = minE(2) ,Ex
Rh : This is well-defined (d is always repr. by a smooth surface).



Remark 2 : smoeth vs locally flat

Locally flat : continuous embedding locally modelled over I'
(x

,y)b(x,y ,
0
,
0)

* Smooth => loc
.

flat

* 202
.

flat) Smooth

e
.g.
the (primitive, char) class (5,3)Hz(#2) is

·) represented by a locally flat sphere (Lea-Wilzynski 190)
·) not represented by a smooth sphere

[Ruberman 196 : GC#pr (5,
3) = 3.]

Thom Conjecture : (c+ (d) =
(d- 1) · (d -2)

2

Cie . sm
.

ex curves in Kare genus-minim .
in their homology class)

Proved byKronheimer-Mrawha 194.

Today we sketch a proof by Ozsvath-Szabo03.
see also MSzT
- (intermediate result)
6

Symplectic Thom Conjecture (proved by Ozsvath-Szabo '00)
Smoothly embedded symplectic surfaces in a closed symplectic
4-mfd are genus-minimising in their homology class.



3 d-INVARIANTS of CIRCLE BUNDLES

Ye = circle bundle over Ig with Euler number e

Il

&Xg
dis bundle

, (e

Properties :*) the tripleeup product vanishes iff e 0

* Spins (Xg ,
e) = GSw(ke]

where so is determined by
< (SN) ,

(2]) = e +2w

* Under change of orientation Xgie no Xge = Xg ,
-e

the labelling of spin ' structures charges as follows :

Spin' (Xg ,
e) ~ Spin' (Xg ,

-e)
↓ ↓

Sa I > Sk+ e

This is because

[G(s)
, [E]) = e +2k = - e +2(k+e)I ↓(s) , [I]

-

-



* If e < min20 , 2-2g] ,
then

db(Yge , Sgly)=
& torsion

↳ PROOF of the THOM CONJECTURE

AssumedFO and by contradiction suppose FZI

g(z)d3dg(z) =d

CIP2 The complement of [in P
?

W
is a 4-mfd w/by = 0 and

25 2N = - Yg ,

d = Yg ,
-d.

Nqp(z) = Xg ,
d)

Let SeSpin(#2) w/c(s) = -3 H
. Identify SXg ,

d
:

[c , (s) , (2]) = - 3d

3 S = Sp if W=d
[c(Sw)

, (2)) = d + 26

~ Restricte also to Sp on AXg ,
d = Yg ,

d



However
,
&W = -Yg ,

d = Yg, I wo need to change orient.

=> Slug-d =

Strd Seusing g
=

a
I

d 2. 3d

=> db (Yg ,
-d , Sg) =t

↓
-2 -

g

However
,
GW = Yg,d and b(W) = 0 :

/ + bi(w) =
> G .dy(Ygds) + 2: be(i)

O O - 8 - 6g Gigi

#

RK : This prot works also for X smooth KHCP ?

RK : The proof fails for #C? In fact,
&#(p2(a,

b) < Gep(a) + G(pp2(b)



5 THE MIXED INVARIANT

Prop (vanishing theorem) : Let W : Yo >= w/b(W) 1.
Then Firs : HF

*

(Yo .
to) < HF

*

[1 ,
ta) is zere.

Application : the image of the map in HF is contained in HFred.

this is also the

↓ FU]-torsion submodule

H Fred (Ye , te) : = Ker()
= factorisation --- S
HF(Yo

,
to) Frisa HEGnita) induced by inverting

↓ I m
at the complex level

HFO (o
,
to)

O
< HEO(

,
ta) (Ledientbyion)

Analogously ,
7 similar factorisation for HFT .

Quick recap of the structure of HF+ :

↳

towers, HFd(t) (welratewell-def
I



HF
*

(Yo
,
to)

0
< HEP(

,
ti)

maps
to

the towers
u I ↓
HF

+

(Yo ,
to) > HF + [Y , ti)

↓ - Factorisation
HFred(Yo

,to)

Prop : 7 isomorphism HF(Y, t) = HFred(Y, t)

Prest : The SES

0-CF UCF ,
UCF

> 0
GF-

induces the Tate-Swan LES up
to a grading shift

6 (sometimesc is mult
. by U)

-> HF-
( *

> HFO* HFt S
> HF- -

which by exactness induces isomorphisms
coker it *

= imS = Her La
!! !!

HFred -

> HFred It

S



Construction of the mixed invariant
Let <" closed

,
smooth

,

with b 2.

Y X

Wa Wa

7630 bo (i
Fix seSpin(X) and consider maps in HF:

FNz
,
s

HF
+

(Y
, S) > HF

+

(53)

↓
HF*ed(y ,

s)
------

~------ ↓
HF(S3) - HF(Y , s)

Fr
, s called the MIXED INVARIANT
-

~ Get a map $x : HF (S3) < HF
+ (S3)

.

Thm : $x
,
s

does not depend on the chosen cut Y
.



A TQFT perspective
X

Y

2X = Y X
, Xz 2x = -Y

X ScHF
-

(3) HF(Y) 732* Xa
defined by 3j= Firs (1) defined by 32 :=(1)
Here Wi = X-B, seeu as a coberdism S > Y

,
andIWa : = X2-B , seeu as a coberdism-93")-Y .

S-S3 ]
In the typical TQFT framework there should be a pairing

( ·,) : HE (Y)@HF-(Y) > E

and we would then define HF(X) : = (31 , 32) ·

What we actually have is that 3: HFred( #Y: ) ,
and

the above pairing (a) can be define on the reduced homologies.
To define it

,
start from a certain "tautological" pairing

·, ·
: HFd() HFd(Y) < I

,

which satifies the following duality property .



Let W" with &W = T1H(Yo) ·

We can see W as a cobordism

in two different ways :

·Wit Ye wo Fut : HFred(Yo) > HFrd(ie)
·) W : -Y - -Y us Fi : HFired (1) > HFired) [Ys)
Then :

·,F) = Fut) · ), *

Yo Y

Using S : HFred(Y) < HFred(Y) , we define

( ·,) : HE (Y)@HF-(Y) > E

by (3 , y)p : = 51(3) ,2x
Thus

,
our TQFT would give

HF(X) = ( 32 , 3a) = (1) , Fi(1)
I
= 5% F(1) , Fre(1)
I
Futo5tF(1) ,

1
3

Thus
,
HF(X) is controlled by the map Fro 8-1 Fin,

which is exactly the definition of the mixed invariant $x



6 EXOTIC MANIFOLDS

Thm (O-Sz .) X "closed
, = = 1

,

2o ex surface with b22.
Then $X

,
k

= #1
,
where R is the canonical spin' structure.

↑G(k) is the canonical class

Recall : 13 is
any-

= 1
,
2% surface with c(kx) = 0.

(All such ex surfaces are differmaphic to each other) -

e
.g. Ex +y + z +w = 03-KIP3 is a 53 surface.

Q3 = 2Eg3H

Thm : K3#CI" and 3KIP#20KIP2 are an

exotic pair (i.e ., they are homeo
.

but not differm. to each oth)
Pf : Homeomorphic
Both are closed,1 = 1

.

Their int forms are indefinite, so they
are the same iff they have same rk

,
5
, parity :

(2E3H)(1) 3 . (+1) 20(1)

2 . 8 + 3 . 2 + 1 = 23 3 + 20 = 23

6 - 16 - 1 = - 17 3 - 20 = - 17

parity odd (bk ofC add



=> By Freedman the mfds are homeem
.

to each other.

Not diffeomorphic
OSz=3#2, k

#0

However
.#20 .Cp2,

= 0 Vs
,
since the mixed invariant

is a map
that factors through HFred (53) = 0.

2KP#20KP2KIE (BinBY
- (BBY) BaB)

biso b
(

HE)HF(SY
⑪

#


