
1. As algebras



1. HISTORICAL MOTIVATION

(X , x
.
) = pointed topological space

&X = loop space
= (y : St(ix)U(1) = x0}

&X comes with an "operation" , namely composition
S

mc : -Xx2x = 2X

⑧ ⑳

[U , 82]1 > U * Uz
Uz

Rh : This operation is not associative
,
but almost

K
.

U
V

·. F ..

U. U
Us

(0 + (2) * Uz Un * (Uz * Uz)

The concatenation points can be moved continuesly ,
so we get

my : IxRXRXRX > RX



homotopy between (0* (2) * Us and U
.
* (Uz * (3)

1Y* Y
Binary tree representation : when we take a sequence of non-associative

multiplications ,
the order we do them is encoded by a binary

tree withn leaves and 1 root.

Case n = 4

(4 +U+8) +yXXI

-
sides are my

Y ka
↓

*
Y



Since all the concatenation basepts can be hometoped simultaneously,
we have

amapopentagea > RX

Case n = 5 #

Y

#j =-"T

X

III

1 Y

↑

Q : What do the squares in the boundary of Ks mean ?

Solution : It's the composition of two my operations

mySm(ma(DU
Us) ma(m(m(U . Un . Us) , Us) . 2)

My (ms (U , U2, 83), Ja ,
Us)

my(ms (U .. Uz , (3) , Mc (8a . Ust) )m(V.. ma(u
-
(c)) . Va . Us)



Thm (Stasheff'63) I sequence of polytopes Kn of dimension

n-2
,
called ASSOCIAHEDRA ,

and
maps

my : (n x (2x)" >RX
.

Moreover
,
a topological space Y is hty equivalent to RX

(i . e, it can be "delooped") if and only if
· no (Y) is a group (=F, (X) ,

and

· 7
maps Mn : Knx(**) satisfying certain

compatibility & unit conditions. (Y is an As-space)

Thm (Stashef'63) Yan As-space. Then Cx()

is an As-algebra ,
where Mr = differential and Mizz

are induced by mi.

Ex : Kn can be interpreted as a polytope whose vertices are

triangulations of (n+ 1)-gon.

Higher operations are interpreted as changer of triangulations

3e
.g. Mz :



more generally ,

commutative ring2. DEFINITION S ~> grading by non-comm . grp.

Def : Let to be a field. A L-graded Ao-ALGEBRA
over K is a L-graded vector

space
- E-module

A=A
together with homogeneous -linear maps

> AMiheforthdenetyA
subject to the structure relations (Rn) Vn, 1

(n) Firstuidd
-

where t = n - r -s [0
,

n - 1) from this point
onwards

,
chark=2,

u = r + t + 1 = n - s + 1
so I will stip
all signs



Pictorial interpretation
i inputs

Mi
=

1 output

e
.g. M(a)m

Ma(a, b)m
Ms(a ,

b
,
c) no

(Rn) can be interpreted graphically : consider all 2-mode planar
trees with n inputs and 1 output ,

e.

g
.

n = 0 inputs

# - m
= (id@m

,
xid)

The signed sum of all these terms vanishes .



Unpacking the first relations

(R1) = o

Mus = O
,

i
. e

. M r
is a differential

(R2) ( + + % = o

Mu +M)uid) +Mc(idau) = 0

Writing M ,
(a , b) = a .

b and
ur

= d
,
this is

d(a - b) = (da) . b + a . (db) [recall 2 = 0]

(i .

e. Leibniz rule)

(R3)++++ = o

M(roid) + un(idana) +

MM +Ms(Midaid+ idenoid + idoidam) = 0

it H differential d on 183

=> M2(uoid) +u , (idu,) = doH + Hod



i

. e
.

the product is associative up to homotopy.

A less popular pictorial representation i sides are inputs
--

Mi can be represented with an (i +1) -gen
(Rn) Summing over all possible diagonals (including sides

gives O.

e .g. ↳ +

M3

↓ Ma

Examples
1) (Stasheff'63) (x(X) is an As-algebra with
Ms = differential , u ,

induced by loop composition.

The associatedra encode the As-relations

#3

* duz

umoid)-mlida)M(raidaidqui is



k4

Mr(usoid) + Mz(idguz) +

5 sides

us(roidoid) +u(idquoid) +us(idoidon)3
=

+Mu = du

EX : Reconstruct (RG) from the Ky associatedron.

2) B = ordinary algebra over fi

Hochschild cochain complex
Hom (2 , B) -> Hom (B,

B) -> Hom (B02,
B- ...

(df)(bo, ..., bu) : = bo. f(b, ..., bn) +

F(bo...,
bitbi

, ...,
bn) +

F(bes ...,
bri) · bu

~ Hochschild cohomology of B .



Let E = formal variable of degree 2-N ,
for some NF2.

A : = B(z]/(22) ,
c : BON > B linear

Define
maps M: Asi- A by setting

·) Mr induced by multiplication on B

·) Up := E . C

·) All otherM:
= 0.

Ex : (A ,Mi)) is an As-algebra iff c is a

Hochschild
cocycle.

Hint : the only non-trivial relation is (R(N+1) ;
if there is at leastan e in the inputs ,

all summands

Vanish;

inputs w/ no a give exactly the cocycle condition

& = 0



3) Def :
A DIFFERENTIAL GRADED ALGEBRA (DGA)

is an As-algebra with M:
= 0 Viz 3.

Spoiler : strands algebras Can important family of examples
are dgas.

Homology
Prop : Given a (graded) Ao-algebra A,

there is a canonical algebra structureon H
* (A).

↑ Ordinary ,
notAco

PF :

M2
: A & A- A satifies

(R2) Mou+M
= 0 (M2 is a chain map)

=> M2 descende to Hx(AA) < H * (A) , hence by

composition Hx(A)@H * (A) -> Hx(ADA) - Hx(A) we get

M2 : Hx(A)QH + (A) > H x (A)

Then
,

we consider

(R3) Mz(Mc(a, b), c) -M2(a ,Mc (b,c) = doH + Hod



Recall that

· da =Ms ,

· d = Moidoid + idou ,
oid + idoidome,

· H =

Mz .

Passing to homology , we get

us (Maid) +Mz(idauz) = 0.
i

. e . M>
is associative. I

RE : Next time we will see that H * (A) can be given an

As-structure extending u = 0 and ut =M2 .

Note u = 0 = ut is associative
,

no matter whatus is.

Do there can be non-trivial to-algebras that are

associative
.)

Units

Def : A STRICT UNIT of A is an element 1 A s
.

t.

·) M(a , 1) = a =Mr(1 , a) FacA of degree O

· Vit2
, Mila ... ai) = O if 5j : aj = 1



Def : A HOMOLOGICAL UNIT is 1cHx(A) st.

u(x , 1) = a =uc(1 , 2) VaeH + (A)
.

Thm : If A is homologically unital , then I an Ao-quasi-ison.

As-algebra B (with uB = 0) that is strictly unital


