
2. Bar construction



1 MODERN TOPOLOGICAL MOTIVATION

1. Bordered Floer homology
So-algebras and modules are helpful to compute HF using

a cut-and-paste approach
CUT

&
· ! 2

An Ar-module A type-D
over At An So-algebra A ,

structure over At

MAT (in fect a DGA) STN

Thm CLipshitz-Ozsvith-Thursten) CF(1) Ma
*
+ N

The next examples are special cases or directly inspired from
bordered Floer homology.



2. Immersed curve invariant

Let Y be a opt oriented manifold with 2Y =12 (e .g. Knot

complements) + parameterisation of 2Y.

LOT~ Fdga At associated to parameterisation
7 type-D structure N over At associated to Y.

Thm (Hanselman-Rasmussen-Watson) N can be interpreted as

a collection of immersed closed curves with local systems en G%.
Moreover

,
this multi-curve does not depend on the choice of

parameterisation of 2 Y.

3
. Ozsrath-Szabo's bordered HFK

- type-D structure the tensor
-x

DA bimodules product of all
q these (bi)-modules

recovers CFE* Every efficient!!!)

-So-module



2 BAR CONSTRUCTION

We now re-cast the definition of As-algebra in a more compact
(but also more abstract) terminology

.

Recall : LetI be a commutative ring .

An Ao-ALGEBRA over k is a K-bimodule A

together with homogeneous -linear maps M: Axis A

subject to the structure relations (Rn) Vn1

inputs(R) -O
,

where ↓ detes
ii.I

Def : Let A be a K-bimodule.TheAR CONSTRUCTION is

TA :=A A&A ARADAQ ..
- -

There is an obvious algebra structure on TA , with
· multiplication : ABABm < AQ(+m)

· unit y:
> GCTA
↑

copy of 2 inside TA

However, we are more interested in TA as a salgebra .



Def : A (counital , corssociative) COALGEBRA over I is

a tuple (C ,

D
,
2) where :

· C is a k-bimodule

· A : C > COC is the comultiplication
· E : C <E is the counit

subject to the following relations :

· Cid@A) · D = (Doid)oA (associativity f D)
· (idc)oD = ide = (oid) od Compatibility

Def : The DECONCATENATION comultiplication on TA is

~ this symbol is to distinguish↳

TA > TATA it from the Q in TA

·0...a)it

Pop : (TA , A , 2) is a coalgebra ,
where A is the

deconcatenation comultiplication and the projection
E : TA = * A A*20 ... > f

is the counit.



~ multiplication
Def : (B , D , Y,DE) is a BlALGEBRA

· (B ,D, n) is a (unital associative) algebra
· (B , A , 3) is a (counital coassociative) coalgebra
· sonide
· Don = you
· 3 . D = 202 .

There ne identify # = 202
· DX = (N &M odaBB BaB

Def : A HOPF ALGEBRA is a bialgebra H with an

"antipodal" map S : H-H satifying

40 (Said)oD =

you
= Do (idoS) · A

Remarks :

· (TA, a,Xcanonical unit contebialgebra (let alone a
R deconcatenation

Hopf algebra) .
·E a comultiplication on TA (called "Standard") such that

CTA , Q, 7 , Dstd , 2) is a kopf algebra



· Fa non-sed multiplication on TA such that

↳min,
A
,
E) is a Hopf algebra (shuffle algebra")

Reduced bar construction

Def : An AUGMENTATION of a unital algebra (A ,X, y) is

a hi-linear map c : A-2 s
.

t
. Con

= idy
Def : A COAUGMENTATION of a counital coalgebra (A ,A . 2)

is ah-linear map n
:-A st

. Con = idy
RW : TA is naturally coaugmented.

2coaugm .

cornital valgebras Gnon-countal calgebras?
Al < A = KersEA/Imn
WAS 1 A

This in fact induces an equivalence of categories.
e .g. TA

= A & A&... non-counital coalgebra
The comultiplication is given by strict deconcatenation :

5: FA--FATA

-Dan a...a)a



3 UNIVERSAL PROPERTIES Of TA

Warm-up
: algebra morphisms

unital associative
Thm :

A VF
22. D-algebrasil

↓
aFcanonical

inclusion TA--IIF unital
-->B

by associativity
algebra morphism

Sketch of prot : Uniqueness
·) unitality forces definition of F on KcTA

·) commutativity forces def. of F on ACTA

·) homomorphism forces def of F on 182
,
A&

3

, .

by F(row) = m (F(v), F(w)
Check thatF so defined is indeed a morphism .

#

Application : define Asta : TA-TAINTA by :

· ) Astd(1) = 1 1 Ag
·) Asta(a) = a1 + 1xa TA -

F! As
>TA

· And(vow) = Asta (v) a Astd(w) (homof alg .)



Universal property for coalgebra morphisms between TC
Thm : Br VF

L-linear
A
V & F=

canonical ↓
projection TBEIIF conital

- TA

calgebra morphism

Proof : Uniqueness :

·) counitality forces Fo
, projection of F onto &TB.

·) commutativity forces E1 , the projection of F onto BETB.

·) using DoF = (FF)oA
, we inductively show that Fr

the projection on Banc TB is determined.

Consider the summands of TBMTB with n outputs

(TBTB)n= (kBBn)a(BBan-1)0 .... (Bonoid)

! The Projection of Don aw of these

Ban is an isem => pren-1 > DoFh determines En

If n22
, Prin(DoFu)= Pren ((FF)o A)

! [Fn-1) · D
S

these are already determined inductively



Existence : define
n inputs

F:=on

Check thatF so defined satifies the desired conditions.

! noF = [ = f

! DoF =[ = (F(F)· A I

Universal properties of derivation and coderivation

Def : A DERIVATION on a (unital associative) algebra B

is a
map

D : BB satisfying :

· Doy = O Cerivative of constant vanishes)

· DoD = / (idoD +Doid) (Leibnity)

it & D =2 IIIIII
Thm

:AlaTA

Prof : Exercise (follow the pf of algebra morphisms) .

I



Def: A CODERIVATION on a (counit. , coas .
) coalgebra C

is a map M : CC satisfying
· zoM = 0 (counitality
· AoM = (idoM + Moid) · A (Leibnitz)

Thm :

A
Eu

er-linear
a a M =2 /111III

- FITconital
- TA

coderivation

Prof : Exercise (follow the pf of calgebra morphisms) .
I

RK: There are universal properties for TA as well
,

where

you drop all the (a) unitality assumptions (also from

the definitions of derivation and coderivation) .

Def : A coderivation D Cresp . M) is coaugmented if

soD = 0 Cresp . Men = O) .



4 So-STRUCTURES

Def : Let A be a 8-bimodule . An So-STRUCTUREon A

is ammmmtalcoaugmented coderivation M : TA-TA

that is a differential, i
.
e.MO.

Remarks:

1
.

One can replace the part underlined in blue with

"(non-countal) coderivation M : TA - TA st
.

MoM = O"
.

2. Dropping the condition that M be coaugmented recovers the

definition of CURVED As-STRUCTURE.

Prop : Let A be a 2-bimodule. The following are equivalent :
·) an As-algebra (A, [Mi3) on A

·) an Ap-structure M : TAB

If you package the
u:

into
M

: TA > A (withM =
O),

then
u

and M determine each other by M = To M
.



Profi
1. By the universal property , M= To M guarantees

that u and M determine each other
.

Moreover,

U.
=0> M is caugmented.

2. MoM and O are both coderivation .

By universal property ,
MoM = OE)o (MOM) =

3. MoM = [11* Il sum over all possible
## of inputs

io(MoM) = Zalways1 output

MoMi =O Fur 0 I
Remark: If A is al-graded As-algebra, then the

map u
: TA > A obtained by collecting the

M: is not graded.

Fix it by considering TCA(1]) <1]
,
so now

Tgrading shift,
it induces a graded M : T(A(1)) e sometimes denoted

by SA



4 MORPHISMS

Def: Let F
,
G : Cs -C be a counital maph. of coalgebras.

An (F
,
G) - CODERIVATION is a map

M : C > Ge st:

· 30M = 0 Gounital)

· DoM = (FoM +MOG) · A (twisted coLeibnity)
When C= C

>
and F =G = id

, we recover derivations.

Thm : Let F
,
G : TA->TB counital morphisms of coalgebras.

Br V
V E-linear↓ --------TA

& M =[
TS

7.M (F,G) - coderivation

& : The universal property of coderivations is a corollary

of this theorem (with A = B and F = G = id+a).

Prof : Exercise (follow the pf of coalgebra morphisms) .



We only check that the formula

= =[
is indeed an (F,G) - coderivation .

AM =[ & place a # anywhere
* between outputs

(FM)A =[ &the sum is

(MG)A =[
Bott

Thus
,

i so defined gives an (F
,

C) - coderivation . I

Def : An As-MORPHISM between As-algebras A and B

is a counital morphism of coaugmented coalgebras
F : TA >TB that is a chain map , i

. e.

FoMa= MyoF .



Unpacking this definition
1. By the universal property , F is determined by maps

Fi : Abi >B for is O

Moreover
,

F coaugmented Fo = 0.

2
.

Both FoMa and MicF are (F
,
F) - coderivations

,
so

FoMa = MyoF Ex oFoMa = noMpoF

3. ToFoMA To MBoF

Il 11

f&!M

By splitting the last relation by number of inputs we get :

(Rn)(aaj
je(1, n - i]

= [u(Fi(a-a)a - -- fij(ai+ 0 ---au)
i,t ... + ij = u



First relations
recall that My(R1) is a differential

!

Firs = Mefs ,
i
.
e. Fr : A-B is a chain

map

=> fr descends to Fr : Hx(A) < Hx(B)

M !
= O(R2)fM

Frou+Me(ffs) = Miefz + f (r,
sid + idan)
-

d(f2) in Hom (A0 ! B)

Es respects u, up
to homotopy ,

so

Fr : Hx(A) > Hx(B) is a homomorphism of algebras.

Def : A morphismof As-algebras [Fi : Ao-BY is an

As-QUASI-ISOMORPHISM if fr is a quasi-isom , i
.
e.

fr : Hx(A) ~

> H * (B) is an isomorphism .

Internal Homs : a different perspective on morphisms
Def : Given A

,
B K-bimedules

,
consider the G-bimodule

Homp (A ,
B) = P linear

maps3



If A and B are chain complexes , so is Homp (A ,B)
,
and

df := def + foda

RW : Chain
maps F : A- B are cycles in this complex.

Fig : AB are homologous 7 homotopy H s
.

t.

Special cases
f -

g = dpH + Hoda

1) Mr : A- > ACTA induces a unital derivation

Mr : TA-> TA by universal property.
When restricted to AQi

,
this is

= Zidoidodo

For feHom (AQi
,
B)

,
we have

If = risf + fo (Zida..quo -.oid)

2) Let A
,
B be So-algebras. Recall that

Homy(TA , TB) ESTA < TB/Winvented3
d F := MaoF + FoMi



Thus
, As-morphisms from A to B correspond to cycles

in Homg (TA
,

TB).

5 HOMOTOPIES
counital caug.

coderiv
.
w/M2= 0

Def : Let Ma : TA8 and MB : TBB Ao-structures
,

and

counital coaugm . morphisms of coalg
let F

,
G : TA < TB be So-morphisms .

W FM = MF

An As-HOMOTOPY is a counital coaugmented
(F

,
G) - coderivation H : TA-TB such that

F - G=+HoMa
*

dH in Homp(TA ,TB)
Unpacking the definition
1. By universal property, H is determined by a collection of maps

h. : Abi < B

and H =ZGe

2
. Both sides ofQ are (F

,
G) - coderivations

,
so they agree

if and only if i (F-G)= (MBoH + HoMa) ,

i
. e.



3
. H(F-G)= F-G =-

(MH) =[
(HoMa) =[

Thus
,

the relation (Rn) with n inputs is

En(, 0 ..a) - gn(ea... as) =

Inorjaj
je(1, n - i]

&Mj(Fi(a-a)a - -- gij(ai++
a ---au)

i,t ... + ij = u ↑
His (it+i...die)

First relation

(R1) -g =
Fr - g1

= uoh - hous
no ha is a homotopy between fr and

ge



Thus
, Ao-homotopic morphisms induce the same map

in Hx .

Thm (Lefevre-Hasegawa
1. As-homotopy is an equivalence relation.

2. An As-quasi-ison . always has an So-homotopy inverse.

NEXT :

A So-categories
Il Homological perturbation (SKIP!)

I Strands algebras from bordered Floer


