
4. So-modules



1 As - MODULES

Let A be an As-algebra overk ,
with (counital, cossociative)

caugmented coderivation Ma satifying MaoMa = O.

Let u= ·My andM: denote the i-input maps.

Prop (universal property for modules)
inputTGVR-limanf mode↑

↑TAF*
TA

Pf .raF
= (Fid)oid)ocomment

·) Commutativity forces the projectiononto YAR = Y.

·) Let Fi-I devote the restriction of F to X * A
Bi

composed with the projection ento Y * A
*1.

We will show that the collection of maps Fi
- o

determines all the Fi-j.



Consider the relation (idx * A) - F = (FDid+a) (idy *A)

and restrict it to X A$2. The right hand side is

(Fida) (0 ...as=

- F(as)(a
Consider the projection of this ento YR * A8],
which is

Fij+ o (x( , 0 - -dai-j) (aj+ 0 ... dai)

Now let's turn to the left hand side
,
and let's do the

same restriction to X # A
*: and correstriction to Y* R***8 :

Pro
, jo (idA) . Fi- I(xx(a ,

0 ...dai)
-
this map is injective on Y * A*; in fact it is the canonical isom.

Y AQ- > YABDAGj

Thus
,
Fi - I is completely determined.

Existence : try the given formula and show that it works.A



Def : A right As-MODULE over A is a R-module X with

a R-linear map XTA
* X # TA satisfying

1) (idA) ·x = (x ida)o (idxA)
2) #x : = Mx + idxMa is a differential on XIXTA,

i
.
e

. Mox = 0
.

Unpacking the definition

1. By the univ
. property ,

My is determined by maps

mi : X@A < X for is 0
.

[Notation is not universally agreed ; many
authors would call

this
map mits ,

because there are i+1 inputs . )
2

.
Both MoMx and O satisfy condition 1.
Thus

, they agree if their projections on X * K = X
agree.

In the usual tree rotation
,
this is

&Z o



3. The resulting (1 + n) - input relation (Rn) is

mi(m(ori)it

mu((
a stir ... Dan) = O

First relations

(RO) . me = O
, i

. e
,

mo is a differential na

(R1)mmm =
i

.

e
. my satisfies a Leibnitz rule :

mo(ms(x,
a)) = ms(mo(x) , a) + mz(x,u,

(a)
↑ P -differentials are mo andus

said otherwise
, my is a chain

map X*A-X ,
this

my descends to a map
in homology
.



↓(R2)mmmo
The action my : X * A- > X is not associative

,
but it is

associative up
to a homotopy = the induced map in homology is

associative.

ms(my(x , a) , b) - my(x ,uz(a, b) = d(mz)
differential in Hom(X *** 2

, X)
2 EXAMPLES

as
a vector

space

1) A := torus algebra A hosts i fillsSir 923Pia],
which can be seen as a quotient of a path algebra.

k := It to , he subring of idempetents

X := Ex ,
with R-action given by x. = X

x - 4 = 0

The nonzero module maps are :

mc(x ,b) = x

Mn+z(X , (3 , 9231 = -

, (23 :f) =xVn1

-
n times



Let's check that this is an As-module.

The onlyM: we care about is Mc ,
so we need to check sequences of

inputs that give an allowable string after we do aM,
or a A :

· (0 , 40)

m
· (9319231 ... 19231 Li f2z 1. - (2)

+"
= o

· (20, 1 .... f) and (93 , . . . .,(2 ,
4)

Same as before
,
but use ms(x , 4) = X.

· (319231 ---

, faz192193' 92zi -- (23if)

wit o



Motivation : this example is the Ap-module over At associated
to the bordered Heegaard diagram "for the unknet"

G ·
B

get a generator of CF iff x is paired
ma(x ,

v) = x

3 with a generator on the "right" part of the
mz(x , 4) = 0 Heegaard diagram (which we do not see here

occupying the curve <1
.

mz (x, b ,2) corresponds to discs with domain as in the picture

6 Sterisaautalle
B

Higher maps Mntz (X , 93172319231---1923192) correspond to

multiples of the previous domain (but there are no cute on the

x-curve after the first one) .



2) Same A andRas before
,
but now

X = I a
,

b
,

c
,

w
,

x
, y , z

a

wi-
X m(3 ,

2) = 2itBabg
, z!

O

0732
b ·

stor
C

m(3 ,
4) = 20 ifay,zZ

21 y

~ We get au idempotent decomposition X =XX

The other non-vanishing maps are given by the graph :

· ) for each directed path Esta Send you get a sequence of number;
·) regroup them in maximal subsequences Si of 123 ;

·) get a map mj(Sstart , Su , S , ..., Sj) = Send

Counterclockwise Clockwise

my (a, y) = w mi(a , f) = x

my (a
, (,2) = b

my(a , (23) = z



mc(w, (z) = b

my (w, (23) = z

mr(b,(z) = z

mz(y ,% ,%) = z

my( < (3 ·2 ,%,

) = x mr(c ,9) = y

mz(c ,(2 ,%) = 2

Ex : This is an to-module over Ar

Idea : if no idempotents are involved
,
then non-trivial terms

come from broken pathsen the loop-type graph .
Each such

term always cancels with a term
,
because there is always

a non-trivial
M2 at the breaking point, e .g .%

Def : An As-module is STRICTLY UNITAL if

ms(x , 1r) = x VxX

mn(x ,.,...,, 1.......) = 0 YxeX
,

n > 1



Both examples are strictly unital So- modules .

Def : An As-algebra is OPERATIONALLY BOUNDED If M:
= 0

for i sufficiently large
.

All strands algebras are operationally bounded (they are DGAs).

Def : An As-module is BOUNDED if mi = O Fix 1
.

Example 2 is bounded
,
but example 1 is NOT.

3 MORPHISMS and HOMOTOPIES

Def : A HOMOMORPHISM of As-MODULES over A is

a map F : XATA-YATA st.

1)(idA) ·F = (F ida) · (idy) ;

2) MoF = FoMx (chain map)

Unpacking the definition
1. By univ

. property ,

F is determined by a collection of maps

fi : XA82 <Y for is 0



2. MoF-FoMx and O satify condition 1
, so by the

universal property they are equaliff the projections on Y

agree (i . e .,
1 module output + 0 algebra outputs) :

ToMpoF=fonou becauseoutputs)
noFoMy =Im+
3. Thus ,

the As relation (Rn) with n algebra inputs is

"mini (Fi(xda , -dai)ga -.. dan) +

i = 1

"Fri (m(xa , -dai)ga -.. dan) +

i = 1

(..(a
a stir ... Dan) = O



First relations

(RO) .mie Fo is a chainma

(R1)o +
m =m
f

i

. e., fo commutes with the action my up to a homotopy Fr

Def : The IDENTITY MORPHISM is Id : XATAP .

Equivalently ,
this is given by maps Idi as follows :

· Ido : X IX
,

X - X

· Idi : # Abi > X is the
zero map

VisO

RW : The composition GoF of two homan
. of Do-modules has

associated maps

(gof(n(x(a0 ... ban) =

n

= 0

Gri (fi(x(0--pai)aia ... an)



Def : Suppose A is a strictly unital As-algebra.
F : XATA > YITA is strictly unital if
fi(x) · 0 ... 0 . 10 · 0 ... 0 .) = 0

.

The identity morphism is strictly unital.

Def : F
,
G : XTA-YATA homem

. of So-modules
are As-homotopic if IH : XTAY # TA st.

1) (idA)oH = (Heid) (id # A)

2) F - G = MoH - Hox

Unpacking the definition
1. By univ property ,

I is determined by a collection of maps

hi : XAbi >Y for is O

C
.
F-G and MyoH + HoMx both sality condition 1 .

Thus
, they agree if and only if the projections onto Y

agree.

to ·=h+Z



3. We obtainAs relations by fixing the number of inputs.

(Rn) fn(x (a ,
0 - - pan) - gn(x(a,

0 . . . oan) =

min(hi((a,a)it

hi(m((a,a)it

mir(a--a
As+ i+10 ...Dan) = 0

First relation

(RO) f -gho

:.e
. Fo and go are chain homotopic.


