
5. Type D structures



1 TENSOR PRODUCT

Setting : A au As-algebra over k

X a right As-module over A
Y a leftSo-module over A

The usual definition of the tensor product X@Y is not good :

1) due to the non-associativity of the action, the relation

(x . a
, y)r(x , a - y) is not transitive ;

2) even for diff algebra and diff. modules , if XiX' it does
not follow necessarily that XQY .

XON

(this problem is usually circumvented by taking derived a) .

Def : The As TENSOR PRODUCT is the chain complex
Y = XTAOY

with 2 = Myoid + idy Maoidy + idyo My
↓ Mid + idxMaoidy + idyoMy

RW : This definition recovers the derived tensor product if

Mi = 0 Fix2 and mj = 0 Vj > 1



Using the tree representation we have

a =[III + [(l) + I/I
Ex : 22 = 0.

Ex : Unpack the definition of 2 (x0a , 0 ... Dana y) .

Prop : A homomo of As-modules F : X -X'induces a

chain map F Id : XY-XY
.

As-homotopic morphisms induce homotopic chain maps.
Cor : IfXne

.

X
,
then XY-X' *Y .

c . h . e.

Prestof proposition

F =[ m Fold =Z . III
(Foidy)of = Foidyo ( Mxidy + idxMy)

I
these commute=)Didmid c
by definition to
of So-homan .

= 2. (Foidy) #



2 TYPED STRUCTURES

There's a smaller model forDo tensor product if the

leftAs-module comes from a "type D' structure .

Def : Let 2 be a counital coalgebra. A counital comodule

over C is a left k-module N and a map
8 : N > CON

such that

1) (Didn)oS = (id, os) · S &

2) (20idn)oS = idn

Prop (universal property of comodules over TA)

BN

strars as
=/↑

N N
7! S counital
comodule structure9

completion of TA , i
. e. Abi



Notation : Denote by Si : N < A
*N the composition

of S with the projection ento the AoN summand.

si
i outputs

The (counital) comodule structure can be phrased in terms of
the

maps
St as Follows :

Take structure relation
· ) gity = (idoi 81) ·Gr and consider the projectionento ABABIN

· 8°= idn (cornitality)

Prot of proposition : Uniqueness
·) counitality and commutativity of the diagram determine

the projections 5 and St uniquely .

·) the camodule condition says that each higher 8" is

determined by St:

si



Existence : Check that the given formula salsies .

I

Def : A comodule N over Com(TA) is BOUNDED

if S" = O for all i sufficiently large
.

Rh : N is bounded if it is a comodule over TA.
RE : Since S is determined by 82

, often people say that
"St is bounded"

.

Def : Let A be an Ag-algebra and (N , S) a counital comodule
over Com(TA).
(N, S) is a TYPE D STRUCTURE on A if

· A is operationally bounded or (N
,
S) is bounded; and

·) (Maoidn)oS = 0 .

* need this condition so
the map (Maidn) o S

is well-defined

Unpacking the definition
1
. Using the universal property , S is determined by a
collection of maps

Si . N > AQoN



2. Both (Maidn) · S and O satify the univ property
for morphisms (see Section 6 below) . Thus , they agree
iff their projections ente AQN

agree ,
i.
.
e.

2
3
.
The last relation can be written as

(Mnbid) of = 0.

Revisited definition

A type-D structure over an Do-algebra A is a left
R-module N with a k-linear map

St : N-AQN s
.

t .:

· ) A is operationally bounded or St is bounded , and

· (raidn) · S" = 0
where S" denotes the n-th iteration of St defined recursively by

gitt = (idaoi 51) · Gi



3 EXAMPLES

1 A = torus algebra Ap ,
over k= idempotent ring
.

N= Y ,
with Ly = y , <y = 0

.

# O because the

S (y) : = 20y
= idempotents c in the

middle match.

(Recall that k = ideap ring)
Check that it is a type D structure. For Ap there is only2
so the structure relation is simply (M , xid) . S = 0,

which holds true because M2(f12 : f) = 0.

RW : This type-Dutructure is associatedto
It is algebraically much simpler than the So-module .

2 N = E a
,

b
,
c
,
w
,
x
, y , z ,

with same A and R.

a
2

wo123

a
,

b
,
ce ↳ . N

!
b

a C

w
,
x
, y ,zE4 · N

%
23 y St is given by the arrows.



Note that (n ,oid) . S= O , so the structure relation is salsied.
RW : This is the type D structure associated to the complement

of the right handed trefoil.

Advantage : Type D structures are algebraically simpler than
As-modules ; you need only S?

4 BOX TENSOR PRODUCT

Prop : Let N be a type D structure over A
.

Then

A@RN is a left So module over A
,
with

m
module Winput

inAON

Prof : Exercise.

If a leftAs module comes from a type D structure,

then the Do tensor product can be computed more easily.



Def : Let (X , mm:TAAs module evera

and (N
,
S) be a type D structure over A.

Suppose that at least one of them is bounded.

The BOX TENSOR PRODUCT X * N is the

k-module XORN with differential

2* = (maidn)o (idS)

Lemma : 2* &
#
= 0

.

We use graphical notation, with shortcut to avoid I symbol .

mo:=mi i

= Z(a)) MI:l
Ex : Rewrite the structure relations for Ao-algebra,

rightSo-module , and type D structure in terms of
this notation

.



Prot of lemma
A

S

2**_m =0m

Thm Let A be an operationally bounded , strictly unital As-alg,
X a strictly unital right As-module over A

,
and

N be a type-D structure over A.

Assume either N bounded or X bounded & N hty equiv.

to a bounded type D structure. They

- So tensor product
XN = X(Neeft As-module
homotopy equivalent



5 EXAMPLES
-

operationally bounded

1) A = torus algebra ,
k = idempotent ring

X= x in idempotent c , with maps
mi(x, v) = x and Mntz (X ,9(23 :2) = X

n times

N=<Y) in idempotent co , S(y) = Day.
-

both unbounded
,
but in this special case the box tensor

product still makes sense.
XIN is XOpN as a vector space. Since the

idempetents match
, XORN = <xay]·

2
*

(xoy) = [(maid) (idaSt) (xay)
↓ (m + oid) . (idaSt)(xay)
↓ mi(xap)ay = 0

We just computed that HF (S3)=

2) Same A
,

R
,
X as before

,
but for N we use the

type D structure of the complement of T2, 3,
which is bounded.



N = Ea
,

b
, c , w, x , y ,z]
~u
N c . N

In XOpN only xor, xob , xoc versive
,
because

the idempotents match.

The only non-trivial differential that we get is
Xa

2P(xaa) = xab n
X b

Thus
, again the homology (HF (53) is I. However,

this time we computed it as the HF of a surgery
on the trefoil.

3) Same A
,

R
,

N
,
but now let's change the As-module.

Now X=3) with structure maps

mi(3
,
4) = 3 and Mntz (3 , 2:2 . ....(2) = 3

(this is the O-surgery Ax-module) .



XORN = Saw ,
Sok

, Soy , 50z
The only non-trivial differential is

E W

· g2
2
*

(3aw) = 30z ~
3

Thus
,

HF (5 (Te
,
3)

6 MORPHISMS and HOMOTOPIES

Prop (universal property)

AQN'r Ultra of = $)
N(ComTA) oN'nitalist

(oidn)f = (idaf) · S + (idaS) of

RW : F=f ,

where f D
i+j + 1 = m



Prof : Uniquenes
·) Counitality and commutativity determine F= 0 and f
· Take the projection onto AB A

B 18N' :

(Doidn) of = (idof)08 + (idoS) of

·(a)
_

e

is inductively determined.

Existence : Check that the formula works,

Def . A type D structure homomorphism is a map

F : N -> Com(TA) @N'

such that : 1) (Aoidnef = (idof) of + Cidas) of
2) (Maxidn) of = 0

under the assumption that f is BOUNDED (ie. F"= 0 for n 1)

or A is operationally bounded (this guarantees that 2) makes sense).



Unpacking the definition
1. By the universal property , If is defined by a map f
2
. (Magidn) of and O both satisfy condition 1)
Thus

, they agree if and only if their projections agree.

· fu
M.) = 0

3. The relation is that unoid) of = 0.

Def : f, g : N > (ComTA)@N' are HOMOTOPIC if

5h : N> (ComTA) @N' satifying
1) (Aoidn)oh = (idok) of + Cidos) oh

2) f - g = (Maid)oh

assuming h bounded or A operationally bounded.



Unpacking the definition
1. By the universal property , h is defined by a map h?
2
. LHS and RHS of 2) both satisfy condition 1)
Thus

, they agree if and only if their projections agree.

M.
3. The relation is that F2-g1= froid)

Prop : I morphism of type D structures f : N > TAON'

induces a morphism of As modules

F : TAO(AgN) < TAO(AON)

given by the formula
HA

F =

1



Ex : A homotopy between type D structure homomorphisms induces an

As-homotopy between the correspondingEet Asmodule maps .

7 SWETCH of the PROOF of BOX TENSOR THEOREM

Step 1 : bar resolution

Given a right So-module X over A
,
consider its bar

resolution
I

reduced bar algebra
X : = XpTA = XORTAORA

with ~XA
X TA A

mo
this is OxnA

mi= for is

Fact : X is Ag-chain homotopy equivalent to X.
Alternative interpretation : A is a left/right So-bimodule over
A-A

,
and I is the As tensor product of Xa w/AA-



Step 2 : the quasi-isomorphism
We have a chain htpy equivalence XN .Te

.

X #N .

As R-vector spaces , we have isomorphisms

** N = (XOpTAA) @N
I
= X @pTA@r(A@kN)
I
=X (A0kN)
~

left As module associated to N

Fact/Exercise : the differentials on X*AN and on X (AORN)

are the same on the nose under these isomorphisms.

Thus
,

X * N is chain homotopy equivalent to X (AopN).

RK : the various boundedness hypotheses are required so that the

tensor product operations are defined and chain maps/homotopies
induce well-defined chain maps/hometopies on the tensor product.

I


