
6. Manifolds with It boundary



1 TQFT MOTIVATION

Typical TQFT framework

⑪
·
S 2

z(u) In z()
vector space/module field/algebra vector space/module
elemit of v

. S. demit of v. S.rector space

object in 2 categoryC object in 2

z() = z(r) , Z(V)
z(z) pairing on

E(2)
.

Heegaard Flor theory as a (2+1) -dimil TQFT

Y = closed oriented 3-mfd
,

I closed oriented surface

HF(Z) = Lagrangians in Sym + local systems
HF(U) and HF(V) are Lagrangians with local systems.

Cef. Aureux , Lekili-Perutz)



Special cases

1) U andV are the simplest 3-mfds possible, i
.
e

.

handlebodies.

& has high genus, so HF(2) is complicated .

Then HF(U) and HF(V) are Lagrangians in SyngZ,

usually denoted # and Ts (products of attaching curves).

HF(F) = HF(U) , HF(V) pairingis Lagrangeenology

simplest one4)
The Lagrangians for U and V are both Ept] ,

but there

are interesting local systemsa local system over a point is just a

rector space/module

C
Symisa
-

HF(U) HF(V)

Pairing is tenser producto recover Kinneth formula for HF.



Q : Is there something in between?

&= It next simplest surfaceefter S?

Lagrangians can already be interesting
.

Hanselman-J. Rasmussen-Watson : construct a Lagrangian from a type D
structure on At

2 IMMERSED TRAIN TRACKS

Def : A 3-mafold with parameterised torus boundary is a ept
oriented Ms together with 2MET2, ze 2M baspoint,

and 2
,Bc & M two simple closed curves with x-B = 1.

Standard picture
S

z # = quotient of the unit square
an 2 z = (1 - 2

,

1 - E)

B = horiz .

curve x = vertical curve

3
We look at 2M from the outside

,
so for us B . c = 1.



From type D structures to train tracks

* Represent a type D structure as a directed labelled graphs
R

F
.

L

2 O 123

·
a Dats are generators
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23&---d Arrows describe St :hon

12

3

· If · y
C

12 ↳ 30
3

means S"(x) = joy
e 1

* Choose a point ona Cres .3) for each Cresp .
o) gener

* Draw an arrow between x and y
for each edge of

the directed graph :

2· Sg
9)(

->



Example :

· b··
·
R j in g

Dual As-module

Given a directed graph for a type D structure
,

one can construct

also an Ax-module over At :

* Swap 13

* Get au idempotent decomposition X = X10X

The other non-vanishing maps are given by the graph :

· ) for each directed path Esta Send you get a sequence of numbers;
·) regroup them in maximal subsequences Si of 123 ;

·) get a map mj(Sstart , Su , S , ..., Sj) = Send.



Pairing theorem · (d)
& train tracktypetion

· & type D
·Z

D(0)
realisation or

O

↳ .

↑ note the reflection
Immersed Lagrangian Flor homology : along y= - X

· ) generators are intersection points of red & blue curves

·) differential is given by counting bigens (J-holom . discs)

e
.g. pairing A(O) and D(0) one obtains %

a chain complex with 8 generators o
↳ .

there are 5 bigens :

% · ·· ...0

· · ·
↳ . · ·

This gives a chain complex((00 ,
0s).

The nice fact is that this is a geometric model for I.



Def : A train track is called BOUNDED If its underlying decorated

graph does not contain directed
cycles
.

Ci .
e

.

the associated type D structure is bounded

Thm Let 8 andIs be train tracks associated to dec
. graphs,

and
suppose

thatG is bounded. Let

· ) No the So-module associated to to

·) No the type-D structure associated toO2

Then there is an isomorphism of chain complexes

2(0
,
02) = No No

RW : There is a more general version where arrows of the form
· " . are allowed.



3 IMMERSED CURVES

A change of basis in the type D structure results in a change
in the train track associated to it. Luckily ,

there is a canonical

form for many type D structures.

- DG algebra I that extends A (with go as well).

Def : A type D structure N over A is called EXTENDABLE

if 5 N type D structure over t st
.

N = A@gN.

Thm : Bordered Flor type D structures are extendable.

Thm : Every extendable type D structure can be represented by a

collection of immersed curves in T2273, curatedwith

beesystems. - these come from two parallel curves
with switches between them

Thm : The immersed curve construction gives a bjection

Lexendabletype
ea <

1-1
, Zimmersedmultiesa a

hivalence
RW : There are no known examples of non-trivial local systems.



Naturality
(M ,

<
, 3) --typeD multi-curve in

- identifyT with &M

↓ by sendinghoriz-

Fmulti-ware on GM

--Es((M, xi,3) ↑horizo
-

(M , x 31) --typeD multi-curve in

Thm : Fa , (CFD (M ,
<

,3) = Ja
,s
(CFD (M ,

x,
,B)

L
regular homotopy in 2M-Ez]

Cor : Given M manfold with torns boundary and ze &M,

the multi-curve HF(M) = GM-2z} is an invariant
.

Pairing thm revisited mfds with torus boundary
MicOM-Ezi] for ie 20.13
h : (2Mz

, z1) > (2Mo . zo) orient. ver homeom .

Then

HF (MounMe) = HE (00 , h(rr))



4 EXAMPLES

Solid torus ·12dian

Right-handed trefoil complement
3

·
o 20123 ↓2

·& ·⑨3

Jor oh

23

Rthe maximabetam covere. .= meridian

longitude

Left-handed trefoil &se Figure-eightnot

·



Surgeries : pair u/ line of corresponding slope .

e .g. 1-surgery on RHT (Poincare sphere w/ opposite orientation

slope + 1 line

F
#(2(2,

3
,
5))=

Splice
Def : The SPLICE of two Knots Ko and Kn in S3 is the

3-manifold obtained by gluing their knot exteriors using
the identification Motedy and dous

* (* * *

Splice of two RHT

·· 7 generatora&
* * A *



* * * *

# (Y) = #gi
Splice of RHT and LHT

F Tg generatorano

* * A *


