
Lecture2 : Ozsveth-Szabesalgebe
① Idempotente & linear categories

Rall : Ar = Path ()/)
The constant paths It

,

and In are orthogonal idempotents
(i .

e
., It = Ey , FiF=[ , Fi = 0 =It)

It idempotent&vertice]p
&Ec.. En , 3 give a splitting of As :

AmedFiI

In fact
,
the I idempotents allow to reinterpret As as a

LINEAR CATEGORY (i . e ., category w/ Mor(X, y) are- v
. S .) :

#-vector spacesObj(t1) = 26 ,43/66X
Mar (A2) = Mor(4 ,) Mer(o ,4)Mor(o) Mor( , 2)

Recover As as Mor(i,



&Motivation for Ozsvath-Szabo's algebra

=>
Problems : ① no basepoints/sutures in the any layer

on the sides#Tetaso new 22

consistea



② Most layers are disconnected
,
& red curves go

from

bottom to top
-

tI I
-

New typical section (w/ mathing of basepoints) :

--..........
12 ... n z(m)

Today's goal : motivated by C-strands on Z(n)
,

define an

algebra B(n ,
l)

,
with a splitting

B(n
, e)=FB(



③ Idempotents en z(n)

Typical C-strand on E(n)

o · e

~I
-
2 2

3 · 3

!·

s(0) occupies the following pairs of matched bpts : 0
,

2
, 6.

S(1) a maar an = 1
,
2
,
3.

Def : An C-IDEMPOTENT for E(n) is an increasing function

1 : 21, .., e3 - 20, 1 ...., m)
Weoften represent I by im I

,
and write (I) = 2.

e
.g. I= 22 ,

2
, 43 is a 3-idempotent ,

i
. e . (F1 = 3.

Rh : 31-idempetents] I setpairs on)



Representation :

-.........
12 ... z(m)

Sminimalism
·

I· "
12 ---

Terminology :

pation
... m

1 ⑧

occupied
... npositions

↑



Ref : Suppose (I) = 15) .

We
say
that I and J are

CSE iflI(i) -J(]/-1 Vi

EAR otherwise

Geometric motivation : if two idempotents are far
,
there are no C-strands

between them.

e.g.
I= 70, 3 , 4] J= 22, 3, 47

O00 ·1
2
Fat 2

3 -> · 3

- ·

4 -Di · & 4
-

Def : If I andJ are close, j = 21 ,
2

, 33
&(i) = e - 1

,
and J(i) = 2

,

we say line z is crossed l
e

.g.
line 1 is crossed here -

I = 20,
2

, 33



& Ozsvath-Szabo's algebra
Ret : Define the graph Q(m ,

l) by setting #dside e
vertices = l-idempotents on E(n)

edges = VI
,
add edges Up , ..., Un : Is n

if I and I are close and differ

by 1 crossed line (line i) as below

15% ! I↳
i

addedge
Def : B(m, 1) = Path(Q(n, el)/relations
Relations : ·) RiRite = O = Lite : Li

· ↳ Ri = Vi = Riti
-

the path based at I

·= 0 if In fi-1, 13=
· Vi are "central" (i. e

., ViLj = LjVi , -- )

· ifIn-j) > 1
,
then Libj = Ljki

RiRj = RjRi
LiRj = RjLi



W : 21-idempotents37 I constantpats,a
Et : C-idempotents form a set of erthogonal idemp .

in B (n,
e).

: B(n ,
1) isn't a strands algebra an BC,

1)
,
but

a close relativeof it.

⑤ Strands algebra interpretation
Def : An -STRAND on Z(n) is a set s = Es, ..., se3 of

continuous
, pr

smooth functions Si : [0, 17 -> z(n) s
.

t:

· s(o) (resp. s(1)) does not contain matched basepts.

· Esso Vi

· Sitsj Vi,j
2

.g .

p · e s(0) no Io = 20, 2
, 4]

~I s(1) vo In = 91 ,
2

, 4)
-
2 2 s goes

fromTo to Is

3 · 3

!·



Def: s is non-degenerate if geom (si , Sj) = (alg(si , Sj)) .
&ef : CONCATENATION

st =

E if s(1) = +(0) and sit nondeg.E O otherwise

Ref : as = Is,

a resolution of s at
the crossing a

c crossings
So non-deg .

Def: (n ,

2) = algebra genid by non-deg .

C-strands

Def: Equalising a strand

% · ↳
%

· · ·

Mm! ·
·-

·

- -

i ii i " i

S my E(s)



Def : A(n ,
1) (n ,

e) is the subalgebra spanned by E(s).
Iw : A(n , e) and 5 (n,

e) are DGAs.

Edempet enteare idempetate

I·e-strand A

A(n
,
l)

The C-idempotents give a set of orthogonal idempotents in A(r, e).

~ A(n ,e) IAll
Imm (Lekili-Polishchuls ,

Manion-M
.

-Willis]-
2 = 0 here

7 quasi-isomorphism 4 : B(n ,
e)-> A(n,

e)

I.B (n, e) ·5 -> F. A (r , e) ·J

=> B(n , e) = H(A(n, e))
.



Definition of the map aadd constant
strands as

necessary so

that the leftwe
eylinder

(Ri : 1 + j) n E)onlyshowinga
El + E):

if (i, i+ 131 I

(Vi:-) - SElIE)) I

P if Infi, i + 13 = d



6 Gradings on B(n,
e)

1) Unrefined Alexander grading over = (in
,B, ...,Tr

,Bn)
Define it on the arrows of Q(n , 1) by setting :

I
Ti if

y= Ri

wa(j) = Bi if y
= Li

FitBi if 2= Wi

Relations are homogeneous us grading on B (n , l)

2) Refined Alexandergranding over (2)=, ..., en)
Let y:2 - )

Timei

Bei

Define w := Donor.

For the next two gradings , we need to fix a subset

S221, ..., n]



3) Collapsed Alexandergrading over

Alexs : = -In Wemmdiation)itS I
pointing upwards

4) Mustar grading over t

/
E : D := mg- Alex

My
: = - 2 wi is independent of the

choice of S

Gradingsen A(n , e)

1) Unrefined Alexandergrading
He (E(n) , B)En , spanned by F

, B , -
. . -,Tu

[s

-.....
BB

Given s C-strand on 2(m)
,
define

war(s) : = [s)

=Bl
# T,, , . ., [n ,Br>



2) Refined Alexander grading over/2)
"

As before
,
define w(s) : = yowun(s)

Zeom.interpretation : the i-th component wi(s) of w(s)
indicates the total winding number

of the I-strand over the i-th eylinder.

For the next two gradings,
we need to fix S421, ..., my.

3) Single Alexandergrading

Alex : = -IWiwi (same as before
itS

4) Maslav grading over T

#(crossings on ith cy)) - wi(s)
if s has 2 strands

Cyli(s) : = I on the i-th cylinder

O otherwise

mg(s) : =
-2 . [Wi(s) + Cyli(s)

Ihm :
The

g .

i
. B( , 1)-> An ,

1)
preserveslags


