
Lecture 3 : curved DGAs
,
As-modules

,

and type-D structures

1 Motivation from bordered Floer homology
Consider the Hegaard diagram (for S3)

⑳
z

Hergaard Floer complex
· Generators : 1 = (o,) w/ Xit GisBos for some SES

3 generators : aB
,
aC

,

bA

· Differential : a holom
, dis gives an arrow

In our case we have two kinds of hal. discs :

D -
aB-> aC aB -> bA



~ differential : 2(aB) = ac +

bAaBba]f(aC) = 0 I
G(bA) = 0

Let's compute the complex in a different way :

-&TXo

Generators : a bi Generators: A,B,2

"Differential" "Differential"

num ap Disne i
b

& I·



There are two more rectangles :

I i92

"As-module" M 1 "Type-D structure" N

M and N are over a strands algebra A.
Note that A isn't exactly the torus algebra we

have already seen
,
because here we use the matching

C instead of $

A
How to re-build the full complex : MAN

A

&ratorsA, B , a

30 A , bB , we↓
bA

,
aB

,
aC



Differential :

i n a No other pictures
match exactly , so

aB we don't get any

e ↓ I other arrow in

bA the complex.

2 Curved DGAs
gp

central element

&: A CURVED DIFFERENTIAL (G, 6) - GRADED W-ALGEBRA is

C,naturemultiplication
W-algebra

9differential

subject to the following structure relations :

Ro) Mou= 0 (No is a cycle
Ri) Mr(u ,

a) +ur(a ,ua) +Myu , (a) = 0

(i . e
.,
820

,
but Ga = Ta,no])

R2) u , (u , (a,b)) +uz(u , (a) ,
b) +uz(au , (b) = 0

KLeibniz's rule)

R3) Mz(M(a ,
b)

, c) +Mz(a,uz(b,
c) = 0 (associativity)



Moreover,A Aga is
·) up : Ag-Ajg
· Mr : AgAg-Agig

How structure relations are produced : these exist for
b curved As-alg.

No= M=My =....

u, (a)

The relation Rn is obtained by summing over all possible compositions

of two such operations that taken inputs in total.

-gR
ab ab

u
-
all O becauseUz

does not exist

mo Mr(ur(a, b) +Mc(u , (a), b)) +uc(a-

u , (b)) = 0



Example : curved DGA associated to a slice of knot projection

Orientation gives a function

if M : 91 , 43
-> 32 , 33

1 -2

4 +3

Def : ATCHING is a bijection M : A-B
,
where

AuB = 91,..., 2n3 ,
IAl = /Bl = n

.

Def: The curved DGA Bx(n ,
M) is defined as :

·) the algebra B (2n,
n)

· Mo= Vi : Unsi

· M = 0

· the gradings are induced by the set S = Im (M).

: No central ,
so 2" = 0 and 22 = [Mo , -] are

equivalent.
: J = -1 for Maslav grading ,

O otherwise



3 Curved As-modules & type-D structures

Def : A CURVED Ad-MODULE M over a curved DGA A

is a /right) R- module M with R-module maps
ringof>

idempotents
mi : Ma timeMis

ma
subject to structure relations :

2.Z+2
(structure relation for m inputs)

& mi (mj (x0a ,
0 --.daj_1)0aja ...an) +

i +j = n + 1

mixo-D(aej
Mn (xa ,

0 ... aj , Qu. ja
--dan) = O

j = 1



Def : A CURVED TYPE-D STRUCTURE X over A

is a (left) R-module w/ an R-module hom.

SX- AX
X

g
subject to a structure relation

O

defs" :x- X

Sid Sh

i-1 times

Type-D structure relation :

) + ro + / = 0

Mooidx + /Moid)oSt + (uidx)didas ost=0



↳ Box tensor product

Some notation :

A(a , 0 ... da) = 10-i) (

& (a ,
0 ... pan)= 0 -Dr,(c

in(a ,
0 ...Da) =wait

mi = my + my +mz+..., S : = 1 + 84 + 8+...

Curved As-module structure relation :

↓ ·

W

me ·Dm = o

I simplifybydefinin]Curved type-D structure relation :

Ex : Prove it
.

X
. s

=
-

%
· S

#int = Fix # of outputs,

↳ o I select 1 entput, I
and apply str

.
zelat.



Def: Given an As-module M & a type-D structure N

such that m= O for iO or S=0 for iO,

we define the BOX TENSOR PRODUCT My Nas
MORN ,

with differential

2=jeid) id
i

.

e : 2=
R : 8 = 0

.

y
S

%S
+2m wem mo

-
=O

by definition of type-D
structure

#



5 DA bimodules

Def : A curved da bimodule over A-BXB
is an RA-Rp bimodule

,
with

maps for is
,
1

S :XB X
RA

i-1 times

subject to a structure relation.

Station :
St = Sh + S +...

↓
ge

Curved DA relations

Y

i + Ex+
⑧

/z2 ↓ S1

5 gu

+
More explicitly ,

the O input relation is

·+u



while the n input relation,
for > O

,

is

i H 5 gu

↓ Mo
t

⑧↳ + ing/z2 ↓

& BOX TENSOR PRODUCTS (variations)
Let Xi , Byy de DA bimodules,

My an Ax-modula

BN
a type-D structure

Then we can define 3 variations of the box tensor product :

My
*

XB
*XABNXBABYe

Aco-modula/B type-D/A DA 1-2 bimadula

MaX XQ N XoY
RA Rt RB

mit:m
M



How to show that we get the correct structure ?
It is convenient to use the several-output curved DA relations.

Devine iteratively
F

it p
Also define " := idx + 51 + Sh + ...

I : A DA-bimodule saffies the relation
S S

+ x+X u

Idea of prot:
1) Fix the number of outputs, call it m.

2) Express each summand of the above relation as a sum of
n elements

,
where the i-th element is associated to the

i-th output.

3) Apply the curved DA relation to the i-th output. I



Short versions of curved structure relations
Ax-module :

mo +
m
.
*

= 0

Type -D structure :

DS = o

K

DA bimodules :

E
=cDA

Ear : M*X is a curved As module der B

*XB*BN is a curved type-D structure

*Xp#BYy is a curved DA (-2)-bimodula


