The Priifer code for k-trees
; b
C.Rényi and A. Rényi

Budapest, Hungary

§ 1. INTRODUCTION

The notfon of k -trees (k-dimensional trees) for k 2 2, whichis a
natural generalization of the notion of an ordinary (one-dimensional) tree (a
"{-tree"), has been introduced by F. HARARY and E.M, PALMER [1]. A k-
tree can be defined either as a k-dimensional simplicial complex with certain

properties, or as a graph; in what follows, we take the second point of view.

The simplest way to define a k-tree of order n (k=12,...;n2k+1)

The results of this paper have been obtained during June and July 1969, The results of
§ 2 - on which everything else in this paper is based - are due almost exclusively to
Catherine Rényi. Alas, Catherine Rényi died on August 23, 1969, It remained the
duty of the author named second to prepare the final text of the present paper; thus
all possible shortcomings of the paper are his responsibility.
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is to do this recursively. A k-tree of order k+1 is a complete graph of order
k+1 . A k-tree GS:_),, od order n+1 (n2k+1) is obtained by taking an arbitrary
k-tree G;k) of order n and 'selecting any of its points which form a complete
k-graph in G,(..k) and by connecting these k points with a new point*. Thus a k-
+1)+k (n-k-1) edges and, in

2
5 1 k
general, for every j with 12 jS k+{ containing (k; )+(n-k-1).(j_',j)

tree of order n is a graph having n points, (k

complete j-graphs: thus in particular it contains n-k complete (k+1) -graphs

and k(n-k)+1 complete k-graphs.

A point of a k-tree is called an endpoint if it belongs only to a
single complete (k+1)-graph of the k-tree. Clearly each of the k+1 points of
a k-tree of order k+1 is an endpoint. It is easy to see that every k-tree of
order nz k+2 contains at least 2 and at most n~k endpoints; this follows
immediately from the recursive definition, because a k-tree of order k+2
contains evidently 2 endpoints, and by forming from a given k-tree Gf‘k)
of order n, a k-tree of order n+1 by adding to Gf,k) a new point, and joining

(k
it to the points of a complete k-graphin G, ), the number of endpoints is

never decreased.

In what follows we shall consider labelled k -trees, i.e. we
suppose that the n points of a k-tree of order n are labelled by the numbers
1,2,...,n. For the sake of brevity we shall call the point labelled by the
ﬁumber j 'the point j". We shall deal mainly with ﬂ)@_ k -trees; a k-tree
of order n is called rooted at the root (91, Qo2 ?k) where (91,92, ""?k)
is an unordered k-tuple of different integers chosen from the integers 1,2,...,n,
if the complete k-graph consisting of the points ¢, ,..., ¢ is contained in the
k -tree in question, Notice that a 1 -tree is rooted at any one of its points;
however a k-tree with k22 is rooted only at k(n-k)+1 k-tuples among the
possible (D k ~tuples which can be forxﬁed from the integers 1,2,.-.,n.

In the case k =1 the only consequence of looking at a 1-tree as rooted at one of

*In [1] a complete k -graph is called a k-tree of order k; we found it more convenient
not to consider such a graph as a k-tree, i.e. to define k-trees of order n only for
~> ka1,
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its points, say ¢, is that the root ¢ is not considered as an endpoint, even if’
it is connected with a single point., Similarly for k22 the k points belonging to
the root are not considered as endpoints even if they belong to a single complete

(k+1) -graph.

Notice that every rooted k -tree contains at least one endpoint (not
belonging to the root). This is trivial for k =1 because every 1 -tree contains .
at least 2 endpoints, of which at least one is different from the root. For k22,
the statement follows from the remark (proved easily by induction) that every
tree contains at least two endpoints which are not contained in the same complete
k -graph, and thus if the k-tree is rooted, at least one of them does not belong

to the root.

The aim of the present paper is to extend to k-trees the method by
which A, PRUFER [2] has coded 1-trees, In what follows we shall define the
Priifer code of a 1-tree of order n for 1-trees rooted at some selected point:

for the sake of simplicity we suppose that the tree is rooted at the point n.

Priifer’ s code is defined for labelled {1 -trees of order n (the n
points of which are labelled by the numbers 1,2,...,n) as follows: we remove
from the tree the endpoint which is labelled by the least number armong all
endpoints of the tree, and write down the number by which the unique point of
the tree, to which the removed endpoint was connected, is labelled; we repeat
the same procedure with the remaining 1-tree of order n-1, and continue this
process until there remains only a single edge (a 1 -tree of order 2 ). In this
way we obtain a sequence of length n-2, each element of which is one of the

numbers 1,2,..., n . It can be shown that each of such n"~2

sequences is the
Priifer codeword of a tree of order n, and this tree can be reconstructed,

given the codeword. In the case k2 2 the Priifer code of a labelled k -tree of
order n (the points of which are labelled by the numbers 1,2,...,n) and rooted
at a given k-tuple (¢,,¢,,...,9,) is defined similarly: we remove from the

k -tree that endpoint which is labelled by the least number among all endpoints

of the k -tree, and write down the (unordered) k -tuple of those numbers by
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which the k points connected to the removed endpoint are labelled. We repeat
the same procedure with the remaining k-tree of order n-1, and continue this
process until there remains only a complete (k+1) -graph (i.e. a k-tree of
order k+1). In this way we obtain a sequence of n-k-{ unordered k-tuples of
the numbers 1,2,..., n; however, if k22 , not all such sequences are the
codewords of a k-tree of order n, but only those which satisfy certain

conditions of admissibility. The problem to be solved consists just in finding

these conditions, i.e. in characterizing those sequences of n-k-{ unordered

k -tuples, formed from the numbers 1,2, ..., n , which are the Priifer codewords
of a k-tree of ordef n; the solution of this characterization problem will lead
also to a decoding procedure by which the k -tree can be reconstructed from its

Priifer codeword,

While the coding procedure can be generalized in a straight-
forward way, it will be seen that the characterization of those sequences which
are the codewords of a k-tree, and the decoding procedure are much more
involved for k 22 . It appeared that to solve this problem, a much more
thorough study of the original Priifer code in the case k=1 was needed than
was done previously. This study involved a certain coding of permutations
which seems not to have been used before, In § 2 we start by discussing this
coding of permutations; § 3 contains a detailed study of the Priifer code for
ordinary trees, based on the introduction of the notion of the "redundant Priifer
code" of a {-tree. In § 4 it will be shown that generalizing for any k 2 2 for
(rooted) k-trees the notion of the redundant Priifer code the problem of
characterization as well as of decoding are solved without encountering any
further difficulty. In § S we show how the Priifer code can be used for counting
all labelled k-trees of order n as well as for enumerating k-trees of order n

satisfying certain conditions,

§ 2, CODING OF PERMUTATIONS

Let @, = (a,.a,,.--,a,) be a permutation of the numbers
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$,2,...,n. We call an element a,,, of the permutation x,, (1£k<n-1)

a weak element, if it is preceded by a larger number, i.e. ifﬁmp:xk Q> Apat;
———— s 2 =)=

otherwise we call a4 a strong element of the permutation T,; @, is always

*
a strong element,

Let ek(srn) denote the number of elements a.j (j=1,2,..., k)
which are larger than ('1,1“_1 (k =1,2,...,n-1);thus for any permutation x,
of order n we have O<e (w )£k anda,, 4 isa weak element if and only

if ek(ﬂ:n) # 0. We now shall prove a series of lemmas,

LEMMA 1, To every sequence €, e, ..., e, , of integers for
which 02e 2k (k=1,2,...,n-1) there corresponds a uniquely determined

permutation wx, of integers 1,2,...,n such that ek(wn)= e, k=1,2,...,n-1),

PROOF. The permutation %, in question can be successively
constructed starting from its last element and working successively backwards.
As a matter of fact, as &, has to be preceded by e,_; larger numbers,
evidently a =n-e, ;. Let us now omit a, from the sequence 1,2,...,n;
evidently a,_4 is obtained by taking the element having the rank n-1- €
in the remaining sequence; similarly, if we have already determined
QpiGp_q2---1 Gy, o, let us omit these numbers from the sequence 1,2,...,n
Op4q (12 k& n-1) will be equal to the element having the rank k+1-e, in the
remaining sequence, while a; will be the unique number of the sequence

1,2,...,n which remains after removing QpsQp gy Qg o

Thus we obtained that any permutation &, of the elements

1,2,...,n can be coded by the sequence e (x,) (k=1,2,...,n-1).

Let this code be called in what follows the CR-code of the per-
mutation T, . This code is closely related to another code, due to M. HALL
(see [4]), which is defined as follows: Let uy () denote the number of those

numbers less than k+1 which follow the number k+1 in 7, ; then we have

*
A strong element is sometimes called an upper record, see e.g. [3].
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OLupm )£k and the permutation %, is uniquely determined by the

codeword W, (™), Wz(®™p),...;Up_4(%,); we shall call this coding the MH-code.

It is easy to show that the CR code of a permutation &, is equal to
the MH code of its conjugate permutation n': s+ as a matter of fact if in ¥,
Qy,q =Jj, thenin 7 a’} = k+1 and if there are in %, e, numbers greater
than o, =] among the numbers a(a.,,.--, 0, thenin®) there are e,

numbers less than k+1 among the numbers O’?” eees a.*n .

It is pointed out in [4] that the coding of permutations is of

importance in computer programming.
Now we prove

LEMMA 2, The number of those permutations (o4, a,,...,a,)

of the numbers 4,2,..., n in which the elements o’hi“ (L=1,2,.c0,r;

1£ hy<hy < ... <h.<n) are weak and all others strong

(rin-1) isequalto hgih, ... hp.

PROOF of LEMMA 2, Let (e,,e5,---,€,_4) be the CR codeword

of a permutation satisfying the requirements of Lemma 2. Then clearly

4<=€hi £h; (i=1,2,...,r) while if j does not belong to the sequence
hyihgooosh, then ej = O Thus the total number of such permutations is
equal to the number of ways in which the numbers eh1 i ehz yeeea €h

@

can be chosen, i.e. is equal to h1 by Mg which was to be proved.

REMARK 1, Let us consider the trivial indentity

n-1{
92,1 nt =T (h+1) = > h,h,...h
( ) h=1 15hy<hy<-<h Sn-1 il r

Lemma 2 furnishes a combinatorial interpretation of the identity
(2. 1): the left-hand side is equal to the total number of permutations of the

elements 1,2,...,n while the term h,h,...h. on the right-hand side gives
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the number of those permutations in which the elements a; ¢ (i =1,2,...,r),
3

and only these, are weak.

REMARK 2, It follows from the proof of Lemma 1, that if we want
to list all permutations satisfying the requifements of Lemma 2, we may
proceed as follows: Qp +1 can take the values 1,2,...,h.. If the value of
Oh, +1 is fixed, remove this value from the sequence 1,2,...,n; Oh,_ +1
can be equal to any of the first h__, elements of the remaining sequence; in
general if the values of Qp a1 Opy 44 (1£i2r-1) are already fixed,
remove these from the sequence 1,2,..., n, and take 0""&*1 to be any one of
the first h; terms of the remaining sequence, Thus working backwards we
find all possible choices of the weak elements. The strong elements are then
uniquely determined, as they are equal to the remaining n-r numbers in

natural order.

REMARK 3. Let us choose at random with uniform distribution one
of the n! permutations of the numbers 1,2,..., n:; let this permutation be
%, = (g, 55, ,) . Let P(n; myumy,...,m.) denote the probability that
gy Amygg oo Xy (1€my<my<-..<mg £n-1)

and only these, are the strong elements (upper records) of the random

permutation ,,. Denote by h1+1,u,,hr+1 (r=h-s-1)
those among the numbers 4,2,...,n which are not contained in the sequence
f,myed, om st Then we have by Lemma 2,
h ... h
2.2) PCnymymyiam,) = 1ha 5 = 1
n! nmym, - mg

This formula can be found in DAVID and BARTON [3]; the proof
given here by means of Lemma 2 is, however, much simpler than the proof
in [3].

REMARK 4. The result of Lemma 2 can be also interpreted as
follows: let us choose at random with uniform distribution one of the

permutations of order n. Let thisbe ®, = (o, &y, -, x,) .
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Put &) =0 if «} 4 is a weak element and &, =1 if &y 4 is a strong

element of ®, (h=0,1,...,n-1).

Then we have

1 ' h
2.3 p(& =1) 2= and P(ﬁ =O) =
@.3) ; h+t g h+1
(h =0,1,.-.,n-1) and the random variables €0,€45.--, &, 4 are independent.

It follows that putting S =€,+&+--+ €,.1 li.e. denoting by Sp the total
number of strong elements of the random permutation x,,, we have, denoting
by E(¥) the expectation and by D2(§) the variance of a random variable ¥,
and by P(A) the probability of an event A,

1

(2.4) E(S,) = 1+.12_+...+?~logn
and
n
2 - o1y
2.5) Dcs,,)_fi(k ) ~ logn

Sp -logn
and it is easy to show that the distribution of e i i tends for n — + o0
Viogn

to the standard normal distribution , i.e.

'S u?
\ Sp-logn { -7 :
(2. 6) lim P ——=—<ux] = J e du
n—+00 ( VLogn ) V2 -

It is interesting to compare this result with a related result on

sequences of independent observations (see [5]).
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