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1. Introduction

A véges geometriai konstrukcidk alapvet6 fontossagiak az extremélis graf-
elméletben. Az eléadédsban els6sorban a Turan tipusu extremaélis problémékhoz
tartozd konstrukciokrél fogok beszélni, a szokasosnal informéalisabban, bi-
zonyos megoldatlan problémaékkal kapcsolatban.

Probléma 1 (Turdn tipusi problémék). Adott a kizdrt grafok egy L osztdlya,
hatdrozzuk meg, vagy legalabbis becsiiljiik meg ex(n, L)-et.

Theorem 1 (Kévari-T. Sés-Turdn, [10]). Let K, denote the complete
bipartite graph with a and b vertices in its color-classes. Then

ex(n, K,p) < %\a/b —1-n2~Wa) L On). (1)

CONJECTURE 1. The exponent in is sharp.

Az extrém grafoknal altalaban sziikségiink van egy fels6 becslésre, illetve
egy also becslésre, ahol a ”degeneralt” esetben véletlen, vagy geometriai vagy
algebrai konstrukcidkat hasznélunk.

The “random constructions” do not help in such cases.



CoNsTRUCTION 1 (E. Klein/ Erdés).

ex(n,Cy) > cny/n.
THEOREM 1 (Brown [4]/ Erd6s-Rényi-Sés [7]).

1

ex(n, Cy) = (2 + 0(1)> nv/n.

1.1. Connection to Unit distance problems

Lenz Construction. In E* there is a K (oo, 00).

2. Brown Construction

Reiman Construction. Sharp constructions.

CraiM 1 (Erdés: Unit distances in E2, E?).
CONSTRUCTION 2 (W. G. Brown [4]).
1 9_1
ex(n,K(3,3)) > | = —o(1) | n*" 5.

THEOREM 2 (Fiiredi).
1 2_
ex(n, K (3,3)) = 5 +o(1) ) n*"s.

2.1. Kollar-Rényai-Szabo6-Alon
THEOREM 3 (Alon-Rényai-Szabd). Ifb > (a — 1)!, then

ex(n, K(a,b)) > can?”a.



3. Benson Construction

Probléma 2 (Cg probléméja). Igaz-e ex(n,Cg) > eyt valamilyen c¢; > 0-
ra?

Probléma 3 (Cy problémaéja). Igaz-e ex(n, Car) > cpn!TE valamilyen ¢y, >
0-ra?

4. Rational exponents

CONJECTURE 2 (Rational exponents). Is it true that for any Degenerate ex-
tremal problem for L there exist a rational o such that

ex(n, L)

Tta —cr >0

for some ¢, > 07

Motivation. If there is a geometric construction, where the vertices are
from a finite geometry and the connections are according to some polyno-
mials, then the exponent will be “rational”.

Remark 1. The “rational exponent” conjecture does not hold for hypergraphs.
The Ruzsa-Szemerédi theorem is a counter-example.

5. Compactness problems

CONJECTURE 3 (Erdés).
1\3/2
ex(n,{C3,C4}) = <<2> + o(l)) n3/2.

THEOREM 4 (Erdés).

3/2
ex(n,{Cs,C4}) = <<;> + 0(1)) n3/2.



5.1. Asymmetric versions?

Consider bipartite (RED-BLUE) graphs G(A, B). We may exclude only one
position, where the RED vertices of L are in A, or we may exclude the case,
when both positions are excluded.

exp(n, L) means that we exclude only one of the two positions.

CONJECTURE 4. Let L be a bipartite excluded graph. We know that
exp(n,L) >~ ex(n, L).
Is it true that

exp(n,L) < cpex(n,L)?

5.2. Gyori Lemma

THEOREM 5 (Gy6ri). Any Cg-free graph G,, contains a {Cy, Cg}-free subgraph
H, with e(H,) > 1e(G).

The general conjecture:

THEOREM 6. Any Cyi-free graph Gy, contains a {Cy,Cs, ..., Coy }-free sub-
graph H,, with e(H,,) > cre(G,,), for some ci, > 0.

5.3. Oy -free graphs

k path of length t
Jjoining x and y

5.4. Cube-free graphs

THEOREM 7 (Erdés-Sim).
ex(n, Qs) = O(n®?).
CONJECTURE 5 (Erdés-Sim).

ex(n,Qs) > ch8/5.

No reasonable result for the 4-dimensional cube.




6. Hypergraphs and Finite Geometries

PROBLEM 1 (Erdés). Is it true that if Gy, is 4-critical, then dmin(Gy) = o(n)?

Toft, Simonovits, double cone, triple cone? [16]

6.1. Brown-Erdds-Sés papers
5] [6]

r-uniform hypergraphs, L¢3
Independently, 2 important papers of Brown, Erdés, and Sés: |]

7. Girth problems, Ramanujan graphs

Amennyiben idém engedi, kitérek egy ide lazan kapcsolédd konstrukcid-
csoportrol is, a “Kis-Margulis” konstrukciordl, illetve ennek messzemeno
altaldnositasarol, a Margulis-Lubotzky-Philips-Sarnak konstrukcidkrdl: itt
nem geometridkat hasznalunk, hanem Cayley grafokat.

THEOREM 8 (Lemma). If dmin(Gr) > 3, then girth(G,,) = O <10§§f1)>-

THEOREM 9 (Erdés-Pésa). If Gy, does not contain k+1 independent cycles,
then the cycles can be represented by cklog k vertices.

CONSTRUCTION 3 (Margulis [I3]). Consider the mod p 2 X2 matrices with
determinant 1. There exist two “independent” 2 x 2 matrices, consider the
corresponding Cayley graph. It has p> vertices and is 4-reqular.

Here the shortest cycle has length clogn.

Let X denote the set of all 2 x 2 matrices with integer entries and with
determinant 1. Pick the following two matrices:

1 2 1 0
A_<O 1) andB—<2 1>.

It is known that they are independent in the sense that there is no non-
trivial multiplicative relation between them. So, if we take the 4 matrices
A, B, A~! and B!, they generate an infinite Cayley graph which is a 4-
regular tree. If we take everything mod p, then it is easy to see that the
tree collapses into a graph of n ~ p? vertices, in which the shortest cycle
has length at least clogp for some constant ¢ > 0. This yields a sequence of
4-regular graphs X,, with girth ~ ¢*logn for some ¢* =~ 0.91...



Theorem 2 (Margulis [?]). For every e > 0 we have infinitely many values
of r, and for each of them an infinity of reqular graphs X; of degree 2r with

girth
4 log v(X})
X)) > (= —e) B0
o(x) > (§ - ) A

Margulis also explained, how the above graphs can be used in construct-
ing certain (explicit) error-correcting codes and generalized this construction
(in the same paper) to arbitrary even degrees.

7.1. Why are the Margulis-Lubotzky-Phillips-Sarnak graphs
important?

Often we can replace constructions by “Random Constructions”, however
sometimes it may be important to replace the Random Constructions by
Deterministic Constructions. In such cases the Expander Graphs are often
very useful. See e.g. Ajtai-Komlés-Fiiredi Sorting network [I].

The random almost-regular graphs with degree ~ d have a second eigen-
value aproximately v/d.

REMARK 1 (The Ramanujan graphs).

Lubotzky-Phillips-Sarnak [11] [12] results were needed to construct Ra-
manujan graphs. As it is mentioned in [I2], Alon pointed out that they are
important in Extremal Problems, too.
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