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We start from some well known elementary properties of the parabola of 
second order. Denote its axis by t, t’he vertex by C; in any point C1 of the 
axis draw Ohe perpendicular t,o it, meeting the parabola at A1 and Az respectively. 
If the foot of the perpendiculars from A1 and AZ to the tangent at the vertex 
are denoted by B1 and Bz respectively and the point of intersection of the 
tangents at A1 and AZ by T {Fig. 1) then we have 

- - 
TG = 2 CC1 

and 

F = $AAlAzT = Qrect AlAzBzBl, 

where F denotes the area of the parabola above AlAz . 
It is evident Ohat these properties do not hold for polynomials of degree 

n > 2. We shall now enquire if for n > 2 the ratio of the above distances 
and areas remains bet,ween certain limits. 

Let g(z) be a polynomial of degree n wit,h n 2 2, p and Q (p < q) two consecu- 
tive real roots and suppose g(z) to be positive throughout the interval (p, q). 
Let g(z) assume its maximum value in (p, 4) at b. The tangents at p and q 
meet at a point T with t as ordinate. In general t > 0 and for g’(p) = g’(q) = 0 
we assign to t the value 0. Throughout this paper AppT will be referred to as 
the ‘%mgentiaZ triangle”; it,s area is given by +(q - p)t. The part of the curve 
between p and p may be included in the “tangential rectangle” of area (4 - p)g(b), 

I 
* 

and g(x) dx defines the “ayea of Ihe curve.” 

Thi ratio t/g(b) and that of the area of the tangential triangle to the area of the 
curve which, in the case n = 2 take the values 2 and 3/2 respectively, may in 
the general case, assume any value. They may be less then any number we 
may choose, however small; they may even equal 0, e.g. if p is a multiple root, 
i.e. if g’(p) = 0 and thus also t = 0. But they may also be larger than any 
number we may choose, however large; as, e.g. in the case g(x) = 1 - xzn. 
Here p = -l,p= +l,b=O,g(O) = l,t=2n,hence 

t/g(O) = 2n and ‘3 t /J 
4 

g(x) dx > 2n/2 = n. 
P 

1 In this paper we consider only polynomials with real coefficients. 
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This example at the same time illustrates that the ratio of area of the curve to 
the area of the tangential rectangle may approach unity as close as we like. But, 
as the example g(z) = (1 - x’)~ shows, the same ratio may assume values less 
then any preassigned number however small. 

Thus we see that, for any polynomial the above ratios cannot be enclosed 
between definite limits (trivial ones disregarded). But for polynomials with 
only real roots we proved the following theorems. 

THEOREM I. t ~5 2g(b). 
THEQREM II. The area of the curve is greater than or equal to 3 the area of 

ihe tangentid triangle: 

J 
Q 

2 q-p 

P 
&)dstg 7t I 

( ) 

FIG. 1 

FIG. 2 

THEQREM III. The area of the curve is less thun or equal to $ the area of the 
tangential rectangle: 

J p g(d ok 6 P[(q - p)g@)l. 
P 

In all cases equality holds only for n = 2. 
Theorem I and its proof under 2 is due to G. Szekeres.’ 

2 Oral communication. 
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Theorems II and III may be written 

Hence 

i.e. the area of the tangential triangle is less than or equal to the area of the tangential 
rectangle. 

From Ohis inequality we immediately obtain 

t 5 &l(b) 

i.e. theorem I is a consepuence of II and III. Nevertheless we give Szekeres’s 
proof as it leads to the result immediately and by very simple means. 

In 3 we prove two lemmas required and in 4 and 5 our theorems II and III. 

Let 

2. Proof of theorem I due to G. Szekeres 

g(z) = A(s - aJ(s - a2) . - . (3 - a,) 

where for the real ai's 

(n 2 21, 

Assume 
al h a2 2 .a s 2 u&l > uk 2 a I) . 1 & . (2 $ k 5 n). 

p = ak and q = &-I. 

At a certain bkml in (ak , a,-,) g’(z) vanishes and, if we suppose g(s) to be 
positive in (ok , ak-I), the funct’ion assumes at 5~ its maximum. Thus g(z) > 0 
(uk < 5 < ak-I), 6 = bk4 and if we denote by TM the point of intersection 
Of the tangents at ok-1 and ak , we have t0 prove 

tk-1 5 Q(bk--I), 

where tkul denotes the ordinate of TW . 
If one of the values g’(ak-l) and g’(ak) equals 0 then tk--l = 0 and our theorem 

is a trivial one. (The same holds for g’(ak4) = g’(a3 = 0 for in this case, 
according to our definition, t&-l = 0). For n = 2 we have, by simple computa- 
tion tt-1 = 2g(6k-l), Hence we may assume 

(1) g’(ak-l)g’(ak) # 0 and n 2 3. 

By easy computation 

- tk-l ak) 1 g’bk-1) 1 1 ak-1 2 = (“-’ - 
‘1 

g’bk) 1 _ - ak. 

g’(ak-l) 1 + ( g’(ak) 1 2 1 
1 g’(ak-1) 1 
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i.e. 

ik-1 s 
ak--l 

- ak (1 g%k-1) [ 1 g’bk) 1)’ = Sk-1 
2 

since the harmonic mean of two positive numbers is not greater than their 
geometric mean. 
Nom we prove 

Sk--l < 2g(an2+ a,) 

by which, properly said, we prove more than is contained in theorem I; for we 
prove t’hat tk-1 is less that the double of t’he value assumed at the bisection of 
the interval (a, , a~). 

Without loss of generality we may suppose 

Uk-1 = 1 a.nd a,+ = -1. 

Hence, by (l), according to which - 1 and + 1 are simple root’s, we have 

(2) Iail > 1 (i = 1, 2, * ” * k - 2, lc + 1, * =. , n) 

and 

Sk-1 = (Ig'(-l> 1 Id(l) I)', 
ak--l + ak = 

2 
0. 

( g’(l) 1 = 1 A (1 - al) (1 - u2> ’ ’ . (1 - uk-2) (1 4 l)(l - ak+l> ’ ’ ’ (1 - an) 1 

= 21A(a1 - l)(u2 - 1) . .. (aw2 - 1) (a,+, - 1) a.. (a, - 1) 1. 

(g'(-1) 1 = 21 ACal -I- l)(a2 $ 1) . . . (uk--2 i- l)(ak+l i- 1) *. . (a, i- 1) 1. 

i.e. by (1) and (2) 

Sk-1 = (4A2(u? - 1) (ai - 1) . . * (a:-2 - l)(az+l - 1) . * . (at - l>>* 

< 2(A2ufa~ - - . a~-2a~+l . * . CL~)~ = 21 Aala . . ’ ak-2ak+l ’ ’ = a, 1 =2g(O). 

Q.e.d. 

3 

Suppose that the roots cl , c2 , . . , cy of the polynomial of degree v (V 2 3) 

h(x) = C(x - Cl)(X - cz)(x - CI) * ’ * (SC - C”) 

areallreaI;cl > c2 > c3 2 ... ZZ c,, i.e. the two greatest roots are simple. 
Furt’her let h(z) be negative in (cs j cl) and positive in (cs , ~2) i.e. C > 0. Then 
we prove 

Cl 
LEMMAS. Ifc2-c35cl-c2,then s h(x) dx s 0 and 

ca 
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LEMMA 2. If 

1 
+-I_+ .*.+L $ __ 1 

cz - c3 cz - c4 c2 - G Cl - Cz’ 

then 

J 

Cl 
h(x) da: 2 0. 

C8 

In both lemmas equality holds only for v = 3 with c2 - c3 = cl - cz . 
Without loss of generality we may assume 

G= 1, Cl = 1, c2 = 0. 

Put 7; = -cifor3Siiv. Then 

h(z) = (x - 1)x(x + y3)b + ~4) . . . (x + yv) 

and 

(3) 0 < ya 5 y4 5 ‘ * . s yy . 

PROOF OF LEMMA 1. 

s 

1 

We have to prove that. for y3 6 1, h(z) dz S 0. It will be sufficient 
-?a 

to prove t,hat 

I W--x) I 2 I h(x) I. (0 < x < Y3CS 1)). 

By(3)and+y3 S 1,forO <z < y3wehave 

I h(x) I = (1 - x)x(x + Y3)(2 + Y4) . . * (x -I- rJ 

z (1 - x)x(x + Y3)(-2 j- r4) **a c-x -t YY) 

(equality only for v = 3). 
From 0 < x < y3 5 1 it is easy to verify that 

(1 - x)(x + Y3) 2 (1 + x)(.--z + Y3) 

(equality only for y3 = 1). Hence 

1 h(x) I 2 (1 i- x)x(--x + YS)(-x + ~4) m. - (-x + yv) = 1 h(-z) / 

(0 < x < Y3), 

which establishes lemma 1. 
By the argument it. is immediately clear that equality holds only for v = 3 

and y3 = 1. 
PROOF OF LEMMA 2. We have to prove that if 

(4) 
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then 

i 

1 
h(x) ax 5 0. 

-78 

By (4) ~3 2 1; thus it will be sufficient to prove that 

I w I I I N---s) I. 
For v = 3 we have 

(0 < 2 < 1). 

h(x) = (x - 1)2(x + 73) = (Cc - 1)2(2 + 1) x$ 

= (2-1)2(1:+1)(1+~&). 

+1 

If y3 = 1 then 1 h(z) 1 = \ h(-2) 1 hence 
s 

h(z) dx = 0. If y3 > 1 then 
-1 

(0 < 2 < l), 

hence 1 h(z) 1 < j h(-x) ) (0 < z < 1). 
Thus the theorem is true for v = 3 and we shall prove that if it holds for 

v - 1 it also holds for v (v 2 4). 
Let us consider the number y for which 

6) 
1 -= L +I. 
Y TV-1 -fP 

and thus 

(7) 1 < y < yv-1 5 Yr * 

In the polynomial of degree Y - 1 

h*(x) = h(x) (x + ;$ + yy) 
the coefficient of zyW1 equals 1, each root is real and by (6) they satisfy (4), 
hence according to the hypot,hesis 

1 h*(x) / 6 1 h*(-2) I. (0 < x < 1). 

By (5) and (7) we easily verify 

x+r 
(x f YdX + rJ ’ ( -2 + x;_y2 + YY) 

(0 < x < l), 
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hence 

< ~h*(-x)+-x+~‘-l~(-x+Y~) =lh(-x)1. 
-x+-Y 

(O<x<l) I 

which proves lemma 2. 

4 

Applying the notations of 2 theorem II may be written 

If #(ok) Or g’(o&1) vanishes, t/.+-l = 0 and the theorem becomes trivial, hence 
we suppose g’(ak)g’(t& # 0. 

In this case, according to 2 

- - 
Q-1 ak-1 ak 

2 
I ak-1 ak = 

2 1 +-L- 2 

(1 g’h-1) 1 1 g’bk) I>* = Sk-l. 

1 dt”k-d 1 1 g’(d 1 

Now we prove that 

g(x) dx 2 ; ak-l 2- uksk-l) = ;[(a,-‘; ak)2(/g%k-l) 1 jg’(ak> I)‘]. 

For n = 2 we have equality i.e. our statement holds for n = 2. We now 
suppose that it holds for numbers less than n (n > 2) and prove that it also 
holds for n. 

a/ If 2 < k < n then ahI and a&? are at least double roots of the polynomial 

h(x) = g(x) 
(x - Ul>(X - 4 

(x - &-1)(X - ak) 

the degree of which is n, hence 

(8) h’(uk-1) = h’(‘&) = 0. 

On the other hand it is easy to see that 

(9) 0 < h(x) < g(x). (ak < 5 < ak-I). 

In the polynomials h(x) and g(x), x” has the same coefficient, hence the degree 
of the polynomial 

B(X) = SD) - h(d( z 0) 
does not exceed n - 1. 

The values a2 , US , s s = , awl are roots of g(x) as well as of h(z) thus they are 
at the same time roots of gl(x) hence, its coefficients being all real, all roots of 
gl(x) must be real too. 
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By (9), throughout (aa, a~-~) gr(r) > 0 thus gl(x) satisfies the conditions 
of theorem II hence according to t’he hypothesis 

But by (8) 

g:b-1) = g’kb-l), s:(m) = d@k), 

hence, as by (9) I,*-’ h(z) dz > 0, we have 

s 

ak-1 
J 

Ok-1 
g(x) dx = g&d dx -I- 

at ‘Jk 

I’*-’ h(x) dx > /=‘-’ gl(x) dx 
ak at 

2 ; [ t?y (1 g’(c&1) ( 1 g’(Q) I)“] = ; [ “-12- uk sk-l]. 

b/ Of the cases k = 2 and k = n it will be sufficient to deal with one of 
them for this one applied to the polynomial g( -2) settles the other. Then 
let k = 2. 

Without any loss of generality we may assume al = 1, a2 = - 1. In order 
to satisfy g(z) > 0 throughout (~2, ul) we must suppose A to be negative. 
Let A = -1 and denote ai = -ui (; = 3, 4, . . . , n). Then 

g(x) = -(x - 1)(x + 1)(x + %‘a) ’ * * (x + 4, 

1 =( ff;l 5 cx4 5 * * * s cy, 

and 

“,z uk Sk = (I g’(l) 1 1 g’(- 1) I)‘. 

But as, by the hypothesis, g’(al)g’(ut) = g’(l)g’( - 1) # 0 we have 

00) l< a3 5 a4 $ * *a r iY, . 

NOW consider the polynomial of degree n - 1 

g1(x) = x qCx) 
2 + an 

= --x(x - 1)(x + l)(s + ty3) * ’ . (x + id (X > 0). 

gl(x) is positive throughout (- 1, +l) and all its roots are real. 
Now we choose X so that 

01) (I g’(+l) I I g’(- 1) IY = (I ca+1) I I g:c- 1) I>“. 

Now 

g’(+l> = -0 -I- l)(l + Ly3) . *. (1 + cr,-l)(l + cy,), 

g:(+l) = -x(1 + 1)(1 + a3) . . . (1 + k-1). 
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Hence 

IP:(+0 1 = x IsY+l) I 
%-i-l * 

545 

&nilarly 

Ig;(-l) 1 = x Ig’(-l; I, 
ffn - 

hence 

lg1(+1) I lP:(--1> I = Al Ig’(+l) I lg’(--1) I. an - 

(11) will be satisfied if (CY, > l!) X2 = (Y”, - l( > 0) i.e. if 

x = +(a”, - 1)f. 

In this case 

(12) %a - 1 < x < a,. 

Now form the polynomial h(z) = gl(z) - g(z). Its degree is n, its n - 1 
roots: +l, -1, -a3, -a4, ..., -LY,+I and consequently also the nth one are 
all real. We prove that the nth root must lie in (-1, 0). 

BY (12) 

(13) m) = Sl(O> - g(0) = x g$ - g(0) < 0 

and, as g’(-1) > 0, 

h’(-1) = g&l) - g’(-1) = “_1 g’(-1) - gY(--1) 
&i - 

By this and by h(-1) = 0, it follows that somewhere in (-1, 0) h(z) must 
vanish. Denote this root by -IY (0 < LY < 1). 

h(s) satisfies the requirements of lemma 1 as 1 and --LY are simple roots of 
c-9, 1 - (-a) > (-a) - (- 1) and as, by (13), throughout (-1, -CY) 
h(s) > 0 whereas throughout (- cy, 1) h(z) < 0. Hence by lemma 1. 

s 

+1 

h(z) ds < 0. 
-1 

Consequently 

s 

+1 

s *lgl(r) dz - s 

fl 
-l g(x) dz = h(z) ds > -1 -1 s 

+1 
g1(z) ds. 

-1 
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But gl(;z) is of degree n - 1. Thus by the hypothesis 

s :’ d4 r&r 1 31 &(fl) I I g:(-l) I>+, 
which with (11) gives 

which proves theorem II. 

By applying the notations introduced in 2, we write theorem III in the form 

s 

Ok-1 
g(x) ax s $(Uk-1 - aJg(L1). 

ak 

We prove it by induction. Theorem III holds for n = 2 (equality). We shall 
prove that if it is true for numbers less than n (n > 2) t.hen it also holds for n. 

a/ If 2 < k < n then ak and ok-1 are at least simple rOOtS of the polynomial 
of degree n 

s(x) 
h(x) = (x _ ul)(x _ a,) G - hk-J2 

whereas b&-l is exactly a double root. Thus h(b& = h’(bk-1) = 0. In the 
interior of the intervals (ah , ak-I), with the exception of b&l , h(z) is less than 0. 

The coefficient of xn in h(x) and in g(x) is the same, thus the degree of the poly- 
nomial gl(s) = g(x) - h(x) does not exceed n - 1. All roots of gl(x) are real, for 
it vanishes at a2 , a3, . . . , uk-I, ak , - . - a,-l and thus the eventually resulting 
In - l)th root CanrIOt be Complex. Hence, as &(bk--l) = g’(b& - h’(bk-1) = 0 
we have by hypothesis 

But as 

g&k-1) = g@k-1) - h(bk--1) = g(bk-1) 

and since throughout (ak , ak-l) (with the exception of x = bk-I, when equality 
holds) gl(z) > g(x) we may write 

J 
ak--l 

J 
ak-1 

sl(x) dx > dd dx, 
ak ak 

hence 

s 

“k-1 
&) dz < $bk-l - ak)g(bk-I). 

(lk 

b/ Just as in 4 we have to consider only one of the cases k = 2 and k = n. 
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Let k = 2. Consider the polynomial of degree n - 1 

Q(X) e(x) = x -. 2 - a, 
(A > 0). 

We choose X such as to make the maximal value of 91(x) in (at , al) (positive 
in this interval as well as that of g(z)) equal to that of q(z). Such a X exists. 
Hence, denoting the root of g:(z) lying in (at,, aI) by 5, we have 

04) Ql@> = Q(h). 
From the equations 

g’(h) __ = 0 and Q:(b) 
dbd gl(b) = O 

we obtain 

1 1 
+ bl _ a3 + -*- + 

1 1 1 
bl - a2 bl - G&-l +bln=Q-bl 

and 

(15) ‘-+&+...+b$&--. 
b-a-2 3 n 1 

By which 

b < bl. 

The polynomial h(z) = ql(x) - q(x) is of degree 12. Its n - 1 roots are 
a1 ) as?, a3 , * * * , &--I . Furthermore, it must vanish in the interval (5, bI) too, 
since by (14) 

h(b) = gl(b) - q(b) > 0 and I&) = ql(h) - q(h) < 0. 

Denote the root of h(x) lying in (a, 51) by a. By (15) 

1 
a--&2 +*&3+-~+-$-l<$- a- _ - a’ 

hence, al and a being simple roots, h(z) satisfies all the conditions of lemma 2. 
Hence 

J 
01 

h(x) dx > 0. 
“4 

From this we obtain 

J .,’ q(x) ax = s .,’ qdz> cz2z - l;’ h(x) dx < [’ Ql(X> dx. 
aa 

But according to the hypothesis, the degree of gl(x) being less than 12, 

J =l slG> dx S 8bl - adql(b), 
“0 
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hence by (14) we have 

s n’ g(z) dLz < pcu, - a2>g@3, 
52 

and thus theorem III is completely proved. 
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