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1

We start from some well known elementary properties of the parabola of
second order. Denote its axis by {, the vertex by C; in any point C; of the
axis draw the perpendicular to it, meeting the parabola at A, and A; respectively.
If the foot of the perpendiculars from A4, and A4, to the tangent at the vertex
are denoted by B: and B, respectively and the point of intersection of the
tangents at 4, and 4, by T (Fig. 1) then we have

TC, = 20C;
and
F = 3AA: AT = 2rect A14:B:B,,

where F denotes the area of the parabola above A;4,.

It is evident that these properties do not hold for polynomials of degree
n > 2. We shall now enquire if for n > 2 the ratio of the above distances
and areas remains between certain limits.

Let g(z) be a polynomial of degree n with n = 2, p and ¢ (p < ¢) two consecu-
tive real roots and suppose ¢g(z) to be positive throughout the interval (p, ¢).
Let g(x) assume its maximum value in (p, ¢) at b. The tangents at p and ¢
meet at a point 7" with { as ordinate. In general¢ > 0andforg’'(p) = g'(¢g) =0
we assign to ¢ the value 0. Throughout this paper ApqT will be referred to as
the “tangential triangle’”’; its area is given by (¢ — p)t. The part of the curve
between p and g may be included in the “tangeniial rectangle” of area (¢ — p)g(d),

g
and f g(z) dx defines the “area of the curve.”
P

The ratio ¢/g(b) and that of the area of the tangential triangle to the area of the
curve which, in the case n = 2 take the values 2 and 3/2 respectively, may in
the general case, assume any value. They may be less then any number we
may choose, however small; they may even equal 0, e.g. if p is a multiple root,
ie. if ¢'(p) = 0 and thus also { = 0. But they may also be larger than any
number we may choose, however large; as, e.g. in the case g(z) = 1 — 2™
Herep = —1,¢ = +1,b = 0, ¢(0) = 1, ¢ = 2n, hence

t/g(0) = 2n  and qf;zpt/j: g(x) dz > 2n/2 = n.

! In this paper we consider only polynomials with real coefficients.
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538 P. ERDOS AND T. GRUNWALD

This example at the same time illustrates that the ratio of area of the curve to
the area of the tangential rectangle may approach unity as close as we like. But,
as the example g(z) = (1 — z%)" shows, the same ratio may assume values less
then any preassigned number however small.

Thus we see that, for any polynomial the above ratios cannot be enclosed
between definite limits (trivial ones disregarded). But for polynomials with
only real roots we proved the following theorems.

TrerorEm 1. & < 2g(b).

Trarorem II. The area of the curve is greater than or equal to 3 the area of

the tangential triangle:
‘ 2{q—p
e ol ke
j;g(x)d:czg( 3 t).

T

!
Pl ¢

Fic. 2

TueoreM III.  The area of the curve is less than or equal to % the area of the
tangential rectangle:

[ " i@ de S 1l — D))

In all cases equality holds only for n = 2.
Theorem I and its proof under 2 is due to G. Szekeres."

2 Oral communication.
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Theorems 11 and III may be written

g(ar_;z’ ‘) = f 9@ dz < 21(g — Pg®)].

Hence

3 2

1.e. the area of the tangential triangle is less than or equal to the area of the tangential
rectangle.
From this inequality we immediately obtain

t = 29(b)

i.e. theorem I is a consequence of II and III. Nevertheless we give Szekeres’s
proof as it leads to the result immediately and by very simple means.
In 3 we prove two lemmas required and in 4 and 5 our theorems II and III.

%(q_:z' g) < 2l — Po®)}

2. Proof of theorem I due to G. Szekeres

Let
g() = Al —a)(@ — a2) --- (x — aw) (n z 2),
where for the real a.’s
G == 2 W > 2 An. 2=k =)

Assume
P = a; and 9 = Gz .

At a certain by in (ay, @r.) ¢'() vanishes and, if we suppose g(z) to be
positive in (a; , @x—1), the function assumes at bi_; its maximum. Thusg(z) > 0
(ar < z < @), b = b1 and if we denote by Ti_1 the point of intersection
of the tangents at a;—; and a;z, we have to prove

i = 29(br),

where {._; denotes the ordinate of T, .

If one of the values g’(ax—1) and g'(ax) equals 0 then #,_, = 0 and our theorem
is a trivial one. (The same holds for g'(@z—1) = g’(ax) = 0 for in this case,
according to our definition, &z, = 0). For n = 2 we have, by simple computa-
tion 4y = 2g(br—;). Hence we may assume

) g'(as)g(a) =0 and n = 3.
By easy computation

| g’ (@z—1) i |g'(ax) | = T — Gk 2
lg' (@) | + | g’ (ax) | 2 1L, 1
g (@) | " [g'(as) |

i1 = (@1 — an)
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ie.

1 = M_ET_M (g’ (ar—) [ | g"(ar) D} = Sg—1

since the harmonic mean of two positive numbers is not greater than their
geometric mean.
Now we prove

s < 2g (%&)

by which, properly said, we prove more than is contained in theorem I; for we
prove that f,_; is less that the double of the value assumed at the bisection of
the interval (a:, ai_i).

Without loss of generality we may suppose

a1 =1 and a, = —1.
Hence, by (1), according to which —1 and +1 are simple roots, we have
(2) |G,‘]>1 (£=1}2;"‘k_23k+1}"‘!ﬂ)

and

sea = (o' (=D [|g’ DY, “*—1;9 -0

lg') | =141 —a)(A — @) -+ (1 —@a)(l + 1)A — ars) -+ (1 — as) |
=2|A(a1 ~ 1@ — 1) -+ (G2 — Dlagn — 1) --- (@ — 1) |.
lg (1) =2|A(a + D@+ 1) -+~ (@r—a + Dlarss + 1) -+ - {an + D |.
i.e. by (1) and (2)
sia= @A%ai — D — 1) -+ (aie — Dlatn — 1) -~ (@n — 1)}

< 2(A%ala; - Gi-2@isr - %) = 2| Aaas -+ Geo8isr -+ - @n | =29(0).

Q.e.d.
3
Suppose that the roots ¢;, ¢, --- , ¢, of the polynomial of degree v (v = 3)
hz) =Clz —e)(z — )z — @) -+ (& — ¢)
are all real; ¢, > ¢, > €3 = .- = ¢, 1.e. the two greatest roots are simple.

Further let h(x) be negative in (ez, 1) and positive in (¢; , ¢2) i.e. € > 0. Then
we prove

€1
LemMa l. Ifes — e S0 — ¢, thenf hz)der = 0 and
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Lemma 2. If

1 1 1 1
Co — € Cp— C4 €2 —C € — C

then
fl k(z)dz = 0.
In both lemmas equality holds only for v = 3 with ¢ — ¢; = e1 — ¢a.
Without loss of generality we may assume
€= 1, =1, c = 0.
Puty; = —e¢;for3 £ ¢ = v. Then
h(z) = (z — D2 + vz +v) --- @+ 7)

and
(3) 0<vmEvwsE-=v.

Proor oF LEMmA 1.

We have to prove that for v; = 1, f: h(z) dz £ 0. It will be sufficient

to prove that
| h(=2) | = |A) . (0 <z <7ys(= 1))
By (3) andy; = 1, for 0 < z < v; we have

[h@) | = A — D)zl + v) & +74) --- (& + )

z2(1-2zlz+v)(—2z+v) - (—z+71)
(equality only for » = 3).
From 0 < z < 73 = 1 it is easy to verify that

(I -2z +v) 20+ 2)(-2+7)
(equality only for v = 1). Hence
|a@) |2 A + Dz(—z + ) (—2 + 74) -+ (=2 + ) = | h(—2) |
(0 <z <),

which establishes lemma 1.

By the argument it is immediately clear that equality holds only for » = 3
and Ys = 1.

Proor oF LEMMA 2. We have to prove that if

@ LI T I e
Yo T Y1 Vs
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then

1
f hz) dz = 0.
=

By (4) v = 1; thus it will be sufficient to prove that

| h(z) | = | h(—2)|. 0<z<1).
For » = 3 we have
e & Fess z+ v
hz) =@ — Dz + ) = & l)x(x+1)$+1
- s vz — 1
il 1)x(x+1)(1+$+1).
+1
If'ys=1then[h(x)|s]h(——x)|hencef1 hx) dz = 0. Ifvys > 1 then
W o IR TRl 0<z<l),

—x+1 z+1
hence | h(z) | < |h(—2)| (0 < z < 1).
Thus the theorem is true for » = 3 and we shall prove that if it holds for

v — 1 it also holds for » (» = 4).
Let us consider the number v for which

(5) L 2 ol
2 Vo1 ¥r
By (4)
1 1 1
®) L e
s Y4 Y~2 Y
and thus
@ 1 €1L Yt S%
In the polynomial of degree » — 1
z+ v

h*(z) = h(z) (x + vi)(z + v)

the coefficient of 2" equals 1, each root is real and by (6) they satisfy (4),
hence according to the hypothesis

| R*@) | £ | h*(—2) |. 0<z<l).
By (6) and (7) we easily verify

T+ —z + 5 ’
T (il DEERL
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hence
I pE (z + Tv—l) (= + 1)
Ih(ﬁﬂ = |h (ﬁ)l-—*—xIT*—*
ST it f;‘l}f‘j +9) LD i),
which proves lemma 2.
4

Applying the notations of 2 theorem II may be written
g—1 2 ooy s
fak g(z) dz = 5(“——* L tk.a).

If g'(ax) or g’(ar—;) vanishes, £y = 0 and the theorem becomes trivial, hence
we suppose g'(ar)g’(a—1) # 0.

In this case, according to 2
¢ - Ap—1 — Ak 2 ar— — QA

k= 2 L1 =2
|9'(ar-1)| * g’ ()]

Now we prove that

fu_l o(@) ds = g(fg—,n_g_—__% sk_l) = g[(%;lz__—“k) (| ¢'(@x) [ 9"(ar) I)i].

ok

(| g'(ar) | | g’ (as) I)i = 8f—1.

For n = 2 we have equality i.e. our statement holds for n = 2. We now
suppose that it holds for numbers less than n (n > 2) and prove that it also
holds for n.

a/ If 2 < k < n then a;; and a; are at least double roots of the polynomial

g(x)

h(z) = m (x — a-1) (= — ar)

the degree of which is n, hence

(8) h’(ﬂk—s) = h’(ak) = 0.
On the other hand it is easy to see that
(9) 0 < hiz) < g(=). (ar < z < Qi)

In the polynomials A(z) and g(z), z" has the same coefficient, hence the degree
of the polynomial
ai(z) = g(z) — h(z)(# 0)
does not exceed n — 1.
The values az, @a, - -+ , @1 are roots of g(z) as well as of h(z) thus they are
at the same time roots of g,(z) hence, its coefficients being all real, all roots of
gi1(z) must be real too.
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By (9), throughout (ax, ax_1) gi(z) > 0 thus gi(z) satisfies the conditions
of theorem II hence according to the hypothesis

[ awas 2 2[ (%252 Qi oita D]

But by (8)
gilars) = g'lar),  gila) = g'(ar),

@1
hence, as by (9) f h(z)dz > 0, we have

&

k-1 ag—1 -1 aE—1
dz = d hiz) dx > d.
f g(x) dz f gi(z) dz + L i (2) dz f ) g:1(x) dx

ek ak

2 2 (% Y (0@ 0@ ] = 2[ 225 % o |

b/ Of the cases k = 2 and k& = n it will be sufficient to deal with one of
them for this one applied to the polynomial g(—z) settles the other. Then
let 2 = 2.

Without any loss of generality we may assume a; = 1, @, = —1. In order
to satisfy g(z) > 0 throughout (a2, a1) we must suppose A to be negative.
Let A = —1 and denote o; = —a; (¢ = 3,4, .-- ,n). Then

g(x) = —(z — Dz + L)z + a) -+ (& + aw),
lfaggfEas £-00 £ 0y
and
BB, = (g0 19D I
But as, by the hypothesis, g'(a1)g’(az) = ¢'(1)¢’(—1) = 0 we have
(10) l<aenZag X« = an.

Now consider the polynomial of degree n — 1

p@ =2 2D~ e De+DE e @ e 0>0).

¢1(z) is positive throughout (—1, 4+1) and all its roots are real.
Now we choose X so that

(11) (lg'+D g (=) D = (gi(+D | |gi(=1) DV
Now
g(+1) = —(L+ 1D + @) - A+ ant)(1 + a),
gi(+1) = =1 + DI + as) --- (1 + @)




ON POLYNOMIALS WITH ONLY REAL ROOTS 545

Hence
’ _, 19D
Similarly
lgi(—1) | = A €D
an, — 1
hence

2

lgi(+1) | |gi(=1) | = lg'(+D | lg'(=1) |-

an — 1

(11) will be satisfied if (e > 1) N = & — 1(> 0) ie. if

A= +(ai — 1)*.
In this case
(12) an— 1 <A< a.
Now form the polynomial h(z) = g¢:i(z) — g(z). Its degree is n, its n — 1
roots: +1, —1, —as, —a4, +-- , —a,—1 and consequently also the n'* one are
all real. We prove that the n'® root must lie in (—1, 0).

By (12)
g(0)

(13) h(0) = g:(0) — g(0) = A = g0) <0

and, as ¢'(—1) > 0,
W=D = gi(-1) = ¢(=1) = 2= ¢'(~1) — ¢(-1)

= g’(—l)( ¥ 1) > 0.

an — 1

By this and by A(—1) = 0, it follows that somewhere in (—1, 0) A(z) must
vanish. Denote this root by —a (0 < a < 1).

h(z) satisfies the requirements of lemma 1 as 1 and —a are simple roots of
h(z), 1 — (—a) > (—a) — (—1) and as, by (13), throughout (—1, —a)
h(z) > 0 whereas throughout (—«, 1) A(z) < 0. Hence by lemma 1.

+
f h(z) dr < 0.
—1
Consequently

f_:l g(z) dz = f:l gi(z) dx — :l h(z) dx > f:l g:1(2) dz.




546 P. ERDOS AND T. GRUNWALD
But g:(z) is of degree n — 1. Thus by the hypothesis

[ a@ a2 20 gl D,

which with (11) gives
+1

|, 1@ds > 3D g (=) D,

which proves theorem II.

b
By applying the notations introduced in 2, we write theorem III in the form

[ 4@ do = $ais — adgbuy.

ok
We prove it by induction. Theorem III holds for n = 2 (equality). We shall
prove that if it is true for numbers less than n (r > 2) then it also holds for z.
a/ If 2 < k < n then a; and a;—; are at least simple roots of the polynomial
of degree n
_ g(x) 2
h(z) = & —a)ls — o) (2 — biy)
whereas b;_; is exactly a double root. Thus A(bi—) = #'(bx—r) = 0. In the
interior of the intervals (ax , ax—,), with the exception of bs_; , A(x) is less than 0.
The coefficient of z" in h(x) and in g(z) is the same, thus the degree of the poly-
nomial g:(z) = g(z) — h(z) does not exceed n — 1. All roots of g1(x) are real, for
it vanishes at @2, a3, -+« ,@x1, Gr, - - - @ny and thus the eventually resulting
(n — 1)* root cannot be complex. Hence, as g1(bs_1) = ¢'(be_1) — h'(bis) = 0
we have by hypothesis

fa :k_l g1(®) dz S #ar1 — ar)gr(be-r).

But as
gi(br-1) = g(br—) — h(bra) = g(br)

and since throughout (a: , a.1) (with the exception of z = by_; , when equality
holds) gi(z) > g(x) we may write
agp—1 =1
f gi(z) dx > f g(x) dz,
cE ak
hence
af—1
f g(x) dz < %(ap — aw)glbey).
a

b/ Just as in 4 we have to consider only one of the cases ¥k = 2and k = n.
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Let & = 2. Consider the polynomial of degree n — 1

nlx) = h%. > 0).

We choose A such as to make the maximal value of gi(x) in (a2, a1) (positive
in this interval as well as that of g(z)) equal to that of g(z). Such a A exists.
Hence, denoting the root of gi(z) lying in (a., a;) by b, we have

(14) 91(b) = g(by).

From the equations

g’ (b)) g1(b)

=l e o, ] 0 and = 0

g(br) g1(b)
we obtain

1 1 1 1 1
b — a bl—ﬂe+ +bl—au—1+b1"an_a1"‘"bl
and
1 1 1 1
(15) b—ag+b~aa+-'-+b—a,_1_al—b'
By which
b<b.
The polynomial A(z) = gi(z) — g(z) is of degree n. Its n — 1 roots are

Gy, Gz, U3, -+, oy . Furthermore, it must vanish in the interval (b, b)) too,

gince by (14)
h(d) = gi(b) — g(d) > 0 and h(b) = gi(by) — g(by) < 0.
Denote the root of k(z) lying in (b, by) by a. By (15)
1 1 1 ” 1

ot ,
a — as a — as a— Ap—1 a — a

hence, a; and @ being simple roots, h(z) satisfies all the conditions of lemma 2.
Hence

ay
f h(z)dz > 0.

From this we obtain

[[o@as= [ n@d— [ W de < [ 0@ da.

ag

But according to the hypothesis, the degree of g:(z) being less than =,

.[1 oi(z) dz < (a1 — a)ga(b),
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hence by (14) we have

]: g(z) dz < 2(a1 — az)g(by),
and thus theorem III is completely proved.
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