
SOME UNSOLVED PROBLEMS 

Paul Erdijs 

On November 16, 1957, Assumption University of Windsor sponsored a sym- 
posium for mathematicians from Ontario, Michigan, and Indiana, The symposium 
gave occasion for an informal lecture in which I discussed various old and new 
questions on number theory, geometry and analysis. In the following list, I record 
these problems, with the addition of references and of a few further questions. 

A. NUMBER THEORY 

1. It is known [35, Vol. 1, Section 581 that n(2x) < 257(x) for sufficiently large x. 
Is it true that 

(1) n(x + y) < B(X) + n(y) ? - 

Ungrir has verified the inequality for y 5 41. Hardy and Littlewood [29, p. 691 have 
proved that 

(2) P(X + Y) - n(x) < cy/log y . 

In the same paper, they discuss many interesting conjectures. They put 

h-0 sup [R (x + Y) - n(x)1 = p(y) , x-00 

and they conjecture that p(y) > y/log y, and that perhaps n(y) - p(y)- oo as y --) 00. 

Hardy and Littlewood deduce (2) by Bruds method. A very difficult conjecture, 
weaker than (1) but much stronger than (2), is that corresponding to each s > 0 
there exists a yE such that, for y > yE, 

dx + Y) - dy) < (1 + dy/log y- 

It has not yet been disproved that p(y) = 1 for all y. If p(y) > 1 for some y, 
then lim inf (h+l - pn) < 00. 

2. About seventy years ago, Piltz [38] conjectured that, for each c > 0, 
pn+l - pn= O(n&). Cram& conjectured [7, p. 241 that pn+l - pn = O((log n)?. If 

lim sup (p,+l - p,)/(log n)” = 1 , 

then, for each E > 0, infinitely many of the intervals [n, n + (1 - s)(log n)“] contain 
no primes, but for n > ns, there is a prime between n and n + (1 + E)(log n)“. The 
Riemann hypothesis implies that 

prl+1 - pn < n&+1/2 

[35, Vol. 1, p. 3381. Thus the old conjecture that there is always a prime between 
two consecutive squares already goes beyond the Riemann hypothesis. 



292 PAUL ERDOS 

The first big achievement in this direction is due to Hoheisel [32], who showed 
that pn+i - Pn < n lv6. Ingham [34, p. 2561 proved that 1 - 6 can be taken to be 5/8. 
In the opposite direction, I have proved [9, p. 1241 that, for a certain c > 0 and for 
infinitely many n, 

Pnfl 
c log Pn log log Pn 

- pn ’ (log log log I# ’ 

Rankin [40] has shown that the factor log log log log pn can be inserted in the numer- 
ator; but this result seems to constitute the ‘natural boundary” for our method. 

3. Let d,= pn+l - pn. Conjecture: The two sets of integers n for which 
d,+l 2 d, and &+l < dn, respectively, have densities l/2; and for infinitely many 

n+l = d, It is only known (see [13] ) that the set of integers n for which 
z+t > (1 + E )d, has positive density, for some E > 0. Does it happen infinitely 
often that dn+2 > h+l > dn? or that d,,, 
in both cases, then the sequence {dn+l - 

< 4+1 < d, 7 (If the answer is negative 
d,} has ultimately alternating signs.) For 

further questions and results on the difference of consecutive primes, see [24] and 
[V. 

4. The set of limit points of the sequence { (pn+l - pn)/log pn) has positive 
measure [42, p. 94 ]; but no finite limit point of the sequence is known. Is the se- 
quence dense on the positive axis ? Does it have a distribution function? For fur- 
ther questions on this topic, see [42]. 

5. Chowla [6] has proved that there exist infinitely many triplets of primes in 
arithmetic progression. Do there exist arbitrarily long arithmetic progressions of 
primes? The longest of the known arithmetic progressions of primes has ten terms: 
199 + 210 h (h = 0, 1, .**, 9). An old conjecture: There exist arbitrarily long arith- 
metic progressions of consecutive primes. 

6. A well-known theorem of Van der Waerden [50] (see also [39]) states that 
there exists a function f(k) such that if the integers from 1 to f(k) are divided into 
two sets, then at least one of the sets contains an arithmetic progression of k terms. 
But all the known functions f(k) increase so rapidly that they do not even satisfy the 
condition 

k 

f(k) = kk” (k exponents) , 

Rado and I [23, p. 4381 have shown that f(k) 2 -This should be improved; 
especially, a majorant for the least of the functions f(k) should be found. 

7. Cram& [7, p. 451 showed that if the Riemann hypothesis is true, then, for 
each E > 0, 

c (pn+1 - pJ2 < c&- xoog X)3+&. 
P&X 

Perhaps the exponent 3 + & could be reduced to 1; but the proof seems very difficult. 
The following analogous conjecture [II, p. 4401 is perhaps not quite hopeless: There 
exists an absolute constant c such that if 
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1 = al < a2 < *.. < a+(,, = n - 1 

are the 4(n) integers less than n and relatively prime to n, then 

$44-1 
El (ak+l - akj2 < cn2/+(n). 

8. The well-known conjecture on twin primes can be stated in the form 
lim inf cl, = 2. It is not known whether lim inf d,/Iog n = 0. In this direction, I have 
proved (141 that lim inf d,/log n < 1, and Rankin [41] has shown that the constant 1 
can be replaced by 57/59. 

I have shown [14] that 

lim sup 
mint&, &+I) , 

log n =-’ 

but I could not prove that 

lim sup 
min (%, %+I, dn+d 

log n 
=0, 

nor that 

lim inf 
mu (dn, d,+ 1) 

log n < 1. 

For many further problems on this, see the forthcoming paper by Schinzel and Sier- 
pi&&i in the Acta Arithmetica. 

9. Twenty-five years ago, I conjectured that if f(n) = +l for n = 1, 2, l s*, and C 
is any constant, then there exist integers d and m such that 

(f(d) + f(2d) + I*. + f(md)] > C 

(compare Van der Waerden’s theorem in Problem 5). The conjecture clearly im- 
plies that if the function f(n) is also required to be multiplicative, then the sequence 
(C&l f(k)) is unbounded. For the special case where f(k) is the multiplicative func- 
tion h(k) equal to -1 whenever k is prime, we have 

[35, Vol. 2, p. 6181; the series can not converge for s = u + it, if u < l/2. There- 
fore 

C X(n) * 0(x li2-&) . 
n<x 

The Riemann hypothesis implies that 



294 PAUL ERDijS 

n$x x(n) = 0(x1/2+3. 

It has also been conjectured, by many mathematicians, that if f(n) is multiplica- 
tive and f(n) = 51, then 

(3) lim 1; f(k) 
n- Ql 

exists. For the case where f(k) = X(k), the result follows from the prime number 
theorem. An example of Wintner shows that if we only assume that f is a complex- 
valued, multiplicative function with If(k)] = 1, then the limit (3) need not exist. (See 
[51, p. 481, also [48].) 

10. Let rk(n) be the largest number of positive integers less than n which con- 
tains no arithmetic progression of k terms. The first publication on the function 
rk(n) is due to Turan and myself [25]; we proved that rs (2n) < n + 1, for n > 7. We 
had been motivated by the fact that the inequality I < n/2 would imply Van der 
Waerden’s theorem (see Problem 6); but the problem itself seems to be much older 
(it seems likely that Schur gave it to Hildegard Ille, in the 1920’s). 

In 1251, we stated our conjecture that lim r, (n)/n = 0, and Szekeres’ conjecture 
that r,[(3k + 1)/2] = 2 k. The latter conjecture is correct for k = 1, 2, 3; and we 
claimed that it holds for k = 4 (in other words, we claimed that r,(41) = 16). We 
had deduced this from the relation r(20) = 8, which we had &provedn by trial and 
error. Recently, A. Mqkowski showed that r&20) = 9 and that r,(18) = r&19) = 8 
(private communication). 

Behrend [2] proved that the limits 9~ = lim,,, rk(n)/n exist, and that as k-m, 
either c k- 0 (in which case ck= 0 for all k) or ck-‘l. 

Salem and Spencer [45], [46] disproved the Szekeres conjecture by showing that 

r3 (4 > n 1 -c/log log n 
, 

and Behrend [3] improved on this by showing that 

Finally, Roth [44] proved that r,(n) = o(n), more precisely, that r,(n) < en/log log n. 
The true order of magnitude of r,(n) and, more generally, of q&n), remains un- 
known. 

11. IS it possible to choose k + 2 integers ai (12 ai _< 2k) such that the 2k 
possible sums Z $1 Ei ai (Ei = 0 or Ei = 1) are all different ? More generally, let 
h(x) be the maximum number of integers ai (12 q < x) such that the corresponding 
sums are all different. Then h(x) > (log x)/log 2, as can be seen by choosing all the 
numbers 20, 2l, .a* that do not exceed x. Moser and I have proved [19, p. 13’71 that 

log x 
h(x) < log + (1 + E 1 1;gl$g2x. 

Perhaps h(x) = (log x)/log 2 + O(1). 
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12. Let A = {ai) be a set of nonnegative integers such that each natural number 
n has a representation n = ai c 23, and let k(x) denote the number of ai that are 
less than x. It is known [36, Theorem 21 that there exists a set A for which 

k(x) < cx(log log x)/log x. 

Can the factor log log x be dropped? 

There exists a set {ai) such that each natural number has a representation 
n = ai + pj (pj prime), and such that 

k(x) < c(log x)2 

(see [18, p. 8471; this paper contains several further problems). Can this result be 
improved? 

Hanani (oral communication) has raised the following question: Let {a;) and 
{bi) be two increasing sequences of natural numbers such that each n has a repre- 
sentation n = ai + bj; is it true that 

k, (x) k&x) 
lim sup x > l? 

13. Let {ai) be an increasing sequence of natural numbers, and let f(n) denote 
the number of solutions of the equation n = ai + a.. Tur& and I [26, p. 2151 con- 
jectured that if f(n) > 0 for all n, then lim sup f n) t 
ak < ck 2 for all k, then lim sup f(n) = co. 

= m; and, more generally, that if 
The best we have been able to prove, so 

far, is that lim sup f(n) > 2. For the literature on this and on related questions, see 
[22], also the comprehensive paper by SGhr [47]. 

14. Each integer satisfies one of the following five congruences: 

xsO(mod2), x=O(mod3), x~l(mod4), x=5(mod8), xr7(mod12). 

If n, is a positive integer, does there exist an integer k and a system of k congru- 
ences 

x I ai (mod I+) (no < nl < “- < nk) 

such that each integer satisfies at least one of them ? 

Davenport and I have found such a system with n1 = 3. Swift (oral communica- 
tion) has found systems with ni = 4 and n1 = 6, respectively; but no general methods 
are known. Does there exist a system in which all the ni are odd 7 For the litera- 
ture, see [lq and [17]. 

15. Let {ai) be the increasing sequence of natural numbers of the form x2 + y2. 
Estimate ak+l - ak, This seems to be an old problem. Bambah and Chowla [l] 
showed easily that ak+l - ak = O(ak’i4); but it has not yet been shown that the 0 
can be replaced by o. In the opposite direction, I have proved [16] that, for infinite- 
ly m=y k, 

ak+l - ak> dog +)/log log ak. 
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B. GEOMETRY 

16. Let S = {pl, .a., pn} be a finite point set in the plane; let N(S) denote the 
number of different values which occur among the distances 93 (i # j), and f(n) the 
least value that N(S) can have. In [12], I proved that 

en/log n > f(n) > m - 1; 

later, Moser [37] showed that f(n) > cn2/5. 
f(n) > nl-c, 

It can be conjectured that, for n > nz, 
and further, that there exists a point pi such that more than nl -s dif- 

ferent values occur among the distances p$j. 

In [12], I conjectured that if the n points of S are the vertices of a convex n-gon, 
then at least [n/2] of the distances are different; Moser [37] showed that at least 
[ (n + 2)/3] of th e is antes are different. A stronger conjecture: Every convex d’ t 
n-gon has a vertex such that no three vertices are equidistant from it. 

17. Borsuk [4] conjectured that in Euclidean n-space each set of diameter 1 is 
the union of n + 1 sets of diameter less than 1. For n = 2, the proof is easy. For 
n = 3, the first proof was given by Eggleston [8]. Simpler proofs have since been 
found by Gtinbaum [28] and by Heppes [31]. For n > 3, the question remains open. 

18. If S is a set of n oints in the plane, of diameter 1, then the distance 1 can 
occur at most n times [33 P . V&sonyi (oral communication) conjectured that in 3- 
space the distance 1 can occur at most 2n - 2 times, and this was proved independ- 
ently by Heppes [30], by B. Griinbaum and by Strasziewicz (see Math. Reviews soon). 
For n-space .(n > 3), the problem remains open. 

19. Conjecture: If S is a set of 2k + 1 points in k-space, then three of the points 
determine an obtuse angle. For k = 2, this is trivial; for k = 3, an unpublished proof 
has been given by N. H. Kuiper and by A. H. Boerdijk. 

Does there exist a set of six (or seven) points in 3-space such that all the plane 
angles determined by them are acute? For further problems of this type, see [12] 
and [21]. 

c. ANALYSIS 

20. Let f(B) be a trigonometric polynomial whose roots are real and whose 
maximum absolute value on [0, 2x1 is 1. Conjecture: 

s 
2n 1 f(e)1 de < 4 0 

0 

This was proposed, with many similar problems, in [lo]. 

21. Let ]zk] = 1 (k = 1, 2, **.), f,(z) = HF=l (2 - zk). Conjecture: The sequence 
{f,(z)} can not be uniformly bounded on 1 z] = 1. 

Let the discrepancy of (21, ~2, a**, k} (lZk\ = 1) be defined by the formula 

d(z1, . . . . zn) = 
( 

b:a 
N-,b, b) - T n , 
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n 

where b - a denotes the length of arc from a to b, and N,(a, b) is the number of 
points zk (k _< n) lying on this arc; clearly, the discrepancy is a measure of the 
greatest deviation from uniform distribution. Van der Corput conjectured (and Mrs. 
van Aardenne-Ehrenfest proved) that, for any infinite sequence {zk} on 1 z\ = 1, 
lim sup,,d(zj, *mm, %a) = w. Later, Roth proved that 

ma d(z1, l *-, ZJ > cm 
l(k<n - 

It has been conjectured by many that c log n is the correct minorant of the maximum 
(for references, see [43] ). 

Does there exist an infinite sequence (zk} (( zkl = 1) such that, for each arc 
(a, b) on IzI = 1, there exists a constant c(a, b) with the property that, for all n, 

&(a, b) 

22. If P(z) = Ecf; akzk, where ) ql = 1 for all k, then max 
Parseval’s Theorem. Does there exist a universal constant 

lzj=1 1 p(z) I> 4% by 
c > 0 such that, for 

n> 2: the maximum is at least (1 + c)fi 7 I have an unpublished proof that if 

n 

P(B) = r/ ak cos kB 
k=l 

(Ek = + 1) , 

then 

23. Let {Sn} be a sequence of sets none of which has a finite limit point. Does 

there exist an entire function f(z) such that, for some sequence {kn}, f (k”)(z) = 0 
throughout S,? (See [ 203.) 

24. Does there exist an entire function f, not of the form f(z) = a, + a,z, such 
that the number f(x) is rational or irrational according as x is rational or irra- 
tional? More generally, if A and B are two denumerable, dense sets, does there 
exist an entire function which maps A onto B ? 

25. For an entire function f, let 

M(r) = rnOa 1 f (rei6) 1 , dd = ;a 1~1 rn, 

Then p(r) < M(r) (with trivial exceptions). Conjecture: If lim,,,p(r)/M(r) exists, 
the limit is 0. 

26. Does there exist, for each n, a polynomial 

n 

f,(z) = kg1 &,kZk k,k = + 1) 
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such that, for all 8, cl%=< (k(ei@)( < czv?i, where c1 and c, are positive constants 
independent of B and of n 7 Cluny has some (unpublished) partial results on this. 

27. I call attention to the following beautiful problem of Turh [49, p. 271 (see 
also Cassels [5]). Let z1 = 1, \Zil = 5 1 (i = 2, 3, **a, n); and let sk=c&l Zika Does 
there exist a constant c, independent of n, k and {Zi}, such that 

max (sk]>c? 
l<k<n 

The best result is due to Bruijn (see the Chinese edition of Tur&Ys book): 

mat% 1 Sk1 > c(log log d/log n. 
1 <k<n 

28. There exists a sequence (sn} of O’s, l’s and 2’s such that no two adjacent 
blocks from {sn} are the same. Presumably, the first (unpublished) proof of this 
was obtained by Rose Peltesohn and J. W. Sutherland. 

Let N(k) be the least number N with the property that each sequence {s,}F=l 
of numbers taken from the set (1, 2, m**, k} contains two adjacent blocks such that 
each is a rearrangement of the other. My earliest conjecture, that N(k) = 2k - 1, 
has been disproved by Bruijn and myself. It is not even known whether N(4) < 00. 

In conclusion, I express my thanks for the warm hospitality with which Assump- 
tion University received its guests. 
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