ON PROBLEMS OF MOSER AND HANSON

P. Erdds
Imperial College
London, England

and

S. Shelah
Hebrew University
Jeruselem, Israel

The following problem is due to L. Moser: Let Al. ceee By be

any n sets. Take the largest subfamily Ai i s Ai which is

. ; g
union-free, i.e., 1

Ai. u Ai. # Ai. , 1= iy =sr, 1=« i, = T, l =< j3 < r,

11 Ja 13

for every triple of distinct sets A, ,

Bz % RA: 3
Ji 32 I3
where the minimum is taken over all families of n distinct sets.

Put f(n) = min r,

Determine or estimate f(n). Riddel showed £(n) > c/n and Erdds and
Komlds [1] showed

Jn < f£(n) = 2/2./n. (1)
We now show
J2n-1 < f(n) <2/ +1 (2)
and we conjecture that £(n) = (2 + o(l}]JH.
Consider now the largest subfamily Ail, PR Air so that no

four distinct sets satisfy

A, U A, =K & Ay na, =a, . (3)

Put F(n) = min r, where the minimum is taken over all families of
distinct sets Al’ . An. We prove



76

(4) F(n) = %112/3.

2/3 /3

Probably F(n) > c,n , and in fact it seems likely that F‘(n)/n2
tends to a limit, but we have not been able to show this.

Hanson posed the following problem: Let |g| = n, with g(n)
the smallest integer so that the subsets of ¢ can be split into

g(n) classes where each of the classes is union free. Hanson proved
(5) Cy Jn < g(n) < % + 2

and he conjectured that the upper bound is substantially correct. We

prove
n
(6) gn) >4

Let G(n) be the smallest integer so that the subsets of G can
be split into G(n) classes so that no class contains four distinct
sets Ay, Ay, Ay, By satisfying (3). We prove

(7) c4ﬁ < G(n) < CSV’H.

Probably lim G(n}/nl/2 exists,
n-+®
Now we prove (2). We use a slight improvement of the method of

[1] to prove the upper bound. Let t be the least integer for which
[t2/4] > n. Qur A's are the [t2/4] set of integers A; g =
{x: i =x =3}, 1=<4is<t/2<3j=<t. We show that the laréest union-
free subfamily of the A's has at most t elements. To see this let

» 1l =r <4, be a union-free subfamily of the A's. An endpoint

iy
r'Jr
ir (or jr} is called good if there is no other Ai .3 of our
s'’s

family with i, = &y and s S 7 (ox Jp =3 L, > lr)' Clearly

at least one endpoint of v must be good, for otherwise A, .
lr'jr lr: ]r

would be the union of two A's of our family. But an integer can be

a good endpoint of at most one Ay j . which shows 4 =< t and our

r'’r

assertion is proved. Now clearly

£(n) < £([t2/a]) < t
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or f(n) < 2,/n+1. which proves the upper bound of (2).

We now prove the lower bound. Let [Al,...,An] be any family of
n distinct sets. We define a union-free subfamily {Ai seeesBy } as
1 r
follows. Ai is any minimal A, i.e., contains no other as a proper
1
subset. Suppose A, ,...,Ai have already been defined. Then
1 s
: is chosen to be a minimal member of {A;,...,A \éA ...., }
1+l ls
which is not the union of two distinct members of {Al ,...,Al )a
s
There is clearly a choice for A, if n=~- s > (;). This process
s+l
therefore defines a subfamily [Ai resesBy ] of r sets, where
i b r

r + (;) 2n, i.e., r 2 ,./2n - 1. To complete the proof it only re-

mains to show that the family {Ai ""’Ai } is union-free.
1 r
Assume

A, UA, =4 (1 #4, k # 4). (8)
3 k 4

We cannot have 4t > j and 4 >k by the construction. So we can as-
sume k > f. But this is also impossible, since Ai was chosen ad

a minimal member of (A Ajs-.esB ?\ 5 ,..., }. Hence (8) cannot
lt-l
hold and the proof of (2) is complete.

It is not difficult to improve the lower bound of (2) slightly to
show that f(n) > (l+c)./2n. However, we cannot show that £(n) =
(2 +o(1))/n.

To prove (4) we use an idea due to Folkman. Let t Dbe the least

integer for which t3 2z n., Consider the t3 sets Ai 3 =
2 ¢ t) . Thus the sets A, 3 cor-

’

fn: i<sns=ss3j), l=sist<is=st

respond to the edges of the complete bipartite graph K(t,tz}. A
simple argument shows that every subgraph of K(t,tz} having t2 *

(;) + 1 edges contains a rectangle:; this is false for t2 + (;)

edges. A rectangle corresponds to four distinct sets A satisfying
(3). Thus

F(n) < F(t3) < t2 + (;).

which proves (4).
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Instead of (3) we could consider other systems of equations with
sets as unknowns, but in view of the fact that we did not succeed in
getting a satisfactory lower bound of F(n) we do not investigate
this question at present.

Tc prove (6) consider again the family of [n2/4] sets Ar,s
used in the proof of (2).

We already showed that the largest union-free subfamily of our
sets has n elements. Thus

2
r!‘_ —n-—

gn) =2 [7/n =z 7.

Hanson suggested that a more careful analysis of this family would
in fact give g(n) = n/3.

Now finally we prove (7). Consider again the sets Ar 5 used in
the proof of (2). BAs stated before the number of these sets is
[n2/4] and the sets iy correspond to a complete bipartite graph
of n vertices with [n/2] white and [ (n+l)/2] black vertices. If a

subfamily {Ar " } is such that no four distinct elements of it
i'7i

satisfy (3), then as stated the corresponding bipartite graph (we

join the vertices T and si) has no rectangle. By a theorem of

Reiman [2] such a graph can have at most
(1 +o(1))n?/2,/2
edges; thus we immediately obtain
) > (1 + o(1))nt/2/21/2,

Now we prove the upper bound of (7). Let g Dbe the smallest
prime power for which q2 + g+ 1 2 n. By a well known result of
Singer [3], there are g + 1 residues mod {q2+q+1], Ags eeey aq+l,
so that all non zero residue classes have a unique representation in
the form aj - ay.

Now we split the subsets of a set § of q2 + g+ 12n elements
into g + 1 classes so that the sets of none of the classes contain
four sets satisfying (3). To see this put in the i-th class (1 < i <
g + 1) all sets having EgﬁjHET (l=<j=sg+1l, i# j) elements,

1
where a; - a, is the least positive integer = {aj - a;) (mod q2+q+1J.
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If four distinct sets Al, 5 Bg, A4 of the i-th class satisfy (3)

we would have

|A11 + 'A2| = fA3| + |A4I

or
2
a. =—-a, ta. - a, = (a, —a,+a. -a. mod FLJ
3y i 3 i ( s ! aj4 ¢ g +g+l)
Hence, a. =- a. = (a., -a. ) (meod q2+q+1], which is impossible.
I I3 Jg 33
Thus

G(n) = G(q2+q+l) sg+1s,n+1,

which completes the proof of (7).
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