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A Lower Bound for the Counting Function of 
Lucas Pseudoprimes* 

By P. ErdBs, P. Kiss, and A. Shkbzy 

Abstract. We show that there is an absolute constant c such that, for any nondegener- 
ate Lucas sequence, the number of Lucas pseudoprimes not exceeding z is greater than 
exp{ (log z)c} if 5 is sufficiently large. 

1. Introduction and Summary of Results. Let R = {&}iz, be a Lucas 
sequence defined by the recursion 

& = AR,dl - BR+2 

for n > 1, where A and B are fixed integers and the initial terms are & = 0 and 

RI = 1. Let CY and /3 be the roots of the characteristic polynomial 

f(x) = x2 -Ax+B 

and denote the discriminant of f(s) by D. Thus, 

D = A2 - 4B = (a - p)2. 

In the following we assume that R is a nondegenerate sequence, that is, AB # 0, 
(A, B) = 1 and Q/P is not a root of unity. It is well known that the explicit form 
of the terms of R is 

(1) ,31; 

for any n > 0; furthermore, obviously, A = CY + ,8 and B = cyj3. 
If n is an odd prime and (n, B) = 1, then, as is well known, we have 

(2) n 1 &-(D/n)? 

where (D/n) is the Jacobi symbol. If (2) holds for a composite integer, then n is 
called a Lucas pseudoprime with respect to the sequence R. It is a generalization of 
the ordinary pseudoprime number. Namely, if R is determined by integer constants 
A = b+l, B = b (b 2 2) and n is apseudoprime with respect to R with (n, b-l) = 1, 
then 

(3) n 1 (bn-’ - l), 

since in this case ck = b, /3 = 1, D = (b - 1)2 is a perfect square and, by (l), 
R,,, = (bm - l)/(b - 1) for any positive integer m. But a composite n satisfying (3) 
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is called pseudoprime to base b. We say briefly that n is a pseudoprime if it is one 
tobaseb=2. 

Let &,(z) denote the number of pseudoprimes to base b not exceeding x. In case 
b = 2 we denote &,(z) by 8(x). It is known that there exist positive constants cl 
and c2 such that for all large x 

cl .logz < B(z) < z~exp{-c~(logzloglog2)‘~2}, 

where the lower and the upper bound is due to D. H. Lehmer [8] and P. Erdiis [2], 
respectively. C. Pomerance improved these results showing (in [9]) that for all large 
X 

&(sj 1 exp{(logx)5/14} 

and (in [lo]) 
6$(x) 5 2 + exp{- log x log log log x/2 . log log x}. 

We note that by using Theorem 5 of E. Fouvry and F. Grupp [3], together with the 
method of C. Pomerance [9], one can obtain the estimation 

e,(x) 1 exp{ (log x)o.4o56 . e . } > exp{ (log 5)15/37} 

for x > x0(b). 
Let R(x) denote the number of Lucas pseudoprimes with respect to the sequence 

R not exceeding 2. R. Baillie and S. S. Wagstaff, Jr. [l] proved that there are 
positive constants c3 and c4 such that for all large x 

R(x) < 2 ~exp{-c~(loga:loglog2)1~2} 

for any sequence R and 
R(x) > c4 . log P 

for sequences R for which D > 0 but D is not a perfect square. This lower bound 
was extended by P. Kiss [6] to all nondegenerate sequences R. 

The purpose of this paper is to improve the lower bound for R(x) and to also 
extend Pomerance’s result for Lucas pseudoprimes. We prove: 

THEQREM 1. Let R be a nondegenerate Lucas sequence. Then there exists an 
absolute constant c such that if x is large enough (depending on the sequence R), 
then 

R(x) > exp{(logx)c}. 

In the proof of this theorem we show only the existence of c. It would be 
interesting to get a reasonable numerical estimate for this constant. In this regard, 
perhaps the methods of C. Pomerance [ll] and E. Fouvry and F. Grupp [3] would 
be of use. We also mention that the Lucas pseudoprimes n constructed in the proof 
all have (D/n) = 1. It would be interesting to see if a similar result can be obtained 
for Lucas pseudoprimes n with (D/n) = -1. 

The proof of Theorem 1 is based on some other results. 
Let R be a nondegenerate Lucas sequence. A prime p is called a prims’tive prime 

divisorofatermR,ifpIR,butp + Dandp + &forO<m<n. Weknowthat 
there is an absolute constant no such that R, has a primitive prime divisor for any 
n > no (see A. Schinzel [13] or C. L. Stewart [ld]). Let Zn denote the product 
of the primitive prime-power divisors of &, where a primitive prime-power divisor 
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of R, means a prime-power pl for which p is a primitive prime divisor of & and 
pl ]] &. Then we have 3% > 1 for n > no. 

We derive Theorem 1 from the following theorem. 

THEOREM 2 I Let R be a nondegenerate Lucas sequence and let y be an integer 
with y > max(no,2DB). Further, let {p;}i=, be a set of primes with y/2 < pi < y 
and let 

M=pl~P2.~-pt 

and 

m = [PI - &PI + l,p2 - ~,PZ + 1,. . . ,P, - l,~t + 11, 

where [a, b, . . . ] denotes the least common multiple of the numbers a, b, . . . . If p is 
a prime in the arithmetic progression 8Dmk + 1 (k = 1,2,. . . ) and if 

S = {a 1: aiIM, P % Rat), 

then the number 

is a Lucas pseudoprime with respect to the sequence R for any subset S’ of S with 
cardinality at least 2. 

2. Proof of Theorem 2. First we prove our second theorem, since we need it 
in the proof of Theorem 1. 

First of all, we introduce some notations and list some elementary properties of 
nondegenerate Lucas sequences R. 

If n is an integer with (n, B) = 1, then there are terms in R divisible by n. 
The least positive index r for which n ] R, is called the rank of apparition of n in 
the sequence R, and we shall denote it by r(n). Thus n 1 &cn) but n + R, for 
0 < s < r(n). A nondegenerate Lucas sequence has the following properties: 

If n,s,k,kl,.. . , kt are positive integers and Q, ql, . . . , qt are primes such that 
(q,B)=(qi,B)=lfori=1,2 ,..., t,thenwehave 

6) dq) lb - (D/q)), assuming that (D/q) = 0 if q 1 D. 
(ii) r(qk) = q”-jr(q), where j is defined by qi 11 &(,I. 

(iii) r(n) = [T(qf’),T(qtz), . . . ,r(qft)] for n = qflqF . ..qf’. 
(iv) q 1 R, if and only if r(q) I n. 

(v) Rq - (D/q) (mod n). 
(4 (h, %I = R(,,,). 
(vii) R, I Rns. 

(For these properties of Lucas sequences we refer to D. H. Lehmer [7].) 
In order to prove Theorem 2, we have to show that 

(4) ek-(D/7+ 

where n = noiES, 9’,i. Let M = p1 . pa . + . pt. It is sufficient to prove that 

(5) PM I b - P/n)) 
since SPoi ] Rpai and, by (vi), (gPai ,9Paj) = 1 for i # j, hence, using (vii), (5) 
implies (4). 
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If q is a prime factor of 3PPai, then r(q) = pai and, by (i), q 3 (D/q) (mod p), 
from which 

(6) 9pQi = (Dlspai) (mod P) 

so that 

(7) n G (D/n) (mod p) 

follows. We shall show that also 

(8) n E (D/n) (mod M) 

holds. 
Assume first that every ai E S’ is prime. 
Since r(p) # ai (and naturally r(ai) # p), by (1) we have 

(9) &ypa.2!PL=-. 1 (cPi)P - (p”i)P c-2, 

’ R,R,, R, QQi--pai =R,’ 

where G, is a term of the Lucas sequence G = (Gn},s_“, defined by the constants 
A’ = aa: + pQ: and B’ = (ap)“l = Bat. The sequence G is nondegenerate, and its 
discriminant is 

D' = (A')2 -4B' = (Q' - pai)2 

(a - p)2 = R;, . D, 

and so 
WP) = (D/P) = 1, 

since p has the form p = 8Dk + 1 and p + Rat. But, by (v), G, E (D//p) (mod p) 
and Rp = (D/p) (mod p). Therefore, by (9), we get 

(1Q Spa, E 1 (mod p) 

from which, by (6), there follows (D/Zp,,) E 1 (mod p), hence (D/spa,) = 1. 
Thus, when S’ is a set of primes, (8) can be written in the form 

(11) n G 1 (mod M). 

For the sequence R we have 

Rz~~+~ E Bkt (mod R,) 

for any positive integers k and t since, by (l), 

R-m+1 - Bkt = &(a 
kt+l + pkt+l), 

where oktC1 + ,Dkt+’ is an integer and Rt 1 R kt. Using this congruence, we get from 
the definition of p that 

&, = &~mk+l = B 4Dmk (mod &), 

which implies 

(12) Rp s 1 (mod M), 

since cp(p,) 1 m for each prime factor of M and M 1 R, by (i) and by the definitions 
of m and M (p(n) denotes Euler’s function). 
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On the other hand, M 1 G,. Indeed, M 1 Rmai = R,,G, and (M, Rai) = 1 since 
any prime factor q of R,, is primitive (now ai is a prime) and by (i), q > 2ai - 1 > 
y - 1. Therefore, we obtain similarly as above that 

(13) G, E 1 (mod M). 

Now (9), (12) and (13) imply the congruence 

(14 3Ppai f 1 (mod M) 

from which (11) and, as we have seen, (8) follow. But (7) and (8) imply (5), which 
proves Theorem 2 if S’ consists of a set of primes. 

We complete the proof by induction. Suppose (10) and (14) hold for all ai 
containing at most P prime factors and let aj = ai . pj, where pj + ai. By the 
definition of sn we get 

(15) 

where the product n is extended over ok’s for which ok 1 oi& and ok # sip,, since 
for every nonprimitive prime divisor q of RPaJ = Rpa,p, we have q 1 Ra,p, or q ] S%&, 
for some k and, by (i), (ii) and the conditions for p, it can easily be seen that RpoJ 
cannot be divisible by any higher power of q than Ra,p, or gP,, , and furthermore 

P&P, 7 $J&,.) = 1. Similarly as above, we can write 

%a 2 = Gi z 1 [mod p) 
Ra, 

and Gb = 1 (mod M), 

where G’ is a Lucas sequence, too. Each ok contains at mOSt r prime faCtOI3; 

therefore, by the induction hypothesis, 

spak - 1 (mod p) and gPak = 1 (mod M). 

Thus, by (15), we have the congruences 

Spa, s 1 (mod p) and spa, = 1 (mod M) 

for any r, since the case r = 1 was proved, and they imply the validity of Theorem 
2 as above. 

3. An Auxiliary Result. In order to derive Theorem 1 from Theorem 2, we 
need the following lemma. 

LEMMA. There exist positive constants c5 (< 1) and yo such that for y > yo 
there exist prime numbers pl, ~2,. . . , pt with 

(16) y/2 < Pl -c P2 -c . < Pt < Y, 

(17) 
1 Y 

t>-- 
5l%Y 

and 

(18) m=(pl-l,pl+l,... : pt - 1, m + 11 < expb1-c5L 
where [a, b, , . .] denotes the least common multiple of the numbers a, b, . . . . 

Proof. Throughout Sections 3 and 4, ce, ~7,. . . denote positive absolute con- 
stants. We denote the greatest prime divisor of the integer n > 1 by P(n). 
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Let S denote a small positive number which will be fixed later, and let pr < 
p2 < ‘.* < pt denote all the prime numbers p satisfying 

Y/2 < P < Y 

and 

(19) p ((P - l)(P + 1)) 5 Y1-6. 

Then (16) holds trivially. 
Define the prime numbers q1 < q2 < . . < qs and the positive integers ICI, kz, . . . , 

k, by 

m=[p1-l,p1+1,... ,Pt - l,pt+l]= J&p. 
i=l 

Then, clearly, qFi < y + 1 for all 2‘, and by (19), q1 < q2 < . I). < qs 5 ylb6. Thus, 
by the prime number theorem we have for large y (and 6 < c6 5 l/4) that 

9 9 
logm < logj--J(y+ 1) < Clogy2 

i=l i=l 

( 1 c f-6 
52 1 logy<c,Y logy = c7yl--6, 

QsY’-6 log Y 

which proves (18) with cs = S/2. 
Finally, we have to show that also (17) holds. By the prime number theorem we 

have, for large y, 

Pa t> c l-N(Y)-N’(Y)>&& - WY) - WY), 

Y/Z<P<Y 

where N(y) and N’(y) d en&e the number of primes p < y for which P(p- 1) > ylm6 
and P(p + 1) > yl-‘, respectively. 

If z > 2 is a real number and u is an integer such that 2 5 u < 2, then let 
N(z, U) denote the number of the prime numbers p such that p 6 z, u 1 (p - 1) and 
(p - 1)/u is a prime number. By using Brun’s or Selberg’s sieve, it can be shown 
that if u is even and 2 5 u < x, then we have 

in fact, this inequality is identical with (4.43) in [12, p. 511 (see also [5]). 
If a prime number p satisfies p < y, and q = P(p - 1) > y’-‘, then there exists 

an even integer u such that uq = p - 1 and 

25u,P-l<JLy~, 
Q yl-6 

so that by (21) and the definition of N(y) we have, for 6 5 l/4, 

(22) 

N(Y) 5 c N(Y>U) < Q3Y c 
1 

2Su<y~ 25u<y6 P(U) log2(Y14 

1 -- 
< (1 ys12 10; Y 2<u<y6 cp(u) c- 

- 
Y 

< 2cs- c 
1 

log2 Y 25u<y6 cpo' 
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It is well known that 

for 2 > 2 (see, e.g., [12, p. 54]), so that from (22) we obtain, for large y, 

(23) N(Y) < 2~8 ’ 
Y 

---c~logy” = c&-. 

log2 Y 1WY 

It can be shown in the same way that 

(24) 

We now choose 

(25) 

N’(y) < Cl+-. 
1% Y 

&=min I.--. 1 
1 1 

4’ lOc10’ 1OCll I 

Then (20), (23) and (24) yield that 

t> 
( 
--L-l Lx---. 2 1 Y 
5 10 10 > logy 5 logy’ 

so that also (17) holds. This completes the proof of the lemma (with cg = S/2, 
where 6 is defined in (25)). 

4. Proof of Theorem 1. In this section, by using the lemma of Section 3, we 
derive Theorem 1 from Theorem 2. 

Let y be an integer with y > max(no,yo,2DB), where no and yo are defined 
above, and let P = {pl,p2,.. . ,pt} be a set of primes satisfying the conditions of 
the lemma. If p is the least prime of the form 8Dmk + 1, then 

p < (8Dm)‘12, 

where we may take cl2 = 20 for large m, i.e., for large y (see Graham [4]). By using 
the lemma of Section 3, we obtain for large y that 

(26) p < exp(y’+13) 

(with ~13 = cs/2). 
Let S be a set of positive integers defined by 

S = {ai: ai < exp (y1-‘13) ,ai 1 M, p + &}, 

where M = pl p2 . . a p,, Then by Theorem 2, 

n= I-I SPai 
i&ES 

is a Lucas pseudoprime for any subset S’ of S with cardinality at least 2. 
We shall determine a lower bound for the cardinality of the set S. If we omit a 

prime pi from the set P for which pi 1 r(p), then, by (iv), p + R,, for any ai with 
ai ) M. After this omission, we have for the cardinality of the set P 

Y 
t > c14-. 

1% Y 
If v = [v’], where v’ is defined by 

y”’ = exp (y1+13), 



322 P. ERDijS, P. KISS, AND A. SARKOZY 

and [v’] denotes the integer part of w’, and if ai contains v primes from P, then 
ai E S. Thus, using that 

l-c13 v = [v’] = Y 1 1 Y 
l-13 - 

log Y ’ c15 logy 

and 
Y l-c13 

W_<- 
logy ’ 

we get for the cardinality C, of the set S 

(27) c, 1 (I) 2 ($ > exp (c16yl--c=). 

By (l), there is a positive constant cg depending on the sequence R such that 

IRkI < exp(c0k) 

for any positive integer k; furthermore, obviously, 

C, < exp (y1-‘13) . 

Therefore, (26) yields 

%ES C&ES’ (c*p.ap) 
< exp 

( 

c. ey’-c13 . ey’-c13 . &Cl3 ) < exp (e4y’-c’3) . 

Let z be defined by 

(29) log 2 = f+J’-c13. 

Then, by (28), 
n < 2. 

On the other hand, distinct subsets S’ with cardinality at least 2 determine distinct 
Lucas pseudoprimes; therefore, by (27) and (29), 

R(x) 2 Zcs - C, - 1 > exp (ec17’Y’-c13) = exp { (logz)c17/4} , 

which proves Theorem 1 with c = c17/4. 
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