3, Three partial orderings of the
yeretices of a plane graph

Here we f[ollow Schnyder's approach to
draw a plane gragh on a gnd.

Definihm 3.1. A barycewhmec representahion of 4
gaph G is an assignment of triples (vyyvz,v;)
of real wanbears to the vertices ve V(G) suck
Hiat (1) (vi2,v3) = (aguzi43) = Vv=u
(2) vitvz+vy; = | (¥veV(6))
(3) for‘ any uv e E(G) and for any weé v(e)
(w:{-u,v)‘ there 1s some ( such Har

We > Uy, amd W > V-

(Learly , any barycenhic represewlahon of & gives
nse to a shm'gfkf' line Araw.'tg of G in e
plane x+ytz = | (in le),

Proposihow 3.2, This shught-line Aramng (s

Hrossing - [rec .

Proof. Take two Aisjout edjes uv wz € V().
Applying cndihon (3) Eo all triples uviw, uvz,wzu,
wzv | fwo of the corl‘espmd"cg i values coyncide.
Sappose w.l.o.q. W> UV, and z-> U, v, But
thew the wo edges can be Separared by a line. M
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In whar follow> | we cmnder m(g max { mal

plane  graphs that is | frv{angulahons G . Supposc
G has a baryceuhic represcusabion . Thew we can

[abe) fue amgles of the (uterior faces (fnd-we.s}
¢ G wth the labels (,2,3 as [allows :

4’“‘”" gehs abel ¢ & Vv, > u,w,

Homework : Show Hal this /s a normal labeling .

Definihon 3-3. A labeling of the vertices of a hriang-
waron G whk (2,3 s called normal f
(1) the angles of each interior pramgle are
[abeled with 1,2, and 3 " ,\c%uﬁ}e or‘dffl-au
(2) ak each inferior vertex all Chree (abels
appear : an interval of U's (vllowed by an
interval +f 2's amd an interval of 3'5‘ n
commter Aockunse order

We Wil see fhat every normal labeling can be
shiained Prom a barycmhic representarron in fhe
aoove mann€r

Bub first we swow that normal labelings of
the interior %j_e_s (s eSsenh ally eguivalent to
normal labelings of the (inkerior edges. Morc pre-
a‘.sela, consvder an nterior e.AJe WV e E(G-).’at
Wi two prangles uwvw and vuz meet .
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Either a¥ w or at v the +two f‘n‘a.«ﬁxlq have aryles
mik Ashnct (abels . Suppose w. f.a,g, fhat the

(abel of KXuvw is & , the label of X avz is k44 .
Then bofh awngles atb w must receive the flird label (

Now direct the edje uv from v o u and label it
wilh (. The Airected edges of (abel ( form a

W" Ti (€=42,3). These g»mpk.s Sahsty the cmdihng
i fhe fouﬂm'“g Aehmihon .

Depimibon 3.4. A pactitiom sf the interior edqes of
G into direcked fubgraphs T, T, T3 (s called novmulf

(1) fhe out-degree of each (nterior vertex is1 in T (V).

(2) the coumterclockusse order of the ehges aroumd eacy

inkerior vertex (s : outgoing edqes in T, | incoming

‘\31‘}4 A 1:3 v 0‘?‘3""’"3- in T, ( (ncoming in T onlgoing "
4 T3|‘”CM‘3 in Ty,

£ [\

Theorem 3.5. Any Pn‘angulﬂh'ox admis a normal

la,bcliu‘, of ity interior angles.




L

Proot. Let w be @ yerex of the extenn prangle
n G. 83 Lemma 1.5, we can [ind an imteri o
cdge wz e E(G) that am pe cmbacked  withont orcabivng
any parallel edges ofher than the "M“ﬂ“ of Che two
Mamd(es in G sihg o wz. We cmhad wz  and
how Py induch'or v e namber of verhces the
ghonger shkement Ihal Hiere s 4 labeling in whic
all jwterior Ma(es at w gef label 1

Illu.smuh' the cnmsponding edqe Mdfl\g ('norma—l
packihom " d— ehyes ) :

< R

IF also follows [rom HHils procedure (har each T, (s
& direcked free oriembed fowards a unique exterior

verkex —called the rookt of T-.
(%

L&e T Aemote the direded €ree oblained [rom T,

bg. re,vmhng the orewiah g of- every eage It resmasns
hne during the Gushuchm  fhat TuT st has no

direcked cle.
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For each interior yertex ye viG), follow
the path P (v) € Ty from v & the rook of T, (1,33
These paths cannot meet |, apart from the pont v
€9 l'?g the lasFk remark So f‘teé dvide the (nterior
of G into three regioms, R (v), R,(v), and R3(v).
Notice Haatl (f amother (nterior
vertex w € R:(v) ( thea
R;(w) < R:(v). ( Because of-
Depsnibon 3.4 (2)!)

Debine vy ((2423) as the number of braugles
in e region R (v). (Learly, we have v +v,+V;= 2§
for anyg interior vertex v (w&erc n Shands for the mumbe
6F verWees f (). Extemd his depinihon bo bhe
oot w i T, , by leHting w,=2n-5  wy=W;=0  and
5»’|m'l4u’l3 bo the mols of T, and T3 Now Selhing

v, = 2;‘5 for every ve V(6), c=1,23.3 , we oblain 4

barycenhic represemhabion A G

Homework : W‘\g, -

=(10), _‘_}_(u ,t’ (00) bereg—arz(eala:
Veul‘ar's Tken ViE+V, g V3r = (V) is a shadght
m

line Arawing of G on a (2n- 5)x(ln 5) grid.



