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Abstract

A family of sets F C 2[" is defined to be I-trace k-Sperner if for any l-subset L of [n]
the family of traces F|p = {FNL: F € F} does not contain any chain of length &k + 1.
In this paper we prove that for any positive integers I’, k with I’ < k if F is (n—1")-trace
k-Sperner, then |F| < (k—1'+ 0(1))(Ln72j) and this bound is asymptotically tight.
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when you hear the instruction
TRACE, TRACE,
take up the following position

1 Introduction

We use standard notation. The set of the first n positive integers is denoted by [n]. For a
set X the family of all subsets of X, all i-subsets of X, all subsets of S of size at most i, all
subsets of S of size at least i are denoted by 2%, (X), (X), (X.), respectively.

i) \<i)r >4

Probably the very first theorem in extremal finite set theory is Sperner’s result [13] stating
that if a family F C 2[" does not contain two sets Fy, Fy with F; C Fj, then the size of F

cannot, exceed (Ln72 J)' Moreover, the only families attaining this size are (LTE”]Z J) and, if n is

odd, ([i’}]ﬂ) This theorem was generalized by Erdés [3] in the following way: if a family

F C 2" does not contain any chain F} C Fy C ... C Fy C Fi4q of length k+1 (families with
this property are called k-Sperner families), then the size of F cannot exceed Zle (L"—‘ZJH)'
2
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Another topic in extremal finite set theory deals with problems concerning traces of set
families. The trace of a set F' on another set X is F'|x = F'N X, while the trace of a family
Fis Flx = {F|x : F € F}. The fundamental theorem about traces is the so-called Sauer-
lemma [11, 12, 15] that states that if F C 2" contains more than Zi;é (") sets, then there

exists an L € ([’;]) such that F|, = 2%. As opposed to the situation described in Erdés’s
theorem, there are lots of different extremal families (see e.g. [4]). In [10], the present author

showed that ( <[l"_]1) and (>n[ﬂ +1) are the only families F of size Zi;(l) (’:) such that for all

L e ([’ﬂ) the trace F|, does not contain any chain of length [ + 1 (i.e. maximal chains in
25, This result led to the following definition: a family F is said to be I-trace k-Sperner if
for any [-set L the trace F|L, is k-Sperner. Let f(n,k,1) denote the maximum size that an
I-trace k-Sperner family F C 2" can have. In [10], it was also shown that for any pair of
integers k, [ there exists ng(k,[) such that if n > ng, then f(n, k,1) = Zf:_[)l (™).

The situation becomes totally different when one considers the problem of determining
f(n, k,n—1") with k, " fixed and n large enough. Note that if a < |A| < b holds, then for any

I'-subset L the size of Alp,\ 1, lies between a — " and b. Therefore, as a chain contains sets of

different sizes, the family Uf:_ll/ (a[i]l) is (n — l')-trace k-Sperner for any values of a, k, I’ and
n. The following conjecture asserts that the largest (n — I')-trace k-Sperner family is of this

sort if n is large enough.

Conjecture 1.1. Let k and ' be positive integers with ! < k. Then there exists ny =
no(k,1') such that if n > ng and F C 2" is an (n — I')-trace k-Sperner family, then |F| <

Zi:ll/ (L7”*<’;Z'> +z‘J)‘

Note that if true, the bound in Conjecture 1.1 is best possible as shown by the family
Ui:ll/ (L,FUC[T]”)HJ)' In [10] it was shown that Conjecture 1.1 holds asymptotically when

I =1,k = 2. The main result of this paper verifies Conjecture 1.1 asymptotically for all
values of k and ['.

Theorem 1.2. Let k and I be positive integers with I' < k. Then if F C 2" is an (n —I')-
trace k-Sperner family, then |F| < (k-1 + 0(1))(Ln’}2j).

The rest of the paper is organized as follows: in Section 2, we briefly summarize the
problem of forbidden subposets in set families (for recent survey-like papers see [7, 8] and
for the most recent results see [5]) and state a result of Bukh [2] that will be used in the
proof of Theorem 1.2. In Section 3, we obtain a result about f(n,!’,n — ') and another one
about the connection of f(n,l’;n—1") and f(n,k,n—1"). These two results will immediately
imply Theorem 1.2. Section 4 contains some concluding remarks and open problems.



2 Families with forbidden subposets

The aim of this section is to describe the context of forbidden subposets, introduce some
terminology and to state Theorem 2.2 that will serve as the main tool in proving Theorem 1.2.

We say that a family F of sets contains a poset P if there is an injective mapping
i : P — F such that whenever p <p ¢ holds, then i(p) is contained in i(q). We say that F is
P-free if it does not contain P. For any set P of posets La(n,P) denotes the maximum size
that a family F C 2" can have such that F is P-free for all P € P. If P consists of a single
poset P, we write La(n, P) instead of La(n,{P}). With this notation Sperner’s theorem
determines La(n, P;) and Erdés’s theorem determines La(n, Pyy1), where Py denotes the
poset consisting of a chain of length k. In these theorems, La(n, Py) is attained at a union
of consecutive levels of 2", It is natural to conjecture that something similar is true for
all posets. For a poset P let [(P) denote the largest integer [ such that for any n, no [
consecutive levels of 2" contain P. The following conjecture is folklore.

Conjecture 2.1. Let P be a finite poset. Then La(n, P) = (I(P) + %)(LJ?J)'

The Hasse graph H(P) of a poset P is a directed graph with vertex set P and (p,q) is
an arc if and only if p <p ¢ (i.e. p <p ¢ and there does not exist r € P with p <p r <p q).
The height h(P) of a poset is the length of the longest chain in P. Tt is easy to verify that
if H(P) is a tree, then {(P) = h(P) — 1. Conjecture 2.1 was proved by Bukh for all posets
P with H(P) being a tree.

Theorem 2.2 (Bukh, [2]). Let P be a finite poset such that H(P) is a tree. Then La(n, P) =
(h(P) =1+ 0()) (()a))-

3 Proof of Theorem 1.2

In this section we prove Theorem 1.2. To be able to use Theorem 2.2, we need to define
the following directed graph: T}, . is a tree with height h such that all arcs are directed
towards the root and each vertex, with the exception of the leaves, has exactly ¢ children.
Let Py, . denote the poset with H(P,.) = Tj.. The following two theorems immediately
yield Theorem 1.2.

Theorem 3.1. Let k,I' be positive integers with I < k. Then the following inequality holds:
f(n7 k? n— lI) S f(n7 ll: n— l/) + La(n7 Pk—l’+1,2ll>'

Theorem 3.2. For any positive integer ', the size of an (n — I')-trace I'-Sperner family

F 2 is Op(n='3(,)5))-



Proof of Theorem 3.1. Let F C 2I" be a set family of size f(n, !, n—U')+La(n, P,_j 1 yv)+1.
We will find an I’-subset L C [n] and a chain of length k41 in F|j,) 2. By the size of F, there
exists a copy of P, ;v in F. We remove the set corresponding to the root of T ;. or
and repeat this procedure until there exists no more copy of P, ;o in the remaining
family. As |F| = f(n,l',n —U') + La(n, P,_y,, o) + 1, we must have removed at least
f(n,I';n — ') + 1 sets. Thus, there exists an l’-subset L C [n] and I’ + 1 removed sets
Fk—l’—i—la Fk—l’+2, ey Fk, Fk+1 such that

Frvalmne @ Fevsalpne G - G Frlpne G Frralmne

holds.

As Fy_py1 is a removed set, there exists a copy of Py, o such that Fy_p 41 corresponds
to its largest element. Therefore there are lots of chains of length & — !’ in F such that all
of their elements are subsets of Fj_y1q. Clearly, if G C G’, then G| € G|\ 1, but we
also require the sets of the chain not to coincide when considering their traces on [n] — L.
Thus, we need a chain Fy C Fy C ... C Fy_p © Fy_p,q such that F;y; \ F; is not contained in
Lforalli=1,.. . k—1. Suppose we have already picked F} from the jth level of the copy
of Py o forall j =i+ 1,..,k—1"+1. Then Fiy; has 2" children in By v Asfor
any F of these sets, we have Fj,; \ F # ), and L has 2" — 1 non-empty subsets, at least one
such F will satisfy F|jp\r € Figyi|mpo- Letting this F' be F; we continue to define all F}’s
and we get a chain of length £ 4 1 in F|j,\z. This shows that F cannot be (n — I')-trace
k-Sperner. O

Proof of Theorem 3.2. Let F C 2I"l be an (n — I')-trace I'-Sperner family and let F; = {F €
F |F| =i} for all i = 0,1,...,n. Note that if H C ([TZ]) is (n — l')-trace I’-Sperner, then
‘H does not contain sets Hi, Ho, ..., Hyyq such that for some zy,xs,...,z;1p € [n] we have
H; ={xj,xj41,....,054,1} for all j =1,2,....1' + 1 (sets satisfying these conditions are often
said to form a tight path of length I’ + 1). Indeed, if such sets exist, then the traces of the
H;’s form a chain of length I’ 4+ 1 on the set [n] \ {x1, 22, ..., 2y} provided ¢ > I’. The result
we found in the literature concerning uniform families not containing tight paths of given
length [6] is not strong enough for our purposes, thus we prove the following lemma.

Lemma 3.3. For any positive integer l', if H C ([Z‘]) does not contain a tight path of length
I'+1, then |H| = Op(3(,",)) provided i > 21'.
Proof. We proceed by induction on I’. If I’ = 1, then the above requirement is equivalent to
the fact that for any H, H' € H the shadows {G C H : |G| = |H| -1} and {G' C H' : |G'| =
|H'| — 1} are disjoint. Therefore |H| < +(,",).

Let us assume that we have already proved the existence of a constant ¢, such that any
family H C ([7;]) without a tight path of length I’ has size at most %’(:1) Let us define

cry1=cy +2(I' + 1) and consider a family % C (%) with [H| > 2“2 (.")). By the induction



hypothesis we find a tight path of length I’. Removing the last set of this path we can still
find another tight path of length I’. In this way, we find W(Zfl) = M(:l) different
sets in H such that each of them is the last set in a certain tight path of length I’

Let H; denote the subfamily of these sets and consider a set H € H;. Let H' denote
the first set of (one of) the tight path(s) to which H belongs, i.e. if the vertices of the tight
path are 1,29, ...,x;p—1 and H = {xp, xpy1, ..., Tigp 1}, then H = {x1, 29, ...,2;}. Let the
modified shadow of H with respect to H' be {H \ {z;} : ' < j <i}. Clearly, the size of the
modified shadow determined by all tight paths is i — I’ + 1 > i/2 by the assumption i > 2['.
Therefore, there exists an (i —1)-set G that belongs to the modified shadows of at least I’ 41
sets HY, H?, ..., H'*! from H,.

Let Py, P, ..., Py = H' be a tight path of length I’ on the vertices {y1, ¥, ..., Yirr_1} with
{Yj, Yjs1, s Yjpio1} = Py € Hforall j = 1,2, ...,1" and let G = H'\ {y,} for some I' < ¢ <.
As the H7’s are all different containing G' and have size ¢ at least one of them, say H?, is of
the form GU{z} such that z € {y1, 92, ..., yr_1, y: }. But then the sets Py, P, ..., Py = H', H?
form a tight path of length I" + 1 on the vertices {y1, Yo, ooy Yur—1, Yts Yors Yo 1y ey Yitt'—1, 2}
This finishes the proof of the induction step. O]

It is well known that [{X C [n] : || X]| — n/2| > n?3}| = 0(%(”3%)). Therefore by
Lemma 3.3 we have

n/24+n2/3

710 () )+ 2 =20 (5 o)) =0 (7 ()

i=n/2-n2/3

O

4 Concluding remarks

Let us first remark that we do not need the full strength of Bukh’s theorem. An almost
identical proof to that of Theorem 3.1 shows that the inequality f(n, k+1,n—0") < f(n,k,n—
') + La(n, Pyy) holds. Thanh showed La(n, Pyy) = (1 + Ol/(%))(tn%]) in an earlier paper
[14] and with a much easier proof than that of Theorem 2.2. (Later, De Bonis and Katona
improved the error term [1].) However, as it is very rare that the extremal family for a
forbidden subposet problem consists only of full levels, it seems unlikely that Conjecture 1.1
could be proved using only results from that area.

Theorem 1.2 and Conjecture 1.1 do not consider the case k£ < I’. In [10] it was proved
that f(n,1,n—1") = @l’(ﬁQnT/LQJ))' Theorem 3.2 states that f(n,l',n—1") = Ol’(#(wr;zj))
and it is natural to conjecture that bound Oy (+ <Ln72 J)) holds in general, not only for uniform
families as proved by Lemma 3.3. We would like to propose the following conjecture that, if
true, would generalize all results and conjectures above.



Conjecture 4.1. For any pair of integers k < l’, the following holds

k=0 =0 (o7 (1)) )

Acknowledgment. We would like to thank an anonymous referee for his/her careful read-

ing.

References

1]

2]

[10]

[11]

A. DE Bonis, G.O.H. KaToNA, Largest families without an r-fork, Order, 24 (2007)
181-191.

B. BUKH, Set families with a forbidden subposet, FElectronic J. of Combinatorics, 16
(2009), R142.

P. ERDOs, On a lemma of Littlewood and Offord, Bull. Amer. Math. Soc., 51 (1945),
898-902.

Z. FUREDI, F. QUINN, Traces of finite sets, Ars Combin., 18 (1984) 195-200.

J.R. Gricgs, W-T. L1, L. Lu, Diamond-free Families, Journal of Combinatorial
Theory Series A 119 (2012), 310-322.

E. GyOr1, G.Y. KAaToNA, N. LEMONS, Hypergraph Extensions of the Erdés-Gallai
Theorem, Electronic Notes in Discrete Mathematics 36 (2010), 655-662.

G.O.H. KaToNA, Forbidden Intersection Patterns in the Families of Subsets (Intro-
ducing a Method), in: Horizons of Combinatorics, Bolyai Society Mathematical Studies,
17 (2008) 119-140.

G.O.H. KATONA, Sperner type theorems with excluded subposets, submitted

G.O.H. KaTtoNa, T. TARJAN, Extremal problems with excluded subgraphs in the
n-cube, Graph Theory, Lagow, 1981, Lecture Notes in Math. 1018 (Springer-Verlag,
Berlin, 1983) 84-93.

B. PATKOs, [-trace k-Spener families, Journal of Combinatorial Theory A, 116 (2009)
1047-1055.

N. SAUER, On the density of families of sets, Journal of Combinatorial Theory A 13
(1972), 145-147.



[12] S. SHELAH A combinatorial problem; stability and order for models and theories in
infinitary languages, Pacific J. Math 41 (1972), 271-276.

[13] E. SPERNER, Ein Satz iiber Untermengen einer endlichen Menge, Math. Z., 27 (1928),
544-548.

[14] H.T. THANH, An extremal problem with excluded subposets in the Boolean lattice,
Order, 15 (1998) 51-57.

[15] V.N. VAPNIK, A. YA CHERNOVENKIS, On the uniform convergence of relative fre-
quencies of events to their probabilities, Theory Probab Appl. 16 (1971), 264-280.



