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With the usual notation let @, ¥ be integers and
min [ra— f—y| = [wa— .
w

A pair of numbers (a, f) is called normal, positively normal and ne-
gatively normal if the inequality

(1) lwa— Bl < 1/t

ig soluble for any t > t, with |»| < ¢, 0 < @ < ¢f and — ot < @ << 0 respec-
tively, where #,, ¢ depend only on f§ and a.

S. Hartman [2] raised the question, whether or not a normsal pair
is necessarily positively or negatively normal. In this note we ghall give
a negative answer to this question constructing a normal pair (a, §) which
is neither positively nor negatively normal. Before the proof we remark
the following:

1. Suppose that 0 < e < 1, a is irrational,

1 1 1.
a =
iyt Gyt s O

ap (k=1,2,...) are positive integers,

!

Po=—1, H=0 p=0 n=1,

T B, w (k=2,8,...)
T e T s |

the convergents of a, and d; = qea—pg (1) (dy = —1). Then we have

{2} The sequence dy has alternative signs for k = 1, 2, ... and [dz| is monofonie-
ally decreasing.
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the well-known recursive formulas

(2) Gepr = GGt (B=1,2,...)
(3) Ay = Opptdiy  (B=1,2,...).
We note the identity .
(4) 1= d1+k2akdk
-]

ag a consequence of (2) and (3), and

1 1
(5) ﬁ":ldk]qk{_" (h=1,2,..).

In [1] and [3] it is proved that for any 0 < f§ < 1 with the d;’s de-
fined above, it is possible to determine uniquely & sequence B of non-
negative integers — which we call thronghout this note digits of § according
to a — with the following properties:

(a) g = Db,
v ]
(b) 1<h<a+l, 0sb<a (»=2,3..);
{e) if £ is defined by
min [lpe— f]| = [[fa— g,
D@t
then with suitable I, »
{6) E=bq+. .. +hatatra (0<r<Bh).
Ag in [3], (2.18), it is easy to see that
(7) |ga—pl| = prdyt...+ b diy +rdy— DD,
w1
w41

According to (b) and foofnote (*) we have, nsing (6),

Zb li'*| Z“hh [dysse| = |diy|-

vl v )

Therefore we get from (7)
(8) (h—v—1)|d)) < [|§a— ]| < (by—r-+1)|dy
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and in the case r = b;—1, when a;, > by,

lfe— gl = }“il Z b, ‘-'f[ |dz* — gy gy + Byt +
w41 ¥ emlof-2

and consequenfly, sinee d;,, and —d;,, have the same sign,
(9) (B —brpa) || < [|Ea—B| < (M1 — b 1+2) [y -

Ag to the uniqueness of the representation (a) we remark that if
(10) 0<by<ax, O<b;<a,
and i s

y= D bd, = Db,

then = e
(11) b, =50 (v=1,2,...).

Namely, if there exists an index I — and we take without loss of
generality the first ome for which & = I — then we consider

y' = D'bd, = Db,

vl rel

According to footnote (1)

=1 Zb d, = b | & — Zm gl + 2 By ld1.a,|

vl peml

= Bl — D+

(=1 3 byd, = bildil— D) byyaia diean a4 ) Brgne i)

P =i Fm=]

E hla— 3+,
From (3) and (10)
£
<L <ldl, 0< > <l
and consequently

(12) (b7 —1)|di| < (—1)"*"9" < B | il + s |
Similarly, taking into account that 0 < b, < a, and using (3), we get
ol < 3, < ldl—ldial,  0< Y, < ldials
and consequently
(13) (be—1) 1|+ [yl < (—1)*'9" < Byl
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Hince by and b are integers, (12) and (13) cannot be satisfied Eimﬂ-
taneously, which means that (11) holds.

2, According to our remark in 1, we show that if « ig the number
defined by
(14) a, = k*
and § is the number for which
b =1,
k it &=2v,

5 =
k) W=lw e o B=2041,

(v=1,2,...},

then the pair a, f is normal, but neither positively nor negatively normal.
From (4) and (a)

(16) B =1—8 = (@ +1—b)d+ ;{ak—bkyﬁk.
-3
As we proved in 1, from (15) it follows that the digits of §° according
to a are uniquely determined by (16) and
by = (a;+1—by),
by = ap—b, =Rk*—k i k=2,
b; =gp—bp =k it k= 2v4+1.
Let

(v=1,2,...)

v daf

O = bygyt.Fbege, Ok = bydit-.. -+ Bye-
For any ¢, < { we determine the index &k by
Oy << T < 8.

At first we prove that the pair (a, §) defined by (14) and (15) is nor-
mal. For the proof we digtinguish three cases.

Case a. If . § = 2», then from (8) with =0, I =k,
lleg—ra— Bl < (B+1){de|.
According to (2) and (14)
(A7) T < bt 0t < 0:Gs+. oA By Gy - e < (B4 2) .
Hence by (5) we get for & = 3

liex—ra— Bl <

1
{C?,

kg

i.e. @ = 6;_; i8 a solution of inequality (1).
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Case b, If &= 2041 and
Gy < t = (k4 2) gk,
then, just as before, we get by (9) with [ = k—1

E+1 11
[{er_r~ gr—1)e— Bll < (B—bp+1)|de| = (k+1)|dal <

PR

i.0 @ = ¢g_y— qp_; 18 & solution of inequality (1).
Case c. If & = 2941 and

(b4 2)gp <1 <
then, similarly to (17),

o< (k+2)ge <t <o < (K*—k+2) .
Using (8) with ¢ = 0 and with I = k-+1, we get

: 1
lega— Bl < (beya+1) ksl < Grgaldiega] < lda| < sy

i.e. # = ¢ is a solution of

lea— (1—p)l| = —za—fl < T,

i.e. in this ease (1) has a solution with & = — ¢z.

Now we show that our pair a, § defined in (14) and (15) is neither
positively nor negatively normal. In order to show the first part, it is
sufficient to give to an arbitrary prescribed ¢ a sequence {, - co, 80 that
(1) has no solotion with 0 <o <et, for v=1,2,...

In order to prove it, let k = 2»+1, 4, = 6, 2k%q, and

min [ra— B = |I§,a— B
szt

From (8) and (9) it follows that for all & = byg,+...-F i+ 7
with | < k—1 or with I = k—1 and r < by_,—1 we have

[lta— Bl = |dg—il,
whence, by (5) and the delinition of i, we conclude
l[Ea— Bl > 1/t,.

On the other hand, we have for %k large emough the inequality
£, = ¢f, < ¢z. Thus (6) shows that it remains to examine as values of £,
only the numbers

s

L]

Eo=bgit b T
with 0 < r < 2k®¢, and

E' = byt by a eyt (e —1) k1.
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Using (5) and (8) we get for & large enough

B—8ke—1 1 1
(E*+1)q ~ 26q 4,

and, similarly, using (8) for & large enough

1&a— g || (bp—r—1)|di| >

1 1

k
Fil)g  Wq 4’
ie for t, = ¢,_,+2kqe, k = 2v41, v > v, the inequality
e — Bl < 1ft

has no solution with 0 < o < ot

In an analogous way if is posgible to show that for { = Bp—y+ 2k g,
k = 2v, v > %, inequality (1) has no solufion with —af << @ < 0, which
completes the proof.

18" a— Bl = (ap— by) |dy| >
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