ON THE LOTTERY PROBLEM

by
H. HANANI!, D. ORNSTEIN? and Vera T. SOS?

The general form of the lottery-game — asit is well known — is the follow-

ing:

¢ On each lottery-ticket there are the integers 1, 2, ..., n from which
one has to select £ numbers. After this I numbers are drawnout from 1, 2, .. ., n.
If the set of numbers selected on a lottery ticket has exactly d common ele-
ments with the set of / numbers which have been drawn (d < I < k), we say,
that we obtained a d-hit on the lottery-ticket.

The so-called lottery-problem in question is the following: what is the
minimal of lottery-tickets, so, that suitably selecting the ¥ numbers on them,
we can be sure to have at least one d-hit? (In the case of the lottery in Hungary
n=190, k=1=5 1=<d<5).

The general combinatorial problem according to this is the following:

Let k, 1, d, n be positive integers, 1 <k <n,1<I1<mn,1=<d< min
(k,1) and E a set with n elements. We call a subset of k elements of the set
E a k-tuple of E. Let S be a system of k-tuples of B. We say, that S has property
P, if to each [-tuple L of E there exists at least one k-tuple of £ belonging to 8,
which has at least d common elements with L. (We can say, that the d-tuples
of the k-tuples belonging to S represent all I-tuples of E.) Denote by N the
number of k-tuples belonging to S. The problem is as follows:

What is the minimum of N, depending on =, k, I, d?

We call an S-system with property P a minimal-system S(n, k, I, d),
if for this the value N(n, k, I, d) is the posmble smallest.

We give in this paper a lower bound for N in case d = 2, and an asympto-
tic formula for it in case for fixed %, 7, d = 2 and n — oo, We can determine
the exact value of N, and the minimal system S, only in the case k < 5
d = 2 and for special values of n satisfying some congruences. (For example
for the case n = 84 or n = 100 and k = 5). So we can consider the lottery-
problem essentially solved only in the case, when we want to be sure of a 2-hit.

Theorem. Given a set E of n elements, integers k,l = 2 and a minimal-
system S, (n, k, 1, 2) (with property P) then for the number N, of k-tuples in S,
we have the inequality
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and
) imy, /M2=f+D_,
e k(I — 1)

If k<5 and - N lis integer, further

n

= 1 mod k(k — 1)

I—1

(3) or
n

——— =/ mod k(k — 1)

i—1
hen there exists a minimal-system S, for which the equality

nn—1+4+1
(4) _ N, = nn—i+1)
k(l — 1)2

holds.*

Proof. For the proof we use the following three results:

1. Theorem of TuRAN P. ([1]): (in a specialized form). Let E be a set with
n elements, and let an integer I be prescribed (8 <! <m, I — 1|n). If Bis a
system of N pairs of elements from E with the property, that each subset
of £ with [ elements contains at least one pair belonging to B, then the ine-

quality
n
N=(l—-1)|—
> ( >(l_ 1)
2
holds.

Equality holds for and only for the following system B: we divide the

elements of £ into mutually disjoint subsets each having elements. The

minimal system B, contains all pairs (and only those) whose elements are
from the same class.

2. Theorem of HANANI ([2]): Let the set E have m elements and let H
be a system of k-tuples of E with the property, that each pair of elements
from E is contained at least in one k-tuple of H. Then from the number M
of k-tuples in H we have obviously
(5) M> m(m — 1)

k(k —1)
If <5 and
m=1mod k(k — 1)

# Equality holds also in the case k = p, and l_g—l =p” or k=p + 1 and

% + p + p” where p is a power of a prime and » an arbitrary positive integer. The

proof goes on the same way only instead of HANANT’s theorem in [2] we have to use a
result from [5].
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or
m=kmodk (k—1)

then there exist minimal systems H, for which equality holds in (5)3.
3. Theorem of ErRDOS —HANANI [3] (see also [6]): With the above nota-
tions when M, is the number of k-tuples in a minimal-system H:

oM,
=1
Kk —1)

To prove our theorem, let us suppose that we have a system § of k-tuples
with property P. Then, if we consider all the pairs of elements in these k-tuples;
they represent all the I-tuples of E; i.e. each I-tuple of E contains at least one
pair from these. But then, according to Turdn’s theorem, the number of different

pairs in the k-tuples of § is at least (I — 1). (Tﬁ—l) Equality can hold only

2 .
in the case, if these pairs are the following: We divide the » numbers into  — 1
equal classes, and the k-tuples in 8 contain all the pairs — and only these —
the two elements of which belong to the same class. Since each k-tuple contains

[ ;C pairs, and the “best” case is, when all the pairsin the k-tuples are different —

(no two k-tuple in S has two common elements) — § has obviously at least
n

t—1 (l — 1)
2

(Ic
y
k-tuples. This proves (1).
In case when (3) holds, using Hanani’s theorem and constructing a

minimal-system H, with m = %, for each of the I — 1 classes we get

a minimal-system S, which has
(z s 1) / 2)

2 /|
k-tuples, and this proves (4).
As to the asymptotic case, using the theorem of Erpds and Hawani

again for each of the I — 1-classes and m = we get (2).

5 For the construction of such a system see [2]. Evidently for such a minimal
system each pair of elements of E is contained in exactly one k-tuple of H.
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Remark. If in the lottery-problem we want to construct in a similar
way a minimal-system § which assure a 3,4 or 5-hit, we would need a generaliz-
ation of TURAN’s theorem® and a generalisation of HANANT's theorem and
construction.

(Received December 6, 1963)
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Pesiome

Ilyerb OyayT k, I, d, n monokuTesbHble Leible, 1 <k I<n 1<d<
< min (k,7) u £ — MHOYKeCTBO, COCTOsIILiee U3 7 3JIEMEHTOB. ITycte Oynet s He-
KOTOpasi cucTeMa IOJIMHOXKECTB B, COCTOSIMX U3 & 3J1eMeHTOB. Mbl rOBOpUM,
UTO S MMEET «MIPEACTABUTEJIbHOE CBONCTBO», €CJM [JIs1 Ka)KILOr0 IOAMHOYKEeCTBa
L, cocrosimero u3 / 571eMeHTOB 0T E, CyleCTBYeT 3JIEMeHT OT s, KOTOPBI HMeeT ¢
L obuwme snementsl He MeHblle d. ITycTb 0603Hauaer N, = N(n, k, I, d) nau-
MeHblllee UMCII0 3IEMEHTOB 8 € (IPe/ICTABUTE IbHBIM CBOHCTBOMY. B ciyuae d = 2
J0Ka3aHa.

Teopema.
N, = n(n —1-+1)
k(I —1)2
u
T e
ey el
k(l — 1)2
Ecau k <5, l—n—l 1ejoe,
n
o 1 (mod k(k — 1))
moeoa
n(n—1+1)
Ny = —— ¥
k(I — 1)2

% The necessity of generalizing TURAN’s theorem, which is raised in [4], turned up
already in several questions.



