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ON THE DISCREPANCY OF (na) SEQUENCES

I. DUPAIN AND VERA T. S80S

Let (un) be a sequence of numbers in [0,1l), I
a subinterval of 1[0,1) and |1r| the Lebesgue-measure

of 1 ., Put

We consider the discrepancy function Dﬁ resp. D,

defined by

NDN((un)) suplAN(I;(un))l

I

resp.

I

NDz((un)) suplA (L0,8); (u ).

B
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(Obviously DﬁSDNSZbﬁ). The behaviour of D§  resp. D

as N-o measufes in supremum norm, how well distributed
is the sequence (un) mod 1. Since (un) is uniformly
distributed mod 1 if and only if ;=o(l), the gquestion
is, how fast D* <can tend to O . Van der Corput con-
jectured that for any sequence (u ) sup ND§=+m and
AARDENNE-EHRENFEST [15] proved it in the sharper form
ND§=Q(1oglog N/logloglog ~). K.F. ROTH [11]1 showed the

1/2

stronger result NDN=Q(log N). Finally, W.M. SCHMIDT

[12] proved the best possible Q-theorem:

NDY = 2(log n)
where
ND*
1lim W ot c_ >0
log N = "0
holds with a universal constant cqy - (The best known
constant given by L. KUIPERS~H., NIEDERREITER [8] is co=
=(64 log &)1 )

NDL ((u ) ND (Cu ))
Let S“((u ))= sup ——T-o—g-—N-m S((u )= sup m———

and S$*(0)=s*({na}), S(a)as({na}). As it is known, for
any (na)-sequence where o is irrational and has

bounded partial quotients we have S¥(a)<w .
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For the Van der Corput sequence (c_). S. HABER [71 -~
proved ‘

s¥((c)) = (3 log 2”1 = 0.48 ... .

R. BEJIRAN [1l] constructed a sequence (derived from the

Van der Corput’s one) for which s*=(6 log 2)-l = 0.24...

and recently D.FAURE [6] constructed a sequence for which
s%=0,22... .
i _o-1
Here we consider only (na)-sequences, For s T
A.Gilet and T.Sos resbectively proved
l)-l

0,15(log JH;

< s*(—"%—l) <

< (JB+1) (345 1og(i§§l)'1

and

sy <

Finally. I. DUPAIN [4] proved the exact result

S:':(\/B."l) = '2"35(109 \/5-+l)-l .

We know how the discrepancy of the ({na}) sequence
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depénds on its partial quotients ajsajreecesdprecs - It
is "small" or "large" depending on how small or large

ajreeesdpe.. are. (E.g. for qk<N<qk+l it is between

k k+1

ch a; and cyL a; with universal positive constants ¢, ,
1 1

c..) Therefore one could expect that it takes the smallest
2 P

value for Jg;l=tl,l,...]. Surprisingly enough this is

not the case.

We will prove that the best (no)-sequence from the

J5-1
2

point of view of Dﬁ norm is obtained not by o=

but by o=J2-1=02,2,...]. More exactly we prove the

THEOREM. with the notation

) ND;(a)
s*(a) = Tﬁﬁ Tog ¥
we have
(1) inf s*(a) = s*(J2-1)

a
Before turning to the proof we give the discrepancy
-formula for the sequence ({nal}l) and the value of
s*(y2-1) in Part A. These will be used in the proof of

the theorem given in Part B.
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The discrepancy-formula for the sequence ({na}).
o v

; N0
y ;

Let a=Caj;sa,/...] be the continued fraction expan- 77 7

sion of the irrational «€rL0,l1). Define

p_1¥0, p=l, g =0, g_;=1, ao#O, 0,="1
pn

E;=[al""’an-lj' ©,=9,%-p_ An=lenl=(-l)

n+l9
n

\

We have the following “formulas.

qn+l=anqn+qn—l 4 pn+l=anpn+pn—l

en+l=anen+en-l ' >‘n+lqn+)‘nqn+l=1

-]

5

2 ¥2vPrady™ Vg1 ¢ K=Lei-s
v=0 )
n
VEO 42y Tkr2v Te2n41 Ig-1 ¢ K=Loees

A sequence of integers (bl"“’bv) is called a

permitted sequence if it satisfies

(2) OSblSal-l s OSkaak if k=22
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‘and

(3) bk=0 3 f b 115841 for k21 .
It is well known that every positive integer N<gv+l

‘can be uniqueliy represented in the form
v
(4) - N= ) b

where (bl""’bvz is a permitted sequénce and conversely,
for every permitted sequence (bl""’bv)

v
N = )Y b.q. <qv+l'

It is also known (DESCOMBES (21, T. SO0S [C131, LESCA
£91) that every B€C-o,l-a) can be uniquelly represented

in the form
(5) g = E d, e
where (dk) is a permitted sequence and satisfies

# a for infinitely many k .

(6)

dop+1 DRl
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Conversely, every p"ermirtted.sequencer-which: satisfies (6)
determines a BRE€C=a,l-a) by (5).

Set

AN(B) AN(EO,B);a) 0<B

and

AN(B) AN(EO,1+B)7a) for -0<B<O

The proof of the theorem will be based on the follow-

ing explicit formula for AN(B). (In this form see T.SOS

£141).
¥ k+1
A (B) = ¥ ((=1) min(b, ,d,)
N = k' "k
k=1
«n
© k V)
d, (g by b 0.+0 Y., b.g.) + L &
L T AR A k=1 &
where
k-1 k-1
1, if kx 1is odd, a,>b, and z biqi>.z d;q;
i=1 i=1
k-1 k-1
6k= -1, if k is even, dk<bk and iglbiqisigl diq1

O otherwise

We remark in advance that in the cases we shall

use this formula 6k=0 for every k . So it will be
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~£‘ie§§iéf’teﬁlahdielthis‘exbféséioﬁ?fdr=fA”(B);

- The value of S*(J2-1)

We shall use

1

(8) | s*(yZ-1) = (4log(VZ+1)) ™t 0,2836 .

For the proof see RAMSHAW [10] and Y. DUPAIN-V.T. SOS

£51.

‘Here we just sketch the proof of (8) given in [513.
By the discrepancy-formula (7) it is easy to see that for

a=J2-1=r2,2,...1 the choice

N = % gq . ’ B = 2 LS
i T gya1gr AL T P
Vgives
A, (8) - % , Aif row .

Since log N _~log g -r log(J2+1), we get

s*(JZ-1) > (4log(JZ+1 1 .

We need a much more involved proof to show
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t

s*(J2-1) < (4log(J7+l))—l.

The idea of the proof is the following.

Let

Consider the sequences (bl""'br)’ (dl,...,dr).
Our aim is to prove, that the maximum of IAN(B)I isv
taken when both sequences are the 1,0,1,0,... sequence.
To prove this we give an improving algorithm for the
case when at least one of the sequences is different from
1,0,1,0,... . We show that changing some of the values of
b, and d,6 appropriately, |4, (8)| increases.

PART B.

The main idea in the proof is the construction of

numbers 8—1,B+€EO,1) and sequences N; ,N: so that

- +
B, %2009 .5 1 B % 169 @ 5

and

(9) 2T (8T) - AT (8T) > 25*(yZ-1)1lo % wtad
Nr Nr g qr+l ’

hold.
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’*Theﬂcﬁnstruqtion of

= "+‘ 7'7 7+
6~ B 'Ni"A"r S

iFifét we define a séquenée (eé).”
: 0o, if ay +1 is even
’ €on+l™ 1y Af a, 11 is odd and kgn a5 41 is even
-1, if as 41 is odd and > a5+l is even.
k<n
* (i.e. for the subsequence as 41 odd €2n+l=il alterna-
L5 tively).
o Similarly let
o
0, if ay, is even
€on™ 1, if a, 1is odd and Y, ay, is odd
k<n
-1, if a,n is odd and I any is even.
k<n

Now we define

Let

the sequences (b ), (b'), ¥ ana n_ .
n n €I r

a., te
! b, =0, bl = 2“2 2n 4=1,2,...
i a, —¢
; = d, =0, a3 = —225—32 n=1,2,...
a +e
_ “2n+1 "2n+l i _ &
b2n+l = 5 7 b2n+l—0 n=0,1,...
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g - s ot
— _2n+1 "2n+1 e .
?2n+1 = 2 v 93,4170 #=0,1,...

Consequently let

i

+ + r

B = Y b o , N, o= Y. d a,
n=1 n=1

- *® _ r

B = X bo , N_= Y da'q . :
n=1 77 o n=1 n

This choice of the digits of B+,B—,N+,N_ is
motivated by the following.
We can see from the discrepancy-formula that for k

odd the contribution of a, to the value of AN(B) is

i - >
mln(bk,dk) bkqukxk >0,

b(ak-b)
is about max .
b 4k :
ak -
This suggests, that in case a even d,=b = =— gives . i
k k "k 2 2 +1
the maximum., If a, is odd one of the choices dk— g ’
a, 1
k

bk= 5 will be the best.

The maximum of it in bk'd

k

A similar reasoning works for &k even. Now we

determine the values of ¥ and B8 so that IAN(B)I is
large. It is necessary that the contribution of the

positive terms belonging to odd indices and the contribution
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of thefﬁégative terms belonging to eveniindiCes'should
not compensate each other. The contribution of the terms
belonging to odd resp. even indices can be about % % azi+l

1
resp. g 2i§r an,

As a technical simplification we consider the dif-
ference of the AN(B) 's belonging to the two different
choices.

LEMMA 1.

AN+(B+) - AN—(B )
fr of r

1 I 1 F
T Z 4 tT L %%t
1 (
+ = ¥ % e €.0 g + o(1l)
2 n=1 k<n R
k=n(2)

+
PROOF. We determine first the value of AN+(B Y
i

Here we apply the discrepancy-formula (7). For the

sequence & ~ we have

5 n=0 since 4, =0

2 2n

8y,41=0 1E €5,4970  (yu9d5,40)
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By this

+

min(p

2n+17%2041) * Oppyy T T ey

To estimate the remaining terms in (7) for n odd

let
a_-¢ a +e
n n kk i
C = = =—=(2 2 q, +
n 2 k<n 2 k
k=1(2)
a, +e
k "k
tq X = Ay )s
k>n
k=1(2)

By the recursive formulas for An and qﬁ we have

a_-¢ : 3
o n n N a Y
S T 2 (Anqn+l+ln+1qn+ln L €9 * 5
k<n i
k=1(2) i
4n €n
+ g E U ehy == 8 8 o
nooaSh k" k 4 4
k=1(2)

k=1(2) k=1(2)
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R O SREN T e z
i R T Sy - B %5

ekkk).

k=1(2) k=1(2)

In order to estimate o3 (6
' n=1(2)

2y =" (A -2 ) X
i n<r n=1 "n+l k<n
n=1(2) k=1(2)

+ X (g_,1-q } LB gl
e 1 n+l “n-1 il k
'n=1(2) Ck=1(2)

By rearranging the terms we get
1= L e.4q L- 1«

k<r r2n=k
k=1(2) n=1(2)

An-l-

]
el
o
Q
w
>
>
e
i
>
™
)

k=1(2) k=1(2
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x9k

A ) +

n+1

)




1

where . r'=r+l if ¢ -dis odd, ri=r 4f r  is even. .

=1 and that thé nonzero values of

Using Ak—lqk+xqu—l

e, are alternatively 1, we get

Zl = 0(1l).

Now consider the sum

1
== B &0 X €,q, + g IR W0 T
2 4 n<r i k<n ik n k>n £E
n=1(2) EE1(2) - k=1(2)
We find that b
22 = % b ezk qg + = b Y€ skknqk +
n<r o n<r k<n 4
n=1(2) n=1(2) k=1(2)
+ % L €9 L Sptp =
n<r = k>r
nz=1(2) k=1(2)
1 2 5
== I ex g +5 L % € e A g, +-
gy 0 n<r ken . 2 EATK ar
nz=1(2) n=1(2) k=1(2) : fa
+ o(l) .

Considering the terms of even indices only we get a
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* similar formula for Aﬁrfgf);*'
: s , o e
These proves Lemma 1.

+ —
Lower bound for AN+(B~) AN;(B )f
Set

_ 2
(10) S..=a +e A g + Zen DI
k<n
k=n(2)

P PO

We start by eétimating this Ain the special case

afngl . In this case
S =a_ + A g - 2 75 q__
n n nin 2<2v<n n=2v
and
 a
DI

By this and by Lemma 1. for a="——— we get

A
S _é_ _.\/.5-+_l-lz >
m 5 & > 20(log( 5 ) 053 s 2

> (4 log(yZ+#1)) 1 .
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Now, let o # izgl . For r>k1(a)=kl we construct
a sequence of indices k1<k2<"'<kv=r+l so that
ki1 L 9% +1
(11) % s 2> 8s*(J2-1)-log —L— if
= n q
n—kj kj

F=1lpse azv=l .

The proof of the theorem will follow by Lemma 1 and
by (11).

First we define the blocks of (an) of type By,...
--+sBg in the following way:
Type B: If an24, then a_ forms a block of type By .«
Type By: If an=3, then a_ forms a block of type B, .

Type B,: If a_= = 2 and a, >3, then

TRl YT T

-1

form a block of type By .

and an_l%l, then a

a. yeewgd
n' "“n+k

Type B,: If a =...=a

4t n —— n' ¥4k

form a block of type By -

Type Bg: 1f an=...=an+k=l, an+k+l="'=an+k+l=2' and
a _123 then a, «ra .41 form a block of
type B5 .
Type Bg: If & 172, & ®...®a, 0 =ly 8000 e e e Tnana 2
form

and an_223 or n=2 then a reesrd L1

a block of type B

- 371 -



3

'In case B.,B,,B. we may havé'*k=0;; If a'# ket 3
317455 3 2
then for r>kl(a) 'we can partition a, re--sa_ into
1
blocks of type Bl""’BG .

Now we define the sequence k <...<kv=r+l . Let

1
k be the first index in the v’s block; for any v<m

Al jew ejd

x -1 form a block one of the type Bire--sBg.

v kys1

To prove (1l1l) we need

Lemma 2. Suppose

apTeer=a, Sl A 1T T e T2
and a__;#1. Then
a2 IntkhRl <f5_—;1)k+l(ﬁ+1)2 if a >3
n
or an_252 or n=1
(13) Iatkparl ' BELyk+ (e ie 4 =2

PROOF. Denote (qf) resp. (qf*) the sequence of

partial quotients of
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i o2 = CL, 1700 rpeapirndi=T = 12,2, .01

(g¥20, g¢7=1, q5=1, q3%=2,...

ot
W =

fa ® ol ole e ole
qsh'—' ' ’i“_ll qg v qg..=5,'.')

We can'easily prove the following relations:
- - ES
9h+1 qn+qn—1 q2qn+qlqn—l

a9, 42724, q, =939, va5q,

= + %
In+k+1 9xk+29  9k+19-1

Ttk 422 +k+1 " In+k

Dntk+2+1 904190 +k+1 909 n+x ™

"W

o B3 *® h & -
=055 (054290 0419010 %9} " (0k 41900901

o

=(g§ 19540795 a1 9, +(g§i1a5 ey e,

For a fixed a, and 9,1 put
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f‘A(;TJ), / ( J+1q1+2 qu1+llq *

fdk E] \
" (q +lq1+l qul 9, l)

Observe that

ACk,2) = @p4pspsl

For a(i,j) we have the following recursive formulas:

A(i,j) + a(i-1,3)

a(i+l,j)

a(i,j+1) 2a(i,j) + a(i,j-1).

Hence, if

J5+1

A(i-1,j)<x and a(i,j) < x 5

then

(14) AGi+1,§) < x<-‘5—§l)2

It

a(i,j-1)<x and a(i,j) < x(J2+1)
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(15) €0 L hE i bt

Since an_l#l, an=1,. we get

<(1+d)q <51

qn+l=qn+qn—l 2’9, 2 9, -

By this
_ J5+1

(16) a(0,0) = qn+l<-7 q, -
If an_123 or an_2s2 or n=1l, then

' _ J5+1,2
(17) A(l,O)—qn+qn_l<( = B

' 9h-1

(18) A(O,l)=3qn+2qn_l=(3+2 n)an

<(3+2—30)g_ <\/§+l(\/§+l)q

1
‘43

By this and by (13)-(14) we get

_ J5+1,k+1 2
B g0 e )8 =w=) (JZ2+1)
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_ (12). In ca;ses Ty 2, an_223 or' n=2-(16)

S This préves
"' and €17) also hold. Instead of' (18) new we have

A(o'l)=3qn+2qn—l=8qn-l+3qn—2<9qn-l "

2
(19) A(O,l)<J§;1(J7+l) a9, 1 -
e By (16),(17) and (18)
_ J5+1, k+1 2+l
(20) 9, ergrp Ak, DSCEED Lz g

This poves (13)

LEMMA 3. If a _=...=a =2 and a__;23, then

<(J74l)k+lq .

Tn+k+1 n

PROOF. This follows simply by (15) and by

qn+i=2qn+qn-l<(J7+l)qn *

LEMMA 4. 1If an=...=an+k=l and an_l#l, then
) J5+1, k+1
D153 ) 9, -
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: 5‘PR60F.;iIf’fbiiows’byifléi and (15).
Now wé prove that in each of the 6 cases,

-++sBg Wwe have

k 1 q

G+1° k. )
L s 28 log —1tl
n=k ., qk.
J j
1

where 8c=8(4 log(J2+1)) +=0,2691853...

First we remark that

(21) S = a

q q__
log ol | log(a +—= l) < log (a_+1),
n q n
n n
we obtain
S a
n n 4 4
> > > 8¢ .
1 941 log(an+l) log 5
og

Case of B, . (an=3). First we consider the case,

when

(22) a
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and by this

g : S
: Pl n S 3

q log 3,55
log—ﬂi—l

9

= 2,26 ... > 8c .

In the other case, when

=3

(23) a,_1=1 and a .2

we will consider also the additional terms in (10)

{

Since € has alternative sign (if different from 0)

2
o >
-~ Enknqn + 2 > enekank >
NS k<n

k=n(2)

. . p g ;
Anqn 2>\nqn_2 1.F a _o, 1is odd

v
P

= i ] >
_Anqn 2>\nqn_4 if a _, 1is even, a >4 ,

s
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By~thiéiand~byx(id) >

> 5
sn > 3 + Anqn 2>\nqn_2 :

Put x= . Then
n-1
& 4 ool
9, 9,-1 9y-2 x In-2 1
_ 1-x
Anqn h 2An?n—2 1+x Anqn °
Since
1 1
A g = > T
nn 5 qn_l . }‘n+l 5
n }‘n
we have
1l 1-x
s 3+ 5 7
(24) 2 > I LR
n+1l 1
log T log(3 + l_+x.)
1
. G @
R | ool
If a _,=3, 4<x<3 , then f(x)>log 3.8 = 2,3...
. 1.1 3+2/15
If an_2—5, —6—<x<5 , then f(x)>log 2777
1 3+3/20 _
If a, 527, x<§, then f(x)>55=5 = 2,27...
q
If is even, a _,, a _,24, q _, 8
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‘n 3 + 3/20

> =2,27 ...
1ogqn+l log 4
9n
case By . (a =...=a ., =2, a _123). By (14)
n+k ;
L s, = 2(k+1) .
i=1

By this and by Lemma 3 we obtain

S k+1 -1
L 8y ¥ 2(k+1) = 8log(J2+1) 4(1logy2+1) >
i=1
q 1
> 8¢ log el 2t 4 |
9 9
Case B, . Now an=...=an+k=l, an_l#l. -?

We estimate first s and in case k>0 s .
n n+l

n_1>2, then

qn>4qn-2 4 qn+1>4qn_1 and qn>3qn—l !

S

hence

1
Sn > 1 + Xn(qn-an_z) > 1 + 5 A.g.
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‘i Now?.

1 3
A g = > .
n’n e S DU X 7
R 1 i n+1
A
n n
Thus
(25) S > 1+ = =1,214
= 14 5 valle S
Similarly, if k>0 '
S >1 4+ 2 ( -2 ) > 1 + 1 A
n+l n+l In+1 -1 2 “n+19+1
and
(26) S .. >1+1=1,166 :
n+l 3 ; s vs &

Let us now consider the remaining case a =2 .

n-1
As above, we get qn>3qn_, . Using gn>2gn_1 we have

1
s 21+ An(qn-an_z) > 1 + 3 29,

=1 + % 1 O BT L 1,133 % |
q 1 A +1 35 : )
1+ === 4 222 /

n A
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Now

Tn+l = 2qn-l o 9n-2 = 5qn-2
and
A leg L
n+1%n+1 s q, \ }‘n+2
AFL. - adl
: Hence
&5 ] e = 1,298
n+1l 21 ’
Let us estimate now Sn+2”"'sn+k
27 S 42 > 1.
If k23, since an_122, we get that
_ 13
944 Sqn o 3qn—l . 2 9,
5; "Hence
"

382 -




e300 0

o ' , q :
=k AR A By g %-155 = 1,076 vue Woib i
9,44
.If n+4<i<n+k, by
9; T 29; 5 *aq; 3<3q,_,
and
.
AEy >3

we get that

> 1 + Aiqi—Z > 1 +

(29) 5,2 1,11 ... .

Now we have to prove that

n+k q
(30) Y S, > 8c log Artktl
i=n 1 n
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»Bereﬁméf4

(J§+1)k+1
2

n

'So it is enough to prove that

T n+k
(31) L s, > 8c(k+1) log(Y3Eh) .
i=1

Compare the values obtained in (26)-(30) to the value of

8c(k+1)log(J§;1). We have the following.lower bounds for
n+k
Y. S, 1in cases
i=n *
o J5+1
k an_l—2 an—l>2 8c(k+1)log(—=5=)
o 1,091... 1,133... 1,214...
1 2,183... 2,371... 2,38,..
2 34275655 - " 343T)es- 3;38u5s
3 4,367... 4,447... 4,456...
>4 4,367...+ 4,447...+ 4,456...+(k-3)1,09

+(k-3)1,09 +(x-3)1,1...

 This proves (31).

Case Bg . Can=...=a +1, 2,

n= an+k+l='°'=an+k+2=

<2 or n=1l.

a >2 or a _,=<
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7 2R = = 5L S

~

4By what we prdvéd‘in caée 84 e A3 = “  “ij~H

s, > 8c(k+l)lOg(Jg+l)

(32) 5

nMs

1

i

Using s*(JZ-1)=(4 log(y2+1)) t=c

n+k+4%
(33) Y S, = 28 = 8¢t log(J2+1).
i=n+k+1 *

By (32)-(33)

n+k+Q
by Sy > 8cC (k+1)log(
i=1

JE;l) + 2 log(JZ+1)1.

By this and by Lemma 3 we get

n+k+2 q
5 s; > 8c log _ntk+o+l .
i=n qn

case Bg . (a _1=2, a =...

n =an+k+l=l'

an+k+l=. .

"'=an+k¥2=2) an_223 or n=2 .

An argument similar to that of Bg gives

n+k+%
E 8, > 80((k+1)log(J§;l

i=n-1

) + (2+1)log(J2+1)).

Hence by Lemma 3 we get

- 385 -



This

L113

£21

L33

£41

L51

61l

L7131

n+k+L |
v s > 8c log ——— .
i=n-1 " 9p-1

proves the theoremn.
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